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1. Introduction

Let U= {¢ € C: [¢] < 1} be the unit disc in C and let f : U — C be a holomorphic function with
f(0) = 1. The celebrated Bloch’s theorem states that f maps a domain in U biholomorphically onto a disc
with radius r(f) greater than some positive absolute constant. The ‘best possible’ constant B for all such
functions, that is,

B = inf{r(f) : f is holomorphic on U and f’(0) = 1},
is called the Bloch constant. Bonk proved in [2] the following distortion theorem.

Theorem 1.1. If f : U — C is a holomorphic function such that f'(0) =1 and sup.cy(1 — [¢[*)]f(C)] < 1,
then the real part Rf’'(C) satisfies
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The above distortion theorem implies readily a result of Ahlfors [1] that the Bloch constant B is greater
than v/3/4 (see [2]). This lower bound was further improved in [2] to B > ? + 107, and in [5] to
B> Y3 12x10°%

Bonk’s distortion theorem has been extended by Liu in [20, Theorem 7] to the family Hj,.(B™,C™) of
C"-valued locally biholomorphic mappings on the Euclidean unit ball B" in C™, as follows.

Rf(C) >

Theorem 1.2. If f € Hioo(B",C"), ||fllo =1 and det Df(0) =1, then

—(n+ 1)IIZII)

e (
1— =]l
|det Df(2)| > Rdet Df(z) > TG

z € B™.

This inequality is sharp.

We refer to Definition 3.2 for the definition of the above prenorm ||f||o. Bloch’s theorem fails in dimen-
sion 2. Nevertheless, one can define the Bloch constant for various families of Bloch mappings in higher
dimensions. Using the above distortion theorem, lower and upper bounds for such a Bloch constant for B"
were obtained in [20]. For the class Hjo.(U™, C") of locally biholomorphic mappings on the unit polydisc
U” in C", the following distortion theorem has been shown by Wang and Liu [27, Theorem 3.2].

Theorem 1.3. If f € Hioc(U™,C"), ||fllo =1 and det Df(0) =1, then

(2l
P\
— ||z

This inequality is sharp.

This theorem was also used in [27] to derive a lower bound of the Bloch constant for classes of locally
biholomorphic Bloch mappings on U™.

Both the Euclidean unit ball and the unit polydisc in C™ are examples of bounded symmetric domains
in C™. The following natural questions arise.

Question 1.4. Can we explain the difference of the exponents in the distortion bounds in Theorems 1.2
and 1.37

Question 1.5. Can we extend Bonk’s distortion theorem to other bounded symmetric domains in C™?

We give an affirmative answer to both questions in this paper and as an application, we derive a lower
bound of the Bloch constant for various classes of locally biholomorphic Bloch mappings on a finite dimen-
sional bounded symmetric domain.

A finite dimensional bounded symmetric domain can be realized as the open unit ball Bx of a finite
dimensional JB*-triple X, which carries a Jordan algebraic structure and is formed by the complex space
C™ equipped with the Carathéodory norm (cf. [6, p. 153]), where n = dim X. Such a realization can be
viewed as a generalization of the Riemann Mapping Theorem, and enables us to use Jordan theory to derive
analytic results for bounded symmetric domains.
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The novelty of our approach is the use of Jordan theory. Indeed, the exponent of the distortion bound
depends on the ‘diameter’ 2¢(Bx) of the ball Bx with respect to the Bergman metric at 0, defined by
Hamada, Honda and Kohr in [13]. The constant ¢(Bx) depends on the Jordan structure of the underlying
JB*-triple X. For the Euclidean unit ball B™ and the unit polydisc U", we have ¢(B™) = (n + 1)/2 and
¢(U™) = n, respectively.

The lower bound of the Bloch constant obtained in Theorem 5.6 for classes of locally biholomorphic
Bloch mappings on By is also given in terms of 2¢(Bx).

