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1. Introduction

In this paper we consider the initial-boundary value problem of the quasilinear parabolic equation of the
form:

ug — div{e(|Vul?)Vu} = 0 in Q x (0, 00) (1.1)
with the initial-boundary conditions
w(z,0) = ug(x) and u(z,t)|aq = 0, (1.2)

where Q is a bounded domain in RY with C%%, a > 0, class boundary 9. Concerning o(v?) we assume
Hyp.A. o(-) is a nonnegative function in C*((0,00)) N C([0,0)),0 < a < 1, satisfying:

(1)

o(v?) + 20" (vV?)v* > koo (v?).
(2) lo’ (v?)[v? < ko (v?).
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(3) kololl < o(v?) < ki [o|® if [v] > 1, with some I, L > 0.
(4) There exists v > 0 and m > 0 such that for any K > 1,
o(v?) > koK ™V |v|™ if |v| < K.

In the above kg, k1 are some positive constants and we assume [<m.

The functions o(v?) = log(1 + v?) and o(v?) = |v|™ satisfy Hyp.A with v =m = 2,1 =0, any L > 0,
and v = 0, I=L= m, respectively. These functions have a common property in the sense that they are
growing up to infinity as |v| — oo and degenerate at v = 0. When o(v?) = |[v|™, m > 0, the equation is
called as m-Laplacian type or p-Laplacian type, and the problem (1.1)—(1.2) and related problems have been
investigated by many authors from various points of view (cf. [1-4,6,5,7,17-20,8,9,13-16] etc.). However, the
techniques treating the nonlinearity o = |v|™ do not seem to be directly applied to the logarithmic type
nonlinearity because o = log(1 + v?) has not the property such that kolv|™ < o(v) < ki|v|™, ko, k1 > 0 for
any m > 0.

Recently we have proved in [11] the existence of global classical solutions of some general parabolic
equations as in Hyp.A (except for (3), (4)) with the additional condition o(v?) > kg > 0, and as an
application we have discussed the problem (1.1)-(1.2) with o(|]Vu|?) = log(1 + |Vu|?) and shown that if
ug € Wy, po > 2, the problem admits a unique weak solution () in L> ([0, c0); Wy **)NW12([0, 00); L?),
satisfying T'(t) = 1 [, Ovu(t)uz log (14 n)ndz < (T'(0) 4+ Ct)~2. Further, we have shown that if ug € Wy,
the solution belongs to L([0, 00); Wy ™) N W12([0,00); L?) and satisfies the decay estimate ||Vu(t)| oo <
C(IVuolloe)(1 + 1) 12

Since our problem (1.1)—(1.2) is of parabolic type we can expect some smoothing effect near t = 0
and it is desirable for the above logarithmic case to show the global existence of solution in the class
L3 ((0,00); Wy™) for the initial data ug € Wy, pg > 2, or more weakly ug € L,,r > 1. The object of
this paper is to establish such results and derive precise estimates for ||[Vu(t)||s near ¢ = 0 for a wider
class of quasilinear parabolic equations satisfying Hyp.A. For the proof we employ Moser’s technique (cf.
[20,1,8,13,14] etc.) and a delicate ‘loan’ method (see section 5).

Our class of functions o (v?) in Hyp.A includes {log (1 + |v|™)}™,m1,mg >0 (where L > 0,1 = 0,v =
m = myims), |v|™log (1 + |[v]™2) (where L > m1,l = mi,v = mg,m = my + my) and |v|™ //1 + [v|™2
with my > mg/2 > 0 (where L = [=mq — ma/2, v =mso/2, m = my) etc. Since the most typical example
is o(v?) = log(1 + v?) and we are interested in the case I < m we call, conveniently, our class of functions in
Hyp.A as ‘logarithmic type’. We note that if { > m, then we have o(v?) > I€0|v|l~ for all v with some kg > 0,
and the problem becomes easier. Indeed, all of the results below hold with m replaced by m = max{m, l~}

2. Statement of the results
We use only familiar function spaces and omit their definitions. But, we note that a function u belongs

to Wy iff u € Wy? for any p > 1 and |Vu| € L. We denote by || - ||, the L? norm on Q. We use | - || for
| - l2 and the inner product in L? is denoted by (,). We set

[Vu(t)[?
M= [ [ otrdrds and Do) = [ o(Va(o))Vut)Pds

for functions u(x,t) if the right-hand sides are convergent. By Hyp.A,(1),(2) we see

kol'(t) < T(t) < kaL'(2) (2.1)
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with some ko, k1 > 0. Indeed, by Hyp.A,(1) we have

o / o(n)dn < / (o(n) + 20" (n)n)dn

Hence,

klo/a(n)dn > !o/(n)ndn O/(o(n)n)’dno/cf(n)dn,

which implies

Thus, (2.1) holds.
We employ the following definitions of solution of the problem (1.1)—(1.2).

