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1. Introduction

Let C be the complex plane. The set D = {z € C : |z| < 1}, is called the (open) unit disc. Let dA
denote the area measure on D, and for @« € R, a > —1, we define a positive Borel measure dm,, on D by
dme(2) = (1 — |2]?)*dA(2). On the other hand, the set U = {w € C : S(w) > 0} denotes the upper half of
the complex plane C, and where $(w) stands for the imaginary part of w. For a > —1, we define a weighted
measure on U by dua(w) = (S(w))* dA(w). The Cayley transform ¢(z) := % maps the unit disc D
conformally onto the upper half-plane U with inverse ¢~ (w) = Zj—;z

For an open subset €2 of C, let H(€2) denote the Fréchet space of analytic functions f : Q@ — C endowed
with the topology of uniform convergence on compact subsets of Q. Let Aut(Q2) C H(Q2) denote the group
of biholomorphic maps f : Q — Q. For 1 < p < oo, the Hardy spaces of the upper half plane, H?(U), are
defined as
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1/p

HP(U) == f € H(U) : || fllsmwy = sup / f@+iyPds|  <oob,
y>0 e

while the Hardy spaces of the unit disc, H?(D), by

10
HP(D) = § £ € WD) [l = sup oo [ 1Fre )P db < o0
0<r<1 7T7

We note that every function f € HP(U) (or H?(D)) has non-tangential boundary values almost everywhere
on 9U (or OD), see for example [8]. In particular, HP-functions may be identified with their boundary values
and with this convention,

[e%s) 27
Ifll ey = / |f(2)|P dz and || f| g ) = /\f(ew)\p do
. 0

On the other hand, for 1 < p < o0, @ > —1, the weighted Bergman spaces on the upper half plane,
L2 (U, p1q,), are defined by

1
p

LE(U, pa) := § £ € HU) < [ fllzwpa) = /|f(z)|p dpa(z) | < oo,
U

while the corresponding spaces on the disc, LE(D, m,), by

1

p

LED, ma) :=§ fF€HD) : | fllzmma) = /|f(z)|p dmq(2) | < oo
D

In particular, L2(-) = L¥(:) N H(-) where LP(-) denotes the classical Lebesgue spaces. For a comprehensive
theory of Hardy and Bergman spaces, we refer to [8,9,12,15,16]. As noted in [1] and [3], the Hardy space
HP?(-) behaves in many ways as the limiting case of L2(-) as & — —17. Therefore, we shall let X denote
either the Hardy space HP(U) or the weighted Bergman space LE(U, u, ), and we associate with each X
a parameter y = O‘sz, where & = —1 in the case that X = HP(U). Also, we shall let X (D) denote the
corresponding space of analytic functions on the unit disc D.

If X is an arbitrary Banach space, let £(X) denote the algebra of bounded linear operators on X. For
a linear operator 7" with domain D(T) C X, denote the spectrum and point spectrum of T' by o (T, X)
and o, (T, X) respectively. The resolvent set of T is p(T,X) = C\ o(T, X) while r(T") denotes its spectral
radius. For a good account of the theory of spectra, see [6,7,13]. If X and Y are arbitrary Banach spaces and
U € L(X,Y) is an invertible operator, then clearly (A;)ier C L£L(X) is a strongly continuous group if and
only if By :== UA,U~', t € R, is a strongly continuous group in £(Y"). In this case, if (A;);er has generator T,
then (B;)iecr has generator A = UTU ! with domain D(A) = UD(T') := {y € Y : Uy € D(I')}. Moreover,
0p(AY) = 0,(T, X), and 0(A,Y) = o(T', X), since if X is in the resolvent set p(I', X) := C\ o(T', X), we
have that R(\,A) = UR(\,T)U~1. See for example [10, Chapter 1] and [13, Chapter 3].
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2. Groups of automorphisms of the upper half plane

Motivated by the work of Arvanitidis and Siskakis in [2] where a speciﬁc automorphism of the upper half
plane U was considered and used to study the Cesaro operator Cf(z) = 1 fo €) d¢ on U, the current author
together with three others in [3] identified and classified all the one parameter groups of automorphisms of
U into three distinct classes (scaling, translation and rotation) according to the location of the fixed points.
More precisely, we state the following result;

Theorem 2.1 (/3, Theorem 2.2]). Let ¢ : R — Aut(U) be a nontrivial continuous group homomorphism.
Then exactly one of the following cases holds:

1. There exists k > 0, k # 1, and g € Aut(U) so that p.(2) = g1 (k'g(2)) for all 2 € U and t € R.

2. There exists k € R, k # 0, and g € Aut(U) so that vi(2) = g~ (g(2) + kt) for all z € U and t € R.

3. There exists k € R, k # 0, and a conformal mapping g of U onto D such that ¢.(z) = g~ 1(e*'g(2)) for
all z € U and t € R. Equivalently, there exist 0 € R\ {0} and h € Aut(U) so that

1 {h(z)cos(0t) — sin(0t)
pi(z) =h7! (h(z) sin(0t) + COS(at)> .