We prove a distortion theorem in Theorem 4.1 for the class Hioe(Bx,C™) of C"-valued locally biholo-
morphic mappings on such a unit ball Bx and a special case of the theorem asserts that

1 —2¢(Bx)|=|l
|det Df(z)| > W exp {1—4|z|}

for f € Hioe(Bx,C™), ||fllo =1 and det D f(0) = 1. This generalizes Theorems 1.2 and 1.3, and also explains
the difference of the exponents in the first question.

Our results also generalize simultaneously other results on Bonk’s distortion theorem for locally univalent
Bloch functions in one complex variable in [3,21], and those for locally biholomorphic Bloch mappings in
several complex variables in [25]. We refer to [7,12-14] for other distortion theorems for normalized locally
biholomorphic mappings on unit balls of finite dimensional JB*-triples.

2. Bounded symmetric domains and JB*-triples

Let Bx be the unit ball of a complex Banach space X. We will denote by H(Bx,Y) the space of
holomorphic mappings from Bx to a complex Banach space Y. A holomorphic mapping f : Bx — Y is
said to be locally biholomorphic if the Fréchet derivative D f(x) has a bounded inverse for each x € Bx. A
holomorphic mapping f : Bx — Y is said to be biholomorphic if f(Bx) is a domain in Y, f~! exists and
is holomorphic on f(Byx).

Let L(X,Y) denote the Banach space of continuous linear operators from X to Y.

Finite dimensional bounded symmetric domains have been classified by Cartan [4]. The irreducible ones
come in four classical series of Cartan domains (cf. [16,19]) and two exceptional domains. They can be
described as the open unit balls of some finite dimensional JB*-triples (cf. [15] and [6, Theorem 2.5.9]). In
this context, Cartan’s classification has been extended by Kaup in [18, Theorem 5.4], which asserts that
every bounded symmetric domain, including the infinite dimensional ones, is biholomorphic to the open
unit ball of a JB*-triple, and conversely, the open unit ball of a JB*-triple is a bounded symmetric domain.

A JB*-triple is a complex Banach space X equipped with a continuous Jordan triple product

(2,y,2) e X X X x X = {z,y,2} € X
satisfying
(i) {z,y, 2} is symmetric bilinear in the outer variables, but conjugate linear in the middle variable,
(i) {a,b,{z,y,z}} = {{a,b,z},y, 2} —{z,{b,a,y}, 2} + {z,y,{a,b, 2}},
(i) zox € L(X, X) is a hermitian operator with spectrum 2 0,
)

(iv) {z, 2,2}l ==

for a,b,z,y,z € X, where the boz operator xoy: X — X is defined by zoy(:) = {z,y,-}.
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Example 2.1. (i) A complex Hilbert space H with inner product (-, -) is a JB*-triple with the triple product

29,2 = 5 () + (2, 9)a).

(ii) A C*-algebra A is a JB*-triple in the triple product
1 * *
{a,b,c} = §(ab c+ cb*a).

(iii) The complex space C™ is also a JB*-triple when it is equipped with the fo, norm || - || and the
triple product

{z,y, 2} = (¥:¥izi)1<i<n, T = (Ti)1<i<n, ¥ = (Yi)1<i<n, 2 = (2i)1<i<n € C™.
The unit polydisc U” is the unit ball of (C", || - ||c0)-

We refer to [6,22,23] for relevant details of JB*-triples and references. We recall some of them which will
be needed later.

An element u in a JB*-triple X is called a tripotent if {u,u,u} = u. Two tripotents u and v are said to be
orthogonal to each other if uo v = 0, which is equivalent to vo u = 0 (cf. [6, Corollary 1.2.46]). A tripotent u
is said to be mazimal if the only tripotent which is orthogonal to u is 0. A tripotent w is said to be minimal
if it cannot be written as a sum of two non-zero orthogonal tripotents. A frame is a maximal family of
pairwise orthogonal minimal tripotents. In a finite dimensional JB*-triple X, the cardinality of all frames
is the same, and is called the rank of X. As usual, we denote by Aut(Bx) the automorphism group of the
open unit ball Bx of a JB*-triple X, consisting of biholomorphic self-maps of Bx.

