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Abstract

It is known that any locally faithful quantum Markov state (QMS) on one
dimensional setting can be considered as a Gibbs state associated with Hamiltonian
with commuting nearest-neighbor interactions. In our previous results, we have
investigated quantum Markov states (QMS) associated with Ising type models
with competing interactions, which are expected to be QMS, but up to now, there
is no any characterization of QMS over trees. We notice that these QMS do
not have one-dimensional analogues, hence results of related to one dimensional
QMS are not applicable. Therefore, the main aim of the present paper is to
describe of QMS over Cayley trees. Namely, we prove that any QMS (associated
with localized conditional expectations) can be realized as integral of product
states w.t.r. a Gibbs measure. Moreover, it is established that any locally faithful
QMS associated with localized conditional expectations can be considered as a
Gibbs state corresponding to Hamiltonians (on the Cayley tree) with commuting
competing interactions.

Mathematics Subject Classification: 46L53, 60J99, 46160, 60G50, 82B10, 81Q10,
94A17.

Key words: Quantum Markov state; localized; Cayley tree; disintegration; Ising
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1 Introduction

It is known that [18], in quantum statistical mechanics, concrete systems are identified
with states on corresponding algebras. In many cases, the algebra can be chosen to
be a quasi—local algebra of observables. The states on these algebras satisfying Kubo—
Martin-Schwinger (KMS) boundary condition, as is known, describe equilibrium states
of the quantum system under consideration. On the other hand, for classical systems
with the finite radius of interaction, limiting Gibbs measures are known to be Markov



random fields, see e.g. [20, 25, 35]. In connection with this, there is a problem of
constructing analogues of non commutative Markov chains, which arises from quantum
statistical mechanics and quantum field theory in a natural way [21]. This problem was
firstly explored in [1] by introducing non commutative Markov chains on the algebra of
quasi-local observables. The reader is referred to [4]-[8],[22, 27, 28, 29] and the references
cited therein, for recent development of the theory of quantum stochastic processes and
their applications.

The investigation of a particular class of quantum Markov chains, called quantum
Markov states (QMS), was pursued in [4, 8, 14], where connections with properties of
the modular operator of the states under consideration were established [7, 26]. This
provides natural applications to temperature states arising from suitable quantum spin
models, that is natural connections with the KMS boundary condition.!

In [4], the most general one dimensional quantum Markov states have been con-
sidered. Among the other results concerning the structure of such states, a connection
with classes of local Hamiltonians satisfying certain commutation relations and quantum
Markov states has been obtained. The situation arising from quantum Markov states on
the chain, describes one dimensional models of statistical mechanics with mutually com-
muting nearest neighbor interactions. Namely, one dimensional quantum Markov states
are very near to be (diagonal liftings of) “Ising type” models, apart from noncommuting
boundary terms.

One of the basic open problems in quantum probability is the construction of a
theory of quantum Markov fields, that are quantum processes with multi-dimensional
index set [5]. This program concerns the generalization of the theory of Markov fields
(see [20],[25])) to a non-commutative setting, naturally arising in quantum statistical
mechanics and quantum field theory.

First attempts to construct quantum analogues of classical Markov fields have been
done in [3]-[5],[8, 30]. In these papers the notion of quantum Markov state, introduced
in [7], extended to fields as a sub-class of the quantum Markov chains. In [6] a more
general definition of quantum Markov states and chains, including all the presently
known examples, have been extended. In the mentioned papers quantum Markov fields
were considered over multidimensional integer lattice Z which, due to the existence of
loops, did not allow to construct explicit examples of such kind of fields. It is known
[17, 38] that explicit Gibbs measures can be obtained on regular trees, therefore, in [13,
32], quantum Markov fields (or quantum Markov chains (QMC)) has been constructed
over such trees. Moreover, certain concrete examples were provided. This direction
opened a new direction in the study and construction of QMC via investigation of lattice
models on trees [9]-[12],[31]. Mostly, the existing works based on certain models over
the Cayley trees (or Bathe lattices) [34]. In fact, even if several definitions of quantum
Markov fields on trees (and more generally on graphs) have been proposed, a really
satisfactory, general theory is still missing and physically interesting examples of such
fields in dimension d > 2 are very few.