Since every continuous one-parameter semigroup ¢ : RT — Aut(U) extends uniquely to a continuous
one-parameter group via o(t) = ¢~ !(—t) for t < 0, continuous one-parameter semigroups of automorphisms
are also of three types. We shall obtain two specific automorphisms of the upper half plane which interestingly
correspond to the assertions 2 and 3 of Theorem 2.1 above. An example of an automorphism corresponding
to the first assertion is ¢;(z) = e~'z, z € U, t € R which was considered in detail in [2] and [3, Section 3.

Let us first consider assertion 2 of Theorem 2.1. Let g(2) = %, then a straightforward calculation shows

that S(g(2)) = f_%?z > 0 and therefore g(U) C U. Clearly, g € Aut(U) with the inverse g~1(2) = T

Now, taking k = 1, we have

ei(2) =g Hg(z) +1t) =

1

1—-1 t
_(-tatt (2.1)

—tz+1+¢
Now consider assertion 3 of Theorem 2.1. Here, we consider g : U — D conformal and the natural candidate
is the Cayley transform 1 with inverse ) ~1 already defined. Therefore, if we take g(z) = ¢ ~1(2) = 24 with
g Hz) =Y(z2) = 1(11+Zz), then for k = —2, a direct computation yields; 1 +¢e? = 2cos (%) e? and 1-—

e = —2isin (g) , and thus

(1+€72zt§ z)

_ —92 +1

eil2) =97 e 9(2) = g
z+1

i (L4 e )z +i(1 — e72))

(1—e 2”)2+z(1+e 2it)

((2cos(—t)e™ )z + i(—2isin(—t)e "))
(— 21s1n( t)e—“)z+i(2cos(—t)e—“)
zcost —sint

=2 T (2.2)
zsint 4 cost

)

Apparently, (2.1) and (2.2) are one-parameter groups of automorphisms of the upper half-plane U.
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Let {V1,V2} = {D, U}, and let LF(V;,V;) denote the collection of conformal mappings from V; onto V.

Then LF(V;,V;) = Aut(V;), and if h € LF(V;,V;), then g € Aut(V;) — h™' ogoh € Aut(V;) is an
isomorphism from Aut(V;) onto Aut(V;). For each g € LF(V;,V;), we define a weighted composition operator

Sg: H(‘/}) - IH(V;)? by
Sef(2) = (9'(2)) f(9(2)), forall z €V (2.3)

We note that if ¢ € LF(V;,V;) and h € LF(V;,V;), then it is clear by chain rule that S,5, = S, and
Sg’1 = Sg-1. Indeed,

SnSqf(2) = S ((9') f(9(2)) = ()" (g'(h))" f (9(h(2)))
=((goh)(2))" f(goh)(z) = Sgonf(2). In particular Sy-1 = S;l.

Following [3, Proposition 2.1 and Theorem 2.3], the group (S,,)+cr is a strongly continuous surjective
isometry in £(X) where X is either H?(U) or L2(U, p). Semigroups and groups of isometries on the Hardy
spaces of the unit disc have been well studied in literature in the past few decades. See for instance [4,5,11]
and references therein. The corresponding study on the upper half plane U is much less complete. For a
complete account of the theory of strongly continuous semigroups of Banach space operators, we refer to
[7, Chapter VIII], [10] or [14].

In this paper, we shall carry out a complete spectral analysis of the groups of weighted composition
operators associated with the automorphism groups given by the equations (2.1) and (2.2). These groups
of composition operators turns out to be strongly continuous groups of surjective isometries. Specifically,
we employ the theory of similar semigroups detailed in section 1 as well as the results obtained in [3] to
determine the infinitesimal generators of these groups of isometries. We further determine their spectra,
their point spectra, as well as their resolvents. Finally, we then obtain the norms and the spectra of the
resolvent operators on both Hardy and Bergman spaces.