Now let X be a finite dimensional JB*-triple. Then its open unit ball Bx is (biholomorphic to) a bounded
symmetric domain in some C".

Given a tripotent v € X, the possible eigenvalues of the box operator vO v are 0, 1/2 or 1, which induces
the following eigenspace decomposition of X:

X =Vo(v) @ Vi(v) @ Va(v),

called the Peirce decomposition of X, where V;(v) = {z € X : 2(vov)z = jz} for j = 0,1,2. Let u be

a maximal tripotent in X. Then, there exist orthogonal tripotents u1,...,u, such that v = uy + - - - + u,,
where 7 is the rank of X [23, Proposition VI.3.2]. Since uy,...,u, are linearly independent in Va(u), we
have

dim Va(u) > r. (2.1)

We recall that the constant ¢(Bx), introduced in [13], is defined by

1
c(Bx)= 5 sup |ho(z,y)l,
2 z,y€EBx

where hg is the Bergman metric at 0. One can view 2¢(Bx) as the ‘diameter’ of Bx measured by the
metric ho. In [13], it is proved that

o(Bx) = %(dim Vi(u) + 2dim Va(u)), (2.2)

where u is an arbitrary maximal tripotent in X. From (2.1), (2.2) and the fact that Vp(u) = 0, we deduce
that
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1
5 (dim X +r) < ¢(Bx) < dim X, (2.3)

where r is the rank of X.

Let (X,] -|) be a JB*-triple and let H(Bx,C"™) denote the space of holomorphic mappings from Bx to
C™, where C" is equipped with the Euclidean norm || - ||c. The norm of a bounded operator A € L(X,C")
will be denoted by

[Allx.e = sup{[[Az] : |zl = 1} .
The norm of A € L(C",C") will be abbreviated to

[Alle = sup{[|Az|le : [|z]]e = 1}
3. Bloch mappings

The notion of a C"-valued Bloch mapping on a finite dimensional bounded symmetric domain, under the
name of normal mapping of finite order, was first introduced by Hahn [9]. Several equivalent definitions for
complex-valued Bloch functions on a finite dimensional bounded homogeneous domain have been given by
Timoney in [24]. C™-valued Bloch mappings on the Euclidean ball of C™ have also been studied in [20]. The
following definition for a Bloch mapping from a finite dimensional bounded symmetric domain to C" given
by Hamada [10] is a direct extension of the one in [24, Theorem 3.4 (4)] and [20].

Definition 3.1. Let Bx be the unit ball of a finite dimensional JB*-triple X. A mapping f € H(Bx,C") is
called a Bloch mapping if the family

Fr={fop— f(v(0)): ¢ e Aut(Bx)}

is normal, that is, every sequence in Fy contains a subsequence converging uniformly on compact subsets
of B X-

Equivalently, f € H(Bx,C") is a Bloch mapping if

[flls = sup {[[D(f 0 £)(0)[[x.c : ¢ € Aut(Bx)} < oo

(cf. [20,24]), where || f||g is called the Bloch semi-norm of f.

For 1 < K < 400, we will denote by S(Bx,C", K) the set of Bloch mappings f € H(Bx,C") with
Iflls < K.

We note that, in the above definition of a C"-valued Bloch mapping, we do not require that the domain Bx
has the same dimension n, although this is the case in the following results. We recall that an n-dimensional
JB*-triple X is the complex space (C", || - ||x) equipped with the Carathéodory norm || - ||x.

Definition 3.2. Let Bx be the unit ball of an n-dimensional JB*-triple X. We define the prenorm ||f||o of
f € H(Bx,C") by

I£llo = sup { (1 = [|21)F)/" | det Df ()" s 2 € B |

We will make use of the following two lemmas which have been proved in [10].
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Lemma 3.3. Let Bx be the unit ball of an n-dimensional JB*-triple X and f € H(Bx,C").

(i) If f is a Bloch mapping on Bx, then we have

D e < P S B
|| f(Z)HX, =7 ||Z||2 z X

and

1£llo < sup{|deth(0)|1/" 1g € Ff} < +oo.

