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Abstract

Pre-Hilbert A-modules are a natural generalization of inner product spaces in
which the scalars are allowed to be from an arbitrary algebra. In this perspective,
submodules are the generalization of vector subspaces. The notion of orthogo-
nality generalizes in an obvious way too. In this paper, we focus on f-algebras
A that are either of £ or of £° type. We provide necessary and sufficient topo-
logical conditions for a submodule to be orthogonally complemented. Then, we
present four applications of our results. The most important ones are Doob’s
and Kunita-Watanabe’s decompositions for conditionally square-integrable pro-
cesses. They are obtained as orthogonal decomposition results carried out in an
opportune pre-Hilbert A-module. Second, we show that a version of Stricker’s
Lemma can be also derived as a corollary of our results. Finally, we provide
a version of the Koopman-von-Neumann decomposition theorem for a specific

pre-Hilbert module which is useful in Ergodic Theory.

1 Introduction

Pre-Hilbert A-modules are to algebras as inner product spaces are to the real/complex
field. In fact, they can be defined by simply replacing in the definition of inner product
space the real/complex field with an algebra A (for example, of functions). In this
paper, compared to the vast majority of the literature, we focus on the case A is a real
algebra. We assume that A is an Archimedean f-algebra with multiplicative unit and
we provide topological conditions that guarantee that a submodule is (orthogonally)

complemented.! In this work, the most important examples of Archimedean f-algebras
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1Since we will only study orthogonal complementation, we will just refer to it as complementation.



with unit will be the following three: L (9,G,P), £L°(Q,G, P), and the space of

predictable processes.

More formally, given a pre-Hilbert A-module (H,+,-,( , )5) and a submodule M C
H. we define
Mt={yeH:{(z,y);, =0 VoeM}.

In this paper, we provide conditions on A and topological conditions on M that guar-
antee that M is such that
H=Ma&M".

As in the standard case of Hilbert spaces, we will see that the problem of M being
complemented is strictly connected to the problem of M being self-dual and, in studying
complementation, we will also provide a new topological condition which is equivalent
to self-duality (see Theorem 7). We conclude the paper by providing four applications
of our results. In particular, we show how versions of different famous decomposition
results can be better understood once framed within the Hilbert module framework
(see Proposition 4 which is a version of Stricker’s Lemma, Theorem 4 which generalizes
the Koopman-von-Neumann decomposition result to modules, and Corollaries 3 and 4

which correspond, respectively, to the Doob’s and Kunita-Watanabe’s decomposition).

Related literature The literature on complementation in pre-Hilbert A-modules
(similarly to the literature on self-duality) can be roughly divided in two main streams.
The first one introduced the notion of Hilbert A-modules and considers complex C*-
algebras A. The second one focuses on a particular algebra of functions, namely,
L£°(G) = L£°(Q,G, P) (either complex or real). On the one hand, the notion of pre-
Hilbert A-module was introduced by Kaplansky [21]. Kaplansky [21] considers Hilbert
modules over commutative (complex) AW*-algebras A with unit and shows that a self-
dual submodule is always complemented [21, Theorem 3].? Frank [13, Theorem 2.§]
shows that for a generic C*-algebra self-duality of a submodule M implies M being
complemented. As a consequence Frank obtains that: a) complete (hence, closed)
finitely generated submodules are always complemented, b) that complete submodules
are always complemented,® provided A is finite dimensional (see [13, Corollary 2.9] and
the references therein). Finally, if A is a W*-algebra, Frank and Troitsky [14] show
that, given a subset M C H, M+ and M+~ are direct summands of H.* On the other
hand, Guo [15] studies pre-Hilbert £° (G)-modules H and shows that a submodule is

complemented if and only if it is closed with respect to a particular metrizable topology.

2In this context, self-duality is characterized in terms of algebraic properties, rather than topological
ones.

3Completeness, in this case, is expressed in terms of the norm || ||;; below.

4See also [24, Proposition 2.5.4 and Lemma 3.6.1], for a textbook exposition.



Our contributions In this paper, we focus on real commutative algebras. We
provide (topological) conditions on A and H that will allow us to conclude that a sub-
module of a pre-Hilbert A-module H is complemented. We start by considering A to
be an Arens algebra of £ type (Definition 2). In this case, H can be suitably topolo-
gized with several norm topologies as well as with a topology induced by an invariant
metric dy. In particular, two norms stand out: || ||; and || ||,, (Subsection 2.2). We
will discuss two results. Conceptually, the first provides topological conditions that
guarantee the self-duality of the submodule M, while the second provides topological
conditions that generalize the well known complementation result for standard Hilbert
spaces.

When A is of L™ type and H is a self-dual pre-Hilbert A-module, in Theorem 1,

we show that the following conditions are equivalent:

(i) M is “weakly” closed;

(i) M N By is “weakly” closed (where By is the unit ball induced by || [|;);
(iii) M N By is “weakly” compact;

(iv) M N By is | |, closed;

(v) M N By is dy closed,;

(vif H=Mao M L

(vii) M = M++.

Condition (v) builds on a new characterization of self-duality, which is contained
in Theorem 7. This theorem is an interesting result in itself. Indeed, the topology
induced by the metric dg is the only topology that can be considered in both types of
pre-Hilbert A-modules, that is, the one written over algebras A of either £ type or
L° type (Definition 3). In the former case, Theorem 7 shows that self-duality amounts
to dy completeness of the unit ball By. In the latter case, [9, Theorem 5] shows
that self-duality amounts to dy completeness of the entire space H. Thus, Theorem
7 illustrates what is the common “topological trait” of these two classes of self-dual
pre-Hilbert A-modules.

When A is of L™ type and H is a self-dual pre-Hilbert A-module, in Theorem 2,

we show that the following conditions are equivalent:
(i) M is “weakly” closed;

(il) M is dy closed;



(ili) M is || ||, closed;
(iv) H=M® M".

Note that, when A = R, it is easy to show that || ||,, coincides with the usual norm
topology and dp induces the same topology. Thus, in this case, properties (i)-(iv) are
well known to be equivalent and we can conclude that our Theorem 2 is a natural
generalization of the classical complementation theorem for Hilbert spaces. Indeed,
note that, in that context, self-duality is equivalent to completeness in norm.

We then move to consider A to be an f-algebra of £° type (Definition 3). In this
case, H can be topologized with an invariant metric d. When A is of £° type and H is
a self-dual pre-Hilbert A-module, in Theorem 3, we show that the following conditions

are equivalent:
(i) M is dy closed;
(i) H=M o M*.

We are thus able to obtain Guo’s complementation result ([15, Theorem 47]). The
contribution to the literature of our Theorem 3 is twofold: 1) it applies to a larger class
of f-algebras (see Subsection 4.3), 2) paired with Theorem 2, it highlights the connec-
tion between pre-Hilbert £°%-modules and pre-Hilbert £>°-modules. Such a connection
is again provided by the metric dy.

Finally in both cases, we pay particular attention to finitely generated submodules
and their complementation (see Corollaries 1 and 2). Indeed, finitely generated sub-
modules and their closure play a key role in Finance where pre-Hilbert modules are
useful in modelling asset pricing with conditional information (see Subsection 4.1 as
well as [17] and [10]). Most notably, we show that finitely generated submodules are

always closed and complemented in a self-dual pre-Hilbert £°-module.

Outline of the paper Section 2 introduces the two classes of algebras A we
will consider in studying the orthogonal complementation problem and contains all the
useful definitions and facts concerning pre-Hilbert A-modules.

Section 3 starts by studying few natural and useful properties that come with the
orthogonal complementation procedure, paying, in Subsection 3.1, particular attention
to finitely generated submodules. Subsection 3.2 contains our first set of results on
complementation, while Subsection 3.3 contains the second one. Section 4 deals with
the application of our results.

Since this paper is a paper about orthogonal complementation, we relegate all the

self-duality results to Appendices A and B.



2 Mathematical preliminaries

2.1 Algebras

We are going to consider two classes of algebras which are strictly connected: Arens
algebras of L type and f-algebras of £° type. The reader, at a first read, might want
to think of the former class as the class of standard £> (2, G, P) spaces and of the
latter as the class of standard £°(Q2, G, P) spaces.5°

Arens algebras of L™ type. Given a commutative real Banach algebra A with

multiplicative unit e, we denote by || ||, the norm of A.

Definition 1 A commutative real Banach algebra A with unit e such that

lell, =1 and |a|% < |a® + b Va,be A

la

1s called an Arens algebra.

These algebras admit a concrete representation as a space of continuous functions
over a compact Hausdorff topological space and were first studied by Arens [7] and
Kelley and Vaught [22].7 The cone generated by the squares of A induces a natural
order relation on A: a > bif and only if a—b belongs to the norm closure of {¢* : ¢ € A}.
By using standard techniques, one can show that (A,>) is a Riesz space with strong
order unit e. As usual, we set |a| = sup {a, —a} for all a € A. Moreover, || ||, is a

lattice norm such that
la|l , = min{a > 0: |a| < ae} and H&QHA = H&Hi Va € A.

In light of these observations, note that for each a > 0, there exists a unique b > 0
such that 0 = a. From now on, we will denote such an element by az or Va. If A
admits a strictly positive linear functional ¢ : A — R (wlog @ (e) = 1), then we could
also consider A endowed with the invariant metric d : A x A — [0, 00), defined by
d(a,b) =@ (|b —a| Ne) for all a,b € A. It is immediate to see that

d(a,b) < ||b—all, Va,b € A. (1)

We conclude by defining a particular class of Arens algebras which are isomorphic to
some space L (€2, G, P) (see [1, Corollary 2.2]).

®Subsection 4.3 is a notable exception to this statement.