On the other hand, taking into account results of [4] any QMS (one dimensional

Most of the states arising from Markov processes considered in [15, 22, 23] describe ground states
(i.e. states at zero temperature) of suitable models of quantum spin chains.



setting) can be considered as Gibbs state associated with Hamiltonian with commuting
nearest-neighbor interactions. The models considered in [12, 31, 32, 33| satisfy this type
of condition, and hence, roughly speaking, QMC considered there, are expected to be
QMS, but up to now, there is no any characterization of QMS over trees. On the other
hand, those QMC do not have one-dimensional analogues, hence results of [4] are not
applicable. Therefore, main aim of the present paper, is to fill this gap, i.e. we are going
to describe of QMS over Cayley trees. This will allow us, in our further investigations,
to distinguish which QMC may satisfy KMS conditions (see [8, 26]).

We emphasize that any notion of Markovianity strongly depends on an underlying
notion of localization and it is known that, both in the classical and the quantum case, if
the localization is sufficiently rough, then any state can be considered as Markov chain.
Therefore, if one considers the the localization given by the levels of the tree, a Markov
field simply becomes a non-homogeneous Markov chain and in this case the structure of
the subclass of Markov states is known [4] .

In this paper, we investigate Markov property not only w.r.t. levels of the Cayley tree
but also w.r.t. its finer localization structure of the considered tree through considering
suitable quasi-conditional expectation called localized, which keeps into account this
finer localization and to prove the structure theorem corresponding to this localization.
An interesting consequence of this structure theorem is that the notion of competing
interactions, previously introduced by hands [31, 32], now emerges as a consequence
of the intrinsic denition combined with the structure theorem. Therefore, the present
paper’s main result differs from the non-homogeneous one dimensional case studied in
4].

Notice in our previous work [16] we investigated Markov property on the finer struc-
ture of general graphs for backward quantum Markov fields through a specific tessellation
on the set of vertices.

Let us outline the organization of the paper. After preliminary information (see
Section 2), in Section 3 we recall definition of quantum Markov chains and states on
Cayley trees. In Section 4, localized conditional expectations (connected to the tree) are
considered and described. In section 5, a Gibbs measure (see [25, 36] for Gibbs states
on Cayley trees) is constructed by means of QMS associated with localized conditional
expectations. In section 6, using the results of sections 4 and 5, we prove that any
QMS (associated with localized conditional expectations) can be realized as integral
of product states w.t.r. the Gibbs measure. In section 7, we prove a reconstruction
result. Finally, in section 8, we will establish that any locally faithful QMS associated
with localized conditional expectations can be considered as Gibbs state corresponding
to Hamiltonians (on the Cayley tree) with commuting competing interactions which
implies that all QMC considered in [31, 32] are indeed QMS.

2 Cayley tree

Let I'* = (L, E) be a semi-infinite Cayley tree of order k£ > 1 with the root 2° (i.e. each
vertex of Fi has exactly k + 1 edges, except for the root z°, which has k edges). Here L
is the set of vertices and E is the set of edges. The vertices = and y are called nearest



netghbors and they are denoted by | =< x,y > if there exists an edge connecting them.
A collection of the pairs < z,z; >,...,< x4_1,y > is called a path from the point x
to the point y. The distance d(x,y),z,y € V, on the Cayley tree, is the length of the
shortest path from z to y.

Let us set

W, ={x €L :dxz) =n}, A, = U Wi, Apm) = U Wi, (n < m)
—0

k=n

En:{<x,y>€E:x,y€An}, AZ:UWk

Recall a coordinate structure in I'": every vertex z (except for z°) of I'* has coor-
dinates (iy,...,4,), here i,, € {1,...,k}, 1 < m < n and for the vertex z° we put (0).