Definition 2.1. Let ug € Wy for some py > L + 2. A function u(t) belonging to LP°([0, 00); Wy**) N
W12([0, 00); L?) is called a solution of the problem (1.1)—(1.2) iff

t

/(ut(s), #(s))ds + //J(|Vu(s)|2)Vu(s) -Vo(s)dzds =0
0 Q

0
for all ¢(-) € L ([0, 00); Wy ), and u(0) = uo.

lo(;((()? OO); WOLPO) N
W,22((0,00); L2) N C([0, 00); L") for some py > L + 2 is called a solution of the problem (1.1)~(1.2) iff

loc

Definition 2.2. Let uy € L" for some r > 1. A function u(t) belonging to L

t

/(ut(s), #(s))ds + //0(|Vu(s)|2)Vu(s) -Vo(s)dzds =0
5 Q

1)

for any 0 < § < t and for any ¢(-) € L ((0, 00); W, ?°) N W,52((0, 00); L2) N C([0, 00); L), and u(0) = ug.

loc

Remark 2.1. By the condition Hyp.A,(3) we see that if pg > L + 2 and |Vu| € LP°, then o(|Vul|?)|Vu| €
Lpo/(Po—1)
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Our results read as follows.

Theorem 2.1. Let ug € I/Vol’p0 for some py such that pg > L+ 2 and pg > N(v —m)/2. Then there exists a
unique solution u(t) € L ([0, 00); Wy P°) N L2, ((0,00); Wy ™) NWH2([0, 00); L?) of the problem (1.1)-(1.2)
in the sense of Definition 2.1, satisfying the estimates

L(t) < (D(0)™™/mF2) 4 ) =m+2/m gpg / lu(s)|ds < T(0), (2.2)
0
IVu@)ll3, < IVuolly, +CpET0)> 2,0 <t < oo, (2.3)

with a certain a > 1, and

Zpo/(mNH20) = N/2p0 0 < ¢ < 1, (2.4)

IVu(t)lw < { & (IIVuolp, +T(0)"/(m+2)
“l i@+ >0,

where Cy denotes a constant continuously depending on |Vugl|p, and I'(0), which may be different from line

to line.

Theorem 2.2. Let v < m+4/N in Hyp.A,(4). Let ug € L" for some r > 1, where if 1 <r < 2 we assume
24+ NL)r + (L +2)I(2r + N(2 — 7)) > 4LN. (2.5)

Then the problem (1.1)~(1.2) admits a unique solution u(t) € L3.((0,00); Wy ™) N WL2((0,00); L) N
C([0,00); L") in the sense of Definition 2.2, satisfying

[u(@)]lr < lluollr, 0 <t < oo, (2.6)

CO||uOHf(lfe)(m+2+26)/(m+2)t—2u0,0 <t<1,

_ _ —(m+2)/m 2.7
Co (Jluglly > D220/ E2" g 1)) > 1 27
with,
B NE2-r)*t and v — 2r+(2—-r)tN
C2r+(2—1r)tN 0_l~(2r+(2—r)+N)+4r’
and
[Tty < | Colluall /&M= Orebl i 0 < ¢ < 1, (2.8)
o) o+t 1<t < . '
Further we have
/ e (8)|2dt < T(6) < Collug||2A=Om+2+20)/(m+2)5=2v0 ( < § < 1. (2.9)
§

In the above Cy denotes a constant continuously depending on ||ugl|, which may be different from line to

line.
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Remark 2.2. When m = 0 the first inequality of (2.2), the second inequalities of (2.4) and (2.8) should be
replaced by T'(t) < T(0)e™, ||[Vu(t)|loo < Cre™ and ||Vu(t)]|oo < Coe™ >, respectively with some A > 0.

Remark 2.3. For all of the examples stated in the introduction we can take v < m, and the condition
v < m+ 4 in Theorem 2.2 does not seem to be restrictive.

Remark 2.4. The assumption o € C1%((0,00)) in Hyp.A is made only for the construction of approximate
functions o.(v?) € CH([0,00)), € > 0, such that o.(v?) — o in C([0,00) as € — 0 (see the section 3).

Therefore Theorems 2.1, 2.2 can be applied also to an example like o(v?) = min{|v|™, |v|™2),m1,ms > 0
for which we can easily construct such approximate functions o(v?).

3. Estimate for I'(t)
Let € > 0 and we first take up € C3(£2). We consider the approximate problem
uy — div{o.(|Vu|?)Vu} = 0 in Q x (0, c0), (3.1)
with the initial-boundary conditions
u(z,0) = ug(x) and u(x,t)]sq = 0, (3.2)

where o.(|Vu|?) = o(e+|Vul?). Then o, belongs to C1%(]0, 00)) and satisfies Hyp.A (with the same ko, k1),
and hence, (2.1) holds with T'(t) and T'(t) replaced by I'c(t) and T'.(t), respectively, where we set

) [Vu(s)[?
L(t) = 3 / / oc(r)drdx
Q 0

and

O /ae(|Vu(t)\2)|Vu(t)|2dm.

Q

Further we know o.(v?) > C. > 0. Therefore the problem (3.1)-(3.2) admits a unique classical solution
uc(t) € CH([0,00); C(Q))NC([0, 00); C%(Q). This fact is proved in [11] on the basis of a classical result in [5].
Our solution wu(t) of the original problem will be given as a limit of u.(t) as ¢ — 0. For the case ug € Wol PO or
L" we further take a sequence {ug ,} C C§() such that ug, — ug in Wol P0 or L™ and consider approximate
solutions w, (t) with u,(0) = ug,,. We shall derive various estimates for u.(t) essentially independent of e,
which will be required for the proofs of Theorems 2.1 and 2.2. For simplicity of notation we write u(t) for

ue(t).