6Tn this case, the functional ¢ we are going to encounter below is nothing but the expected value:
@ (a) = [adP for all a € L (Q,G, P). The element e is the function that takes constant value 1.

"See also [3] for a modern treatment of the subject.



Definition 2 Let A be an Arens algebra. We say that A is of L type if and only if A
1s Dedekind complete and admits a strictly positive order continuous linear functional

© on A.

f-algebras of £° type. Assume that A is an Archimedean f-algebra with unit e # 0
(see Aliprantis and Burkinshaw [5, Definition 2.53]). It is well known that e is a weak
order unit. If A is Dedekind complete and a > %e for some n € N, then there exists a
unique b € A, such that ab = e.® We denote this element by a~!. If ¢ > 0 is such that
there exists ! and b € A, then we alternatively denote ba~* by b/a. By [18, Theorem
3.9], if A is also Dedekind complete, for each a > 0, there exists a unique b > 0 such
that b2 = a. Also in this case, we will denote such an element by a2 or v/a. As before,

la| = sup {a, —a} for all @ € A. The principal ideal generated by e is the set
Ac={a€ A:Ja>0st. |a| < ae}.

It is immediate to see that A. is a subalgebra of A with unit e. If A is an Arens
algebra, then A is an Archimedean f-algebra with unit e and A, = A. If there exists
a strictly positive linear functional ¢ : A, — R (wlog @ (e) = 1), then we can define
d: AxA—|0,00) by

d(a,b) =@ (|b—a|ANe) Va,b e A.
As in the case of an Arens algebra, d is an invariant metric.

Definition 3 Let A be an Archimedean f-algebra with unit e. We say that A is an f-
algebra of L° type if and only if A, is an Arens algebra of £ type and A is Dedekind

complete and d complete.

If b> 0 and b € A,, then there exist ¢ > 0 and 0 < d € A such that cb = b, ¢ = ¢,
and bd = c¢. We refer to such an element ¢ as the basic component of b and we denote

it by ¢. Similarly, we denote the element d by d;.° Moreover, if {a,} C A is such

neN
that a,, = ca,, for all n € N and a,,b 4 [, then a,, 2 1d.

Some common properties. Let A be either of £L> type or £° type. In both cases, d
is generated by the Riesz pseudonorm ¢ — ¢ (|c| A e). By [4, Theorems 2.28 and 4.7],
it is easy to prove that the topology generated by d is linear, locally solid, and Fatou.

Moreover, it can be shown that:

8Recall that Ay = {a € A:a > 0}.
9Clearly, in this context, d is an element of A and is not connected to the metric d, we previously

discussed. Loosely speaking, if A = £° (Q,G, P) and b > 0, then ¢ = 1¢ where C' = {w € Q: b(w) > 0}
and d :  — R is such that d (w) = ﬁ on C and zero otherwise.



1. If a, L 0 and b > 0, then a,b | 0 and a,b 4 0;
2. Ifbe A and a, A a, then ba,, “ ba.
3. If A > 0 and {a,},cy € [-Ae, Ae] and {an},,oy is a d Cauchy sequence, then there

exists @ € A such that a, 5 a € [—Ae, Ae].10

2.2 Pre-Hilbert A-modules

Let A be an Archimedean f-algebra with unit e. The 4-tuple (H,+,-,(, )y) is a
pre-Hilbert A-module if and only if (H, +,-) is a left A-module (see [2, p. 107]) and
(, )y HxH— Aissuch that for each a € A and for each x,y, 2 € H:

1. (z,z), > 0, with equality if and only if z = 0;

2. {2, y)y = (Y 0) s

3. (@t y,2)p = (2,2)y + (Y, 2w

4. (a-z,y)y =alr,y)y.

Observe that a pre-Hilbert A-module H is endowed with a natural scalar product.
In fact, we can define -“ : R x H — H to be such that a-¢x = («e) - z. It is immediate

to check that (H,+,-¢) is a vector space. For each @ € R and x € H, we denote

a-‘x=aqar.
Since the Cauchy-Schwarz inequality holds for ( , ), that is,
(@, 9)5 < (@.2)y (v,9)y Yo,y € H, (2)
we say that H is self-dual if and only if for each f: H — A that satisfies:
- A-linearity: f(a-z+b-y) =af (x)+bf (y) for all a,b € A and for all x,y € H
- Boundedness: There exists ¢ € A such that f? (z) < c(x,2), for all x € H
there exists (a unique) z € H such that f (z) = (x,2), for all z € H.

Arens algebras of £ type. Define N: H — A, by N (z) = (z, m)i for all z € H.

The function N is a vector-valued norm. Moreover, we can endow H with several

OHere, [-Xe, Ae] = {a € A: —Xe < a < Ae} and the statement follows from Nakano’s theorem (see
[4, Theorem 4.28]).



topologies.!! In this paper, we will consider two topologies generated by a norm, one

generated by a metric, and a weak topology. The first two norms we will consider are:

L x|y = /I{z,2) 5|l , for all x € H;
2. ||lz]l,, = V¢ ((x,x) ) for all z € H.

The metric we will consider is instead defined by

Before defining the weak topology, note that we can define a standard real valued inner

product by the formula

(.9), =@z, 0)y)  Vo,yeH.

It follows that (H,+,- (, ),,) is a standard pre-Hilbert space. We can finally define

the weak topology o (H,S (H)), that is, given a net {x;},., € H

X; U(Hg(H)) X ‘I\di;]; <~§Cwy>m — <x7y>m Vy € H.

The relations among these topologies is the following one

d
I I T ST
T, —
In characterizing self-duality, || ||; plays only an ancillary role. Indeed, define By =

{r € H:||z||; <1}. By [9, Theorem 3] and Theorem 7 (see Appendix A), H is self-
dual if and only if By is || ||, complete if and only if By is dy complete if and only if
By is o (H,S (H)) compact.'?

1
f-algebras of LY type. As before, we can define N : H — A, by N (z) = (z,z)}
for all x € H. The function N is a vector-valued norm. In this case, we can endow H

with only one natural topology: the one generated by the metric

dy (z,y) =@ (N (x —y)Ae)=d(0,N (z —y)) Vr,y€ H. (3)

"'We refer the interested reader to Cerreia-Vioglio, Maccheroni, and Marinacci [9] for a detailed
study of these and other topologies as well as all the mathematical facts reported in this part of the
paper.

2Tf H is self-dual, then H is || ||;; complete, but, typically, it is neither || ||, nor dgy complete. At
the same time, if H is a self-dual pre-Hilbert A-module, where A is an f-algebra of £° type, then
the norm || ||, cannot be defined, yet H turns out to be dy complete. Since in these two cases,
topological completeness refers to different concepts, depending on which algebra A we use, in this

paper, we refrain to formally talk about Hilbert A-modules.

8



By [9, Theorem 5], H is self-dual if and only if H is dy complete.

Some common properties. Let A be either of L type or £L° type. We have that the
map r +— (r,y) is dg — d continuous. Finally, if {a,},.y € A, * € H, and a,, < a,

d
then a, - = a - x.

3 Orthogonal decompositions and projections

In this section, we recall the notion of submodule and define the one of orthogonality.
As a by-product, we also define orthogonal complements. This latter concept will allow
us to naturally define (modular) orthogonal projections. The rest of the section will
be devoted to provide necessary and sufficient conditions for the decomposition of a
pre-Hilbert A-module H in a submodule and its orthogonal complement. We will pay

particular attention to finitely generated submodules.

Definition 4 Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert A-
module. A nonempty subset M of H is a submodule if and only if a-x+b-y € M for
all a,b € A and for all x,y € M.

Observe that each submodule M is a vector subspace of H, yielding that 0 € M.

Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert A-module.
Given two elements x,y € H, we say that x and y are orthogonal if and only if

x,y); = 0. Given a nonempty subset M C H, we define
H =
Mt={yeH:(z,y);,=0 VreM}.

It is immediate to verify that M* is a submodule and M N M+ C {0}. We will
call M* the orthogonal complement of M. Define also M+ = (M L)L. Given a
submodule M C H, we will say that M is (orthogonally) complemented if and only if
H=MaM+13

If M is a complemented submodule, then it induces a natural pair of projections.
Indeed, note that for each = € H there exist unique y; € M and y, € M+ such that
T =y, +yy. Define Pyy : H— M and Py : H — M* to be such that Py (z) = 3
and Py1 (x) = yo for all x € H. By definition, we have that

Py(r)=x Vo€ Mand Py (z)=2 Yo& M

13Since M and M are submodules, they are vector subspaces too, therefore M @ M~ means, as
usual, M + M+ and M N M+ = {0}.



Let us denote by P either Py, or Py;1. It is immediate to verify that
P(a-z+b-y)=a-P(x)+b-P(y) Va,b e A Vx,y € H.

Finally, we have that Py () + Py. (z) =  as well as (Py (x), Pye (y))y = 0 for all
x,y € H.

Lemma 1 Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert A-

module. If My and My are two submodules, then the following statements are true:
1. (My + My)" = M M-
2. My C Mj+.
3. If My C M, then AMQL - MlL
4. If M is self-dual, then M, is complemented.
5. If My is complemented, then My = M+,

Proof. Given their importance in the sequel, we only prove points 4 and 5, since the
other points are proven by replicating well known techniques in Hilbert space theory.

4. Clearly, M, @ M- C H. As for the opposite inclusion, consider y € H. Since M,
is a submodule of H, if we define (, ),, as the restriction of (, ), to My x My, then
(Ml, +,(, >M1> is a pre-Hilbert A-module. The map defined on M; by = +— (x,y) 4
is A-linear and bounded. Since Mj is self-dual, it follows that there exists a unique
y1 € M, such that

(T, y1)y = <x’y1>M1 =(7,y) Vo € M.