Namely, the symbol (0) constitutes level 0, and the sites (i1,...,14,) form level n (i.e.
d(z2°,x) = n) of the lattice.
For z € T%, & = (iy,...,i,) denote

S(x) ={(x,i): 1 <i<k}.

Here (z,i) means that (iq,...,4,,7). This set is called a set of direct successors of .
Two vertices z,y € V is called one level next-nearest-neighbor vertices if there is a
vertex z € V such that x,y € S(z), and they are denoted by > x,y <. In this case the
vertices x, z,y is called ternary and denoted by < x, z,y >.
Let us rewrite the elements of W, in the following lexicographic order (w.r.t. the
coordinate system)

—
Wn 'S <$%/l, l’g/)n, e 733%/2/”‘)) :
Note that |[W,| = k™. In this lexicographic order, the vertices x%,l,x%l, e ,x%,lx/"l) of

W,, can be represented in terms of the coordinate system as follows

2l = (1,1,--,1,1), x(W) (1,1,---,1,2), -~ aly) =(1,1,---,1,k,), (1)
e = (1,1,--,2,1), al) =(1,1,--,2,2), - 2B =(1,1,---,2,k),
e Y = (k- k1), el T = (ke R, 2), gt = (Rky e KK,

Analogously, for a given vertex x, we shall use the following notation for the set of
direct successors of x:

S() = ((2,1), (2,2), - (2, k), S(a) 1= (. k), (e — 1), (2,1)).



3 Quantum Markov chains and states

The algebra of observables B, for any single site z € L will be taken as the algebra My
of the complex d x d matrices. The algebra of observables localized in the finite volume
A C L is then given by By = @ B,. As usual if A' € A? C L, then By is identified

zEN
as a subalgebra of By: by tensoring with unit matrices on the sites z € A%\ A!. Note

that, in the sequel, by Bj + we denote the set of all positive elements of By (note that
an element is positive if its spectrum is located in R, ). The full algebra By, of the tree
is obtained in the usual manner by an inductive limit

B =JBa,.

An

In what follows, by S(Bx) we will denote the set of all states defined on the algebra
Ba.

Consider a triplet C € B C A of unital C*-algebras. Recall [2] that a quasi-
conditional expectation with respect to the given triplet is a completely positive (CP),
identity-preserving linear map € : A — B such that £(ca) = c€(a), for alla € A, c € C.

In what follows, by (Umegaki) conditional expectation E : A — B we mean a norm-
one projection of the C*-algebra A onto a C*-subalgebra (with the same identity T) 5.
The map FE is automatically a completely positive, identity-preserving B-module map
[37]. If A is a matrix algebra, then the structure of a conditional expectation is well-
known [8]. Let is recall some facts. Assume that A is a full matrix algebra, and consider
the (finite) set of { P} of minimal central projections of the range B of E, we have

E(zr) =) E(PaP)P,.

Then E' is uniquely determined by its values on the reduced algebras
Ap, == PAP, = N;® N;,

where N; ~ Bp, := BP; and N; := B'P,; Qhere the commutant B’ is considered relative to
A). Moreover, there exist states ¢; on N; such that

E(Pi(a®a)P;) = ¢i(a)Pi(a @ T)P,. (2)
For the general theory of operator algebras we refer to [18, 37].

Definition 3.1. [6, 13] Let ¢ be a state on By,. Then ¢ is called a (backward) quantum
Markov chain, associated to {\,,}, if there exists a quasi-conditional expectation Ey, with
respect to the triple Ba, , C Ba, € Ba, ., for eachn € Nand an initial state py € S(Ba,)
such that

¢:T}ergopoo€A005Alo---ogA

n

in the weak-* topology.