3. The translation group

For every z € U, let uy = z + t. Then by equation (2.1),

ou(2) = 1—-t)z4+t 4

v prr it ANCIC R

— g ouog(2).

Therefore it can be easily verified that S,, = S,5,,5;" . From [3, Section 4], we see that, if I' is the

utg
infinitesimal generator of the group S,, on X, then the following theorem holds,

Theorem 3.1.

T'f(2) = f'(z) with domain D) ={fe X : f' € X}.

op(0,X) =0 and o(T', X) = {is: s > 0}.

If X € p(T), then R(A,T)h(z) = e [ e h(w) dw := Ryh(2).
Forl<p<oo,if xepI), Ry =—-R_j.

=L

Proof. For assertions 1-3 see [3, Section 4]. To prove (4), recall from [15] that for 1 < p,q < oo with
% + % =1, (HP(U))* = HYU) and (LE(U, uo))* ~ L2(U, 1) under the sesquilinear pairings given by
respectively,
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() = [ He@ds (f € HW). g € HIV), (3.1
;
and
(f9) = [ FgGTdta (€ Liua). 9 € L)), (3:2)
)

We take note that under these pairings, the adjoint operator is conjugate linear. Let T} f(z) = Sy, f(2) =
f(z+t) for every f € X, and define T_;g(z) = g(z—t) for all g € X*. Then (T})tecr and (T—):cr are adjoints
of each other, that is, T;* = T_;. Indeed, if X = HP(U), then X* = H?(U) and for all f € X, g € X*,
z =x+yi € U, we have

(Tif.g) = / f(@ + )g(@) de = / F(w)gla =D du = (f, T1g).

R R

Similarly, if X = L2(U, uy), we have X* = L4(U, u,,) and for every f € X, z € U,

Ti.9) = [ 16+ 05EHOE) dA)

U

= /f(w)g(w —1)(S(w))*dA(w) = (f,T_+g), as desired.
U

Now, since X is reflexive, it follows from [14, Corollaries 10.2, 10.6] that I'y = —T'; and that for A € p(T', X),
we have

R} = R(\T,)" = R(\TS) = R(\, —T)
= -R(-\T,)=—-R_5, asclaimed. O

The next theorem which is our main result in this section details the analysis of the group of isometries
obtained from the automorphism group given by (2.1).

Theorem 3.2. Let X = HP(U) or LP(U, py), 1 < p < 0o. Let ¢, € Aut(U) be given by p(z) = (jt_zi)iiz for

teR, ze€U, and S,, be the corresponding group of isometries. Then,
1. The infinitesimal generator A of S,, C L(X) is given by
A(h(2)) = =29(1 = 2)h(2) + (1 = 2)*1'(2)

with domain D(A) = {h € X : =2v(1 — 2)h(z) + (1 — 2)?h/(z) € X }.
2. 0,(A,X) =0 and o(A, X) = {is: s > 0}.
3. If X € p(A), then

oo

R\ A)h(z) = ﬁ@ﬁ /eAﬁu — W) 2 (w) du.

z

Proof. Since I is the generator of the group S,,, and S, = SgSung_l and as remarked in the introduction,

it follows that the generator A of the group S,, is given by
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A= SgFSg_l with domain D(A) = S,D(T").
Now, let f" € X, then f € D(T') and h := S, f belongs to D(A) with f = S, 'h. Then
A(h(2)) = SISy Hh(z) = ST f(2) = S, f'(2)

/ v gl _ 1 /
= (9'(2)"f(9(2)) = a7/ (9(2))- (3.3)

But f(z) = S;'h(z) = Sy-1h(z) = ﬁh (97'(2)), implying that

P = =21+ 27 g™ () + ot (67(2)

= (14272 (=2v(1 + 2)h(g7"(2)) + K'(g'(2))), so that

=(1-2)» (=27(1 = 2)h(2) + (1 — 2)%h'(2)).
Therefore, equation (3.3) becomes A(h(z)) = —2v(1 — 2)h(2) + (1 — 2)2K/(2), as desired, with the domain

D(A) = SyD(I) ={Syf : f e D)} = {h = Sof : Sof" € X}
={heX:=29(1—2)h(z)+(1—2)°h'(z) € X}.