Define yo = y — y;. We have that

<x7y2>H:<x7y_y1>H:0 Vo € My,

that is, yo € Mj-. It is also immediate to see that y; + yo = y. Since y was arbitrarily
chosen, it follows that H C M; & M-

5. Since M; C Mi-+, we only need to prove the opposite inclusion. By assumption,
if 2 € M+, then there exists 2y, € My and 1 € Mj such that o = 2y, + 2,0
Since M; C Mi-+, we have that M- > Tyt =TTy, € M+, Since Mi-N M-+ = {0},

this implies that x — x5, = 0, that is, x = x5, € M;, proving the opposite inclusion.ll

Remark 1 The sufficiency of self-duality for a submodule M to be complemented was
already noted by Frank [13], when A is a C*-algebra. His proof relies on a result of
Paschke [26]. Here, instead, we prove this fact for a different class of algebras and
we rely on a more direct argument, which replicates the techniques used for standard

Hilbert spaces.

10



In the next result, we characterize when complementation is preserved by the
Minkowski’s sum. Inter alia, this result will help us in providing conditions that guar-

antee that finitely generated submodules are complemented.

Proposition 1 Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert A-
module. If My and My are two submodules such that My is complemented, the following

statements are equivalent:
(i) Pyr (Ma) is complemented;
(ii) My + M,y is complemented.

Moreover, we have that

Proof. First, we prove (4). Consider x € M; + Py (Mz). It follows that there exists
x; € M; for i € {1,2} such that

r =1+ Py (72) = 21 — Pary (22) + Pagy (22) + Pye (22)
:(l’l—PMl (l’g))—i-l'QEMl—l—Mg.

Viceversa, consider x € M; + My. There exists x; € M; for i € {1,2} such that

r = 21 + x2. We can conclude that
T =21 +Tog =21+ (P]M1 (132) +PMf— (ZL’Q)) = (1’1 —|—PM1 (l’g)) +PMf— (Iz)

belongs to My + Pyr (Ms). Define Mz = Py (M) and M = My + Py (Ma) =
My + M. Let y € My. Since Mz = Pyr (M) C Mi-, we observe that (z,y), = 0 for
all z € Mj, proving that y € M-, that is, M; € Mj. By point 1 of Lemma 1 and
since PMIL (MBL) - ]\/[1L and PM% (M?f) - M3L,14 this implies that M+ = MlL N M?f D)
PMlJ- (MSL)

(i) implies (ii). Since clearly M & M+ C H, we only need to prove the opposite
inclusion. Consider = € H. Since M3 C Mf, note that

5]

= Pup, () + Py (2) = Par, (%) + Pype (PM3 (Z) + Py (i’))
= Pu, (2) + Py (Pagy (T)) + Pyt (PM3L (@)

= (Par, (&) + Pagy () + Pagy (Pary (@)

M Consider y € Py (M3"). Let 2 € M3 be such that y = Py (z). Clearly, @ = Py, (2)+ Py ().
Since M; C M3, it follows that y = Py (z) =2 — P, (2) € M-

11



where Py, (Z) € My, Par, (T) € M3, and Py <PM3¢ (:Z’)) € M+, proving that Py, (Z)+
Py, (%) € My + My = M and Py (PMSL (i)) e M*.

(ii) implies (i). Clearly, we have M3 & M3 C H. Viceversa, consider Z € H. Since
M; C M, note that

x

Pur (2) + Py (7) = Py (PMl (2) + Py (E)) 4 Py (2)
Pur (Pag, (7)) + Py (PMIL (f)) 4 Py (7)

Pur, (z) + Par (pMIL (:z)) 4 Py (7)
Py

(Pus @) + (Pary (2) + Pars (2)).

Observe that y = Py (Z) € Mjt. By point 1 of Lemma 1 and since y = Py (y) +
Py (y), we have that Py (y) = y— Py (y) € Mit. Since Py (y) € M = M, + Mz and
M, 0 M = {0}, it follows that Py, (PM% (;7:)) — Py (y) € My, Finally, by point 1 of
Lemma 1, note that since M, C M3, Py, (Z) € My, and Py (Z) € M+ = M- N M;-,
we have that Py, (%) + Py (Z) € M;. We can conclude that = Py (PM% (5:)) +

(Pas, (%) + Pyyi (7)) where Py (PMlL (;7:)) € My and Py, (7) + Pyo (7) € M. W

We conclude by observing that, if A is either an f-algebra of £° type or an Arens
algebra of £> type, then the orthogonal complement of a nonempty subset M is
necessarily dgy closed. This provides a hint for our characterization of complemented
submodules. Indeed, by point 5 of Lemma 1, if M is a complemented submodule, then
necessarily M = (M l)L, thus necessarily it must be dy closed. Later on in the paper,

we will show that this is also a sufficient condition for complementation.

Lemma 2 Let A be either an f-algebra of L° type or an Arens algebra of L> type and
H a pre-Hilbert A-module. If 0 # M C H, then M~ is dy closed.

Proof. Recall that the map z — (z,x), is A-linear and dy — d continuous for all
x € H. In particular, z — (z,2), is linear. Fix x € H and define ker {z} =
{y € H: (x,y),; = 0}. It follows immediately that ker {z} is dy closed. Since M+ =
Nyen ker {x}, the statement follows. |

3.1 Finitely generated submodules

In this subsection, we recall the notion of span for (pre-Hilbert) A-modules and we
provide a sufficient condition for a finitely generated submodule to be complemented

(see Proposition 2).
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Definition 5 Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert
A-module. Given a finite set {x;};_, C H, we define span, {z;},_, as the smallest
submodule of H containing {z;};_,.

Similarly to what happens for standard vector spaces (see [6, p. 31]), spany {z;}}_,
is well defined and is characterized as the intersection of all submodules which contain
{x;}7_, as well as the set of all A-linear combinations of the elements in {x;}!" , that
is,

spany {z;};_, = {x € H:3{a},  CAst. z= Zai : CL’Z} : (5)

i=1
Proposition 2 Let A be an Archimedean f-algebra with unit e and H a pre-Hilbert
A-module. If H is such that for each x € H the submodule span, {z} is comple-
mented, then for each finite collection {z;};_, C H the submodule span, {z;}._, is

complemented.

Proof. We proceed by induction.
Initial Step. n = 1. It follows by assumption.
Inductive Step. The statement is true for n. We next show it holds for n + 1. By (5),

it is immediate to see that

span {2} = spany {@i}j_, + spany {@n1} . (6)

By inductive assumption, M; = span, {z;},_, is complemented. If we define My =
spatly {Z,+1}, then we have that Py (spany {z,41}) = spany {PMIL (xn+1)}, where
the latter submodule is complemented by assumption. By Proposition 1, M; 4+ Ms is
complemented. By (6), the inductive step follows.

By induction, the statement follows. |

Since the span of one element plays a fundamental role, we next study the topolog-
ical properties of this object. Later on in the paper, this will yield that, for self-dual
pre-Hilbert A-modules over algebras of £° type, finitely generated submodules are al-
ways complemented. While, for self-dual pre-Hilbert A-modules over algebras of £
type, submodules generated by one element are always complemented, provided the

norm of the generator is invertible.

Lemma 3 Let A be either an f-algebra of L° type or an Arens algebra of L type and
H a pre-Hilbert A-module. If {an}, .y € A and T € H is such that N (T) < e then:
1. If A is an f-algebra of L° type, by defining a, = cnyan for all n € N, we have
that a,, - T = a, - T for alln € N and

d .
U - T 2y < anﬁaeAandy:a-f.
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2. If A is an Arens algebra of L™ type, N (Z) is invertible,"” and {a, - T}, € Bu,
then
an-idiy — aniaeA andy =a-x € By.

Proof. 1. Since 0 < N (Z) € A, we can consider its basic component ¢y z. For the

sake of brevity, we will denote it by c. Recall that ¢*> = ¢. Note that

N(ap T —ay,-T)=N((a, — @) - T) = |an — @n| N (T) = |an — @n| N (T)
= |an, — ay||c| N (Z) = |ca, — ca,| N (z) = ‘can c2an| N (z)

= |ca, — ca,| N (z) =0,

proving that a, - = a, - ¥ for all n € N. Next, assume that a,, - Iy y. It follows that
Qp - T ay y. Observe that

|C~LnN (j) —amN (f)| = |C~Ln - &m| |N(f)| = |C~Ln - dm|N(j:) = N(<dn - dm) j)

=N (Gp T — Ay - T) Vm,n € N.
This implies that

d(a,N (z),anN (Z))

¢ (|ayN () — amN (Z)| AN e) =@ (N (an - T — am - T) Ne)

dy (Gp - T, Ay - T) Vm,n € N.

Since {ay - 7}, .y is dg convergent (in particular, it is dy Cauchy), we can conclude
that {a,N (z)}, .y C A is d Cauchy. Since A is d complete, a,N (z) % 1. We can

conclude that a,, N ldn). Define a = ldyz. It follows that a, -7 = a, - i G

neN

Since the limit is unique, we have that y = a - Z, proving one implication. On the other
hand, if a, N a, then a, -z =a, -7 M g z, proving the opposite implication.