Definition 3.2. [6] A quantum Markov chain ¢ is said to be quantum Markov state
with respect to the sequence {En,} of quasi-conditional expectations if one has

PrBa, ©EN; = PrBa,,, T EN

In what follows, we always assume that the states are locally faithful (i.e. states
on B with faithful restrictions to local subalgebras). By the standard way (see [5, 6])
one can show that the Markov property defined above can be stated by a sequence of
global quasi—conditional expectations, or equally well by sequences of local or global
conditional expectations. By putting e, := &y, [BA[M“], it will be enough to consider

the ergodic limits
m—1

EM = lim L Z(en)h,

m m
h=0

which give rise to a sequence of two-step conditional expectations, called transition
expectations in the sequel.
For j > 0, we define the conditional expectation E; from By, into By, by:

E; (aWO Q- Qaw,; ® aWj+1) =aw, ® - Qaw, ; ® gv (aWj ® aWjJrl)
One can prove the following
Proposition 3.3. Let ¢ be a state on the B. The following assertions are equivalent.
(i) ¢ is a quantum Markov state;

(ii) the properties listed in Definitions 3.1 and 3.2 are satisfied if one replaces the
quasi—conditional expectations Ey, with Umegaki conditional expectations E,,.

The next result describes the quantum Markov states. Note that if the tree Fi is
one dimensional (i.e: k=1), then the similar result has been proven in [8, 4].

Theorem 3.4. Let ¢ € S(Br). Then ¢ is a quantum Markov state w.r.t the sequence
of transition expectations {EV)} ;5o if and only if

pla) =¢ (5(0) (CLWO ®- - ®&ND ((IWTH 0 £M (aWn Q aWnH) . )) (3)

for everyn € N, and a = aw, ® ---aw, ® aw,,, any linear generator of B with

aw, € By, forj=1---n+1.

n+17

Proof. Suppose that ¢ is a quantum Markov state w.r.t the sequence {E(j)}jzo. Then
for any a = aw, ® aw, ® - - - aw, R aw,,, € Ba,,,, by means of the Markov property one
gets

p(a) = (a’Wo e aw, ; & gm (aWn ® awnﬂ))

Then by repeating the application of the Markov property n more times we obtain (3).
Conversely, assume that ¢ satisfies the chain of conditions (3) Then for a fixed

0= aw, @ aw, @aw,., (4)

6



from Ba,,, by (3) one finds

SO(CL) = (8(0) (CLWQ R ® g(n—l) (aWn71 ® g(n) (aWn ® aWn+1) ce ))

And again by application of (3) we get

0 (9 (aw, @ - @ "V (aw,_, @ EW (aw, ® aw,,,)--+)) = ¢ (aw, ® -+ @ aw,_, @ aw,)

where @y, = E™ (aw, @ aw,,,). Then keeping mind the equality
aw, @ -+ aw, , @ aw, = F,(a)

we obtain the Markov property for ¢

(a) = @5y, (En(a)),

since the elements of the form (4) generate By, ,, . O

LB

n+1

4 Localized conditional expectations

In this section, we consider and describe localized conditional expectations. Namely, let
£U) be a transition expectation from B Ay to By,. The transition expectation £ (@) is
called localized if one has

J+1]

gl — ® gx(j)’ (5)

CIJEW]'
where &(j) 1B, @ Bzy @ -+ @ Bagy — By is a conditional expectation.

Remark 4.1. We notice that if one considers conditional expectations without localiza-
tion property, then the results of [4] can be applied to the considered QMS and one can
get the disintegration of QMS, which would be not enough for its finer representation.
Roughly speaking, in that case, the Hamiltonians (see Section 8) would be defined on the
levels W; and their structure would not be described. Therefore, for our need, we have
to impose the localization, which would yield a desired representation of QMS.