Since A = S, I'S Land S, is invertible, it’s clear again from the theory of similar semigroups that o, (A, X) =
op(T,X)=0and 0(A, X)=0(,X) = {is: s > 0}.
For the resolvents, we have: If A € p(A, X) = p(T", X), then

R(\,A) = S,R(A\T)S,

and thus we have,

R(A, A)h(z) = SgR(A,T)S; h(z) = Sy e’\z/e_’\wsg_lh(w) dw
=S e)‘z/e_méh(g_l(w))dw
g (14 w)2

z

_ 1 e)\g(z) Ooe—Ag(w); w w
i Z T+ g@ym ) )

1 ST
= s /e”‘ﬁ(l — W) ?h(w) dw,

which completes the proof. O

We end this section by determining the norm and spectra of the resolvent operator.
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Theorem 3.3. If R(\) # 0, denote the circle ‘z — 2%1()\)‘ = m by Cy, and if X = ib for some b < 0, take
C to be the imaginary axis.

L If R(A) # 0 and (X)) > 0, then o(R(\,A)) is the arc of the circle Cy from % to 0 that contains the
upper half of Cx. Moreover, |R(A\, A)|| = r(R(X,A)) = m.

2. If (A) < 0, then o(R(X, A)) is the arc of the circle Cx from 1/X to 0 contained in the upper half of
Chx. In this case, || R(A, A)|| = (RN, A)) = \T1|

Proof. Take note that R(\,A) = SgR(/\,F)Sg_1 where S, is invertible. Using the well known fact that

similar operators have the same spectrum, the result follows immediately from [3, Proposition 4.3]. O

4. The rotation group

In this case for all z € U, let u;(z) = e~2¥z. Then as argued similarly in the previous section,

zcost —sint

oi(2) = g e g(2))

zsint + cost

=g tou 0g(2).

Now by definition, Sy, f(2) = (u})? f(ui(2)) = e~ 2% f(e~?2). Comparing with the group of isometries under
consideration for the rotation group (see [3, Section 5]), Ty f(z) = e'* f(e***) whose infinitesimal generator
we denote by I'; , we see that ¢ = —2v and & = —2. Therefore the infinitesimal generator of the group S,
will be denoted by I'_5, _» and whose properties can be summarized in the next theorem. Before stating
the theorem, we take note that the operator M, f(z) := zf(z) is bounded and bounded below on X (D) with
range R(M,) = {f € X(D) : f(0) = 0}.

Theorem 4.1. For X (D) = H?(D) or LE(D, my,), let Sy, be the group of isometries on X (D) defined above,
and I'_o, _o be its generator. Then

1. T_gy of(2) = i(=2vf(2) —22f'(2)) for every f € X(D), with domain D(I'_9, _2,X(D)) =
[feXD): e XD)}.

2. 0(T_9y,—2,X(D)) = o0p(T-2y,—2,X(D)) = {-2(y +n)i : n € Zi}, and for each n > 0,
ker (—2(y +n)i —I'_9, _2) = span(z").

3. If p € p(T—9y,—2), then R(M") is R(p,I'—ay _2)-invariant for every m € Z,, m > I (—(u + 2vi)/2).
Moreover, if h € R(M]"), then

z

R(p, T 9y, _2)h(z) = _ L /wf(ui‘jm)i*lh(w) dw := R,h(z).

2
0

4. For 1 <p< oo, if p € p(I'-2,-2), then R}, = —R_.
Before we prove this theorem, we first give the following two Lemmas;

Lemma 4.2. Let X (D) denote one of the spaces HP(D) or LE(D,m,), 1 < p < oo. Then the infinitesimal
generator T i, of the group (T})ier C L(X(D)) is Texf(2) = i(cf(2) + kzf'(2)) with domain D(T.y) =
{[feXD): /' € X(D)}.
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Proof. By the definition,

t=0

Lef(2) = 5 (€ (e2)
(

iceictf(eiktz) + eictikeiktzf/(eiktz)) |t:0

Therefore the domain D(I'. ;) C {f € X(D) : zf" € X(D)}. But zf" € X(D) implies that zf' € R(M,) and
therefore f/ € X(D). Thus {f €e X(D): zf' e X(D)} = {f e X(D) : f' € X(D)}.
Conversely if f € X(D) is such that zf’ € X, then F(z) = i(cf(2) + kzf'(2)) € X(D), and for all ¢ > 0

Tif(z) —flz) _ 1 t
LA —fla) 1 / Oy(T, f(2)) ds
0
_ %/e [i(cf(e™2) + k(e 2) f/(e™22))] ds = %/TSF(*Z) ds.
5 0

Now, strong continuity of (T)s>0 implies that

t t
1
/Tsts—F §¥/||TSF—F|| ds — 0 ast - 0F
0 0

o~ | =

Thus, D(Te k) ={f € X(D): f € X(D)}. O
Lemma 4.3. Let X(D) denote one of the spaces HP (D) or LE(D, my), 1 < p < co. Then

1. Tep =ic+ kLo 1 with domain D(Tex) =DToq1) ={f: f € X(D)}.
2. 0(Ter) = {ic+ko(To1)}, and op(Te) = {ic+ kop(Toq)}-

In fact, \ € p(To.1) if and only if ic + kX € p(Tex), and
Rlic+ kA, Toy) = %R(/\, To.). (4.1)
Proof. From Lemma 4.2, T 1 f(2) = izf'(2) for all f € X(D). Therefore,
Perf(z) =ilef(z) + kzf'(2)) =icf(z) + kLo f(2),

with same domain as claimed.
Now, let A € p(T'o.1), then

1 1
(iC + kX — ].—‘C’k)ER()\, ].—‘0’1) = (iC + kX — (iC + kl“o’l)) ER()\, Ty 1)
k
= E(A —To1)RN\Toq) =1,

and if f € D(T'cx), then

Please cite this article in press as: J.O. Bonyo, Spectral analysis of certain groups of isometries on Hardy and Bergman spaces,
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1 . 1 . .
ER(/\, F071)(ZC + kA — Fc,k:)f = ER(/\7 F071) (ZC + kA — (ZC + kro)l)) f

_ %R(/\, To1)(A—To1)f = f.

Conversely, if u € p(Tc k), let p=ic+ kX so that A = % Then

—1c .
(A~ To)kR(u.Toy) = k (“ s F0,1> R Ter) = (s — ic — KT 1) R(jt, To)

= <:U/ - (ZC + kFO,l)) R(/J/v Fc,k) = ()\ - Fc,k:)R(,U/7 Fc,k) =1,
and if f € D(T'g,1), then

ER(p,Tek)(A —To1)f = R(p, Te)(pp —ic — kLo 1) f
= R(Ua Fc,k)(:u - Fc,k)f = f

Thus, 0(Tex) = {ic+ kX : A€ 0(To1)}, op(Ter) = {ic+ kA X € 0p(T0,1)}, and for all A € p(Tg 1), R(ic+
EATe k) = %R()Ml"o,l), as desired. O

Proof of Theorem 4.1. Assertions 1-3 can easily be obtained from the above Lemmas 4.2 and 4.3 together
with the results contained in [3, Section 5|. We omit the details.

To prove assertion (4), recall from [15,16] that for 1 < p, ¢ < oo, %—&— % =1land a> -1, (L2(D,m,))* =
Li(D,m,) and (HP(D))* = H?(D) under the sesquilinear pairings given respectively by

(f.9) = / F(2)5@) dma(z) (f € LED,ma), g € LD, ma),

D
and
27
() = [ )5l as (< H(D), g € HID))
0
Again, under the above pairings, the adjoint operator is conjugate linear. Let v = QTTQ and Ty f(z) =

e 2t f(e=212) for every f € X (D), and define T_;g(z) = e*" f(e?"z) for all g € X(D)*. Then (T})ser
and (T-¢)ter are adjoints of each other; that is, T;* = T_;. To see this, we proceed as follows: If X(D) =
L (D, my,), then X* = LI(ID, my) and for all f € X(D), g € X(D)*, we have,

(T.f,g) = / e~ f (&2 ) g2 dim (2)

D

- / e~ f (&2 g () (1 — [2[?)* dA(z)

D

/ F (@) ET G (@) dma(w) = (f, T1g);
D

If X(D) = HP(D), then X* = HY(D) and for all f € X(D), g € X(D)*, we have
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2m 2
(Tif.g) = [ e p(e ey ds = [ 20 Figem) g
0 0

2m
- /f(eiw)e%'vtg(ei(““t)) dw = (f,T_+g), as desired.
0

Since X (D) = HP(D) or LL(D, m,), 1 < p < oo, is reflexive, it follows from semigroup theory that I'",, 5 =
—I'_5, o and that if p € p(I'_2 _2, X (D)), then

R: = (R(/Jﬂ ]-—‘727,72))* = R(ﬂ,ri}y,f?) = R(ﬁv _]-—‘727,72)

= —R(—p, "2y, _9) =—R_jz, asclaimed. O

Our main result in this section details the analysis of the group of isometries obtained from the auto-
morphism group given by (2.2) as we give in the following theorem;

Theorem 4.4. Let X = HP(U) or LE(U,p,), 1 < p < o0, @« > —1. Let ¢, € Aut(U) be given

zcost—sint

by @i(z) = Soiteost: Jor all t € R,z € U, and the corresponding group of isometries on X by
Seuf (2) = (¢1)" f(pe(2)). Then

1. The infinitesimal generator A of the group S,, C L(X) is given by
A(h(2)) = =2y2h(2) — (1 + 2°)W(2),

with domain D(A) = {h € X(D) : 2y(w +4)h + (w +i)*h € X}.
2. 0p(A) =0(A) ={-2(y+n)i:neZ}, and for each n > 0, ker(—2(y +n)i — A) = span(Syz").
3. If p € p(A) and if m € Zy is such that m > S(—(p + 2iv)/2). Then, if h € R(M*), we have

z
pt2iy

R(p, A)h(z) = (z — i) i (2 4 4) =27 420) / (w— i)~ T 4 )T () dw. (4.2)
0

4. R(p,A) is compact on X (D).
5. o(R(p, A)) = op(R(p, A)) = {w eC: ’w - ﬁ(u)’ = ﬁ(u)} Moreover,

r(R(p, A)) = [[R(1, A) | = 55

Proof. Since ¢ = g ' ouyog, it follows that S, = SgSu,Sg-1 = 545 S 1. Let A be the generator of S,

utPg
and I :=I'_5, _o be the generator of S,,, then as noted before,

A = SgFSg_l with domain D(A) = S,D(T").

As in the proof of Theorem 3.2, let f* € X(D). Then f € D(T') and h := S,f belongs to D(A) with
f= Sg_lh. Then

A(h(2)) = S,T'S; ' h(z) = S,Tf(2) = Sy (—27if(2) — 2izf'(2))

_ _% (27if(g(2)) + 2ig(2) f'(9(2))) -
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But f(z) = S, 'h(z) = Sy-1h(z) = %h(g_l(z)), implying that f(g(z)) = (211)7 (2 +1)*"h(z). Moreover,
F'(2) = oies (29(1 = 2)h(g~ () + 2k (971(2))), implying that

F(9(2) = ﬁ( + )P (29h(2) + (2 + i) (2).

Therefore,

A(h(z)) = — (2ivh(z) + 2v(z — i)h(z) + (z — i) (z + i) (2))
= —2vzh(2) — (1 4 2?)R'(2), as desired.
As noted before, the domain of A, D(A) is given by D(A) = S,D(T') = {S,f : f € D(I')}. Now h € D(A) &
S;th e D) & (S4-1h)" € X(D). But
(Sg=h) = ((¥)"how)
(20)7

_ 2 B B
— 2 (o D + e M)

Therefore,
he€D(A) & Sy (1 — jf_yl(w) h(w) + T z/?il(w) h'(w)) € X(D)
2y 2%
@ (=it T ) <
w1

& 29h(w) + (w + )R/ (w)] € X,

21
which implies that D(A) = {h € X(D) : 2vh(w) + (w +i)h' (w) € X}.
Again, it’s clear from Section 1 that,

0p(A) = 0,(T) = o(T) = o(A) = {~2(y+ n)i:n € Z,},

but with ker(—2(y 4+ n)i — A) = span(Syz"™) for each n > 0.
For the resolvents, if € p(A) = p(I'), then for m € Z, m > I (—(p + 2v4)/2), and if h € R(M]"), we

have R(p, A) = SgR(u,T)S; " and so

R(p, A)h(z) = S, (-%; / WG (W) dw)
0

T pt2yig i B2y 24)7 B
=5, (—52 z /w (=57 1ﬁh(g 1(w))dw)

0
z

__i @) e ey (207 dg
-5 s ) [ ) ) 2 d

(&)

/ (w = i)~ (4 ) 2y ) oo,
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The compactness of the resolvent operator R(u,A) follows from the compactness of R(u,I') by a similarity
argument.
The spectral mapping theorem and the assertion 2 of this theorem imply that for all u € p(A),

o(R(n, A) = {7 sz € a(d) } U {0}
- {u+2(}7+n)i e Z+} {0}

:{weC:‘w—ﬁ(m‘ZZ%h)}'

The equality o(R(u, A)) = o,(R(p, A)) follows from the compactness of R(p, A) as given by [10, Corollary
V.1.15]. From the spectrum, it is clear that the spectral radius of the resolvent is r(R(u,A)) = ME
Moreover, the Hille-Yosida theorem yields r(R(u, A)) = ﬁ < ||IR(p, A)|| < W. i
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