2. Assume that a, - 7 4 y. Since {an-7},.y € By, we have that |a,N (Z)| =
lan| N (Z) = N (ay, - Z) < e for all n € N. This implies that {a,N (Z)}, . C [—e,e]. At
the same time, by the same arguments of before, we have that d (a, N (Z), a,, N (Z)) =
dg (an - T, ap, - ©) for all n,m € N. Since {a, - T},oy is dg convergent (in particu-
lar, it is dy Cauchy), we can conclude that {a,N (7)}, .y € A is d Cauchy. Since
{a,N (Z)},en € A is d Cauchy and [—e, ¢] is d complete, a, N (T) S4le [—e, e]. Since
N (z) is invertible, we can conclude that a, A I (N (z))"". Define a =1 (N (z))"". It
follows that a, - x M 4. %. Since the limit is unique, we have that y = a - z. Since
the topology induced by d is locally solid, we also have that |a, N ()] KN laN (z)| =
N(a-z) = |l| € [—e, €], proving that a - T € By and the implication. On the other

hand, if a,, a4 a, then a,, - Iy Z, proving the opposite implication. [ |

5That is, there exists b > 0, denoted by N (Z) ™', such that bN (z) = e.
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Lemma 4 Let A be either an f-algebra of L° type or an Arens algebra of L™ type and
H a pre-Hilbert A-module. If x € H, then there exists T € H such that N (z) < e and

spany {x} = span, {Z}. Moreover,
1. If Ais an f-algebra of L° type, then span, {x} is a dy closed set.

2. If A is an Arens algebra of L™ type and N (x) is invertible, then span, {z} N By

1s a d closed set.

Proof. Given z € H, define @ = N (x) +e, b =a', and z = b-z. Since b > 0, it
follows that N (7) = bN (x) < ba = e. Next, note that if y € span, {z}, then there

z. It follows that y = (a(ab)) -« = (aa)- (b-z) =
(aa) - T € spany {T}. Viceversa, if y € spany {Z}, then there exists a € A such that

exists a € A such that y = a -

y=a-T=(ab) -z € spany, {z}.
1. We next prove that span, {Z} = span, {z} is dy closed. Let {z,}, .y C
CA

span, {z} be such that x, a3 y. It follows that there exists a sequence {an}, .y €

such that a, - = x, iy y. By point 1 of Lemma 3, we can conclude that there exists
a€ Asuchthat z, =a, -7 B a-7 € spany {Z}, proving that span, {Z} is dy closed.
2. We next prove that span, {Z} N By = span, {x} N By is dy closed. Since N (z)
is invertible, so is N (z). Let {z,} C spany {z} N By be such that z, a3 y. It
nen © A such that a, -7 = z, ax y and

{a, - 7},cy € Br. By point 2 of Lemma 3, we can conclude that there exists a € A

neN
follows that there exists a sequence {a,}

such that =, = a,, - i = span, {Z} N By, proving that span, {Z} N By is dy
closed. [ |

3.2 Arens algebras of L type

In a standard Hilbert space, it is well known that, given a vector subspace M C H,
H = M @ M= if and only if M is norm closed. Since a vector subspace is convex, this
is also equivalent to M being closed in the weak topology.

Given a pre-Hilbert A-module where A is an Arens algebra of £ type, the gen-
eralization of the above facts leaves several options open. The first thing to observe
is that the pre-Hilbert requirement needs to be strengthened. We will in fact assume,
as a premise, that H is self-dual. Clearly, in the standard case of A = R, self-duality
is equivalent to completeness in norm. At the same time, in studying a submodule
M C H, we will show that there are several “right” notions of closure of M. In Lemma
2, we saw already that closure with respect to the metric dy could be a possible can-
didate. The next lemma shows that closure with respect to the topology o (H,S (H))

could be another.
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Lemma 5 Let A be an Arens algebra of L type and H a pre-Hilbert A-module. If
0+ MC H, then M+ is o (H,S (H)) closed.

Proof. Fixx € H and define ker {z} = {y € H : (x,y),; = 0}. Consider anet {y;},., C
ker {z} such that y; o(HAH) y. It follows that 0 = a (y;,x); = (yi,a - z), foralli e [

and for all @ € A. This implies that

0= ((yna-a)y) = @(lya-2)y) VacA

We can conclude that @ (a(z,y)y) = ¢ ((y,a-x)y) = 0 for all a € A. If we define
a = (r,y),; € A, this implies that 0 = @ (a(x,y),) = @(a*). Since ¢ is strictly
positive, this implies that a® = 0, that is, @ = 0. By definition of @, we can conclude that
y € ker {x}, proving that ker {z} is o (H,S (H)) closed. Since M+ = N e ker {z},
the statement follows. [

We are ready to prove our first two main results on complementation. On the
one hand, the first set of topological conditions (Theorem 1), which characterize when
a submodule M is complemented, consists of conditions which characterize the self-
duality of M (see also point 4 of Lemma 1). On the other hand, the second set of
topological conditions (Theorem 2) consists instead of “genuine” topological conditions
on M, which, in particular, highlight the connection between pre-Hilbert A-modules
over Arens algebras of £L* type and f-algebras of £ type (cf. Condition (ii) in Theorem
2 and Condition (i) in Theorem 3).

Theorem 1 Let A be an Arens algebra of L type and H a pre-Hilbert A-module. If

H s self-dual and M is a submodule of H, then the following statements are equivalent:
(i) M is o (H,S (H)) closed;
(i) M N By iso(H,S(H)) closed;
(i5i) M N By is o (H,S (H)) compact;
(w) M OBy is || ||,, closed;
(v) M N By is dg closed;
(vi) H= M & M*;

(vii) M = M++.
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Proof. By [9, Theorem 3] and since H is self-dual, we have that By is o (H,S (H))
compact.

(i) implies (ii). Since o (H,S (H)) is Hausdorff, By is closed. The implication
trivially follows.

(ii) implies (iii). Since M N By € By is o (H,S (H)) closed and By is o (H, S (H))
compact, it follows that M N By is o (H, S (H)) compact.

(iii) implies (iv). Since M N By is o (H, S (H)) compact, it is also o (H,S (H))

closed. Consider now a sequence {z,} C M N By such that z, Hl?l x. Since

. . o(H,S(H . . . . .
Ty Hlﬁ” x implies x,, ( —>( ) x, it follows that x € M N By, proving the implication.

neN

(iv) implies (vi). Since M is a submodule of H, if we define ( , ),, as the restriction
of (, )y to M x M, then (M,+,-,(, ),,) is a pre-Hilbert A-module. We also have
that M N By = By and the norm ||z||, , = /¢ ({(x, x),,) coincides with || ||, on M.
Since H is self-dual, By is || ||,, complete. By assumption, this implies that B is
| ||, complete, that is, By is || ||,,, complete. By [9, Theorem 3|, we have that M is

self-dual. By point 4 of Lemma 1, the implication follows.

(vi) implies (vii). By point 5 of Lemma 1, the implication follows.

(vii) implies (i). By Lemma 5 and since M = M+ = (ML)L, it follows that M is
o(H,S(H)) closed.

It follows that conditions (i), (ii), (iii), (iv), (vi), and (vii) are equivalent. Finally
observe that:

(v) implies (iv). Consider a sequence {z,} C M N By such that z, ”15" x.
(Nl

Since M N By is dy closed and x,, —" x implies that x,, ay x, we can conclude that

neN

x € M N By, proving the implication.

(vii) implies (v). By Lemma 2 and since M = M++ = (ML)l, M is dy closed. By
Theorem 7 (see Appendix A) and since H is self-dual, By is dy complete. It follows
that M N By is dy closed, proving the implication. ]

As a corollary, under the assumption that the norm of the generator is invertible, we
obtain that submodules generated by one element are complemented, and, in particular,
they are o (H,S (H)) as well as || ||, closed. Finally, the same holds for the sum of
two complemented and orthogonal submodules.

Corollary 1 Let A be an Arens algebra of L type and H a pre-Hilbert A-module. If

H 1is self-dual, then the following statements are true:

1. For each x € H such that N (x) is invertible, the submodule span, {x} is com-
plemented. In particular, spany {x} is o (H,S (H)) and || ||, closed.

17



2. If My and My are complemented and orthogonal submodules, then their sum is
complemented. In particular, My + My is o (H, S (H)) and || || closed.

Proof. 1. Let x € H. By point 2 of Lemma 4, span, {x} N By is dy closed. By

Theorem 1, we have that span, {z} is complemented.

2. Since M; and M, are orthogonal, it follows that M, C Mj- and PM% (M) = M,.
By Proposition 1 and since M; and M, are complemented, we have that M; + M; is

complemented.

In both cases, by Theorem 1, the property of being complemented yields that the
new (sum) submodule is o (H, S (H)) closed, which immediately implies that it is || || ;
closed too. [ |

In the next result, we show that removing the hypothesis of invertibility in point 1
of Corollary 1 easily generates counterexamples.
Example 1 Let (Q,F,P) = (N,P(N), P) where P(A) = ,., 5 for all A € P(N).
Consider A = H = L (Q,F, P).The space A is an Arens algebra of £ type. The
space H is a pre-Hilbert A-module where + is the usual sum. The outer product - is
the usual product and (z,y), = xy. In particular, H = £*>* (Q,G, F, P) of Section
4 when (2, F,P) = (N,P(N),P) and G = F. This yields that H is self-dual (see
9, Theorem 7]). Consider z € H to be such that z (i) = + for all i € N. Note that
N (z) = x is not invertible in A. Consider M = span, {z}. Note that if y € M*, then
(z,y)y =2y =0, that is, 0 = x (i) y (i) = 2y (i) for all i € N, that is, y (i) = 0 for all
i € N. Thus, M+ = {0}. At the same time, consider 2 € H such that z (i) = 1 for all
1 € N. It is immediate to see that z ¢ M. We can conclude that

zeHand 2 ¢ M =Mo& M.

The next result, which provides topological conditions for M being complemented,
generalizes the usual known result for standard Hilbert spaces. Indeed, when A = R,
| Il,,, is the norm induced by the inner product and o (H, S (H)) is the weak topology
induced by the norm dual of H.

Theorem 2 Let A be an Arens algebra of L> type and H a pre-Hilbert A-module. If

H is self-dual and M is a submodule of H, then the following statements are equivalent:
(i) M iso(H,S(H)) closed;

(ii) M is dy closed;

(1it) M is || ||,, closed;
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(iv) H=M & M= .