Proposition 3.1. Let r > 1. Then, for the approzimate solution u(t) we have

[u@®)llr < lluollr, 0 <t < oo, (3.3)

IVa()]| < Colluo |7~ +2 and Te(t) < Colup 7~ (m 2200/ (m+2)y =20 (3.4)

for 0 <t <1 with
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B NE2-r)*t and v — 2r+(2—-r)tN
T2+ (2-r)tN T l2r+ (2= 1)*N) + 4
—(m+2)/m
Le(t) < Co (G5 luoll; ™/ ™42 4 m(t - 1)) 1<t (3.5)
and
—(m+2)/m
T.(t) < (FG(O)*W/ (m+2) 4 melt) 0 <t < o0 (3.6)

When m = 0 we replace (3.5) and (3.6) by Tc(t) < Collug|-e= and Te(t) < Te(0)e™, respectively, with
some A > 0.

Proof. If 7 > 2 we multiply the equation (3.1) by |u|"~2u and integrate it to obtain

t
1 r r— 1 r
@+ [ [ o19uP)TuPluldads = - Juol; (37)
0 Q

which implies (3.3). When 1 < r < 2 we use a C! nondecreasing function ps(u),é > 0, for |u|"~2u such that
ps(u) = Ju|""2u if |u| > 6. Taking the limit as § — 0 in the resulted inequality, we obtain (3.3).

To derive (3.4) a device is needed (a rather simple ‘loan’ method). Let K > 0 and X > 0. Then we may
assume

IVu(t)]| < Kt™*,0<t < T, (3.8)
with some T, < 1. Multiplying the equation by u; and integrating it we have

d 2
ST(0) + () = 0. (39)

On the other hand, multiplying the equation by u and integrating it we have
Le(t) = =(u,u) < Jlue@lu(®)] < Cllue® @)l Vu®)])®

< Cllus (O (Kt™)Juo)| 0,0 < ¢ < T, (3.10)

with § = N(2 —r)*/(2r + 2N — rN). We denote by C a general positive constant which may be changed
from line to line.
Tt follows from (3.9) and (3.10) that

d ~ -
Te) + CERE 201293 |uo | 29~V ()2 < 0,0 < t < T. (3.11)

Solving (3.11) we have
_ N
Fe(t) < (1-\6(0)—1 -l—C_lK_29||1.L0H;2(1_0)t29/\+1)
< CK2 ||| 2940 0 <t < T, < 1. (3.12)

Here, setting Q1 = {z € Q||[Vu(z,t)| < 1} and Q2 = Q\ Q; we have from Hyp.A,(3), (4),
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IVuOI? = [ (FuwPas + [ ([vulofas
Q1 Q

<c (ﬂ/ V2 de +C Q/ V() [F2de

<C (ré(t)2/<m+2> + FE(t)W(”Q)) . (3.13)

2/(m+2) 2/(i42)

Then, by (3.12) and (3.13) we see
IVut)| < € (B2 |20/ (m2) . 20/ 02) 2000/ 42))
xt=@OAD/(+2) o < ¢ < T, (3.14)
Now we choose A as (20X 4+ 1)/(I 4 2) = X, that is,

- 2r+ N(2—r)*t _
CI2r+ N2 —7)t) +4r

Lp.
Then (3.14) implies
||Vu(t)|| <C <R29/(m+2) +KQG/([+2)Huo”2(179)(m7l)/(m+2)(l~+2)) ||u0||72”(170)/(m+2)
xt™*,0<t<T. (3.15)
Since < 1 we can take a constant K = K (|jug||,)(> 0) continuously depending on ||ugl|, such that

C (Kze/(mw) _|_R20/([+2)||u0||2(170)(mfl)/(m+2)(l~+2)) ”uOHg(pa)/(mﬂ) <K,

and we have from (3.15)
IVu@®)| < Kt,0<t<T. < 1. (3.16)
Due to (3.8) and (3.16) we can take T, = 1 and the following estimate holds:
IVu(®)]| < Clluollr) luo|[7H =727 0 < ¢ < 1. (3.17)
We also obtain from (3.12),
T (t) < O(|Jug)|,) |Juol| =0 (m+2+20)/(m+2)4=2v0 <+ < 1. (3.18)

We proceed to the decay estimate for T'¢(¢), t > 1. We first see from (3.9) that T'c(¢) < T(1), t > 1, and
hence, by (3.13),

@) < CIVa(®)|] < C(1+Te(1) =D/ mE2)p 1)1/ 0m2),

Thus, instead of (3.11), we have

%Fe(t) +C_1(1“(1) + 1)—(m—[)/([+2)(m+2)r6(t)2(m+1)/(m+2) <0, (319)
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which gives

T.(t) < (Fe(l)—m/(m+2) + O m(T (1) + 1)—(m—i)/(i+2)(m+2) (t — 1))_(m+2)/m (3.20)

—(m+2)/m
< ( ||U = 2m(1—0)(m+2+26)/(m+2)? +m(t — 1)) > 1. (3.21)

(When m = 0 we replace (3.21) by T'c(t) < CO||u0||T (=040 =Xt with some A > 0. )

Concerning the estimates depending on ||Vug||p, we first see T(t) < I'e(0) by (3.9), and |u(t)]| <
C||Vu(t)|| < CiT(t)"/(m+2) by (3.13). Thus, by the same argument as the one obtaining (3.20) we get
(3.6).

Proposition 3.1 and (3.9) give immediately the following estimates for |Ju(t)]|.

