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1. Introduction

In this paper, we consider the following polytropic filtration equation with absorption and source

U= div(|Vum|p72Vum) —oul+ru", xef2,t>0,
u(x,0)=up(x), xe§2, (1.1)
ux,t)=0, xe€0d82,t>0,

wherem>0,0<m(p—1) <1, A, r,a>0,g<1, 2 cRN (N> p)is a bounded domain with smooth boundary, and the

initial data up(x) is a non-negative and bounded function with uf'(x) € Wé'p(s?).

Eq. (1.1) is the well-known non-Newtonian polytropic filtration equations, and this type of equations arises in various
fields (see [9,11,25] and the references therein, where a more detailed physical background can be found). For exam-
ple, in the mathematical model for a heat conduction process, the function u(x,t) represents the temperature, the term
div(|Vu™|P—2vu™) represents the thermal diffusion, —ou is the absorption and Au’ is the source.

Because of the degeneracy and the singularity, Eq. (1.1) might not have classical solutions in general, and hence we
introduce the definition of the weak solution. The definition of the weak solution of problem (1.1) reads as follows. For
convenience, we define 27 =2 x (0,T), T > 0.

Definition 1.1. A non-negative measurable function u(x, t) defined in §27 is called a weak solution of problem (1.1), if
(1) for any T >0,
ux, t) € X = {L?9(21) N L¥(21), ur (x, ) € L(21), Vu™ € LP(21)},
and 0 < p(x, 1) € X = {L?(27), ur(x, 1) € L*(221), Vu € LP(27), uly2x0,1) = 0};
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(2) the integral equality

/u(x, T)p(x, T)dx—/ug(x)(p(x, 0)dx

2 2

T
= / /(u<pr - |Vum]p_2Vung0 —aulp 4+ au"p)dxdr (1.2)
02

holds, and

ux,0)=up(x), xe€42,
ux,t)=0, xe€0d2 x(0,T).

Furthermore, we can define a subsolution (resp., supersolution) u(x, t) (resp., u(x,t)). We need only to replace ‘=" in (1.2)
by ‘<’ (resp., ‘>’) for any ¢(x,t) >0, u(x,t) <O (resp., u(x,t) >0)in 952 x (0, T), and u(x, 0) < up(x) (resp., u(x,0) > up(x))
in £2.

Under the some assumptions, the existence of a weak solution to problem (1.1) can be proved from the results of [5,9,
17,21,22].

The main purpose of this paper is to study the extinction property for the non-negative solution u(x, t) of problem (1.1),
i.e. there exists a finite time T > 0 such that u(x,t) =0 for all (x,t) € 2 x [T, +00). The first result concerning extinction
of solutions for the general heat equation with absorption was established in [10]. In recent years, there have been many
papers on extinction property for different kinds of evolution equations (see [2-4,6-16,19,20,23-25] and the references
therein). For instance, in [11], the author considered the following p-Laplacian equation with absorption and source

ue =div(|VulP=2Vu) — Bul + ", xe,t>0,
ux,0) =upx), xe$2, (1.3)
ux,t)=0, xe€df2,t>0,

where 1 <p <2,q<1, and 8,A > 0. He proved that if ¢ =1, then r =p — 1 is the critical extinction exponent for the
weak solution, but if g < 1, extinction can always occur when 0 < g <r < 1. In the absence of absorption (i.e. 8 = 0) for
problem (1.3), Tian and Mu [20] proved that r = p — 1 is the critical extinction exponent for the weak solution of the
problem (see also Yin and Jin in [24]). Moreover, in the absence of source (i.e. A =0) for problem (1.3), Gu [7] proved that
if pe(1,2) or g € (0,1), then the solutions of the problem vanish in finite time. However, if p > 2 and q > 1, then the
solutions of the problem cannot vanish in finite time.

In [9], the authors studied problem (1.1) without the absorption term (i.e. « = 0) and showed that r =m(p — 1) is the
critical extinction exponent for the weak solution of the problem (see also Zhou and Mu in [25]). Moreover, when the critical
case r=m(p — 1) is concerned, they also proved that the parameter A plays an important role. Namely, when A belongs
to different interval (0, A1) or (A1, +00), where Aq is the first eigenvalue of the p-Laplacian equation with homogeneous
Dirichlet boundary-value condition, the weak solution has completely different properties.