Proof. By Theorem 1, (i) is equivalent to (iv).

C M such that z, Hlﬁ" r. Since

(ii) implies (iii). Consider a sequence {wy}, oy
Tp ”l?l x implies x, M and M is dyg closed, it follows that © € M, proving the
implication.

(iii) implies (iv). By [9, Theorem 3| and since H is self-dual, it follows that By
is || ||,, complete, in particular, it is || ||, closed. This implies that By N M is || ||,,

closed. By Theorem 1, the implication follows.

(iv) implies (ii). By point 5 of Lemma 1, we have that M = M*L. By Lemma 2
and since M+t = (M L)L, it follows that M is dy closed. [ |

We conclude by observing that the orthogonal complement of a submodule M
coincides with the orthogonal complement computed in a standard pre-Hilbert space.

The result then should clarify the meaning of Lemma 5 and point (iii) of Theorem 2.
Indeed, first recall that (, ) :H x H — R, defined by

(:U,y)m:gb(<x,y)H) Va:,yEH,

makes (H,+,-¢ (, ), ) a standard pre-Hilbert space.'®

Proposition 3 Let A be an Arens algebra of L% type and H a pre-Hilbert A-module.
If M C H is a submodule, then

M*={yeH: (z,y), =0 VYxeM}.

Proof. If y € M*, then (z,y),, = 0 for all x € M, yielding that (z,y), = 0 for
all x € M. Viceversa, assume that y € H is such that (z,y), = 0 for all x € M.
By contradiction, assume that y ¢ M*, that is, a = (Z,y), # 0 for some T € M.
It follows that either 0 < a™ # 0 or 0 < a~ # 0 or both. In the first case, by [8,
Lemma 3], we have that there exists ¢ € A such that ¢ = ¢* and a™ = ca. Since M is a
submodule, observe that ¢-Z € M. Since a™ > 0 and @ is strictly positive, this implies
that 0 < @ (at) = ¢ (c(@,y)y) = ¢({c-Z,y)y) = (c-T,y),, = 0, a contradiction.
Similarly, in the second case, by [8, Lemma 3], we have that there exists ¢ € A such
that ¢ = ¢? and —a~ = ca. Since M is a submodule, observe that ¢-z € M. Since
a” > 0 and ¢ is strictly positive, this implies that 0 > @ (—a™) = @ (c(Z,y)y) =
o {(c-z,y)y) = (c-T,y),, =0, a contradiction. |

SNote that H is typically not an Hilbert space, that is, it is not || [|,, complete, even if H is
self-dual. See, for example, the self-dual pre-Hilbert £ (G)-module £2°° (Q, G, F, P) of Section 4.
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3.3 f-algebras of £’ type

As we already observed before, in a standard Hilbert space, it is well known that, given
a vector subspace M C H, H = M @& M+ if and only if M is norm closed.

Given a pre-Hilbert A-module H where A is an Arens algebra of L£> type, we
saw that the generalization of this result to pre-Hilbert modules was not completely
obvious (see Theorems 1 and 2), given the several different natural topologies that one
can consider on H. When A is an f-algebra of £° type, the generalization is much

more intuitive: M is complemented if and only if it is closed with respect to the metric
dy.

Theorem 3 Let A be an f-algebra of LY type and H a pre-Hilbert A-module. If H is

self-dual and M is a submodule of H, then the following statements are equivalent:
(i) M is dy closed;

(ii) H= M & M*;

(iii) M = M++.

Proof. (i) implies (ii). Since M is a submodule of H, if we define (, ),, as the
restriction of (, ), to M x M, then (M,+,-,(, ),,) is a pre-Hilbert A-module. It
is immediate to see that dy; = dy once the latter is restricted to M x M. By [9,
Theorem 5] and since H is self-dual, H is dy complete. By [9, Theorem 5] and since
M is dy closed, M is dy; = dy complete and it follows that M is self-dual. By point

4 of Lemma 1, the statement follows.

(ii) implies (iii). By point 5 of Lemma 1, the implication follows.

(iii) implies (i). By Lemma 2 and since M = M*+ = (ML)L7 it follows that M is
dg closed. m

Remark 2 Guo [15] proves a similar result when A = £°(Q,G, P). His proof is
different from ours since it relies on a version of the projection theorem for pre-Hilbert
L% (G)-modules. Here, instead, we prove it by relying on self-duality. Most importantly,

our result holds for a larger class of algebras (see A in Subsection 4.3).

Corollary 2 Let A be an f-algebra of L° type and H a pre-Hilbert A-module. If H is

self-dual, then the following statements are true:

1. For each {x;};_, C H the submodule span, {z;},_, is dg closed and comple-

mented.
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2. For each {z;},_, € H and each dy closed submodule M, we have that M +

span, {z;};_, is dy closed and complemented.

3. If My and My are dy closed and orthogonal submodules, then their sum is dy

closed and complemented.

Proof. 1. First, we prove the statement for n = 1. Let 1 € H. By point 1 of Lemma
4, span 4 {x1} is dy closed. By Theorem 3, we have that span, {z1} is complemented.
By Proposition 2, it follows that span, {z;};_, is complemented for any collection
{zi}io, € H.

2. Define My = M and M, = spany {z;},_,. By Theorem 3, M; is comple-
mented. Note also that Py. (M) = span,{ Py (z;)};2;. By point 1, this implies that
Py (Mz) is complemented as well. By Proposition 1, M + spany, {x;};, is comple-
mented.

3. By Theorem 3 and since M is dy closed, M; is complemented. Since M; and
My are orthogonal, it follows that M, C Mj- and Pyr (Ma) = M. By Theorem 3
and since My is dy closed, PMlJ_ (M) is complemented. By Proposition 1, M; + M, is
complemented.

In all three cases, by Theorem 3, the property of being complemented yields that
the new (sum) submodule is dy closed. |

Note that for self-dual pre-Hilbert A-modules over f-algebras of £° type, finitely

generated submodules are always dy closed: a key property in Finance applications.

4 Applications

We will first introduce two pre-Hilbert A-modules that will play a key role in our
applications: £2°(Q, G, F, P) and L*>* (Q,G, F, P). Consider a nonempty set 2, a o-
algebra of subsets of €2 denoted by F, a sub-o-algebra G C F, and a probability measure
P : F — [0,1]. Two F-measurable random variables are defined to be equivalent if

and only if they coincide almost surely. Define:

1. A = L£°(G), that is, A is the space (of equivalence classes) of real valued and

G-measurable functions;'”

2. b > aif and only if b (w) > a (w) almost surely;

3. e = 1g, that is, e is the function that takes constant value 1;

17 As usual, we view the equivalence classes as functions. This convention will apply throughout the
rest of the paper.
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4. It follows that A, = £ (G), that is, A is the space of all essentially bounded

and G-measurable functions;

5. ¢ : L2(G) — R as
gp(a):/adP:Ea Va € L7 (G);

6. d: L°(G) x L°(G) = R as
d(a,b) = @ (b —a| Ae) :/(|b—a]/\e)dP Va,b e L(G).
Note that the topology induced by d is the one of convergence in probability P.

It is immediate to verify that (A =)L£° (G) is an f-algebra of £° type and (4, =)L> (G)

is an Arens algebra of £ type.!®

We denote by LY (F) = £°(Q2, F, P) the space of real valued and F-measurable
functions. We call z, y, and z the elements of £ (F). Given an F-measurable function
x : Q — R such that x > 0, we denote by E (z||G) its conditional expected value with
respect to P given G (see Loeve [23, Section 27| and Shiryaev [28, p. 213]) which exists
and is unique P-a.s. Observe that E (z||G) might not be real valued. If x % 0, we
define E (z||G) = E (27||G) — E (z7]|G), provided E (27||G) ,E (z7||G) € L°(G). As for
integrable random variables, one can show that if z,y € £°(F) and E (z||G) , E (y||G)

are well defined, then

1. E(az + by||G) = aE (z||G) + bE (y||G) for all a,b € L% (G);

2. o(E(z||G)) <E(¢(2)]||G), provided ¢ : R — R is convex and the latter expec-

tation is well defined (Conditional Jensen’s inequality)
Denote by
H=r2(Q,G,F,P) = {x e £9(F) : VE (@?]|g) € L° (g)} .
We endow H with two operations:

1. +: H x H — H which is the usual pointwise sum operation;

2. -: Ax H— H such that a - © = ax where ax is the usual pointwise product.

18Both spaces are endowed with the usual operations of sum, scalar product, and multiplication.

The norm on £ (G) is the essential sup norm.
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The space £L*?(Q,G, F, P) was introduced by Hansen and Richard [17]. Finally,
we also define an inner product, namely, (, ), : H x H — L°(G) by

(&, 9)g = E(eyllg)  Va,ye H.

Inter alia, Hansen and Richard [17, p. 592 show that this generalized inner product is
well defined and, in particular, a conditional version of the Cauchy-Schwarz’s inequality
holds:

E(2y]|9)] < VE (|G VE (y?IG)  Va,y € H. (7)
Note that dy : H x H — [0, 00)

dnea) = [ (VE(@ =016 A1a) aP oy n (5)

It is well known that H is a self-dual pre-Hilbert £° (G)-module (see [17], [15], and [9,

Theorem 6]). Thus, in particular, H is dy complete.

We next consider another pre-Hilbert module. Denote by £2? (F) = £*(Q, F, P)

the space of F-measurable and square integrable functions. Denote also by

H = £>*(Q,G, F, P) = {x e 22 (F): VE@[G) € L= (g)} C L2 (F).

If we restrict the two above operations, + and -, to £2*(Q2,G, F, P) and £L>® (G) and
we also restrict (z,y) — E (zy||G) to L% (Q, G, F, P), then it is not hard to show that
L2 (Q,G, F,P) is a pre-Hilbert £ (G)-module. This space was studied in Ergodic
theory (in dealing with compact extensions) by Tao [29].*

Note that in this case || |5 : H — [0, 00) is such that

oy = \/IE @09l gy Vo€ B

Similarly, we have that

1/l = \//E<:v2!|9) AP = \// 22dP = @]l oy Yz € H.

By [9, Theorem 7], we have that H is a self-dual pre-Hilbert £ (G)-module.

4.1 Stricker’s Lemma

In Finance, it is common to assume that there are n primary assets that are traded at
an initial date ¢ = 0. Typically, each primary asset z; is modelled to be a contingent

payment or a stream of contingent payments. Mathematically, x; is an F-measurable

Tao [29] focuses on the complex case. See also Zhao [31] for the real case.
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function from 2 to either R (see, e.g., Hansen and Richard [17]) or a space of sequences
(see, e.g., Hansen [16] and Cochrane [11]). At ¢ = 0, it is possible to trade in the market
these primary assets. In particular, a payoff vector of the form Y | a;-x; can be traded.
From an economic point of view, the element a; specifies the quantity to buy/sell of
asset ¢ at 0. Moreover, each a; might be more than a number, it can be a function
which depends on the information at time 0, that is, a; is a G-measurable function from
2 to R. Intuitively, it follows that the space of marketed contingent claims is nothing
but spany {z;},_,. The closure of span, {z;};_, is then a fundamental condition for
providing versions of the Fundamental Theorem of Asset Pricing (see [17, Assumption
2.1], [16], [27], [11, p. 17], and [10]). Depending on the space H the set {z;};_,
is assumed to belong to, this amounts to prove a version of Stricker’s Lemma. For
example, if {z;};_, C L*°(Q,G, F, P), as in [17, Assumption 2.1] and [10], we have:

Proposition 4 Let H = £L* (Q,G,F, P). If {x;};_, € H, then span, {z;},_, is dy

closed.

Proof. By Corollary 2 and since H is a self-dual pre-Hilbert £°(G)-module, the

statement follows. [

Remark 3 The original Stricker’s Lemma (see [27, Lemma 2.3]) proves that, given
{x;};_, C L (F), the set

{a: € L°(F): I{a;i}_, € L°(G) st = Zn:ai:ci}

is closed with respect to the topology of convergence in probability. The arguments
contained in [27, Lemma 2.4] show that this is equivalent to prove the same result
for {z;}7_, C L£L*°(Q,G, F, P). Thus, despite being sufficient for financial applications
(see [17, Assumption 2.1] and [10]), our result is weaker and differs from the original
Stricker’s Lemma in only one, but key dimension: We show that span, {z;};_, is dy
closed, rather than closed with respect to the topology of convergence in probability.
Note that the latter is coarser than the former. At the same time, if G = F, then
L£29(Q,G6,F,P) = L°(F) and dy indeed metrizes the topology of convergence in

probability. Thus, in this special case, our result coincides with Stricker’s Lemma.

4.2 FErgodic theory

Consider the pre-Hilbert module H = £%* (2, G, F, P). Consider also a map 7 : Q —
Q such that 7 is F/F-measurable and P (F) = P (7' (F)) for all E € F. Let G be
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the sub-o-algebra of invariant events. Define T': H — H to be such that x — x o 7.

An element = € H is said to be (conditionally) weak mixing if and only if

1 N-1

N D KT @) @)l oy — 0. (9)

n=0

We denote by H,,, the set {x € H : = is weak mixing}.

Theorem 4 Let H = L*>*(Q,G, F, P). If G is the sub-o-algebra of invariant events,

then Hym 0 By is || || z25) closed. In particular, we have that
H = Hy, ® Hy,, (10)

Proof. One can show that H,,, is a submodule.?? Note that 7" is linear and such that

1T (@)l = 2|l 5 and [|T (@)l z25) = 2]l z2() for all z € H.2' Moreover, observe that

VEI@al’ = Va0 < VB0 0000 < B (160,20 o) 0802

= /1@ 2) 1l e ) B (0 9) 1) = /11 2) 1 e ) B (0 90

= ||zl ||y||£2(]-')'

|| H£2(]:)

Let {z},cny € Huwm N By to be such that x;, —"" z € H. This implies that for each
ke Nandn e Ny

1T (@) ) — (T @) o) il gy < |
+
H<Tn (37_3%) >H||[,2(]-‘)+H<Tn (xk) xk)[{”m(f)
{2, T (2 = 2)) rll o ey + KT (k) s 2 = ) gl 2

2l T (2 = 2i )] g2y + T (@) |y [l = k] 22 )

(I (@), )y = (T" (@x) , 2) gl o )
(T (), 2) g = (T (2n) s ) gl g2 )

IN

[l 12 = 2kll 2y + N2l 12 = 2l 22 )

< (2l + D llz = 2l 2

20A sketch of the proof is contained in [29, p. 206].
2Note that (T (x), T (z)); = T ({z,2) ) = (x,x); for all z € H. This yields that

17 @l = /10T ( Virll =) = /Il 2) el e 6y = el -

Similarly, we have that

IT @)l 2y = VECT (), T @) ) = \E (2,2) ) = I0ll o) -
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It follows that for each k, N € N

=
=
L

ST (@) oy < KT (@) 2y — (T (22 20

n=0

oy 20 KT (@) and el o

Tn iL‘k , Lk H”LQ

MZ

1
< (2llg + D llz = 2hll2r) + 5
:0

|| ||L:2(]-‘)
—

Since {@4} ey © Hum and xy, x € H, we can conclude that for each k € N

: 1 n
hmj\?upNZH(T ( >HH£2(]—' (”IHH+1> “'T—.%‘kHEQ F) _>0

proving that limy NZ LT (), x>HHL2 = 0, that is, * € Hyy,. Since H is
I ||

self-dual and {x1}, .y € Bp, we have that x;, 89 4 eB 1. By Theorem 1, equation

(10) follows. |

Remark 4 Inter alia, in a mildly different setting, Zhao [31] obtains the same decom-
position contained in equation (10). He first shows that H: = coincides with the set
of conditionally almost periodic elements. He then proceeds, by direct arguments, to
show that H = H,,, ® H. . Instead here, we obtain the latter as a consequence of an

Hilbertian decomposition.

4.3 Stochastic processes and Hilbert modules

Consider a discrete-time filtered space {Q, Fo(Fi)eny » P } We denote the conditional
expectation E (-||F;) by E; (-) for all ¢ € Ng. We consider three spaces of processes

T = (xt)tENO:

1. 8y which denotes the space of semimartingales with initial value 0, that is, 2o = 0
and x is adapted, (i.e., z; € L (F;) for all t € Ny);

2. M[¢ which denotes the space of local martingales with initial value 0, that is,
xr € Mlee if and only if x € Sy, Ei_y (|z¢]) € LY (Fi_1), and E;_ (2;) = x4y for
all t € N.

3. M02 1o¢ which denotes the space of conditionally square integrable local martingales
with initial value 0, that is, z € M7 if and only if 2 € Sy, Ey_y (22) € L0 (Fi_y),
and E; 4 (x;) = ;1 for all t € N,
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Our terminology and notation is justified by the fact that, in discrete time, being
a semimartingale is conceptually equivalent to be an adapted process (see Jacod and
Shiryaev [19, p. 62]). The elements in M/ are generalized martingales as defined in
Shiryaev [28, p. 476] (see also Kabanov and Safarian [20, p. 255]), where the usual
integrability condition is weakened to “conditional” integrability. At the same time,
the integrability of the initial value xy guarantees that x is a generalized martingale if
and only if it is a local martingale (see [28, p. 478] and [20, Proposition 5.3.2]). Finally,
using the conditional Jensen’s inequality, it is immediate to see that MZ'* C Mo,
since E;_; (z?) € L°(F,_1) implies E; 1 (|z|) € LO (Fi_1).

We say that a process a = (a¢),oy is predictable if and only if a, € L% (F,_;) for
all t € N. We denote by A the space of predictable processes (that start at t = 1). It
is not hard to show that A is an f-algebra of £° type where the operations of sum,
scalar product, and multiplication are the usual pointwise ones and so is the > binary

relation.??

Given x € Sy, we define Ayx = x; — x;_1 for all t € N. We focus our attention on

the following two spaces:
H={xe€S E ((Ax)?) € L°(F1) VteN}

and
H™or = [o e M B (Aw)?) € £0(Fisy) Ve ND.

Proposition 5 H™" C H and H™ = H N MY = M. Moreover,
H={ze8 :E1(z7) € LO(F-1) VteN}. (11)

Proof. We only prove (11) and H™" = M2, being the other inclusions trivial.
Observe that, clearly, Ayx € L (F;) for all £ € N. Note that € H if and only if
z €8y and Ay € L20(Q, Fi_1, Fy, P) for all t € N. Define H = {z € Sy : By_ (22) €
L0(Fi_1) VYt e N}. Assume that x € H. Since v € Sy and x;, € LO(F,_1) C
L£20(Q, Fiq, Fi, P) for all t € N, it follows that z; = Ayr + 2,1 € L20(Q, F,_1, F, P)

22In particular, we have that A, is the space of uniformly bounded predictable processes where e is

the constant process e; = 1 for allt € N, ¢ : A, — R is such that
[e%e] 1 t
p = 5 E Aea
@ (a) t:Zl <2) ay Ya €

and .
— (1
d(a,b) = g (§> E(|bs — a;| A1q) Va,b e A.

t=1
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for all t € N, and in particular, E,_; (22) € £°(F;_,) for all t € N, proving that z € H.
Viceversa, assume that € H. This implies that « € Sy and x, € £2°(Q, Fi_1, F, P)
for all t € N. Since x;_y € L (F;_1) C L2 (Q, Fi_1, Fi, P) for all t € N, it follows that
Ax € L2 (Q, F_1, F, P) for all t € N and, in particular, E;_; ((Atx)z) € LY(F1)
for all ¢+ € N, proving that € H. Since, clearly, H™" = H N Ml = HnN M¢ and
MZ'° € Mo, it follows that H™ = H N Mlec = M. |

In other words, Proposition 5 shows that H is the space of conditionally square

integrable semimartingales.
Example 2 Let z be such that z; =t for all ¢t € Ny. Clearly, z € Sy and
Az=1 VteN = E_; ((A2)’) € L2(F-1) VteN

Example 3 Let M be the space of square integrable martingales with initial value
0, that is, z € M if and only if o = 0, r is a martingale, and [2¢]] 27y < oo for all
t € N. Tt is immediate to see that M2 C M7

We first restrict our attention to H. On H we have two operations: one internal of

sum, denoted +, and one external of outer product, denoted -. We define:

e +:H x H — H to be such that (z +y), =z + v for all t € N,

e - : Ax H— H to be such that

t t
(a-x);=0and (a-z), = Zas (s —x5-1) = Z%Asﬂ? vVt € N.
s=1

s=1

In other words, the outer product is the transform of x by a (see Shiryaev [28, p.
478] and Jacod and Shiryaev [19, p. 62]). Observe that this transform satisfies
the following properties: For all a,b € A and all x,y € H:

l.a-(z+y)=a-z+a-y;

2. (a+b)-x=a-x+0b-x;

3.a-(b-x)=(ab) - x;

4. e-x =x.

We can also define a generalized inner product (, ), : H x H — A by (z,y) —

(x,y) where the latter is the process

(=) ), = Ber ((Au) (Ay))  VEEN. (12)
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By the conditional Cauchy-Schwarz inequality, we have that for each ¢t € N

() )] = (Bt (D) (A)] < /Eis (D)) Ercs ((A)?) € £°(Fima).
(13)
We next show that +, -, and (, ), are well defined given the domains and target

spaces we have chosen. Moreover, this will allow us to conclude that H is a pre-Hilbert

A-module. We relegate the proofs of the next four results to Appendix B.
Proposition 6 (H,+,-,(, )y) is a pre-Hilbert A-module.

Proposition 7 (Mg’loc, +,(, )H> is a pre-Hilbert A-module. In particular, Mz
1s a submodule of H.

We next show that H and MO2 loc are self-dual pre-Hilbert A-modules. To show this,

we need to consider the metric dy of equation (3), which, in this case, is equal to

D () =3 @d (A, Ay)

s=1

where d @ L20(Q, F,_1, Fs, P) x L*O(Q, Fs_y, Fs, P) — [0,00) for all s € N is the
metric in equation (8), that is,

ds (Asz, Agy) =E (\/Es_l ((Asx — Asy)z) A 19) Vs € N.
Theorem 5 H is self-dual.

Theorem 6 M} is self-dual. In particular, MP'" is dy closed.

4.3.1 Martingales decompositions

In what follows, we show how our orthogonal decomposition results in pre-Hilbert A-
modules, in the setting of semimartingales Sy, yield a pair of famous decomposition
results for our class of processes: Doob’s and Kunita-Watanabe’s. To get an intuition
of why this is the case, observe that, if x and y are two square integrable martingales,
then they are orthogonal in our sense, that is (z,y), = 0, if and only if they are
strongly orthogonal (see Follmer and Schied [12, p. 375]).

We start by obtaining Doob’s decomposition result. By Theorems 3 and 6, it follows
that M2 is complemented in H. Define

H" ={z €8 :x € LO(F_1) VteN},

that is, x € HP™ if and only if x is a predictable process (that starts at ¢ = 0) with
initial value 0. It is immediate to see that HP™® is a submodule of H and that the

former set is dy closed.
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L
Corollary 3 HP™® = (M(?JOC) and H = H" & M. In particular, for each v € H

pre

there exists a predictable process x,re € HP™ and a conditionally square integrable

. 2.1 . L .
martingale Tpq, € My such that © = Tpre + Timar. Moreover, this decomposition is

unique.

Proof. By Theorem 3 and since HP"® is a dy closed submodule, we have that HP"™® =
L
an = @ . We next show that = ' . Consider
Hre)y t and H = HP™ @ (HP™)". W how that H”¢ = (M2'°°) . Consid
y € HP. Tt follows that for each = € M

(2 9) )y = Bia ((Av) (A) = (D) By (Ar) =0 VEEN,

1
proving that HP"™® C (Mg ’l°c> . Viceversa, consider y € (H?™)". By Proposition 5,
we have that y € Sp and E;_; (y?) € L°(F;_;) for all ¢ € N. Moreover, we have that

for each x € HP™®
0=, 9) ) =Ee1 ((Az) (Ary)) = (M) By (Ay)  VEEN.
Set x = z as in Example 2, it follows that x € HP"® and
E, 1 (Aw)=0 vVt €N,
proving that y € M. We can conclude that (H?"¢)" C MZ2'*. By point 3 of Lemma
1, (MO?J"C>L C (HP*Y" = H7* yielding that HP" = (Mgvloc)L. Finally, by Theorem
L

. 2,loc - . re _ 2,loc L o 2,loc .
3 and since My is dy closed, it follows that (H?™*)™ = ( M, = My which

yields the rest of the statement.

Remark 5 Note that the above result is a version of Doob’s decomposition result (see,
e.g., [30, p. 120]). Recall that the classic version of this result requires = to be such
that each x; is integrable. Instead here, in light of Proposition 5, we require x to be
such that each x; is conditionally square integrable. Of course, if x is such that each

x; is square integrable, then x satisfies the hypotheses of both versions of the result.

We conclude by proving the Kunita-Watanabe decomposition and by merging the

two decompositions together in Corollary 5.

Corollary 4 Let {z;}7_, € MJ'. For each v € M", there exist {a;}}_, € A and
y € M such that

x:Zai-xi+y and (x;,y); =0 Vie{l,..,n}.

i=1

Moreover, this decomposition is unique, in the sense that y is uniquely determined.
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Proof. Consider span, {z;},_,. By Theorem 6 and Corollary 2, it follows that

span, {z;};_, is dy closed and complemented, proving the statement. |

Remark 6 We conjecture that other decomposition results of the stochastic processes’
literature, such as the Follmer-Schweizer decomposition, could be obtained as decom-

position results in an opportune pre-Hilbert A-module.

Corollary 5 Let {x;}}, € M. For each x € H, there exist xpe € HP™, {a;}7_, C
A, and y € M such that

T = Tpre + Zai @i+ y and (Y, Tpre) g = (Tis Tpre) p = (T )y = 0 Vi€ {1,...,n}.
i=1

Moreover, this decomposition is unique, in the sense that x,.. and y are uniquely de-

termined.

A Self-duality

Given a pre-Hilbert A-module H where A is an Arens algebra of £ type, recall that

the dual module is the set
H™ = {f € A" . fis A-linear and bounded} .

We can define a vector norm on H~, N, : H~ — A, to be such that

N. (f) = sup <sup M) Ve H.

zeH \neN N (ZE) + %6
We also define a metric dg~ : H~ x H~ — [0, 00) by
du~(f,9) =d(0,N.(f—9g))  VfgeH".

Lemma 6 If A is an Arens algebra of L type and H a pre-Hilbert A-module, then

dg~ 1s an invariant metric.

We omit the proof of this fact, since it follows by replicating exactly the same

arguments used in proving Lemma 3 in [9].

Theorem 7 Let A be an Arens algebra of L type and H a pre-Hilbert A-module.

The following statements are equivalent:
(i) By is dg complete;
(i1) H is self-dual.
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Proof. (i) implies (ii). It is [9, Proposition 16].
(ii) implies (i). Consider a dy Cauchy sequence {y,}, .y € Bu. Define {f,}, oy as
fn(z) = (z,y,)y for all x € H and for all n € N.

Step 1. There exists f: H — A such that f, (z) Ny (x) for all x € H.
Proof of the Step. By (2), we have that for each n,m € N and for each z € H

o (@) = fon ()] = (2, 90) i = 2 Ym) | < N (2) N (Y = Ym) - (14)

Fix x € By. We can conclude that

[fo (2) = fm ()| A e < (N (2) N (Y — Ym)) A€ < N (Yo — Ym) A e,

yielding that

d(fn (), fm (x))

@ (I fn (x) = fin (2)| Ae€)
& (N (Y — ym) A€) = dg (Yn,Ym) Vn,m € N.

IN

We thus have that {f, (2)},cx
since x,y, € By for all n € N, we have that

C A is a d Cauchy sequence. Moreover, by (2) and

|fo (@) < N(2)N (yn) <e VYn € N.

Since [—e, €] is d complete, this yields that f, (z) 4 a, € [—e, e]. Next, note that if
x € H\Bpy, then z = —t— € By. We have that f, (Z) % 4. Thus, we can conclude

=]l g

that there exists a, € A such that

Fa(@) = N2l fu () % 2]y a2 = an.

Since the limit is unique and x was arbitrarily chosen, we can define amap f: H — A
such that f(z) = a, for all x € H. O

Step 2. The map [ is A-linear.

Proof of the Step. Consider a,b € A and x,y € H. By Step 1 and since each f,, is
A-linear, this implies that

afu (@) +bfa(y) = fula-z+b-y) 5 fla-z+by).
At the same time, since f, (x) 2 f () and f, (y) 2 f (y), we have that
afu (x) +bfa (y) 5 af () +bf (1)

Since the limit is unique, we can conclude that f (a -z +b-y) = af (x)+bf (y), proving
the statement. O
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Step 3. The map f is bounded. In particular, f € H™ and there exists y € By such
that f(x) = (z,y)y for all x € H.