Proposition 3.2. For the approzimate solutions u(t) = ue(t) we have

[ Iu@Pa <r.0) 3.2
0
and
[ )Pt < 1.6 < Colfug 2024200 m 21520 329

)

for any 6,0 < < 1.
4. Estimates for |Vu(t)|p,0 <t < T, with 2 < p < o©

We estimate ||Vu(t)||,,0 <t < T, for p,2 < p < oo.
First we recall the basic inequality for the solution wu(t) = u(t).

Proposition 4.1. For any p,2 < p < oo, we have

1d €
vl + 3 (e Tl 23, + Vo ((Tul’2)|2)
< Cp?| o ([Vul?)|VulP/2|2. (4.1)

Proof. The proof follows by multiplying the equation by —V(|Vu[P~2Vu), integrating it by parts and
estimating carefully the boundary integral. For details see [11].
Here, by the Gagliardo—Nirenberg inequality we have

Cp?||Va|Vul/?|?
< Cp2||\/5‘vu|17/2”1(1 9)||\/—|vu|p/2”H179 — N/(NJ,- 2)7

<% Va3, + Cp® Ve |Vl

with & = 2(N +4)/N, and hence (4.1) implies,
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1d €
Sl v+ (e Tul"2I3, + Vo ((Tul/2)|2)
< Cp||/o (V)| Vul/2|2 (4.2)

where we have changed €3/2 by ¢y. Further we easily see that

Vo (IVuP)|VulP/2 |} < CT(t)||Vu(®)ll;

and the inequality (4.2) implies, in particular,

d
SITu(b)]Z, < CPETA(1),po > 2. (13)

Using the estimate (3.6) we obtain from (4.3),

t
—(m+2)/m
IVa(Ol, < Va3, + o5 [ (L0) /2 4 morts) ds

0
< [|Vuo |12, + CpiTe(0)/ ")) 0 < t < oo. (4.4)

((4.4) will show (2.3).) Also, by Hyp.A,(4), we see

/o (VD) |Vl /2|2 < C/\Vu\pdx+/ae(|Vu\2)dx/|Vu|pdx.
Ql Q2

Qo

Here, by Hyp.A,(3),

/O’E(|VU|2)d.T < C’/(oe(|Vu|2)|Vu|2)L/(L+2)dz

Qz Q2
+—2Lvo/(L+2)
< OT (1)L =+ < {g(l) (4.5)
for 0 <t < 1.
Therefore we obtain from (4.2),
1d €0
gl VuO + 75 (Vo Vel I, + Ivarv (vup’?)?)
ap—2Lvo/(L+2) P
< Copat © ) ||Vu(t)||p (46)
Cip®[[Vu(®)I}

for 0 < t < 1. These are the starting inequalities to estimate |Vu(t)|lo0,0 < t < 1.

Proposition 4.2. If 1 < r < 2 we make the condition (2.5) stated in Theorem 2.2. Let K > 1 and assume
[Vut)|oo < Kt™*,0<t <T. <1, (4.7)

with some A\ > 0. Then, making the additional assumption

IVut)llg < ngt™,0 <t <T., (4.8)
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for some q > 2, we obtain
IVu(t)l, < (Coeg p+2E») MO PPN 1 -mN =)/ (mN-+ 200

x t~ (MATN(p=a)/p(mN+20)=Aq(MN+2p)g/(MN+20)p () < ¢ < T, (4.9)

for p > q, where we recall Co = C(||uo]|s)-
The estimate (4.9) also holds even if we replace Cy by C1 = C(T'(0),||Vuollp,) and in this case the
assumption (2.5) is unnecessary.

Proof. By (4.7) and the Hyp. A,(4), we see from (4.6) that

1d €0 Copt=2Evo/ (L) [|7u(t)[|p
—— | Vu)||P 4+ K7™ |V P22, < P 4.10
VO SRl < 3 (4.10)
for 0 < t < T, where ¢j is changed. By the Gagliardo—Nirenberg inequality we see
0 m 26 m
V() < CHPIVu(t)ll= || Vu| /2| 77 e (4.11)
with
é_(p+m(1_1)> (1_1 p+m.1>1_ N(p+m)(p—q) (4.12)
2 ¢ p'J\N 2 2 ¢ p(mN +2¢+ N(p—q))
It follows from (4.10) and (4.11) that
d ~ ~ ~ ~
e IVu®lls + %K*"tmHVU(t)Hé(lfe)“m)/e“IIVU(t)IIJ(I*Q)(ﬁm)/G
_ Gt e gu),
| Cip[[Vu@) |l ’ -
and hence, by the assumption (4.8),
d ~ ~ ~ ~
Envu(t)”p + ;_ZK—yth+)\q(1—0)(p+m)/€Hvu(t)|‘§)(l—6)p+m)/9+l
_ [ Copr2rmi a2 g, )
| Gl Vu@®)lp

for0 <t <Te..

Now, we know the following lemma concerning a singular differential inequality which is a special case
of Lemma 2.2 in [16].

Lemma 4.1. Let y(t) be an absolutely continuous function on (0,T],T > 0, and satisfy the inequality

d
ay(t) + Atro Yyt tot) < Bt 0y(t),0 < t < T,

where we assume A > 0,B>0,va>1 and 0 < d < 1. Then we have

y(t) < A7V + BT )V 0 <t < T.
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Applying this with T = T, < 1 to the first inequality of (4.13) we obtain (4.9) after some careful
calculations. For this we have used the assumption (2.5) which is equivalent to (6 =)2Lvy/(L +2) < 1. In
(4.9) we can replace Cy by Cy by using the second inequality of (4.12).

We prepare the following proposition which is easily deduced from Proposition 4.2.

Proposition 4.3. Under the assumption (4.7), we have for p > py > 2,

IVu(t)]l, < (Cyeg tpor2ry)Nwmro)/pimi+2ro)

1—mN(p—po)/(mN+2po)p
% (1170, -+ Te(0)/0+2))

x ¢~ (MAFDN(p=po)/(mN+2po)p () < ¢ < T, (4.14)

We have also for p > 2,

V)|, < (Coeglpa+2K”)N(p_2)/(mN+4)p ||u0‘|$(1—0)/(m+2)—2mN(p—2)(1—0)/p(mN+4)(m+2)

x ¢~ (MAFDN (p=2)/p(mN+4) =200 (mN+2p)/(mN+)p () - 4 < T, < 1, (4.15)
where we recall
NE2-r)*t 2r+(2—-r)tN
=— > and vy = .
2r + N(2—r)* I(2r+ N2 —r)t)+4r

(The condition (2.5) is required for the estimate (4.1/).)
Proof. We know by (4.4) and (3.17),

[Vu(t)|2, < [ Vuol2, + CpgTe(0)%/ M+

[
and

IVu(®)]| < Colluo |7~/ +2 70,0 < ¢t < T, < 1.
Taking ¢ = po and ¢ = 2 and applying (4.9) to these cases we get the estimates (4.13) and (4.15), respectively.

5. Estimates for ||Vu(t)]le,0 <t <1

On the assumption (4.6) we shall derive estimates for |[Vu(t)||s, 0 < ¢ < T. < 1, for the approxi-
mate smooth solution u(t) based on the results in previous sections. The aim is to derive an estimate like
[Vu(t)]|oo < C(K)t™*,0 <t <T. <1 with some C(K) and a certain A > 0. In this estimate, if we can take
a large K > 1 such that C(K) < K we can conclude, by a continuity principle, that || Vu(t)||oo < Kt~ for
0 <t < 1. Such an argument we call ‘a loan method’ The argument is delicate. For other types of ‘loan’
method see [10,12,11] and the references cited therein. We use Moser’s iteration method (cf. [1,8,13,14]).
First we consider the estimate depending on ||Vug||p, -

We take p; > po and define p,,n > 2, by p,, + m = 2p,,_1, that is, p, = 2" H(py —m) +m, n =1,2,---.
We shall derive, by induction, the estimate

IVu(t)p, <nat™*,0<t<Te <1, (5.1)

where 11 and A\ are determined through (4.13) as follows:
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m = (Cleglp?-ﬂKu)N(Pl*Po)/Pl(mN+2po)

. 1-mN(p1—po)/(mN+2po)p1
% (Il + Cpg*Ta(0)/0+2))

and
A= (mA+1)N(p1 — po)/(mN + 2po)p1-
Then we see from (4.8) with p = p,,q = p,—1 and from the assumption of induction that

-1 2 N(Pn=pn-1)/Pn(MN+2pn_1) 1—mN(pp—pn—1)/(MN+2Dn_1)Dn
n S (Cleo p$+ KV) MNn—1 ! !

Vu(t)

Xt*(m)\+1)N(pn7pn,1)/pn(mN+2pn,1)f)\n,1(mN+2pn)pnfl/(mN+2pn,1)pn .

This means that (5.1) is valid for n > 2 if we define

o = (Clealpg+2KV)N(pn7p"71)/p"(mN+2pn71) nrll:rlnN(pn7pn_1)/(mN+2pn_1)pn

and
Ap = (TTL/\ =+ 1)N(pn *pn—l)/pn(mN + 2pn—1)
+)\n_1(mN + 2pn)pn_1/(mN —+ Qpn_l)pn
Setting
B _ pn(mN + 2pn71)
" N(pn - pn—l)
we see
— « 1 1/Bn —m/Pn
= (Cieg PP K ) / 7771L71 /s

and

mA+1—(m—Bn)An-1

Ap =
Bn
From (5.6") we have
mA+1 m mA+1 m mA+1
An — =(1—-—=—)(Ap-1— =I7_5(1 — —)(A\ — .
~ ( Bn)( 1 ) = 1o 5k)( 1 )
Here, setting w, = 2p, + mN, we know
T
Bn Pn  Wn-1
and hence,
n 2
ZZQ(I—E):w—~p—1—>¢asn—>oo.

Br Pn w1 2p1 +mN

Consequently,

(5.2)

(5.4)

(5.5)

(5.6')
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2])1)\1 N(m)\ + 1)

=\
2p1 +mN  mN + 2p;

Further, by (5.3) we see

(mA+1)N

X:
mN + 2pg

which is independent of p;.
Next, we consider 7,,. We may assume Ciey 'pS K¥ > 1 and by (5.5),

(a + 2)log p,, + vlog K + Cy

m
log m, < + (1 — =-)log mn—
5, (1= 5, log s
" (a4 2)1 + vlog K + C
<> (0 2)log pr + vlog L (1 — 2 )log my,
f Bk Bk

where we have used the fact 5,, > m.
Since B, > pp(mN + 2pyn)/N(pn —m) > 2p, /N we easily see

Zﬁk Zpik s

D1

if py > m + 2. Further we know by (5.2) and (5.8),

n—oo

lim TI}_,(1 — ﬂk)log m

2 (e}
<log O (et stog ([ Vol + Crg/*Te(0)1/+2

(mN +2
+v(p1)log K,
where we set

2p1Nv(p1 — po
(2p1 + mN)(mN + 2pg)’

v(p1) =

Thus we have from (5.11) and (5.13)

2po
mN + 2po

+ (u(p1) +v(p1)) log K

oz/2

mn—>o<>10g Mn < log Cl + log (HVUOHPO + Cp

with p(p1) = v Y p; 1/Bk. Note that

. vN . _
i o) = Doy, and lim ulpn) =0.

N——

. (0) 1/(m+2) )

1597

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

We assume here pg > N (v —m)/2. Then vN/(mN + 2py) < 1. Therefore, taking a sufficiently large p; and

fixing it, we obtain

Timy, s o0mn < C1([|[ Voo + Le(0)Y/ (m+2))2po/ (mN=2po) pop

with some p < 1. It follows from (5.1), (5.9) and (5.15) that

(5.15)
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IVu(t) oo < C1(|| Vil + Te(0)/ (mH2))2p0/(mN+2p0) jrimg=A < ¢ < T, < 1, (5.16)

where we recall X = (mX + 1)N/(mN + 2py). Now we take \ satisfying A = A, that is,

N

= —. 5.17
2po (5.17)

Then we have
[Vu(t)]loo < CL(|[Vtgllp, + Te(0)/ (mF2))2po/(mN+2p0) griy=2 1 < ¢ < T, < 1. (5.18)

Now, letting pg > L + 2 we can take a large K = K(||Vuo||p,) which is independent of €,0 < ¢ <« 1, and
depends continuously on ||Vugl|p, such that

Ci([IVuollp, + Fe(O)l/(m+2))2Po/(mN+2po)K“ < K. (5.19)
Then we arrive at the desired estimate
[Vu(t)]oo < Kt™2,0<t < T, <1. (5.20)

Thus, starting from the assumption (4.6) which is certainly valid for a small T, > 0, we have derived a
sharper estimate (5.20). This means that the following estimate holds:

[Vu(t)|lo < Kt70 <t < 1. (5.21)

Further, all of the estimates established so far for 0 < ¢ < T, are in fact valid for 0 < ¢t < 1. We summarize
the above result.

Proposition 5.1. Let pg > N(v —m)/2 and po > L + 2. Then there exists C1 = C(||Vuol|p,) > 0 such that
the approzimate solution u(t) = u.(t) satisfies

2po/(mN+2po)
>) ’ YN g <t <1 (5.22)

IVa@®)loo < C1 (IVt0llpg + Te(0)M 0"+

Next, we shall derive a similar estimate to (5.22) which depends only on ||ug]|,. For this we refine the
above argument. We shall derive again the estimate (5.1) where in the present case we determine 7; and \;
through (4.14) as follows:

m = Co (€a1p?+2KV>N(m—2)/p1(mN+4) ||u0H;l(2p1+mN)(1—0)/p1(m+2)(mN+4) (5.23)

and
A1 =(mA+1)N(p1 —2)/p1(mN +4) 4+ 2v5(mN + 2p1)/(mN + 4)p;. (5.24)

We knew already that (5.1) is valid for n if we define 7, A, by (5.5) and (5.6), respectively. Thus, by the
same argument as above we have (see (5.8) and (5.9))

y4i mA+1 mA—+1
Ap — A —
p1—|—N(1 R

A
2p; + mN
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as n — oo, and

— - 2)1 log K + C
Tt yoclog 7p < 3 (@ 2N Pe ¥ VI8 K4 Co | poc (- My,
Pt Br Br
=1 2p
< log C —log K + ——"——log 1.
< log O+Vz=:ﬂk og +2p1+mNOgm
Substituting (5.24) we see
- NmA+1)+4
o MimAt D) +dv (5.25)

mN + 4

which is independent of p;. We take X satisfying A = X, that is,

N+4
P (5.26)
4
Next, substituting (5.23) into the inequality for n, we have
limy, -, 00log 7, < log Co +log p1 + (u(p1) + v(p1))log K
8p1(1 —0)

1 5.27

where we set v(p1) = 2vN(p1 — 2)/(2p1 + mN)(mN + 4). Thus we obtain
[Vu(t)||lso < Collugl|BA—0/ (mFDUA+mN) eulpi)+v(p)=A g < ¢ < T, < 1. (5.28)

We see that u(p1) — 0 and v(p1) — vN/(mN +4) as p; — oo. Let us assume here v < m + 4/N. Then we
can fix a large p; and take a large K = C(||ugl|,) such that

[Vu(t)||lso < Collugl|SA=0/ mFDEAMN) goiy=A « 4= 0 <t < T. <1, (5.29)

with some g < 1. Thus we conclude that the estimate (5.29) holds in fact for 0 < ¢ < 1 and all of the
estimates depending on |lug||, derived so far under the assumption ||Vu(t)|l. < Kt=*, 0 <t < T¢, hold in
fact for 0 < ¢t < 1.

We summarize the result.

Proposition 5.2. Assume that v < m—+4/N. Then there exists a large K = K(||ullp) continuously depending
on ||uo|l» such that the estimate (5.29) holds for T. =1 for the approzimate solution u(t) = u(t).

6. Decay estimate for ||Vu(t)||oo,t > 1

Finally we derive the boundedness and also the decay estimate for || Vu(t)| s as t — 0o. When o(|Vu|?) =
log (14|Vu|?) we know the estimate | Vu(t) oo < C(||Vuolloo)(141)~1/2,0 < t < 0o (see [11]). The general
case is treated similarly. So we give an outline of the proof. It suffices to consider an assumed smooth solution
u(t) for the original problem.

Since ||Vu(1)||e < Cy we see from an argument similar to the one deriving (4.3) that

(IVu(®)|lp, < Copf < 00,1 <t < o0, (6.1)
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for any p1 > m + 2. We return to the inequality (4.1). Using a similar argument to the one deriving (4.12)
we have

L ITuOlz + 5 (IVEATaP 1, + 1Vav(Tur)?)
< Cop®[[Vul[=5 < Cop™ (L + | Vult)[5). (6:2)
Let K > ||[Vu(1)|lco- Then we may assume
[Vu(t)lle < K,1<t<T, (6.3)
for some T' > 1. Setting p, = 2p,—1 — m with p; > m + 2 we can derive, by induction, the estimate
IVu®)lp, <marl <ET, (6.4)

with 71 = max{1, C||Vu(1)|loo, SUP; <t <o, | VU(t)[[p, }. Indeed, by the inequality

IVu(t)|lp, < CYP|Vu(t)|])

m 20, n T MM
16, Vu(t)|(pn+ )/2HH1 /(pn+m)

with 6, = 2N (1 — pr—1/pn)/(N + 2) we have from (6.2),

1d €0 ntm)(1-6,) /6,
LAl oL A

< Copy (1 + [[Vu(t)

Vu(t)| (pn+m)/0,

n

Py 1<t <T. (6.5)

If || Vu(t)||p, > 1 for some ¢ we see

d €0 nt+m)(1—6,)/6, — m
aHVu(t)Hpn + (p_2Ku771(zp—1+ ) )/ Hvua)ul(ﬁn(l 0n)+m)/0n _ 2Cop2 ) |Vu(t)|lp, <0 (6.6)
n

at the time ¢, which implies for all ¢t,1 <t < T,
IVu(®)lp, <max{1,C|[Vu(l)|lsc, 7n}, (6.7)

where we set

On/((1=0n)pn+m) m/Bn  1—m
:(COP%HKU) /B 771 /Bn

n—1

7’7]” = (Copg+2KV,]7’Eijrl+m)(1_9n,)/0n)

with 8, = m((1 = 0n)pn +m)/0y.
Since 7,1 > 1 and we may assume Cop2 K" > 1, the right-hand side of (6.7) is dominated by

max{C||Vu(1)||oo, (CopeT2K")™ " 11} = (Cop 2 K™ " .
Thus we have
v\ ™/ Bn _
IVu®)p, < (Cope 2K py s = . (6.8)

We see as in the argument deriving (5.14) that

N < Cop V(1) ], K7 (6.9)
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with some p(p1) which tends to 0 as p; — oo. Thus, we can take a large p; to obtain
IVu(t)]|oo < CoK*,1<t<T (6.10)

with some pu < 1, where we fix p;. Therefore, by taking a large K = K(||uo||,), we see |[Vu(t)|co < K,1 <
t <T. We conclude that

IVu(t)|loo < Co < 00,1 <t < 00. (6.11)
It is clear that Cy can be replaced by Cj.

We proceed to the decay estimate for ||Vu(t)||oo. Once the boundedness of ||Vu(t)| s has been established
we see

o(|Vu®)?) = Cg* [Vut)|™ ¢ > 1,

with some positive constant Cy. (We can replace Cy by C;.) Therefore we have from (4.1) and (3.5) (or

(3.6))

1d 1 . _
;ﬁ\lw(t)\lﬁ + o2 [Vl P25, < CprT(@)||[Vu(t) 1523
< Cop™(1+t)~ T2/ Vu(t)|[E72,1 < t < oo. (6.12)

Setting w(7) = (1 + )™ Vu(t) and 7 = log(1 + t), (6.12) is rewritten as

1
C1p?

< Cop™(IIwW(n)[} + [IwW(n)[;72) < Cop™([w(r)[I5 +1). (6.13)

1d .
Sar WOIE+ [[w ()| P2 3,

This is essentially the same form as (6.2) with K fixed. Further we have, instead of (3.13),

IVu(t) |2 < © / oo ([Vu(t)2) [ Vu(t) 2dz + Co / Vu(t)Pda
Q

Qo

< Col(t) < Co(1+t)~(m+D/m 3 > 1.
Therefore we have
[ ()llm2 < (1 4+~ [Vu) sz < Co, £ 1. (6.14)
Thus, repeating an argument similar to the one deriving (6.11) with p; = m+2 we can derive the estimate
[lW(T)|loo < Co <00, log2 <7 <00
and consequently,
[Vu(t)|loo < Co(1+1)7V™ 1<t < . (6.15)

Proposition 6.1. The approzimate solution u(t) satisfies the estimate (6.15). We can replace also Cy by Ci.
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7. Proofs of Theorems 2.1 and 2.2

We have proved that the set of approximate solutions u(t),0 < € < 1, is bounded in L>(]0, 00); WPo)N
L52.((0,00); Wo ™) N W2([0,00); L?) and the boundedness depends on || V| ., po > L + 2, and further,

loc

the set is also bounded in L>([0,00); L") N L2, ((0, 00); Wy ™) N Wlif((() o0); L?) and the boundedness
depends on ||ug||-. We begin with the proof of Theorem 2.1.

We first assume that ug € C3(£2). By the first boundedness of u.(t) we can extract a subsequence as
e — 0, which we denote again by wu.(t) for simplicity, such that

ue(t) — u(t) weakly* in L7, ([0, 00); L™),
Vue = Vu(t) weakly™ in L7 ((0,00); L)),
uc(t) = u(t) strongly in L, ([0, 00); L?),
e ¢ — ug(t) weakly in LE ([0, 00); L?)

and

Ac(Vue) = — div{o(|Vuc(t)]?) Vue ()} — x(t)
weakly in Lp‘)/(po_l)([()7 0); W—l,po/(po—l)

in the sense that

< Ac(Vue), d(t) >7r= //06(|Vu€(t)\2))VuE(t) - Vo(t)dxdt

—< X(t)a d)(t) >T
for any T > 0 and any ¢(t) € L ([0, T]; Wy*°), where <, >7 denotes the pairing of
po/ (po— ([0, T7; Wy Lpo/(Po— 1)) and L ([0, T); WOLPO)'

The limit function u(t) satisfies

T
/ Dt < x(8), 6(t) >1=0 (7.1)
0

for any T'> 0 and for any ¢(t) € L2([0,T]; Wy *°), and also we have

t
u(t) = /ut(s)ds +upin L?,0 <t < 0. (7.2)
0

All of the estimates established for u.(t) are still valid for u(¢) (with e = 0). To complete the proof it
suffices to show that x(t) = —div{o(|Vu(t)|*)Vu(t)}. For this we note that if pg > L + 2,

lim o ([Vu()2) V()

= o(|Vu(®)|?)Vau(t) in L/ P~ ([0, 00; Lo/ Po=1)) (7.3)

loc
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for any u € L¥° ([0, c0); Wol’p”)7 which follows from Hyp.A,(3). Further, we see by Hyp.A,(1),

(o(|Vu)Vu — .(|Vv|*) Vo, Vu — Vo)
> (oe(|Vul?)[Vul = oc(|Vo*)[ Vo], [Vu| — [Vo]) > 0

Then the identity x(t) = —div{o(|Vu(t)|?)Vu(t)} follows from the standard monotonicity argument on the
operator A (Vu) = —div{o.(|Vu(t)|>)Vu(t)} in Lro/o=1) ([0, T]; W—1po/(Po=1)) T > .

The uniqueness follows easily also from the monotonicity of A(|Vu(t)|) = —div{co(|Vu(t)|?)Vu(t)}.

Next, we assume that ug € Wol’po. Then we can take a sequence {ug,} C C3() such that ug, — ug
in WOLP0 as n — oo. The solutions uy,(t) with u,(0) = ug, satisfy essentially the same estimates for u.(t)
with ug replaced by uo ., and repeating the above argument with u.(t) replaced by u,(t) we get the desired
weak solution u(t) in the sense of Definition 2.1. It is clear that all of the estimates (3.4), (3.5), (3.6), (3.18)
and (5.29) with T, = 1 (and € = 0) hold for this u(t).

Finally, when ug € L",r > 1, we take a sequence {ug} C C3(2) such that ug,, — ug in L" as n — oc.
The corresponding solutions wu, (t) satisfy all of the estimates for uc(t) with uy replaced by ug,, (and with
e = 0), in particular, the estimates depending on ||ug|». To check the convergency of u,(t) we first note
that

[tm (t) — un(t)[|» < l1wo,m — wonllr (7.4)

which follows by multiplying the difference of two equations for w, (t) and w,, (t) by [t (t) =t (£)|" =2 (un (t) —
um (t)) and integrating it (when 1 < r < 2 we make a device as in the one deriving the estimate (3.3)). Thus
{un(t)} converges uniformly to a function u(t) € C(]0,00); L"). Of course we see ©(0) = limy, o0 un(0) = ug
Along a subsequence, {u,(t)} converges to u(t) € L2, ((0,00); Wy ™) N W,22((0, 00); L2) N C([0, 00); L7) in

loc
the following way:

u, (t) = u(t) in C([0,00); L") and weakly* in L5<.((0, 00); Wy'™),
Un,t — ug(t) weakly in L7 ((0,00); L?)

and

T
< A(Vun(t), (t) 50— / / o (Vi (8)[2)) Van (t) - &(t)dwdt
s Q

=< x(t),0(t) >s51

for any 0 < § < T and any ¢(t) € LP°([0, T]; W, *°). Note that

T
/ D+ < x(1), 6(t) >57=0
4

for any ¢(t) € Li2,((0,00); Wy ) N W,L2((0,00); L?), po > L + 2. Then, the monotonicity argument shows
that y(t) = A(Vu(t)) = —div{o(|Vu(t)[2)Vu(t)} in L P71 ((0, 00); W—1ro/(ro=1)) Therefore u(t) is a
solution in the sense of Definition 2.2.

Let uq(t), u2(t) be two possible solutions with u1(0) = u2(0) = ug in the same class as above. Then we
have easily

[lui(t) — w2 (W) < Jur(6) — uz(d)||r — 0 as d — 0, (7.5)

which implies w1 (t) = u2(t). The uniqueness for he case ug € L" is also proved.
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