(i) If || fllo < +o0, then

1/1l6

D < — 0
At DI < Ty

z € Bx.

(iii) If || fllo =1 and det Df(0) =1, then |det Df(2)| = 1+ o(||z]))-
For 2 € X \ {0}, the set
T(x) ={le € X*: lo(z) = |[zf], [[l2]l = 1}

of support functionals of x is nonempty in view of the Hahn—-Banach theorem. Let H(U) = H(U, C) denote
the set of holomorphic functions on the unit disc U in C.

Lemma 3.4. Fiz a point u in the topological boundary 0Bx and let

lu(z)
f(z) = / Y()dt | u+ 2z —l,(2)u, =z € By,
0

where l, € T(u) and ¥ € H(U). Then f € H(Bx,C"), f(0) =0 and det Df(2) = ¢(l4(2)) for z € Bx.
Next, we recall some basic facts concerning subdomains in the unit disc U.

Definition 3.5. Let  C C be a domain containing the origin and let f and g be holomorphic functions on 2.
We say that f is subordinate to g if there exists a holomorphic function v :  — Q such that v(0) = 0 and
f =gowv. We write f < g to denote this subordination relation.

For a € C and r > 0, we let
U(a,r)={Ce€C:|¢(—a|<r}
and let A(1,7) be a horodisc in U, that is,
1P .
Al = N = . .
(1,7) {CGU 1_|<|2<r U ety

The boundary dA(1,r) is a circle internally tangent to the unit circle at 1. Given r > 1, Wang [25, Lemma 1]
has obtained the following lemma.
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Lemma 3.6. Let r > 1. Assume that h € H(U), h(0) = a € R and that there exists a positive number s > 0
such that h(A(1,7)) C {w: Rw < s}. Then

(i) h(¢) = 0()2 —|—b—|—a0nA(1 ), whereb—r )>0
(ii) §R ( ) > Go(xz) = 225 +a for0 <z <1, and equalzty holds for some x if and only if h = Gy.
—) < Go(—

) = 2bx +a for 0 <z < == and equality holds for some x if and only if h = Gj.

1 +1’

The following lemma can be derived directly from the classical Julia’s lemma (see [27, Lemma 2.2] and
[21, p. 327]).

Lemma 3.7. Let g be a holomorphic function on UU {1}. Assume that g(U) C U\ {0} and g(1) = 1. Then
g(1)=a>0 and

1—
lg(x)| > exp {—2a1_|_—i} , forallz e (—1,1).

4. Distortion theorems

In this section, we prove a distortion theorem for locally biholomorphic mappings on the unit ball Bx
of a finite dimensional JB*-triple X, which is a generalization of [20, Theorem 7], [25, Theorem 1], [26,
Corollary 1.1] and [27, Theorem 3.2].

Theorem 4.1. Let Bx be the unit ball of an n-dimensional JB*-triple X. Let o € (0,1] and let m(«) be the
unique root of the equation

e eBx)z(1 4 g)e(Bx) — ¢ (4.1)

in the interval [0, +00). If f € Hioe(Bx,C"), ||fllo =1 and det Df(0) = «, then we have

(1)

o —2¢(Bx)||2|
for z € Bx;
(if)
o 2¢(Bx)| |l
|det Df(2)] < (1+||z||)2C(BX)eXp{(1+m(a))1—|—|z|} (4.3)
for el < 5.

The estimates in (4.2) and (4.3) are sharp.
Proof. We shall use arguments similar to those in the proof of [25, Theorem 1]. Let ¢ = ¢(Bx) and let
r(t) =e (1 +1)° te€[0,+00).

Then r(t) is decreasing on [0,400), r(0) = 1 and r(+o00) = 0. Therefore, there exists a unique m(«a) €
[0, +00) such that
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e ™) (1 4+ m(a))® = o

Let z € Bx\{0} be fixed and let u = z/||#||.
(i) First, we consider the case a € (0,1). Then m(«) > 0. Let

g(¢Q) = (1—=0)*det Df(Cu), ¢eU.

Then g € H(U), g(¢) # 0 on U and ¢(0) = a. Since ||f|lo = 1, Lemma 3.3 (ii) yields

oor< (L=

Let h(¢) = logg(¢), where the branch of the logarithm is chosen such that h(0) = log g(0) = log « is real.
Then we have

11—

Rh(¢) = log|g(¢)| < clog - Cel.

Therefore we have
R(A(L, 1+ m(a))) C {w: Rw < clog(l +m(a))}.

In view of Lemma 3.6 (i), we obtain h < G on A(1,1 + m(«a)), where

Go(¢) = b% + b+ loga and
b:;%%ﬁm%a+mww«mw=M+mw»

For the last equality, we use the identity
e~ (1 + m(a))° = a.

For any z € (0,1), we deduce from Lemma 3.6 (ii) that

log |g(z)| = Rh(z) > (1 + m(oz))% +loga.

This implies that

mMzam{dunmm;%}.

— T

Putting = = ||z|| in the above inequality, we obtain the inequality (4.2) for a € (0, 1).
Next, we consider the case a = 1 for which m(a) = 0. Let

2c
g(C)z(%) deth(1;Cu>, ¢ el.

Then g is holomorphic on U U {1} and g(1) = 1. Since ||f]jo = 1 and det Df(0) = 1, we have from
Lemma 3.3 (ii) and (iii) that ¢’(1) = ¢ and

Please cite this article in press as: C.-H. Chu et al., Distortion of locally biholomorphic Bloch mappings on bounded symmetric
domains, J. Math. Anal. Appl. (2016), http://dx.doi.org/10.1016/j.jmaa.2016.04.035




Doctopic: Complex Analysis YJMAA:20374

C.-H. Chu et al. / J. Math. Anal. Appl. e e e (e e ee) o0 e—0 oo 9
1+CQC I*C
9Ol = |——| [|detDf Uy
2 2
1-¢)* 1
<|p-3 :
SRS
<1

for ¢ € U, where

1-¢ L1y =g
TEU(§7§)_{§€U1—£|2<1}

This implies g(U) C U\ {0}. By Lemma 3.7, we obtain

1—2
> -2
9(o)] > exp { -2 |
for all z € (—1,1). Putting = = 1 — 2||z|| in the above inequality, we obtain the inequality (4.2) for a = 1.
(ii) If & = 1, then m(«) = 0 and the inequality (4.3) holds trivially.
Now let o € (0,1) and let

9(Q) =1 - *det Df(~Cu)  (C€).

We define the mappings h and Gy as in the proof of (i).
By the arguments in (i) and Lemma 3.6 (iii), we derive

Rh(—z) < Go(—2) = 2¢(1 + m(a))%ﬂ +loga

m(a)
2+ m(«a)
Finally, we will show that the estimates (4.2) and (4.3) are sharp. Indeed, fix any u € 0Bx and let

for 0 <z < . Putting x = ||z|| in the above inequality, one obtains the inequality (4.3).

lu(2)
F(z) = / Y)dt | u+ z — 1, (2)u,

where [, € T'(u) and

00 = g e {0 m(@) 255 € H (V)

(1=¢ 1-¢

Then F € H(Bx,C™), F(0) = 0 and det DF(z) = 9(l,(2)) by Lemma 3.4. Therefore det DF(0) = ¢(0) = a.
l m

)
For any z € By, let ¢ = l,,(2). Since e=*™(®) (1 + m(a))® = a, we have

(1= [lz*)°ldet DF(2)] < (1 — [lu(2)|*)° [ (lu(2))]

(=) eleo (e merZ3)
(oo (- )
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= (btexp(1 — bt))"
<1

)

where b = 1+ m(«) and

1|
1P

4 > 0.

Note that in the last inequality, we have used the inequality
zel™® <1 forz > 0.

Therefore ||F|lo < 1. Let z = (u. Then ||z|| = |¢], l.(2) = ¢ and the equality (1 — ||2]|?)¢|det DF(z)| = 1
holds when ¢ = 1/b. This implies that ||F||o = 1. Since det DF(%||z||u) = 1(£]|#||) for all z € Bx, F attains
the equalities in (4.2) and (4.3). This completes the proof. O

Remark 4.2. (i) If Bx = B"™, where B" is the Euclidean unit ball in C", then ¢(B") = (n+1)/2 by [13], and
hence Theorem 4.1 reduces to [20, Theorem 7] and [25, Theorem 1]. In particular, for the unit disc Bx = U
in C, Theorem 4.1 reduces to [3, Theorem 3].

(ii) Let U™ be the unit polydisc in C™. The Bergman metric at 0 is given by

ho(u,v) =2 Z u;T;.
j=1

Hence ¢(U™) = n and if @ = 1, Theorem 4.1 reduces to [27, Theorem 3.2].
5. Bloch constant

Given the open unit ball Bx of an n-dimensional JB*-triple X = (C", || -||x), we will assume throughout
this section that

Bx D B"™. (5.1)

This assumption is not too restrictive since the unit polydisc satisfies this condition and for any By, there
exists a constant r > 0 such that the ball B = rBx satisfies (5.1). Under the above assumption, we give a
lower estimate for the radius of the largest univalent ball in the image of f centered at f(0).

Let B"(b,r) denote the Euclidean ball with center b and radius r. For f € H(Bx,C"), a schlicht ball
of f centered at f(a) is a Euclidean ball B"(f(a),r) such that f maps an open set G C Bx with a € G
biholomorphically onto this ball.

For a point a € Bx, let r(a, f) be the radius of the largest schlicht ball of f centered at f(a), that is,

r(a, f) = sup{r > 0:B"(f(a),r) C f(Bx), f! is biholomorphic on B"(f(a),r)}.

Let r(f) = sup{r(a, f) : a € Bx}. For the class f(Bx,C", K) N Hjo.(Bx,C"), one can define the Bloch
constant to be

Bioe(K) = inf{r(f) : f € B(Bx,C", K) N Hioe(Bx,C"),det Df(0) = 1}.

As in [8, Theorem 1.3], we obtain the following result.
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Proposition 5.1. Let Bx be the unit ball of an n-dimensional JB*-triple X. For any K > 1, there exists
f € pB(Bx,C" K)N Hec(Bx,C") such that Bioc(K) =1r(f), det Df(0) =1 and ||f]lo = 1.

Definition 5.2. A point zy € Bx is called a critical point of f € H(Bx,C") if det D f(zp) = 0. In this case
f(20) is called a critical value of f.

The following lemma is a generalization of [20, Lemma 2] to the unit ball of a finite dimensional JB*-triple.
Since the proof of [20, Lemma 2| can be applied directly to our case, we omit it.

Lemma 5.3. Let Bx be the unit ball of an n-dimensional JB*-triple X. Let f € H(Bx,C") and G be an
open subset of Bx with a € G. If f maps G biholomorphically onto the schlicht ball B™(f(a),r(a, f)), then
either G and Bx have a common boundary point or there exists a critical value f(zg) on the boundary of
the ball B™(f(a),r(a, f)) with the critical point zo on the boundary of G.

The following lemma was proved by Hamada and Kohr in [11].
Lemma 5.4. Assume that the condition (5.1) holds. Let A € L(X,C™). Then the following inequality holds:

| det A|
T lAlNS

| Aw|| (w € dBy) if |Allx.e > 0. (5.2)

Remark 5.5. The inequality (5.2) need not hold if we use the JB*-norm || - || x for the codomain C™. Indeed,
let X = (C?,] - ||l») and let A € L(X,C?) be given by

1 a
0 2|’
where a € (0,1). Then det A = 2 and ||A||oc,00 = 2. Then we have

1 H‘ det A
<1
—€

[Alloc,00

A:

A

for small € > 0.

For a locally biholomorphic Bloch mapping f, we obtain the following lower estimate for the radius of
the largest schlicht ball of f centered at f(0). The following result is a generalization of [20, Theorem 8],
[25, Theorem 2| and [27, Theorem 3.4] to the unit ball of a finite dimensional JB*-triple.

Theorem 5.6. Let Bx be the unit ball of an n-dimensional JB*-triple X. Also, assume that the condition
5.1) is satisfied. If f € B(Bx,C", K) N Hioe(Bx,C"), || fllo =1 and det Df(0) = a € (0, 1], then we have

1
(1 _ t2)n71

(0, f) = Kl—na/ e P {(1 +m(a))ﬂ} dt
0

1-1¢

aKlfn
= 2e(Bx) (1 m(a)

where m(a) is the unique root of the equation
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e—C(Bx):E(l +.T)C(BX) =«
in the interval [0, +00).

Proof. We shall use arguments similar to those in the proof of [25, Theorem 2]. Write ¢ = ¢(Bx). By
Lemma 5.3, r(0, f) is equal to the Euclidean distance from f(0) to a boundary point of f(Bx) since f is
locally biholomorphic on Bx. Hence there exists a line segment I' of Euclidean length (0, f) from f(0) to
a point in df(Bx). Note that (0, f) is the largest nonnegative number r such that there exists a domain
V C By which is mapped biholomorphically onto B"(f(0),r) by f. Let v = (f|y/)"*(I'). Then + is a smooth
curve which is not relatively compact in Bx. By Lemma 5.4, we have

r v K

|det Df(z)|
- IDf(2)II%.

1zl

e

1dz]]-

From Theorem 4.1 (i) and Lemma 3.3 (i), we deduce

|det Df(2)
J IDFIE!

> Kl—na/%exp{(l—}m(anm} | dz||

lld=|

1 — [[2][)2e(Bx L— =]

T B ¢ e s —2¢(Bx) |||l
> K Q/WQXP{(1+m(Q))17M}d||Z|L

where d||z]| < ||dz]|| a.e. on v by [17, Lemma 1.3]. Therefore, we have

1
_ 42 \n—1
r(0, f) > Klfna/ ((11_5% exp {(1 +m(a))

0

—2C(Bx)t} dt.
1-1¢

Since ¢(Bx) > (n+ 1)/2 by (2.3), we also have

1

1002 K [ e {0 mia) ) Lo

1-1¢

S aK1—n
~ 2¢(Bx)(1+ m(a))’

This completes the proof. O

Remark 5.7. (i) If Bx is the Euclidean unit ball B” in C", then ¢(B™) = (n+1)/2 and Theorem 5.6 reduces
to [20, Theorem 8] and [25, Theorem 2|. For n = 1, Theorem 5.6 reduces to [3, Corollary 3].

(ii) If Bx is the unit polydisc U™ in C", then ¢(U™) = n and for o = 1, Theorem 5.6 reduces to [27,
Theorem 3.4].

When « = 1, we obtain the following result which is a generalization of [20, Corollary, p. 362] and [27,
Theorem 3.4] to the unit ball of a finite dimensional JB*-triple.
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Corollary 5.8. Let Bx be the unit ball of an n-dimensional JB*-triple X .
(i) Assume that the condition (5.1) is satisfied. Then we have
BIOC(K) Z CO(K7 BX7 TL),

where

1
e [ Q=B 2Bt
Co(K,Bx,n) =K /MWGXP 1o T

(i) If n > 2 and inf{||z||c : z € 0Bx} =1 holds, then we have
Rlin Z BIOC(K)a
where K = K/sup{||z|lc : 2 € 9Bx}.

Proof. (i) From Proposition 5.1 and Theorem 5.6, we obtain the inequality Bio.(K) > Co(K, Bx,n).

(ii) Since inf{]|z||e : z € 0Bx} = 1 holds, there exists e; € 9Bx with ||e1]e = 1. Let e, e, ..., e, be an
orthonormal basis of C™ with respect to the Euclidean inner product and let f(z) = K I=ny e1 + K Z9€g +
o+ Kzpe,. Since

IDf(2(0)) D (0)||x.c < K[|Dp(0)]|x.c < K

for all ¢ € Aut(Bx), we have f € B(Bx,C", K) N Hjoc(Bx,C"). Therefore Bio.(K) <r(f)=K'™™. 0O
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