Proof of the Step. Let x € H. Since {y,}, ey € Ba, it follows that
|fo (@) < N(x)N(y,) <N(z)  VYneNl

Since f, () 4 f (z) and the topology induced by d is locally solid, we can conclude
that

If ()] <% | fu ()] < N ().

Since x was arbitrarily chosen, we have that
[f (@) < N(x)  Veel, (15)

proving boundedness. Since H is self-dual, it follows that there exists y € H such that
f(z) = (x,y)y for all z € H. By (15), we have that

lylle = 116y ) arlla = 1F OIa S AN @)L < 1yl

proving that [Jy[|, < 1. O

Step 4. f. "5 f.
Proof of the Step. By (14), we have that

[fn (2) = fm ()] < N (Yp — Ym) Vk,m,n € N,Vx € H.

This yields that

d (0> ’fnjgfxgx;jﬂ%ix)‘) < dy (Yn, Ym) Vk.m,n € NV € H.

Consider € > 0. Since {y, },,cy is a dg Cauchy sequence, there exists n. € N such that

d (o, o () _f"§<x)’> <e VkeNVYm,n>n.,Vze H.
N (z) + e

By taking the limit in n, we have that

|f(z) = f ()\
d(O, N (@) + )§5 Vk € N,Vm >n., Vo € H.

Next, consider the sequence {% A e} . This sequence is bounded by e and
r keN
increasing. Thus, 7‘1855();)?%(:)‘ A e T supgen (4|f1(v2x)+ (e)‘ A e> = SUPpen (—lfgv() T (e)|> A e.
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Since ¢ is order continuous, we can conclude that

o () ()
(

=sup @ Nel| <e vYm >n., Ve e H
kegw N (z) + %e ) - N\
We also have that for each m € N
Y—=Ym)Y — Ym
No(f = f) = sup bl _ -y, 2 (16)

keN N (Y—ym)+ie

We can conclude that

dp~ (fa fm) = d(O,N* (f - fm)>

:d(07sup<|f(y_ym)_fm(yl_ym)|)> <e VYm>n.,
T N ke

proving the statement. 0]

By (16), we have that dy (v, ym) = du~ (f, fr) for all m € N. By Step 4 and since
dy (Y, Ym) = du~ (f, fm) for all m € N, we can conclude that y,, an y, proving that By

is dy complete. [ ]

#Note that if there exists z € H such that g : H — A is defined by g (z) = (z,2), for all z € H,
then for all £ € N and for all x € H

(@)= (ol < N @ N () < (V@) + 1) N ).

This implies that

yielding that

lg (=)l (z:2) N (2)°

= sup = sup

keN N (2) + ze  ken N (2) + 1€

By the same arguments contained in [9, Footnote 13], we have that

N 2
s )
keN N (Z) + Ee

yielding that N, (¢) = N (z). If we set g = f — fin, then z =y — y,,, and (16) follows.
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Remark 7 This self-duality result should clarify the connection between pre-Hilbert
L£>*-modules and pre-Hilbert £°%-modules, where self-duality, for the latter ones, amounts
to dy completeness (see also [9, Theorem 5]). Moreover, for the former ones, it con-
firms the intuition provided by Frank [13, Remark 3.9] for (complex) W*-algebras. In
a nutshell, Frank conjectures that the “combination” of a topology over A that makes
the unit ball of A complete with either the vector-valued norm N or the functionals in
H™ might provide a topology on H with respect to which By is complete, allowing for
the possibility of characterizing self-duality.

B Stochastic processes

Proof of Proposition 6. We already argued that H is nonempty. Let z,y € H. It
is obvious that the sum of two adapted processes is an adapted process and clearly
(x+y), =0, proving that z +y € Sp. Call z =2 +y € Sy. Clearly, Az = Ajr + Ay
for all t € N. By (13), we have that for each ¢t € N

Ei1 ((A2)°) =By (M) + (M)’ +2 (M) (Agy))
=Ei1 ((A)?) +Eier ((Ay)?) + 2By ((Asz) (Ary))

where the latter belongs to £° (F;_y), proving that x +y = 2z € H. At the same time,
it is immediate to see that for each a@ € R, ax € H. It follows that H is a vector
subspace of the space of adapted processes. In particular, this yields that (H, +) is an
abelian group. Next, let a € A and z € H. It is immediate to verify that a - x € Sp.

Finally, since a is predictable, we have that
Et—l ((At (CL p .7)))2) = Et—l (CL? (Atx)Z) = G?Et_l ((Atl‘)Q) - £0 (»T:t—l) 5

proving that a -z € H. Properties 1-4 of the sequence transform yield that (H, +,-) is
an A-module. Next, let z,y,2 € H and a € A. First, by (13), recall that ((x,¥),), €
L0 (F;—1) for all t € N. It follows that the process {((z,y)y),},.y is predictable, that
is, (z,y)y € A.

1. Clearly, (z,z), > 0. At the same time, we have that

teN

(,2); =0 <= ((z,2)y), =0 VIEN = E;,, ((Atx)z) =0 VteN
<— Ax=0 ViteN << z,=x,; VteN.

Since x¢ = 0, we have that (z,z),; =0 <= 2 =0.
2. Consider z,y € H. We have that for each t € N

(7, 9) )y = Bt ((Avz) (Ary)) = Eea (Ary) (Ae)) = (05 2) 1) »
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that is, (z,y); = (v, 2) .
3. Consider z,y, z € H. We have that for each t € N

(@ +y,2) ), =B (A (@ +9)) (Az)) = By (A + Agy) (Ar2))
=Ei1 ((Az) (Ar2) + (Ary) (Ar2))
=Ei1 (M) (Ar2)) + Eer ((Ary) (Asz))
= ((z, 2) ), + (v, 2) ), »

proving that (x + vy, 2) ;= (z,2) 5 + (¥, 2) 5
4. Let a € A and x € H. We have that for each ¢t € N

(a2, y), = E1 ((Ar (a- 2)) (Ay)) = Ee1 ((@dex) (Ary))
= B ((Asz) (Asy)) = ar ((x, y)H)t )

proving that (a-z,y); = a(z,y) . |

Proof of Proposition 7. By Proposition 5 and since My = H™" C H, it is
enough to show that M" is closed under the sum and the outer product. Since
Mg = H N M, this amounts to show that = + y and a - z are local martingales
whenever x,y € Mg ¢ and a € A. Clearly, the sum of two local martingales is a local
martingale. At the same time, since a is predictable, we have that a,A,x € L° (F,)
and asx,_1 € L°(F,q) for all s € N. It follows that (a-x), = 0 and (a-z), =
S ag (wg —xs) € LO(F) for all t € N. This implies that
Ee1(|(a-),]) =By (

t
ZasAsx ) S ]Etfl (
s=1 =
t—1

t—1
Z as AT
s=1

— ZasAsx + |ag| Ee—y (|Agz|)

s=1

) + Et,1 (]atAtx\)

A

-1
ZasAsx + lag| Be_y (|z¢| + |ze-1])
s=1

t—1
= ZCLSAS.T + |(lt| Et—l (|.Tt|) + |(lt| |fL't_1| € ;CO (-Ft—l) YVt € N,

s=1

proving that a - x is conditionally integrable. Finally, observe that for each t € N
E; 4 ((a x), — (a- a:)t_l) =E; 1 (a;Avx) = a4Ey1 (Ayx) = 0,
proving that a -z € M. |

Proof of Theorem 5. By [9, Theorem 5], it is enough to show that H is dy complete.
Consider the product metric space x, (£*° (Q, F,_1, Fs, P),ds). Endow this space
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with the metric do = Y20, (3)"ds. By [25, p. 196] and since £ (Q, Fy_q, Fs, P)
is d, complete for all s € N, x2, (£L*0(Q, F, 1, Fs, P),ds) is do complete. Given
x € H, define Az to be the sequence {A,x}, . By definition of H, it follows that
{Asz} o € X2 (L2 (Q, Fo_r, Fs, P) , ds).

Consider a dg Cauchy sequence {x,}, . € H. Since dy (2, ) = doo (Azy, Axy,)
for all n,m € N. This implies that {Az,}, .y € X2, (L*°(Q, Foo1, Fs, P) ,ds) is a d
Cauchy sequence, vielding that Az, %% w, that is, Az, <5 w, € £20 (Q, Fs_ 1, Fs, P)
for all s € N. Define x to be such that zo = 0 and z; = Zizl wg. It is immediate to
see that € Sy. Moreover, A,z = w, € L2 (Q, F,_1, Fs, P) for all s € N, proving that
x € H. Finally, we have that

dy (Tn,T) = doo (Azp, Az) = doo (Azp, w) — 0,
proving completeness. [ ]

Proof of Theorem 6. By [9, Theorem 5], it is enough to show that H™ = M2
is dy complete. By Proposition 7 and Theorem 5 and since Mg lo¢ C H, it is enough
to show that My' is dp closed. Thus, consider a sequence {x,}, .y C Mg'* such
that =, & 2 € H. We only need to show that = € M_', in particular, that = is
conditionally square integrable and satisfies the martingale property. By Proposition
5 and since x € H, we have that E, ; (27) € £°(F;_;) for all t € N. By definition of
dy, we have that x, i g implies Az, A Agx for all s € N. Since E;_ (Asx,) = 0 for
all s € N and for all n € N, this yields that 0 = E,_; (Agz,) converges in probability
to Es_1 (Asx), proving that E;_; (Agz) = 0 for all s € N, that is, E;_; (z5) = 251 for
all s € N, which yields z € M"*. |
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