To the best of our knowledge, no such result seems to be presented in the literature about problem (1.1). In this paper,
by using an energy approach which was introduced in [1] and Lemma 1 in [18], Lemmas 3 and 4 in [11], we obtain our
main results as follows.

Theorem 1.1. Ifq =1 and r > m(p — 1), then the weak solution of problem (1.1) vanishes in finite time provided that the initial data
ug(x) is sufficiently small.

Theorem 1.2. If g =1 and r < m(p — 1), then the weak solution of problem (1.1) cannot vanish in finite time for any non-negative
initial data ug(x).

Remark 1.1. For the case of g =1, according to Theorems 1.1 and 1.2, we know that r =m(p — 1) is the critical extinction
exponent of problem (1.1).

Let A1 be the first eigenvalue of the p-Laplacian equation with homogeneous Dirichlet boundary-value condition and ¢ (x)
is the eigenfunction corresponding to the first eigenvalue A1. In this paper, we choose ¢(x) that it satisfies 0 < ¢(x) <1
in £2. For convenience, let | - ||, denote the LP(£2) norm, 1 < p < +o0.

Theorem 1.3. For the caseq=1andr =m(p — 1).

(i) If A < Ay, then the weak solution of problem (1.1) goes to zero in the sense of ||u(-, t)||m+1 ast — 4o0;
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- Nm+N Nm+N (Nm+N—Nmp—p)ymP~! p2p 1 ;
) If gpps SP <144 Loanda<iorl<p< NmgT and A < [N=p) (T T—mpyr A1 then the weak solution of

problem (1.1) vanishes in ﬁmte time for any non-negative initial data ug(x).

¢ (Nm+N—Nmp— p)ymP—1p2p—1

[(N-pys Ty < 1-

Remark 1.2. When 1 < p < Nm+m+1, it is easy to show tha

—1,2p—1
Remark 1.3. For the case 1 < p < ghmtl when A € [(Nm?(%:g)'?ﬁﬂ)l”nsp)]ﬁ 21, A1), we do not know whether the solution

u(x, t) of problem (1.1) possesses the property of extinction or non-extinction.

Theorem 1.4. For the case ¢ = 1 and r = m(p — 1), if one of the following cases holds:

(i) A > Aq, and for any non-negative initial data ug(x);
(ii) A = Aq, and for any identically positive initial data ug(x),

then the weak solution of problem (1.1) cannot vanish in finite time.

Remark 1.4. For the case g = 1, according to our above results and [9] (see also [25]), it is not difficult to obtain that
the critical extinction exponent of problem (1.1) is independent of the linear absorption. In fact, let v(x,t) = u(x, t)e*!, we
obtain from (1.1)

v = e(I-mp—D)et div(|va|p72Vv’") +arednatyr - xe Q2 t>0,
v(x,0) =ug(x), xe S, (1.4)
v(x,t) =0, x€0d82,t>0.

Next, introduce the self-similar variables

1
wx, 1) =v(xt), xec2,t>0, wheretr = —— e (I-mp-D)at,
(I—-m(p - 1)

Then it follows from (1.4) that

Wy = div(|Vwm|p_2VWm) +aeMmp-D-natyr vy e Q 10,
w(x,0)=ug(x), x€, (15)
wkx,7)=0, x€0d82, T>0.

Combining problem (1.5) and the results of [9] (see also [25]), it is easy to obtain Theorems 1.1-1.3 and 1.4(i). The proofs of

Theorems 1.1-1.4 are rather lengthy and not essential to this paper, therefore, for the reader’s convenience, the proofs are
deferred to Appendix A.

Theorem15 Forg<i,m>1andr=mp—1).If F <p<1+Landr < or1<p< P and A <

- (m) A1, where | > (Nm + N — Nmp — p)/p, then the weak solution of problem (1.1) vanishes in finite time for any
non—negative initial data.

Nm+N pq(m+1)+N@np—m—q) or1 < p < Nm+Nl and r >

m+m-+1 p(m+1)+N(mp—m—q) Nm+m+
%, wherel > (Nm + N — Nmp — p)/p, then the weak solution of problem (1.1) vanishes in finite time for the initial
data ug(x) is sufficiently small.

Theorem 1.6. For ¢ < 1 and m > 1. If jiiiy p<1+%andr>

Remark 1.5. When g > m(p — 1), the conditions of Theorem 1.6 imply r > m(p — 1).

Nm+N pq(m+1)+N@mp—m—q) Nm+N
Remark 1.6. Unfortunately, for ¢ <1 and m > 1, when NmamsT SP < 1+ —and r < T FNmp—m—q) °F 1 <P < Fmemyi
< PaDHHN@mp—m—q)

and r < PN mp—m—g) * where | > (Nm + N — Nmp — p)/p, we have to leave open the question whether the solution of
problem (1.1) possesses the property of extinction or non-extinction.

This paper is organized as follows. In the next section, we consider the case ¢ <1 and prove Theorems 1.5 and 1.6. The
proofs of Theorems 1.1-1.4 are given in Appendix A.
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2. Proofs of the main results

In this section, we consider the case q¢ < 1 and give the proofs of Theorems 1.5 and 1.6.

Proof of Theorem 1.5. For ¢ <1 and r =m(p — 1). We consider the first case NZ”_;;’\_'H <p<1+ % and A < Aq. Multiplying
both sides of (1.1) by u™ and integrating over £2, we arrive at the equality
1 d m+1 m|P m+q _ m-+r
dx + |Vu |"dx+a dx=x | u™ " dx. (2.1)
m+1 dt

2 2

Note that A1 [ u™ dx < [, [Vu™|Pdx and r =m(p — 1) and A < A1, then we have

1 d A
m——Ha/um+l dx+<l — E)/‘Vum‘pdx+a/um+qugo. (22)
2 2 2

According to Lemma 1 of [18] and m > 1, we obtain

m u 1-v
lullmst < e[| VU™ 2 lullmyg - (2.3)

where

v_m< 1 1 )(1 1,om )‘]_ mNp(1 — q)
T\ mtq m+1)\N T p T mtq) T m+DIp—N)m+q)+ Nmp]
and k1 is a positive constant independent of g and v;.
Since N < p <14 1 and g <1, it is not difficult to show that vy € (0, 1). Then using Young's inequality with ¢,

Nm+m+1
from (2.3) we derive

hi(1—
Nl < kpt [ vum || " ulf
| hlmp(ll—vl)
<k (e | Vu D+ Cenlulmyg ) (2.4)
where €1 > 0 and hy > 0 are to be determined later. We choose
hy = (m+q)mp _ (m+D[pm+q)+Nmp —m—q)]
mp(1 —vy) + (M +q)vy Mm+1p+Nmp-m—q)
After a simple computation, we get h; € (m,m + 1) and % =m+ q. Thus, from (2.4) we obtain
—h1
m| P m—+q
C( 3 llu IImH < C( 5 || + lullmiq- (2.5)
Combining (2.2) and (2.5), we derive
1 d A &1a m+1
——/um+1dx+ 1- 2 - /| m|’9dx+ /u’" <0. (2.6)
m+1dt Ao C(er) C(ep)
2
-
Since A < A1, we can choose &1 small enough such that 1 — % - C(E’? > 0. Once &7 is fixed, let K; = T()x > 0. Thus,
from (2.6) we obtain
hy
1 d m+1 1 mH
—— | u™ldx+ K u™ 1 dx <0. 2.7
m+1dt / ! / (2.7)
Q Q

Integrating this inequality, we derive

m+1—h m+1—h

m1-hy m1-hy
u™t gy " < u™lgx A K —h
S 0 ](m+l 1)t- (28)
Q Q2
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Since h1 <m + 1, there exists a positive constant T, such that

/um“ dx=0, telT,+o0),
2

which implies u(x, t) vanishes in finite time.
Next, we study the case 1 < p < hmEN

Nm+m+1
| > NmED-(Nm+Dp o 1y and integrating over £2, we conclude

and A < lmp‘1(W)Pkl. Multiplying both sides of (1.1) by u!, where

P
1 d p I+m(p—1)
——/u“rl dx+imP-1(—P /|Vu i |pdx+a/u’+qu=k/ul+rdx. (2.9)
[+ 1dt [+m(p—1)
Q Q Q Q
Since r=m(p—1) and A < lmp*](%)ph, we obtain
1 d L Lem(p—1)
/ Wy (mp—1( — P ) & /|Vu+np |”dx+a/u’+qczx<o. (2.10)
I+1dt l+m(p-1) A
Q Q Q

According to Lemma 1 of [18] and m > 1, we have

s <sea| Va5 0T 2, (211)

where
_l+m(p—l)<L_L>(l_l I—i—m(p—l))]
a p I+q I+1J\N »p p(+q)
_ N1 -gq)(+m(p—1))
I+ Dpd+q) — N@—m(p —1))]

and k7 is a positive constant independent of q and v;.
Since | > W and q < 1, it is not difficult to show that v, € (0, 1). Then using Young's inequality with &, we
derive from (2.11)

h I+m(p=1)  _Phavo hy(1—
Il <o [Vu e g™
h Hmp-1 —hzlg_ fz)(ig'm;p D)
<Siy (g2 Vu e ||+ Clelull "), (212)
where € > 0 and hy > 0 are to be determined later. We choose
(I+qpd+m(p—1)) _ (U+DIpl+q) — N@g—m(p—1))]
I+mp—-1))1—-v)+I+qv:  (+Dp—N@—m(p—1))

After a simple computation, we get hy € (I, + 1) and Ww =q + L. Thus, from (2.12) we have

hy =

—hz £
C@)HHH1\CQ)

Combining (2.10) and (2.13), we derive

o
1 i/ 'de—}-(lmp*]( p >p_ A e )/’ I+m(p 1 ’p (/qudx) i <o
I+1d I+m(p—1) M C(Sz) C(8 ) J

(2.14)

I+m(p—1)
p

| Vu 1P+ e, (213)

I+q

Since A < ImP~! (W)ph, we can choose &, small enough such that Imp‘l(m)p - k’\—l - Cg(zg) > 0. Once &; is
fixed, let K = C(E ) > 0. Then from (2.14) we get
h)
1 d 1
—1a/u’+1 ar><+1<2</u’+l dx) <O0. (2.15)
2 2

Integrating this inequality, we obtain



434 C. Mu et al. /J. Math. Anal. Appl. 391 (2012) 429-440

I+1-hy I+ D
I+ I+1
(/ T dx) < (f AR dx> —Ka(1+1—ho)t.
2 2

Since hy <1+ 1, we obtain the desired result. The proof of Theorem 1.5 is complete. O

Proof of Theorem 1.6. We will divide the proof into two cases: r <1 and r > 1.

In the first case r < 1. For gyt < p <1+ ;.. Combining (2.5) and applying the same computation as for (2.1) and by

Hélder’s inequality, we conclude

—h LI
1 d 1o Ki o M
——/um+1dx+ 1— ! /|Vu’"|pdx+1— /u’”“dx
m+1dt C(er) C(er)
Q Q Q
mr
1-r 1 m+1
< A|82]mFT (/u'"+ dx) . (2.16)
Q
Choosing &1 small enough such that 1 — Cils‘i‘) >0, and by a direct calculation, we obtain
! J m+1-hy m+r—hy —hy
m+1 _r m+1 K o
__° /um+‘ dx < A|@|wE [um+‘ dx Bt B (2.17)
m-+1—hydt C(en)
Q Q
To simplify, we denote
m+r+—1h1 thlol
1-r m
f(u) :Alle_H<[um+1 dx) S (218)
(u®) C(e1)

2

Assume that f(ug) <0, so

We claim that f(u(t)) is decreasing with t. The proof is almost identical to the corresponding proof in [25], for the con-
venience of the readers, we give the proof. If the claim is not correct, we say that there exists some time T > 0 such that
%f(u(t))hzr > 0. Since f(ug) <0, so from (2.17) we can obtain %([Q u™t1dx)|;—o < 0. Then, using
pgm+1)+N@mp —m —q)
pm+1)+N@mp —m—q)
and (2.18), it is easy to show that %f(u(t))h:o < 0. So there exist time T* € (0, T] such that fu(T*)) < f(ug) <0 and

%f(u(t))h:p =0. If u(x, T*) =0, we complete our proof. If u(x, T*) # 0, we have %(fQ u™1dx)|=r+ = 0. Then from
(2.17), we derive

=h1—m

m+1-hy

o= LA fumia) ™| <) <o

m+1—hydt t=T*\

Q
So we get a contradiction.
Therefore, we arrive at the inequality
) d m+1—hy m*"lhl —hy
_r m+ K o
- /u’““ dx < A|Q|m /u81+1 dx -1 - (2.19)
m+1-—nhydt C(er)
Q Q

Integrating (2.19), we derive

m+1-hy m-+1-hy
m+1 m+1
</um+1dx> < (/u81+1dx> + f(ug)m—+1—hy)t.
Q 2

Since h1 € (m,m+ 1) and f(ugp) < 0, we obtain our result.
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For 1 <p < N’,m;’i] Combining (2.13) and applying the same computation as for (2.9) and by Holder’s inequality, we
arrive at the inequality
1 d p &0 Lomip—1) 1) iy 20 i
——/u'“ dx+ (ImP~1 2 /‘ Pax+ =2 — /‘u”rl dx
[+ 1dt I+m(p—1) C(82) C(er)
Q Q
r
—r +
<A|Q|L_1</ul+1 dx) . (2.20)
Q
Choosing &, small enough such that ImP~1 (%) C(62> >0, we get
. p 1+117h2 l+lr—h2 —hy
+1 —r +1 K o
-2 /u’“ dx AR /u’“ dx 2 % 2.21)
I4+1—hydt C(e2)
Q Q
We denote
[4+r—hy —hy

¥ (u() = A|82| (Q/ u dx)’T - Kg(g;.

i pq+D+N(mp—m—q)
Assume that 1/!(110) <0 and using r > PFDNmp—m—q)

similar to above, so we omit it here. Therefore, we have

=hy — [, we claim that ¥ (u(t)) is decreasing with t. The proof is

1 d 141 1+ll+_1h2 1-r 141 lm;lhz Ky g
S utldx < AT /u*dx — ) 222
l+1—hzdt</ 1421 0 C(ea) (2:22)
2 2

Integrating (2.22), and applying hy € (I,1+ 1), it is easy to show that there exists a positive constant T, such that

[ul+1dx50 foranyt>T
2

which implies u(x, t) vanishes in finite time.

In the second case r > 1, by the comparison principle (see [9,20,24,25]), for sufficiently small d > 0, if ug(x) <d¢(x) in £2,
where ¢ (x) is the first eigenfunction of the p-Laplacian equation with homogeneous Dirichlet boundary-value condition, it
can be easily verified that d¢(x) is a supersolution of problem (1.1), and thus that u(x,t) <d in £ x (0, +00). Therefore,
(2.16) and (2.20) can be rewritten as (see for example (2.16))

hy
1 d [ mn ara 1h1°‘</ m+1 )'"Tl
m+ldt/u d+< C(s))/‘ C() o
2

<ad ! / u™dx. (2.23)
2

So the above argument can also be applied. The proof of Theorem 1.6 is complete. O
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Appendix A. Proofs of Theorems 1.1-1.4

In this appendix, for the case ¢ =1, we prove Theorems 1.1-1.4. Note that the proof of Theorem 1.3(i) is almost identical
to the corresponding proof in [9] (see also [25]), so we omit the proof.

Proof of Theorem 1.1. We will prove the theorem by two cases: r <1 and r > 1.
In the ﬁr.st case r < 1. For NZ’I:;& <p<l1l+ %, multiplying both sides of (1.1) by u™ and integrating over 2, we arrive
at the equality
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1 d

——/umﬂdx+/‘Vum|pdx+a/um+1dx:)\/-um”dx.

m+1dt
2 2 2 2

By Hoélder’s inequality and the Sobolev embedding theorem (N > p), we obtain
m+1)(N—p)
mNp
m+1

_ (m+D(N—-p) mNp
/u"’+1 de< |2 e (/u dx)
2 2
_ (m+1)(N—p) “mp
<Rt e (/|Vum|pdx> ,
2

where C is the embedding constant.
Combining (A.1) and (A.2) and applying Holder’s inequality, we get

dt
2

m+r

1-r m+1
<k(m+1)|.f2|m_+l(/um+]dx) )
2

From (A.3) and Lemma 4 in [11], we know there exists a o > (m + 1)« such that

0<[um+] dx < (/uo””rl dx)e_‘”, t>0,
2 2

provided that

m+r—mp

m+ q{,._mp N—p_ mp+i-r
</u81+1dx) <Alcmit QTN T Tme

Since r > m(p — 1), there exists a T*, when t € [T*, +00), we have

m-+r—mp

N— 1— m+1
CmiT|Q| N Tt _)L|Q|m_+rl</um+ldx)

m+r—mp
_mp_ N—p_ mp_ a1-r _ m+1
> C mi | QN ~mT — )| §2|m+T [(/ug”l dx)e ‘"] =C; > 0.
2

Substituting (A.4) into (A.3), we obtain

mp

d AT

afum“ dx+(m+1)C1</um+1 dx) +oz(m+1)/uerl dx <0.
2 2 2

Combining (A.5) and Lemma 3 in [11], we derive

1

m+1-mp m+
/um+1 dx < /um+l dx i + & pmp—m—Dat _ & et
= 0 o o
2 2

/um“ dx=0, te[Tq,+00),
2

where

m+1-—mp

1 o m+1
Ti=———In(1+— m+1 g .
1 a(m-+1—mp) n( +C1</u0 ¥
2

)

mp

d m — m m+1

—fum+1dx+(m+1)C‘m—L|Q|¥_m_ﬁﬂ(/um+l dx) +a(m+1)/um+] dx
2

te[0,T1),

(A1)

(A2)

(A3)

(A4)

(A.5)
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Nm+N
For 1 <p < gmimat-

arrive at the equality

1 d P stm(p-1)
——/115+1dx—i—sm"_1 P /|Vu Y |pdx+a/us+1 dx
s+1dt s+m(p—1)
2 2 2

N(m+1)—(Nm+1)p
p

Multiplying both sides of (1.1) by u¥, where s = > m, and integrating over £2, we

:A/us”dx. (A.6)
2

Applying the Sobolev embedding theorem (N > p) and inserting our choice of s, we derive

s+m(p—1) N-p 1
1 p(s+1) Ns+Nm(p—1) Np s+m(p—1) P p
ustdx = u N dx <c( [|vu ¢ |Tdx) . (A.7)
2 2 2

Combining (A.6) and (A.7) and applying Holder’s inequality, we conclude

s+m(p—1)

d c-P 1DsmP—1pP S+
_quH dx + S+ Dsm”_p (/uSJrl dx) 4—0{(54—1)/‘us+1 dx
2 2

dt (s+m(p—1)P
2
ST

—r s+1
gk(s—f-l)lQl{Ts(/ustx) . (A8)
2

Applying (A.8) and Lemma 4 in [11], we know there exists a ¢ > (s + 1)« such that

0</u5+] dx < (/uf]“ dx)e_gt, t>0,

Q Q
provided that

mr—m
s+ — p
(/uf]“ dx) <A‘1C_p|(2|5+_}smp_1<$> )
s+m(p—1)
2

Since r > m(p — 1), there exists a T’, when t € [T/, +00), we have

N i
C‘psm"_l(7> —/\|.Q|s+_1</-us‘H dx)
s+m(p—1)
2
m+r—mp
- —1 p P 1r s+1 —et| T
>CPsmP™ | ———— ) — A5+ /”0 dx |e™s =Cy >0. (A.9)
s+m(p—1)
2
Combining (A.8) and (A.9), we have
d s+m£rp]—1)
a/u”] dx—i—(s—i—l)Q(/usJrl dx) +oz(s—i—l)/.uS+1 dx <0. (A10)
2 2 2

Applying (A.10) and Lemma 3 in [11], we obtain

m+1-mp s+1
S C C, \ mti-mp
/ ustldx < ((( / ugt! dx) + i)e“p*m*”“f - i) , tel0,Ty),
(07 (07
2 2

/u5+1 dx=0, te[Ty, +00),
Q
where

m+1—mp

T, = 1 In(1+ « /umJrl dx -
2T am+1—mp) & 0 '
2
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In the second case r > 1, since d¢(x) is a supersolution of problem (1.1). Therefore, (A.1) and (A.6) can be rewritten as
(see for example (A.1))

1 d
——/umJrl dx+/!Vum‘pdx—i-ot/umJrl dxg)\dr’]/um“ dx,
m+1dt

2 2 2 2

to which the above argument can be applied. The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2. For q =1, let Y (x, t) = Cok(t)¢ (x), where Co > 0 is to be determined later and k(t) satisfies

K (t) = =2 kmP=D(t) — ak(t) + AkT(t), t >0,
k(t)>0, t>0, (A11)
k() =0

Then we have

t
/[(Yﬂp + |VY'"|p_2VY’”Vg0 +aYe — 1Y) dxdr
02

[Copd(—1k™P=D 4 3k") 4 2 Cp P~ VImP=DgmP=D gy _ 5 CTI ¢" ] dxdT

R—

[ k™ P~ (cp P~V gmP=D _ Cog) — Ak (Chp" — Cog) @ dxd.

O — . O —
R

Since r <m(p — 1) and 0 < ¢(x) < 1, we can choose Cy sufficiently small such that
Akm@=D (cHPD M= _ co) < AK(Chg" — Cob). (A12)

Let F(x) = W(’gf—fﬁ(,x it is easy to check that F(x) is decreasing in (0,1), and lim,_, o+ F(x) = 4o0. In addition, it is not difficult
to show that k(t) is a bounded function from (A.11) (see [11]). Thus we can choose a sufficiently small Cy > 0 such that
(A.12) holds.

Moreover, Y (x,0) = Cok(0)¢ (x) =0 < up(x) in £2, and Y (x,t) =0 in 82 x (0, +00). Therefore, by the comparison princi-

ple (see [9,20,24,25]), we have u(x,t) > Y(x,t) > 0 in §£2 x (0, 400). The proof of Theorem 1.2 is complete. O

Proof of Theorem 1.3. (ii) For ¢ =1 and r =m(p — 1). We consider the first case
(A1) and 11 [ u™ dx < [, |[Vu™|P dx, we get

1 d
/m+1dx+ - /|Vum|pdx+a/ u™ldx <o0. (A13)
m+1dt
2

It follows from (A.2) and (A.13) that

NZ?EL <p <1+ and X <2y. Applying

m,

d m+1

dtf m+1dx+(m+1)c3<[ m“dx) +oz(m+1)/ u™ldx <o, (A14)
2

where

A —dmp_
C3=C" m+1 ]—)\'— | 82| N Tm+ > (0.

From (A.14) and Lemma 3 in [11], we obtain

1-r m+1
m+1 C C T-r
/um+1 dx < (((/ug““ dx) + i)e“‘”‘“ - —3> , te[0,T3),
o o
Q Q

/umJrl dx=0, te[T3,+00),
2
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where
1-r
1 o T
T3=———In[14+ — /ug'*ldx )
a(l—r) C3
Q
Next, we consider the case 1 < p < N’:ﬂ;’i] and A < (Nm;r(%:g;%;’]’ﬂgg;]‘;zw A= smp‘1($)pxl. Applying (A.6)
and inserting r =m(p — 1), we get
1 d smP~1pP by stm(p-1)
& [t (A |Vu v |Pdx+a [ utdx<o. (A15)
s+ 1dt S+m(p—1)P A
Q Q Q
Combining (A.7) and (A.15), we conclude
d s+m_(*_p]71)
E/USH dx—i—&(s-i—l)(/us“ dx) —I—a(s—i—l)/us“ dx <0, (A16)
2 Q Q
where

p
Ca=CP [sml’—1 (L> - i} - 0.
s+m(p—1) M

From (A.16) and Lemma 3 in [11], we obtain

1—

T s+1
s+1 C C T-r
/us+1 dx < (((/ u8+1 dx) + E‘l)e(r—wat _ _4) . tel0,Ta),
2 2

o
/uSJrl dx=0, te[Ts,+00),
2

where

-

l o s-:r
Tg=——In[1+ = m+1 g
= aion “<+c4(/”° x
2

The proof of Theorem 1.3 is complete. O

)

Proof of Theorem 1.4. (i) When r=m(p — 1), A > A1 and g =1. Let w(x,t) = g(t)¢(x), and g(t) satisfies
gt)y=h—-2r)g ) —agt), t=0,
git)>0, t=>0,
g0)=0.

Since 0 < ¢(x) < 1, we obtain

t
//(Wﬂp—i— ‘Vwm|p_2Vme(p+ocw<p —Aw'p)dxdt
02

/ [((A—2r1)g" —ag)pp +r1g" P~ V™ P~V + agpp — rg' ¢ ] dxdr
2

Ot — . O —

/(k — 1) (¢ —9")g"pdxdr <0.
2

Moreover, w(x,0) = g(0)¢(x) =0 < up(x) in £2, and w(x,t) =0 in 982 x (0, +00). Therefore, by the comparison principle
(see [9,20,24,25]), we have u(x,t) > w(x,t) >0 in £ x (0, +00).

(i) For the case A = Aq, it is easily proved that u(x,t) = h(t)¢(x) is a solution of problem (1.1), where h(t) = hge™%¢,
hg > 0. Then for any positive initial data ug(x), we can choose hq sufficiently small such that ug(x) > hp¢(x) in £2 and by
the comparison principle (see [9,20,24,25]), u(x, t) is a non-extinction subsolution of problem (1.1). The proof of Theorem 1.4
is complete. 0O
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