In what follows, we will use techniques of [8, 24| related to conditional expectations.
For each j > 0 and z € W, by R(&E] )) we denote the range of the transition expecta-

tion Y. Consider its centeral ZJ (i.e. the center of R(E7)), together with its spectrum
Q7. and the set of minimal central projections {P’ }..cq, (which is finite whenever

R(&Ej )) is finite dimensional). For the tail of simplicity, central projections P/ will be
denoted F,,, henceforth. We have

Shoo
Qg
We define for j > 0 and o € W;.

R} =P P..B.P,

Qo



And define the C*-subalgebra R of By by:

R=Q) | R E (6)

>0 \zew;
Then we obtain, in a canonical way, a conditional expectation
E:B,—R
defined to be the (infinite) tensor product of the following conditional expectations:

a€B,— Y P,aP, (7)

Wy €Qy

Note that for the algebra R’ one has that P, R! P, is a factor of B(H,,) with H, =
P, H.

Then P,,R.P,, = P.,B(H.,,)® 1y,  P.,, where H,, = H,, ,® H,,,. Using this
fact and the fact that the family of central projections {F;, } is orthogonal, we obtain

Wy €Qy

= @ PUJ:cB<HWz,O> ® ][Huzvlpwa: (8)

Wy €Ny

and .
Ri'— @ Py 1y,  ® B(H,,,)P.,

Qq
Then the transition expectation £Y) can be written in a canonical form: for a €
B & B% one has |
Sé‘])(a) = Z sz ®Wz (sza’pwz)sz (9)
Qg
where @, : B(H,,,) Q B(H.,,,) ®B%) — B(H,,,) @ L,,, is the Umegaki con-
ditional expectation defined by a state ¢,, on the algebra B(H,, ) ®quj(—+§1) in the

following way:
¢Wz (awz,() ® a'wz,l ® b) - ¢Wz (a'wz,l ® b)awz,o ® ][UJ:L‘,I

Denote QU) .= [1,o5 Qa, and for wl = (We) a7 € QU we define a projection P,
J J

defined by:
P = (X) P...
H

$€W]‘

Theorem 4.2. Let j € N and let for w9 = (w,)

acEVI—/])"
Hw(j>70 = ® wap? Hw(ﬂ),l = ® wa,l'
xGI/I—/; xGVI—/;

Then



(i) The range RY) of the transition expectation £Y) satisfies

RO= @ (PaoBHo) @ (Ti, P (10)

w(@) e

(ii) Furthermore, for a € By, @ Bw,., one has

Z P, @) (PyiaP,u)Pyo (11)

wieNl)

where @) = Q) e, Pur
Proof. (i) Due to Y = @ &Y the rang of £V is given by:

R  — ®R§cj)

:(:EVT/;
- Rle PWIB<H%,D>®1H%,IPM]
(EEV[—/; WzEQz

- @ <Pw”Wj(1)B(H“’”Wj“>’°) @ IH“wWﬂl);le””Wj(l)) ?
{wzwj (k)eQsz(k)§k:17"' W51}
- ® (wawj“Wj)B(Hw:”W (w3, 0) ® IHW@W (w;, l_P acwj(Wj)) ’

(W1 Wil

D Q) Pry 1 B Hury 00) | @ | QT Pry
J J Pt} WJ() J

{wij(k)GQsz(k);k:L'"7\Wj|} k=1

GB (P B(H, ) ® (IHw(j)’IPwm) (12)

W@ Q@)

1%

I

(i) Let a = a(()j) ® agj) ®@ b1 € Bw, @ Bw, ., be a localized element with
af) = Q) aso € BHY), o) = R) as1 € BHY), b= K by, € B,
zeW; xzeW; yeW, 1
Then we have

D) = )&V (az,O ® g1 ® b%)

:EEWJ'

= QD Pt (PaP,,)P.,]

IEWj Wz

— Z ® wa(wa(waanx)Pwl‘

{szQ(I) lxeW;} zeW;

= E P, @, (P,maP,)P, o

w@eQ)

The last one can be extended to all elements of By, @ Bw,, - O

9



Remark 4.3. For w9 = (w,),ew, € QY a product state ¢, on B(H,i) 1) @ Bw,,, is
defined on the localized elements by:

6w | @) (twna ®agy) | = [ unltern @ agyy) (13)

zeW; zeW;

for every ay, 1 € B(H,, 1) and every g € BSsz.

5 A classical Gibbs measure

In this section, we considering a quantum Markov state ¢ on the quasi-local algebra By,
w.r.t. the sequence of localized conditional expectations {£()}. Assume, as before, that
for every x € I'*(xy), B, = A with A is a fixed finite dimensional C*-algebra. Then
the range R(Eg(cj )) of €Y is finite dimensional. The center ZY is finite dimensional and
the index set Z, is in one to one bijection with the spectrum Q) = spec(Z7), then
we denote the set of minimal central projections by {P,, | w, € €.} and the states

{bw, | Ju € U} by {¢w, | wz € Q2. } (see Section 4).

Remark 5.1. 1. Let A Cypy L, if ¢, is a given state on B, for all x € A, we denote
the product state ¥n of {1; | i € A} defined on By by Yn = Qqzeat);.

2. Let x € L, we denote simply 77/}5,(—93; b= ®yes_(:c>)¢y the product state of {1, € S(B,) |

Y € S(x)} and Py = ®y€%§P¢y its support projection for Py, the support projec-
tion of 1.

Lemma 5.2. Let Z7 be the center of R(EY) and Q; := spec(Z7). Then
1 2= ®, e, 2.
2. QU =[]0y, O (i.e Yy € Qy, Huwd, ) | W) = @xeﬁwx)

For the sake of simplicity, let us denote the spectrum of Z := Z(A) as follow

spec(Z) := {w1, w2, - - - w, } and the set of associate minimal central projection by { Py, Ps, - - -

Without loss of generality we may suppose that:
Vo € L,Vw, € Qy, P, =ia,,(P,,) forsome re{l,2,---,q}

where 4, , the canonical embedding of A at the 2" position on By

Let ® := {1,2,---,q} we can also take Q = ® equipped with the o-algebra F
generated by its cylinder subsets. For A C L a spin configuration o4 on A is defined as
a function z € A+ o4(x) € ®. The set of all configurations coincides with Q4 = ®4.

Remark 5.3. 1. For A,B C L, with ANB =&, and o € Q4,0 € Qp, we denote by
oV a' the configuration defined on AU B such that o V U’M =0 and oV a’[B =o'

10

P,
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2. Let j >0 the set QU is equal Oy, through the following identification:
0.,36) - VV] — &
T o Wy

If o0 = 0, we denote the projection P,y by P, and the state ¢ i) by ¢o, and for
i €{0,1} the Hilbert spaces H,, ; and H i) ; will be denoted respectively by Hy(z)

and H 5@
Now we define by induction the sequence {pa, }n>0 as follows:

Ho (00> =¥ (iAo(ngo(zo))> , Vop € QAga

n—1
= Q >1
A, (0> 2200 (O_f/\()) kl;ll x;;[/k Wwa(z),wo(m)a Vo € Ay =2 1,

where sz,wm = Gu, <][wa,1 ® p“S(—mS)

Definition 5.4. A sequence {Py, }n>0 of probability measures on ) is said to be com-
patible if for alln >0 and o, € Qy,

Y Prul(onVa') =Py, (on) (14)

JIEQWn+1
Proposition 5.5. The sequence {fia, }n>0 is compatible.

Proof. Let n > 0 and o € Q,,. For all o' € Qyy, ., one has:

n
KA (U N OJ) = Hao <U v O-/[AO) H H WWU\/J/(W)’WUVOJ(S(_T;)

k=1xeWy
n—1
= {molom) [T I = II =
MAO( IVAO) wo(z‘)awa(s(—xs) wa(z)vwgl(m)
k=1 xeWjy zeWy,

= (o) [] Mg (@)%, 503

xe Wn

= ILLATL(O->¢U(Wn<IHU(Wn,1 ® Po”)

According to > P, =1 with P,y = ®gew,,, Por(z) we find

O'IEWnJrl
Z IU/AnJrl (O- \/ OJ) = IuAn (U) Z (bUan (][Ha[wn,l ® P(;')
O'IEQWn+1 UIEQWn+1
= 10 (0) b, (A, @ (S Po)
U’EWn+1
= MAn(U)-%(Wj(][HU(Wj,I ® Tw,,,)
This completes the proof. O



Due to the previous proposition and to the fact that puy, oy, = MAas the Kol-
mogorov consistency theorem ensures the existence of a probability measure p on 2
such that ppa, = pa,-

Let us consider the Hamiltonian on €2, defined by:

n—1

M (0) = 3 3 (0(@),0(5() + po(oaa) (15)

k=1 xeWy

where po(0p) = In(u(og)) for all o € Oy, and p (0(1’),0(5(73)) =In (an(mwm) for
x e Fk(xo)

Then the measure p can be viewed as a Gibbs measure for the Hamiltonian in the

following sense:
eHAn (J)
uAn(a) = - , VYoe QAn,Vn >0, (16)

where Z,, = > eHan (@)

O'IEQAn

Remark 5.6. 1. The Hamiltonian H is well defined because the state o 1is locally
faithful.

2. In our case Z, = pn, () = 1.

6 Disintegration of the state ¢

We will use the same notations as the previous section. Let o € €, for x € L we denote
Bo(z) = Py(2)BsPs(z). One can define a quasi-local algebra B, in the following way:

B, = ® ®Bpa(w>

; —
]20 :l?EWj

= B(Ho(z0)0) ® <® (B(Ha(x),l) ® B(Ho(ﬁm))) (17)

720

A completely positive identity preserving map E, : By, — B, is defined as the (infinite)
tensor product of the mappings

a € B, — PO(I)CLPU(I) (18)

The map E, satisfies E, = E, o E, where F is defined by (7).
Define a state v, on B, as follows:

(0 () ~(n)
o =100 (@[ @19y ) | (@ 70) (19)

7>0 zeW; yeWy,
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where the state 77(( is defined on B(Hoy(z),0) by

) (iAo <Pa(mo)(a ® ][Ha(:t),l)PU(xO)>>

(0) .
Mooy (@) = (20)
(o) P (Po(zo))
For x € W, the state 77 y is defined on B(Hg(z)1) ® B(Ha(%ﬁ),o) as follows:
) by . 27 (“ @ s <P o@w 0 ® 1, 5,.)F a(STxS))) 91
W s (a®b) = 1)

o(z),0(S(z)) T o(2),0(S())

And for y € W,,, the state /My is defined on B(H,(y),1) as follows:

~(n) o (n)
Ug(y)(a) = Z Ua(x)ﬁ,(s(—xg) (22)
UIEQS(TS

Let {8j } be a family of transition expectations:
o(z) j>0,0€W.

8” : Bp

o(z)

®Bp . B,

defined by

5i(x) ((ao ®ar) ® (b ® (®y€%§by,1))>

My o5y (@1 bo)( 1T 10 o b @ L ) | ag® (23)
yeS(z

And let 5g(w Bj @B J}i, o B’ (w;) be a transition expectation defined by:
J
&, = @ (24)
zeW;
One can prove the following fact.

Proposition 6.1. The state 1, satisfies the Markov property w.r.t the family of transi-
tion expectations {E]} .-, given by (24).

Theorem 6.2. Let ¢ be a Markov state w.r.t the family of localized transitions expecta-
tions {E7}j>0. Assume that Q and p are as in Section 5 and the quasi-local algebra B,
is given by (17), the map E, by tensor of the maps (24); the state 1, on B, is defined
by (19). Then the state @ admits a disintegration

= /Q Pop(do),

where o € Q — ¢, € S(BL) is a o(B;, Br)-measurable map satisfying, for p-almost all
o€,

(Pa:wa'oEo'

13



Proof. Let ¢ be a Markov state w.r.t the sequence {€;},>0. We define a commutative
C*—subalgebra C defined by:

c-®(®=

>0 \zeW;

Following [4], let (H,7) be the GNS representation of R associate with ¢rr. Then
7(C) C m(R) Nw(R)” (see [39, section IT1.2, Theorem 7.2]) hence, the representation
7 can be disintegrated as follows:

™= /j Top(do)

where o +— 7, is a weakly measurable field of representation of R (see [39, Theorem
IV.8.25],[4]). Furthermore one can find a measurable field o — (, of unit vectors such
that, for each a € R, we get

ﬂ®=é<m@%@>Mw)

As ¢ is a Markov state, it’s invariant under £ and the previous expression can be
extended on By by

p= / pou(do)
Q
for the o(B}, Br)-measurable field ¢, defined as
Yo =< 7TU<E<'>>C07 Co > .

Let us now prove the second part of the theorem about the expression of .. For ¢ € ()
take an element A € By, given by

A= ® ® P 2)(a5(2),0 ® 5(2),1) Po ()

>0 \zew;

and consider

Then we obtain

where
z(0) =0

O[Wn O [Wn

Now for j € {0,--- ,n}, define

A] = ® PO'(I) (ao'(x)J ® a,o-(x)yl)Po_(x)
€W,

14



Using the Markov property, ¢(ia, (AZ)) can be computed as follows:

Plin,(AZ)) = 2(0)p(in,(A)) = 2(0) Y @lin(A® Py,.))

ont1€Qw, |4

= (o) Z P(ED (A2 EV(A @ --

On+1€2n+41
®g(n—1) (An—l ® E(R)(A ® Pan+1)))))

According to the localized property of £U) one has

5( )(A ® PUnJrl) = @ g(n 0 ® lo(a),1 )Pa(l’) ® Pan+1(5(—=’f§))

xeWnp

= Q) e ( 0o o @ F, ﬁ) o(a) (o (2)0 @ o)1)
zeWy,

- H ¢0 (x) ( aa(x)P (x) ® P P ﬁ ) ® Pa(x) Qo (z),0 ® 1 o(z),1 )
zeWnp, zeWnp,

= ]I n" (o)1 @ 1 )T

(@) (3@ @ Lo (5@)).0) To(@).on (S@))

rxeEWn

Let j € {0,--- ,n— 1} and denote

j+1 0 — ® P ),0 ® ][s(a:) )Pa(x)

J}EW3+1

and U550 = ®yes—§ Uo(y)0- Then we get
j . . - (n)
ED(A;® Ajiio) = Q) ES (Pcr(x)(ao(x),o ® to(w).1) Pra) @ P 503, (a, 5036 @ Tt ) F, g(SHS))

Y ® ¢U(m) <Pa(x)aa(x),lp ® P ﬁ ) (aa (z),0 & ][O'(:L‘) 1)

ZL‘EW]'

= ]I ¢ow (P o() (a1 Fota) ® B 55, (00 505 0 @ 5@y ) am%S))

Z‘EWJ‘
X ® Pa(x) (ao'(:r),() & ][U(x),l)
Q?EWn
(4)

- H no(z )0 ( S—; CLU($) 1® ][O'(S—S) 0> (z) a(S—s) ® P aa(:v),O ® ][U(x)al)

zeW; xeWn
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n—1
@(iAn (AZ)> = Z(U) ¥ Z H H 773(5J)<aa(:c),0 ® ag(s(—x;)p) ) Wg(m)ﬁ(g(—xS) X g (z4),0 @ ][0(500)71

Ont+1€80n 11 j=1 zeW;

= Z(J) