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1. Introduction

We consider the initial boundary value problem for the following nonlinear wave equations of Kirchhoff type:

t
e — M ([[Vul3 + [ Vvl3) Au+f gt —)Au(s)ds + [u " ur = fi(u, v) in 2 x [0, 00), (11
0
t
ve —M ([ Vull3 + | Vv]13) Av+ / h(t — s)Au(s)ds + v """ vy = fo(u, v) in £2 x [0, 00), (1.2)
0
u(x,0) = ug(x), u (x,0) =u(x), xe€ 82, (1.3)
v (x,0) = vo(x), v (x,0) = v1(x), x€ 82, (1.4)
u,t)y=vk,t)=0, xe€df2,t>0, (1.5)

where £2 is a bounded domain in R* (n = 1, 2, 3) with a smooth boundary 952, M(r) is a nonnegative C' function like
M(s) = mg + as?, withmg > 0, >0, my+a >0, ¥y > 0,andg,h : Rt — R*, fi(-,-) : R> — R, i = 1, 2, are given
functions which will be specified later.

To motivate our work, let us recall some results regarding viscoelastic wave equations of Kirchhoff type. The single wave
equation of Kirchhoff type of the form:

t
ue — M (| Vull3) Au + / g(t —s)Au(s)ds + h(uy) = f(u) in 2 x [0, 00), (1.6)
0
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is the model to describe the motion of deformable solids as hereditary effect is incorporated. Eq. (1.6) was first studied by

Torrejon and Yong [1] who proved the existence of weakly asymptotic stable solution for large analytical datum. Later,

Rivera [2] showed the existence of global solutions for small datum and the total energy decays to zero exponentially

under some restrictions. Then, Wu and Tsai [3] studied (1.6) for h(u;) = —Au, and f is a power like function. The authors

established the global existence and energy decay under the assumption g’(t) < —rg(t), Vt > 0 for some r > 0. Recently,

this decay estimate of the energy function was improved by Wu in [4] under a weaker conditionon g i.e.g'(t) < 0, Vt > 0.
When g = 0, problem (1.6) reduces to the following form:

ue — M (IVull3) Au+ h(ue) = f(u) in 2 x [0, 00). (1.7)

For the case that M = 1, it is a nonlinear wave equation which has been extensively studied and several results concerning
existence and nonexistence have been established [5-9]. When M is not a constant function, Eq. (1.7) without damping and
the source terms is often called the Kirchhoff type equation; it was first introduced by Kirchhoff [ 10] in order to describe the
nonlinear vibrations of an elastic string. In this regard, there are numerous results related to global existence, decay result
and blowup properties, we refer the reader to references [11-15].

Concerning the system of wave equations, many authors considered the initial boundary value problem as follows:

t
Uy — Al +/ g1(t —s)Au(s)ds + hy (uy) = fi(u, v) in 2 x [0, 00),
° (1.8)
Ve — Av + f g (t —s)Au(s)ds + hy (v¢) = fo(u,v) in§2 x [0, 00),
0

where §2 is a bounded domain in R" (n = 1, 2, 3) with a smooth boundary 9£2. When the viscoelastic terms g; (i = 1, 2)
are absent in (1.8), Agre and Rammaha [ 16] obtained several results related to local existence and global existence of a weak
solution. By using the same technique as in [5], they showed that any weak solution blow up in finite with negative initial
energy. Later, Said-Houari [17] extended this blow up result to positive initial energy. Conversely, in the presence of the
memory term (g; # 0, i = 1, 2), there are numerous results related to the asymptotic behavior and blow up of solutions of
viscoelastic systems. For example, Liang and Gao [ 18] studied problem (1.8) with hy (u;) = —Au; and h, (v¢) = —Awv;. They
obtained that, under suitable conditions on the functions g;, f;, i = 1, 2, and certain initial data in the stable set, the decay
rate of the energy function is exponential. On the contrary, for certain initial data in the unstable set, there are solutions
with positive initial energy that blow up in finite time. For hy (u;) = |u;|™ " u; and h, (v;) = |v;|""! v;, Han and Wang [19]
established several results related to local existence, global existence and finite time blow-up (the initial energy E(0) < 0).
This latter blow-up result has been improved by Messaoudi and Said-Houari [20] by considering a larger class of initial data
for which the initial energy can take positive values. On the other hand, Messaoudi and Tatar [21] considered the following
problem:

t
Uy — Al +/ g1(t —s)Au(s)ds + f1(u,v) =0 in £ x [0, 00),
0

(1.9)
Ve — AV + /tgz(t —s)Au(s)ds + fo(u,v) =0 in £ x [0, 00),
0

where the functions f; and f, satisfy the following assumptions

i, v)| < d (lul’" + |v]f?),

o, v) < d (lul® + [v|™),
for some constantd > Oand B > 1, B < # i = 1,2, 3, 4. They obtained that the solution goes to zero with an
exponential or polynomial rate, depending on the decay rate of the relaxation functions g;, i = 1, 2. Their result improves

the one in [22] to weaker conditions on the relaxation functions g; and g; and more general coupling functions f; and f.

Motivated by previous works, it is interesting to investigate the global existence, decay and blow-up of solutions to
problem (1.1)-(1.5). Firstly, we show that, under suitable conditions on the function g, h and f;,i = 1, 2, and certain
initial data in the stable set, the solutions are global in time. After that, we establish the rate of decay of solutions by
a difference inequality given by Nakao [23]. Precisely, we show that the decay rate of energy function is exponential
or polynomial depending on the parameters p and q. Secondly, we intend to study the blow up phenomena of problem
(1.1)-(1.5). By adopting and modifying the methods used in [20], we prove the blow-up of solutions when the energy is
negative or nonnegative at less than the critical value E; (given in (4.6)). In this way, our results allow a bigger region for
the blow up results and improve the result of Messaoudi and Said-Houari [20], who considered problem (1.1)-(1.5) for the
case of M = 1. Additionally, to the best of our knowledge, the global existence and asymptotic behavior for systems of
viscoelastic wave equations of Kirchhoff type have not been well studied. In [24], Said-Houari considered (1.1)-(1.5) with
M = 1and without imposing the memory terms (g = h = 0). They proved that the rate of decay of the energy is exponential
or polynomial depending on exponents of the damping terms in both equations. In this regard, our decay result extends the
one in [24] to our problem, where we consider M is not a cons tan t function and we have more dissipations. We also improve
the decay result of [ 13] to weaker conditions on the relaxation functions.
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The paper is organized as follows. In Section 2, we present the preliminaries and some lemmas. In Section 3, the global
existence and decay property are derived. Finally, the blow-up results of (1.1)-(1.5) are obtained in the case of the initial
energy being nonnegative.

2. Preliminaries

In this section, we shall give some lemmas and assumptions which will be used throughout this work. We use the

standard Lebesgue space [P (£2) and Sobolev space H(} (£2) with their usual products and norms. We will use the embedding
2n

H(}(.Q) — [P(2)for2 <p < =5, ifn>3or2 <p,ifn =1, 2. In this case, the embedding constant is denoted by c,, i.e.
lull, < c.IVull, . (2.1)
Next, we give the assumptions for problem (1.1)-(1.5).
(A1) M(s) is a nonnegative C! function for s > 0 satisfying
M(s) =mg+as’, myg>0,a0>0andy > 0.

(A2) The relaxation functions g and h are of class C! and satisfy, for s > 0,
o0
g(s) =0, my —/ g(s)ds=1> 0,
0

o0
h(s) =0, my —/ h(s)ds = k > 0,
0
and
g'(s) <0, H(s) =<0
Concerning the functions f; (i, v) and f,(u, v), we take (see [20])

fitw, v) = (m+ 1) (alu+ o™ o)+ blul " ol " ), (2.2)

falw,v) = (1) (afu+ o™ e v) + b )" " v), 23)
with a, b > 0. One can easily verify that

ufi(u, v) + vha(u, v) = (m+ DF(u,v), Y, v) €R’,
where

F(u, v) = alu+ o™ + 2b juv|™F" .
(A3) For the nonlinearity, we suppose that

m>1, ifn=120r1l<m<3, ifn=3. (2.4)
and

p,gq>1, ifn=1,20r1<p,q<5, ifn=3. (2.5)

As in [20], we still have the following results.

Lemma 2.1. There exist two positive constants cq and c; such that

co ([ul™" + ™) < F(u, v) < ¢ (Jul™" + [v™"), V(u,v) €R.

Lemma 2.2. Suppose that (2.4) holds. Then there exists n > 0 such that for any (u, v) € H(} (£2) x H(} (£2), we have

vl

o

m+1 m+1
2

lu+vlimis + 2 uvll,2y <7 (IVul3 +kIVoll3) =

AN

2
We also need the following technical lemma in the course of the investigation.

Lemma 2.3 (/20]). Forany g € C' and ¢ € H' (0, T), we have

t d t
> / f 8t~ )ppinds = & (<g<>¢> 0 - / g(s)ds ||¢||§) L2 1612 - (2 0 ¢) ().
0 2 0
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where

t
(g<>¢)(t)=/ g(t—s)/ lp(s) — @(t)]? dxds.
0 2

Now, we are in a position to state the local existence result to problem (1.1)-(1.5), which can be established by combining
arguments of [13,15,16,19].

Theorem 2.4. Let ug, vy € H& NH?(2)and uy, v € H(} (£2) be given. Assume that (A1)-(A3) are satisfied, then there exists a
couple solution (u, v) of problem (1.1)-(1.5) such that
u, v € C([0, T], H*(£2) N Hy (£2)),
up € C ([0, T, Hy(2)) NIPT'(£2), v, € C([0,T], Hy(2)) N LT (82),
forsomeT > 0.
We conclude this section by stating Nakao’s Lemma, which will be used in establishing the decay rate of solutions to

problem (1.1)-(1.5).

Lemma 2.5 ([23]). Let ¢(t) be a nonincreasing and nonnegative function on [0, T|, T > 1, such that
PO < wo (@) —p(t+1)) on[0,T],
where wg > 1andr > 0. Then we have, forallt € [0, T]
(i) if r =0, then
$(0) < p(0)e 11"
(ii) if r > 0, then

_1
T

() < (¢ + oy 'r[t —117) 7,

where w = ln(w‘é)ﬂl) and [t — 117 = max (t — 1, 0).

Remark 2.6. For the sake of simplicity, we take a = b = 1in(2.2) and (2.3) throughout this paper.

3. Global existence and energy decay

In this section, we focus our attention to the global existence and decay rate of the solutions to problem (1.1)-(1.5). In
order to do so, we first define

Li(t) = Li(u(t), v(t))
t

t
(mo— / g(s)ds) IVl + (mo— / h(s)ds) IVl
0 0

+@EgoVu)()+(hoVu)(t) —(m+1) / F(u, v)dx, (3.1)
2

L(t) = L), v(t))
t t

(mg—/ g(s)ds) [Vull3 + (mg—/ h(s)ds) IVull3 + o (IIVull3 + ||vv||§)y+1+(gow) (t)
0 0

+ (ho Vo) (t) — (m+ 1)/ F(u, v)dx, (3.2)
2

J(®) = Ju(®), v(t))

1 ¢ , 1 ‘ "
= 3 (mo —/ g(s)ds) IVull; + 5 (mo —/ h(s)ds) Vol
0 0

1 1
g (Va4 1901) "+ 5 0 Y 0+ 5 tho Vo) ) = [ Pl vy, (33)

and define the energy function as

1
E(t) = E®), v(D) = 5 (luell3 + llvell3) +J (). (34)
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Lemma 3.1. Suppose that (A1), (A2) and (2.4) hold. Let (u, v) be the solution of problem (1.1)-(1.5), then E(t) is a nonincreasing
function, that is,

d / ] /
S EO = =l = vllgd + (g o Vu) () + - (I o Vo) (©
1 1
— 58O IVulz = Sh®) IVl <0, Ve =0. (3.5)

Proof. Multiplying Eq. (1.1) by u; and Eq. (1.2) by v;, integrating over §2, summing up and then using integration by parts,
we obtain

d[1 +1
lucll3 + lloel3 + (IVull? + 1Vol3) + —— (IVull3 + [Vvll3)” —/ F(u, v)dx
dt +1 o

t t
— lluelBE =l 855 + / / g(t —s)Vu(s) - Vuydxds + / f h(t — s)Vu(s) - Vo.dxds.
2 0 2
Exploiting Lemma 2.3 on the third term and fourth term on the right hand side of the above equality, we have the result. O

Lemma 3.2. Suppose that (A1), (A2) and (2.4) hold. Let (u, v) be the solution of problem (1.1)-(1.5). Assume further that
1;(0) > 0 and

=(m+ 1n (%E(O))i < 1. (3.6)

Then
Ii(t) >0 forallt > 0. (3.7)

Proof. Since [1(0) > 0, then by continuity, there exists a maximal time ty,,x > 0 (possibly tm.x = T) such that
I](t) = 0» fort € [0! tmax],

which implies that, for t € [0, tmax],

_ «1 r t t
I = % _(mo— fo g(s)ds) I1Vull2 + <mo— /0 h(s)ds) Ivoli)

m—1
+ 2D (g o Vu)(t) + (ho Vu)(t)) + ——y 111(t)

> mot "gs)ds ) [Vul? + —/thod)nvnz_
Z omT _(mo—/og(s)s ull3 mg ; s)ds vll3

4 m-1 ((g o Vu)(t) + (ho Vu)(1))

2(m+ Y]
> (YUl + kI V). (38)
_— v .
~2m+ 1) 2
Using (3.4), (3.8) and E(t) is nonincreasing by (3.5), we get, for t € [0, tmax],
2(m+ 1) 2(m+1) 2(m+1)
HIValls + koIl = ———=J©® = — ——E@®) = — ——E (). (39)

Employing Lemma 2.2, (3.9), (3.6) and (A2), we obtain, for t € [0, tmax],

m+1
(m+1)/ F(u, v)dx < (m+ D (1IVul + k [Vo]2) "
2

m—

1 2
< (m+ Dy <(+)E(0)) (LIVull3 + kIVvli3)

= oy (LIVul3 +k[Vvl3)

< (mo—/ g(s)ds) [ VullZ + (mo—/ h(s)ds) IVoll3 . (3.10)
0 0
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Thus
L) = (mo— / g(s)ds) IVul + (mo— / h(s)ds) IVVI2 + (g o Vu) ()
0 0

+ (hoVu) (t) — (m+ 1)f F(u,v)dx > 0 on [0, tmaxl.
2

By repeating these steps and using the fact that

lim (m+ 1)n (Zi;njll)E(t)>2 <oy < 1.

t— tmax

This implies that we can take t.x = T. O

Lemma 3.3. Let the assumptions of Lemma 3.2 hold. Then there exists 0 < n; < 1 such that

t t
m+1) / Fu, v)dX§(1—771)[<mo— / g(s)ds) ||Vu||§+<mo— / h(s)ds) ||Vv||§] o[0T, (311)
2 0 0

whereny = 1 — o;.

Proof. From (3.10), we have
(m+ 1)/ F(u, v)dx < ay (1| Vull3 + kIVvl3).
2
Letting n; = 1 — &7 and using (A2), we obtain (3.11). O

Theorem 3.4. Suppose that (A1), (A2) and (A3) hold. Let uo, vo € Hy(£2) NH?(£2) and uq, v € H, (£2) be given which satisfy
11(0) > 0 and (3.6). Then the solution of problem (1.1)-(1.5) is global and bounded. Furthermore, if

5 + znl oo o0
my > ——— max g(s)ds, h(s)ds ), (3.12)
2m 0 0
then we have the following decay estimates:
(i) if p=q =1, then, forallt > 0,
E(t) < E(0)e ™.
(i) If max (p, q) > 1, then, forallt > 0,

2
_ p—1 g-1 —1 —1 " max(p.q)—1
E(t) < (’5(0) mx(*77) 4 1, max (p — L )[t— 1]*) ,

where 1y = 171 (Mg, @, y) and 7, = 1, (Mg, «, ¥, E(0)) are positive constants given in the proof.

Proof. First, we prove T = oo, it is sufficient to show that |Juc||3 + [lv:[I3 + | Vul3 + k | Vv||3 is bounded independently
of t. Thanks to (3.4) and (3.8), we have

1 2 2
E0) = E(t) = > (Iluell3 + llvell3) +J(@©
1 2 2 m—1 2 2
> — —(I||V k|V .
z 3 (Iluell3 + Nvell3) + 2mT D (LIVull + klIVvl3)
Therefore

luell3 + lvell3 + LIVull3 + kIVUll3 < a2E(0),

where «; is a positive constant which depends only on m. Thus, we obtain the global existence result.

Following, we will derive the decay rate of the energy function for problem (1.1)-(1.5) by Nakao’s method [23]. For this
purpose, we have to show that the energy function defined by (3.4) satisfies the hypothesis of Lemma 2.5. By integrating
(3.5)over [t, t + 1], we have

E(t) —E(t + 1) = D1(0)""" 4+ Do (1), (3.13)
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where

1 t+1 B 1 e 1 e ,
Dy ()P = / ||ut||§le ds — 5/ (' o Vu) (s)ds + 3 / g(s) IVull5 ds,
t t t

] t+1 +1 t+1 1 t+1 )
D, ()7 =/ [ ds—/ 5 (1 ov) (s)ds+5/ h(s) | Vo2 ds.
t t t

By virtue of (3.14), (3.15) and Hoélder inequality, we observe that

t+1 t+1
/ / |2 dxct + / f el dxdt < c1(2)D1 (02 + c(2)Da(0)’.
t 2 t 2

q—1

(3.14)

(3.15)

(3.16)

—1
where ¢1(2) = vol(Q)ﬁﬁ and c,(£2) = vol(£2) a1, Applying the mean value theorem, there exist t; € [t,t + %] and

t e[t+ %, t + 1] such that

lue (&) 115 + llue(6)1l5 < 4c1(2)D1(0)* + 4c2(2)D2 (1), i=1,2.

(3.17)

Next, multiplying Eq. (1.1) by u, Eq. (1.2) by v, integrating over §2 x [t;, t2], using integration by parts, Holder inequality

and adding them together, we obtain

t 2 2 5}
/ Loyde < 3 ue@l lu@ls + Y v @l o)l + / (luel2 + lvell3) de
t f

i=1 i=1

[5) t
- / f (JuelP~ ueu + v )% " vev) dxde + / ((g o Vu)(t) + (h o Vu)(t)) dt
t1 2 f
t; t
+ /2 f f g(t —s)Vu(t) - [Vu(s) — Vu(t)] dsdxdt
ty 2J0
ty t
+ / / / h(t —s)Vu(t) - [Vv(s) — Vu(t)] dsdxdt.
tq 2 J0

Since

t
/ f g(t —s)Vu(t) - [Vu(s) — Vu(t)] dsdx
2 Jo

1 t ;
=3 |:/ g(t =) (IVu®ll3 + [Vu(s)[13) ds — / g(t =) [Vu() — Vus) |3 ds]
0 0

t
—/ / 2(s) |Vu(t)|? dsdx
2 J0

t t
_ —1/ / g(s)|w<t>|zdsax+1/ g(t =) Va2 ds — + (g o Vu) (o),

and
t
/ / h(t —s)Vou(t) - [Vv(s) — Vu(t)] dsdx
2 Jo

t t
:Jf / h(s)IVv(t)Izdsdx—f—l/ h(t —s) ||Vu(s)||§ds—1(h<>vu)(t),
2JeJo 2 Jo 2

hence (3.18) takes the form
t 2 2 5}
/ L)t < > luc@)lz lu@ll + Y v @l v, + / (lucl3 + llve13) de
t i=1 i=1 o
t 1 5}
_ / / (|u[|pf1 Ut + v |97 vtv) dxdt + 5 / (g o Vu)(t) + (ho Vu)(t)) dt
tq 2 tq

1 t t 1 ty t
+f/ / gt —s) ||Vu(s)||§dsdt+f/ / h(t — s) [[Vu(s) |13 dsdt.
2 t 0 2 ty 0

(3.18)

(3.19)
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Now, we will estimate the right-hand side of (3.19). First, by (3.17), (2.1) and (3.9), we have

e (6112 u()llz < /41 (2)D1(0)? + 4ca(2)D2(1)? sup || Vu(s)ll,

[1=s=f

G (?((:: +11)) )j V4c;(2)D1 ()2 + 4c,(2)D5(t)? sup E(s)?

< (2('" + ”f Jac (@)D1 (07 + 46 (DD OPE D)2, (3.20)
Bm—1)
and
loe@la (@)l < c (ﬂ(( m ))) Jac1(2)D1 (02 + 46, (DD (0 PE(®) 3, (321)
where

B =min(l, k).
Using Holder inequality, (2.1), (2.5) and (3.9), we have

A

[5) 5}
/Q |ut|P—‘utudxdr‘ < f e )12, Nl de

f

IA

5}
‘. / I (O1P,, IVull, de

5]

1
2(m+1)\? 1/
Ce | ———— sup E(s)2 u(t
(l(m—l)) tlssspt2 (s) . llue (O)1IF ., dt

2m+ D\
< (ﬁ( 1)) E(t)2Dq(t)", (3.22)
and similarly
r ;
2/ v |97 vtvdxdt‘ <c <M> E(t)2D,(t)". (3.23)
2 B(m—1)

Employing Young's inequality for convolution || * ¥[|, < [|¢ll, [l ||, with % =1+1-1,1<gq r, s < oo, noting that
ifg=1,thenr = 1ands = 1, we get

ty pt 5] 5]
/ / g(t —s) | Vu(s) |3 dsdt < f g(tydt / IVu(o)ll3 de
tq 0

t 3}

)
< (mo—1) / IVu() 2 de
t

)
< (mo— ) / Va2 dt. (3.24)
t
and
[5) t ty ty
/ /h(t—s) ||Vu(s)||§dsdt§f h(t)dt/ Vu(t) |5 dt
f 0 tq tq
5}
< (mo—ﬂ)/ V()3 de. (3.25)
t

Adding (3.24) and (3.25) together and noting that

1
HIVull3 +k[IVol5 < n—lz(r) (3.26)
1
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from (3.11) and the definition of I, (t) by (3.2), we have

(// (t—s)||Vu(s)||2dsdt+/ /h(t—s)||Vv(s)||2dsdt>

- ""3/ (LIVu© 12+ k [Vo@)|2) dt
zﬁ tq

mo—p [©
L(t)dt. 3.27
26m ). 2 (t) (3.27)

To estimate the last two terms on the right-hand side of (3.19), we exploit (3.24)-(3.26) to obtain

5} ty t
5 | @ovoo+tovomd = [ [ e =9 (1946 - Vu ) dsa
f t; JO

1 ty t
+ 5/ / h(t —s) (IVv(s) — Vo(b)||3) dsdt
t1 0

IA

ty t
/ f gt — ) (Iu) 12 + [Vu(o)[2) dsdt
tq 0

ty t
+ / f h(e — ) (IVu@) 2 + | Vo(©)|2) dsdt
tq 0

— t2
M / (HIVu@Il3 + K IV 1l3) de

< 20mo — ﬂ)/ I (t)dt. (3.28)
Bm 3]

Therefore, from (3.16), (3.20)-(3.23), (3.27) and (3.28), (3.19) becomes

t;
/ ’ L(t)dt < ¢1(£2)D1(t)* + c2(2)Dy(t)*

t

t:
+4c37/4¢1 (2)D1 (£)% + 46, (2)D, (6)?E(6)? + GE(6)? (D1(t)P 4+ D2(1)7) + ¢4 / 2 L(t)dte, (3.29)
5]

1

where c3 = ¢, (;(('r"n’:ll))) * and Cy = S(mgn B Then, rewriting (3.29), we have

5}
b, / L(Ddt < c(2)D1(6) + ca(2)Dy(2)?

t

+4c3/401(2)D1 (07 + 462 (2)D2(02E(0)? + GED)? (Di(6) + Dy(1)?),

with g, = 1— % Observing that the assumption mg > % max ([;° g(s)ds, [~ h(s)ds) given in (3.12) is equivalent

to B, > 0. Thus,

t;
f “htdt < cs [\/4cl (2)D1(£)? + 46, (2)Dy (2E(£) 2 + Dy (£)* + Da(t)> + E(£)? (D(0)” + Dz(f)q)] . (330

f

where Cs = max(cﬂ.Q;},Zcz(Q)Aq).

On the other hand, from the definition of E(t) by (3.4) and L (t) = Li(t) + o ([ Vull3 + ||Vv||§)y+1 by (3.1) and (3.2),
we have

1 m—1 t
E®) = 5 (luell3 + lvell3) + T [(mo —/ g(S)dS> Vul3

t
_ 2l M-t
+ (mo fo h(S)dS> IIVUIIZ} 2mT 1) (g o Vu)(t) + (ho Vu)(1))

o 1
+——— (IVul2 + IVol2) ™ +

26+ 1) h®
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1 ) , m—1 ¢ )
=3 (Iluell3 + Nlvell3) + 2mE D) my — ; g(s)ds ) [[Vull;

t
9 m—1
+ <mo - /0 h(s)ds) ||Vv||2:| + 2m+ 1) ((g o Vu)(t) + (ho Vu)(t))

1 1
+ <m+1 + 20 T ]))Iz(t). (3.31)

Hence, integrating (3.31) over (t1, t;) and then utilizing (3.16), (3.26), (3.28) and (3.30), we deduce that

ty 1 ty 5 5 m—1 ty t 5
E(t)dt < — dt 4+ ——— — d. A\
fﬁ (Odt < 2/[1 (luell2 + foel2) +2(m+])/ [(mo /g(s) s) IVul?

t
+ (mo—/o h(S)dS> ||VU||2] dt+2( +1)f ((g o Vu)(®)

1 1 L2
+ (ho Vv)(t)) dt + (m+] + 20+ 1))/[1 L(t)dt

t;
c1(£2)D1(t)* + ¢2(2)Dy(t)* + ¢s / ’ L(t)dt

f

& [VAer(2)D1(07 + e (2)D2(02E(®)} + Dy (0 + D (¢

IA

IA

FED? (D10 + Dz(f)q)] , (3.32)

_ 2(m—1 — . .
where cg = m%H + z(ylﬂ) + 2(;1"+11)n1 + ('?m+)]()'?;‘;7lﬁ) and c; = max (c1(£2), c2($2), cscs5). Moreover, integrating (3.5) over

(t, t) and using (3.14), (3.15) and the fact that

5]
E(ty) < 2/ E(t)dt
f

duetot, — t; > 5, we obtain

[5)

ty 1 ty 1 ty
E(t) = E(tz)—l—/ lluellh s ds — 5/ (g’ o Vu) (s)ds + 5/ 2(s) ||Vu||§ds+/ lvelld43 ds
t t t t
ty 1 1 ty
_ / = (' o Vv) (s)ds + f/ h(s) |[Vv||3 ds
¢ 2 2 Ji

5]
< 2/ E(t)dt + D;(t)P™! 4 D, (£)9+1, (3.33)
f

Consequently, combining (3.33) with (3.32), we obtain

E(®) < ¢ [V (@)D1(02 + 4c(2)D2(0%E(©) + Dy(6)? + D (0)?
FE@)D1 (07 + E©2 D207 + D1(07* + Do© .
Then, a simple application of Young’s inequality gives, for all t > 0,

E(t) < co [D1(t)” + D2(t)* + D1(6)” + D2(t)*7 + D1 ()P + Do (6)7], (3.34)

where cg and cg are some positive constants.
Therefore, we have the following decay estimate:

()p=qg=1
From (3.34) and (3.13), we get
E(t) < cio[E(t) — E(t + D],
here we choose cjp > 1. Thus, by Lemma 2.5, we obtain
E(t) <E()e ™' fort > 0,

€10

with 7y = In .
c1p0—1
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(ii) If max(p, q) > 1, it follows from (3.34) that, for all t > 0,
E(t) < co [(14 D1(t)’~" 4 D1(t)*7?) D1(t)* 4 (14 Da(t)~" + D2 (1)* %) Dy(1)?] .

1 1

AsDy(t) < E(t)FF1 < E(0)PT and Dy(t) < E(t)#1 < E(0)# by (3.13) and (3.5), we have, forall t > 0,

E(t)

IA

o[(1+ E(0)F T + 5(0)23%2) D1(6)* + (1+E©) 1 + E(O)zﬁz) Dy (0]

IA

p—1 2p-2 q—1 29-2
Co (1 4 E(0)FFT 4+ E(0) 7T + E(0)7F1 + E(O)W) (D () + Dy(1)?)
c10(E(0)) (D1(1)* + Da(1)?) ,
p—1

where limg)—.o ¢10(E(0)) = cq. Setting p = max (%, $1), then, we obtain

E(t)*+° e

IA

[c10(E(0)) (D1(t)* + D2(1)?)]
c11(E0)) (D1(6)*72 4 Dy (1)*F2)
c11(E(0)) (D1(£)* 71Dy (6)PF! 4 Dy (6)* 9D, (1)711)

IA

< cuE©) (EO) 7 Dy (0P + E0) F D))
< c12(E(0) (D1 (D! + Do (%)
= c2(E(0) (E(O) —E(t + 1)), (3.35)

2p—p+1 2p—q+1
where ¢11(E(0)) = 2° - (c1o(E(0))** and c12(E(0)) = c¢q1(E(0)) max (E(O) i ,E(0) i ) The application of
Lemma 2.5 to (3.35) yields

_1
E(t) < (E(0) " 4+ nplt —1]7) #»  fort >0,
with 1, = sz1 (E(0)). The proof of Theorem 3.4 is completed. O
Remark 3.5. If the condition I;(0) > 0 in Lemma 3.2 and Theorem 3.4 is replaced by I;(0) > 0, we need the assumption

m > 2y + 1to prove Theorem 3.4. Hence, the condition I, (0) > 0 provides the decay result to problem (1.1)-(1.5) without
imposing m > 2y + 1, but at the expense of restricting the initial data by a strong condition.

4. Blow-up of solutions

In this section, we investigate the blow up properties of solutions for a kind of problem:

t
ue — M ([|Vull3 + [Vvl3) Au+f g(t — s)Au(s)ds + u P~ up = fi(u,v), in 2 x [0, 00), (4.1)
0
t
ve =M (IVull3 + IVol3) Av + / h(t — ) Au(s)ds + [ve|*" ve = fo(u, v), in 2 x [0, 00), (42)
0
where M(s) = 1+ as”, withe > 0, y > 0,s > 0. In order to state our result, we make an extra assumption on g and h:
o o 2m—1) 2(m+1)(E; —E(0
max / g(s)ds,/ h(s)ds | < min ( ), (m+ 1) € 3 ©) , (4.3)
0 0 2m—1 Z(m — 1))\.1

where A and E are given in (4.5) and (4.6), respectively.
Next, we define a functional G which helps in establishing desired results. Setting

1
Gx) = 2 =™, x>0, (4.4)
where 7 is the constant appeared in Lemma 2.2.

Remark 4.1. (i) We can verify that the functional G is increasingin (0, A1), decreasingin (11, c0), G(A) = —ocoasA — o0
and G has a maximum value at

1 T
o= (5mes) )
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with the maximum value
m—1
E1 = G(A) = —— 2% 46
V=600 = 3o (46)

(ii) We observe from (3.4), Lemma 2.2 and (4.4) that

ED) = J(t) = %me— / F(u, v)d
2

1 m+1
> Ew(t)2 = (LIVull3 + k| Vv]|3) 2
1 2 m+1
> Ew(t) —qw®™ =Gw(), t=>0, (4.7)
where
w(t) = [1 IVu®)ll3 +klVoll3 + % (IIVull5 + ||Vv||§)y+1 + (g o Vu) (t) + (ho Vv) (t):| ) (4.8)

Before we state and prove our main result, we need the following lemma, and it is similar to a lemma used firstly by
Vitillaro [9] to study some classes of a single equation.

Lemma 4.2. Assume that (A2) and (2.4) hold, up, vo € Hj($2) N H*(2) and uy, vy € HJ($2). Let (u, v) be a solution
of (4.1)-(4.2), (1.3)-(1.5) with initial data satisfying E(0) < E{ and w(0) > XAy, i.e.

1

o G+ ?
(lIIVuOllﬁJrkIIVvoII%er(IIVuOII§+|IVvo|I§)V ) > Ay (4.9)

Then there exists A, > A1 such that, forallt > 0
w(t) = Aa. (4.10)
Proof. From Remark 4.1 (i), we see that G is increasing for 0 < A < A1, decreasing for A > A; and G(A) —> —ocoas A — oQ.

Thus, as E(0) < Ey, there exist A, < A1 < Ay such that G (A,) = G (A2) = E(0), which together with w(0) > A; and (4.7)
infer that

G(w(0)) =E0) =G(%2).

This implies that w(0) > A,.
To establish (4.10), we argue by contradiction. Suppose that (4.10) does not hold, then there exists t* > 0 such that

w(t®) < Ay.
Case 1: If A1 < w(t*) < Ay, then
G(w(t*) > G(xp) = E(0) > E(t*).

This contradicts (4.7).
Case 2: If w(t*) < Aq, then by continuity of the function w(t), there exists 0 < t; < t* such that

A < w(t)) < Az,
then
G (w(ty)) > G(A2) = E(0) > E(ty).

This is also a contradiction of (4.7). Thus, we have proved (4.10). O

Theorem 4.3. Suppose that (A2), (2.4) and (4.3) hold. Assume further that m > max (p, q) and y < max (52, «) with

(2m—li(l—k), if1> k.
K = (4.11)
@em-1a-»h ifl <k

2 )
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If one of the following is satisfied

(i) E(0) <0,
(ii) 0 < E(0) < E; and w(0) > Aq.

Then any solution of problem (4.1)-(4.2), (1.3)-(1.5) blows up at a finite time T. The lifespan T is estimated by
1—-o

0<T<——m—,
C230'A(0)ﬁ

where A(t) and c,3 are given in (4.15) and (4.30) respectively. o is a constant given in (4.22).

Proof. (I) For case 0 < E(0) < E;
We suppose that the solution exists for all time and we reach to a contradiction. For this purpose, we set

H(t) =E; —E(t), t>=0, (4.12)
where E, = El%ﬂo) By (3.5), we see that H'(t) > 0. Thus, we obtain
H(t) > H(0) =E, —E(0) >0, t>0. (4.13)
Moreover, from (4.7), (4.10) and (4.6), we see that
H(t) = E; — E(t)
< E — %w(t)Z +fQF(u, v)dx

1 m+1

<E - EA% + u+vllpt] +2 ||uv||i

2 m+1 Lo

= +1 + llu+vllni; +2||uv||;-

Then, by (4.13) and Lemma 2.1, we have

i‘l

0 < H(0) <H(®) < lu+v[nt] +2 luvll ol
< ¢ (lullpty + llolity), forallt > 0. (4.14)

Let
A(t) = H'79(t) +e/ (uu; + vvy) dx, (4.15)
2

where ¢ and o are positive constants to be specified later. By taking a derivative of (4.15) and using Egs. (4.1) and (4.2),
we get

A(t) = (1 =o)HO) TH'(©) + & (luell3 + llvel3) — & (Ivulls + vol3)

t
—ea(llvu||§+||vv||§)y“+a/ / g(t —s)Vu(s) - Vu(t)dsdx
2 J0
t
—l—e/ / h(t—s)Vv(s)-Vv(t)dsdx—s/(ulurl"_lut+v|vt|q_1 v )dx
2J0 2

+e(m+1)f F(u, v)dx. (4.16)
2

Exploiting Holder inequality and Young’s inequality, we observe that
t
/ / g(t —s)Vu(s) - Vu(t)dsdx
2Jo

t t
= / / gt —s)Vu(t) - (Vu(s) — Vu(t)) dsdx +/ g(t —s)ds ||Vu(t)||§
2 J0 0

v

3 t
—(goVu)(t) + Z/(; g(s)ds [[vu()3, (4.17)
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and

t t
/ / h(t —s)Vu(s) - Vu(t)dsdx > —(h o Vv)(t) + %/ h(s)ds ||vv(t)||§.
2Jo 0

373

(4.18)

Taking (4.17)-(4.18) into account, using (4.12) and the definition of E(t) by (3.4) to substitute for fg F(u, v)dx, (4.16)

becomes
A(t) > (1-— U)H(t)_"H/(t) + eay (lluell; + lvell3) + £az (g © Vu) (£) + (ho Vu) (1))

+1
+eas——— (Ilvull3 + Ivvl3)" + eaa (Ivul} + [Iv0]3)

y+1
—8/(ulutl"‘lut+v|v[|‘1‘1 ve)dx + (m + 1)eH(t) — (m + 1)eks,
2

m-l — 20l max ([, g(s)ds, [ h(s)ds). By (4.3), we observe that

wherea; = ™2, q, = ™! a3 = " anday = 75! — 2!
a4 > 0 and then by the restriction on y and the definition of w(t) by (4.8), we have

A(t) = (1= o)H®) "H'(t) + eay ([lucll3 + lvell3) + eas (8 © Vu) (1) + (h o Vu) ()

(%4 +1
e g (19l + I90I8)™ -+ eas (117wl + K 7v15)

—sf W ueP ue + v v ]9 o) dx 4+ (m 4+ DeH(t) — (m + 1)k,
2
= (1= )HO H' () +ear (lucll3 + lvell3) + eaqw(®)? + (m+ DeH(®)
—e/(uwH e + v vl v)dx — (m + 1)eEs.
2

As w(t) > A, by (4.10) and A; > A by Lemma 4.2, we note that

2 A=A L w()?
aw(t)” — (m+ DE; = G4T w(t)” + ashy 2 (m+ DE;
2 2

Qu(t)® + ¢,

Y

A2-22
where ¢, = a4 ZAZ L > 0andc; = agh? —

2
assumption (4.3), we see that

€3 = a)? — (m+ 1E,

(m -1 2m-1 ( *© o )
- _ max / g(s)ds, / h(s)ds)) Al — (m+ DE;
2 4 0 0

— _ 2 0 9]
_ m+DE-EQ)  @m-DA max (/ g(s)ds,/ h(s)ds) > 0.
2 4 0 0

Therefore, based on above arguments, we conclude that

A(t) > (1= 0)HE)"H'(t) + eaq (lucll3 + lvell3) + ecow(t)?

—.9/ W ue P ue + v v ]9 v dx 4+ (m + DeH(t).
2

To proceed further, by Holder inequality and Young’s inequality, we have

IJ+1
p+l
p+ p+1
/ P wud| < 1 ||p+1+ Sl
and

1
q+1 % ;
q— q+ q+

v vevdx| < + v

/|t| , I+ L

(m + 1)E,. Further, employing the definition of E; by (4.6), E; = El%ﬂo) and the

(4.19)
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where §; and §; are positive constants depending on t and will be specified later. Then, inserting the last two inequalities
into (4.19), we obtain

At) = 1= o)HO TH'(t) + eay (lucl5 + llvel3) + ecaw(©)?

1
AR S LRy DA
—e [ 2 g+ B g+ S hoigt o+ P | + o+ e

At this point, choosing §; and §, such that

_p+1 _g+1
5,7 =MH®) ™ and 8, ° = MH(@®) ™,
and using H'(t) = —E/(t) by (4.12) and E'(t) < — (Ilut I+ ||u[||gj}) by (3.5), we get that

A(t) = (1—0 —MeH®) "H'(t) + gar (luell3 + llvell3)

+ecw(t)* — eMy PHOP lullbty — eMy "HO [0[II5] + (m+ DeH (1), (4.20)
where My, M, are positive constants and M = g’i’; + Z’fﬁ It follows from (4.14) that
M PH®)? < M PelP (llullity + Il IImﬂ) ,
M, " H()% < My T (llullimtl + llv ||m})

A substitution of these two inequalities into (4.20) yields
A®) = (1—0 —MHO H' () + ear (lucl3 + llvell3)

- 1 1\0P +1
+ecw()? — eM; "eTP (lullmt + llvllnis)™ lullp

m+1 m+1 p+1
1 1\04 +1
— My e (lullpty + lelinty) ™ Ivllgsy + (m+ DeH(b).
Since p < mand q < m, we note that
p+1 p+1
||u||,,+1 < callullh’y < ca (ltllmgr + 10llnsr)™

g+1
||v||p+1 <¢s ||v||m+1 < ¢s (ullmrr + 0 llmsr)

5

where ¢4 = vol (Q)%q and ¢s = vol (Q)%.Thus,
A(t) = (1—0 —Me)H(t) “H'(t) + eay (lucll + llvell3)
+ecaw(t)? — eM; 7T eq (Il + 101D (ullp s + Tollpgr)™
— My s (™ + 1IN (1ullpgs + 10llngr) ™ + (m+ DeH(©)
> (1—0 —Me)H(t) "H'(t) + eay (lucll3 + llvell3) + ecow(t)?

)ap(m+1)+p+1

—eM;PePer (Ilullmyq + 10llms 4 (m+ 1)eH(t)

)aq(m+l)+q+l

— &My “c7cs (1ullmgr + 10llmsr : (4.21)

where the last inequality is derived by
1 1\0P op(m+1)
(lullmtd + olimid) ™ < 2¢6 (lullpgr 4 10 llmsr) ,
1 1\94 oq(m+1)
(lullmt + vlmid) ™ < 266 (Il 4 (0lne)

because of

’

x+y' < (X +y"), xy=0,1>0,c>0,

and the constants ¢; = 2cgC4 and cg = 2¢gCs.
Now, letting

(4.22)

. { m-—p m-—gq m—1 }
0 <o < min

pm+1)" qm+1)" 2(m+1)
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then
2<opm+1+p+1<m+1 and 2<oqm+1)+qg+1<m+1,

hence, by the following inequality,

[Vl < col(2),m) (IVvll3 + lvlit]), Vv eHy(2),2<s<m+1, (4.23)
we have
1
IullgPTEDHPH < g (11Ul + llul™), (4.24)
1 1
[l < g0 (I1V VN2 + N0l (4.25)

where cg and cqg are some positive constants. Taking (4.24)-(4.25) into consideration and using the definition of w(t) by
(4.8), (4.21) takes the form

A@) = (1—0 —MeH®) "H'(t) + say (luell3 + lvell3) + & (c2l — My ciPery) lvull3
6 (cok — My 1) 1903 + 663 (g © V) (6) + (h o V) (8))

o y+1
+eca——— (Ilvull3 + Ivvll3)"" + (m + DeH(t)
o o d
—& (M PcTPer ulliiy + My ey vl ) (4.26)

where c11 = ¢7 - cg and ¢1, = cg - C19. At this moment, setting as = min{c,/, c;k, mT“}, decomposing e(m 4+ 1)H(t) in (4.26)
by e(m 4+ 1H(t) = 2aseH(t) + (m + 1 — 2as)eH(t), using H(t) = E; — E(t) by (4.12) and F (u, v) > co (Ju|™" + [v|™*")
by Lemma 2.1, we obtain
A(t) = (1—0 —Me)H({) "H'(t) + £ (a1 — as) (Ilucll3 + llvel3)

+¢(c2 —as) (g o Vu) (1) + (h o Vu) ()

+& (ol = M Pc]Pen —as) [vull + & (c2k — M, e} crp — as) vl

e —as) —— (Ivull} + 7o}

r+1
+& (2asco — (M PcPerr + My e %2)) (lullimts + llvlinss) -

Choosing M, and M, large enough such that

)"+ (m+1—2a5)eH(t)

- Cl—as
Czl—Ml pC;TpC]l — a5 > ) ,

ek — as
2
—p op —q,.0q
2asco — (M, P} cry + M, "ci%c1z) > asco.

ok — M, ¢, —as > ,
Hence,
A@t) = (1—0 —Me)H®) "H'(t) + ecr3 (Ilucll + llvell3)
+ec14 (8 © Vu) (1) + (ho Vu) (1) + ecis (Ilvull3 + [vvll3)

y+1 1 1
) ecizH©) + ecis (Ilullpty + lvlimtd)

+ecis (Ivull3 + Ivvll3
for some positive constants ¢;, i = 13, 14, ..., 18. Once My and M, are fixed, we pick ¢ > 0 small enough such that
1—0c—Me>0

and
A0) =H'"°(0) + sf (Uo7 + vov7) dx > 0. (4.27)
2

Thus, there exists K > 0 such that

A'(t) > eK (lullmtd + Iollmtd + lluel3 + loell3 + He) + [vull3 + Ivvll3) . (4.28)
which together with (4.27) implies that
A(t) > A(0) >0, fort=>0.
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On the other hand, we have by Holder inequality, Young’s inequality, (4.22) and (4.23) that

<[ (usu + vev) dx)m
2

IA

o 1
27— <|IutII2 - |IuI| T vy & llvll,~ )

IA

C1g <||Ur||2 ’ IIUIImH + ol ™ - ||v||m+1>

IA

2 2
=2 =2 2 2
C0(||U||r}1+2{7 + llpyy +||ur||2+||vr||2>

+1 +1 2 2 2 2
(Il + Tl + 1Vully + 1Voll5 + w3 + loell3) .

IA

which implies that

-
<H10 ) + a/ (uu; + vuy) dX) v
2

27% H(t)—l—([ (uuf+vvf)d><>m
2

c2 (H() + llullpty + lllnt s + IVully + 1Vl3 + lluel3 + llvll3), £ >0, (4.29)
where ¢;, i = 19, 20, 21, 22, are some positive constants. Combining (4.28) with (4.29), we get

A(t) T

IA

A

A = AT, 20, (4.30)
here cy3 = % An integration of (4.30) over (0, t) then yields
1-o

At) > <A(0)% - 1“22 r)iT

Since A(0) > 0, (4.30) shows that A becomes infinite in a finite time T with0 < T < —1=2—.
c230A(0) 1-0
(II) For E(0) < 0, we set H(t) = —E(t), instead of (4.12). Then, applying the same arguments as in part (I), we have our
result. O

Remark 4.4. When M = 1, problem (1.1)-(1.5) reduces to the same problem with Messaoudi and Said-Houari [20], in which

they obtained a blow-up result for solutions with initial energy E(0) < E, = (7 — er]) A%, 2 < k < m+ 1. However,

based on Theorem 4.3, we established a blow-up result with initial energy E(0) < (— - T) )\% = Eq, which is bigger than
E,. Hence, our results extend the one in [20] to our problem, where we consider more general form.
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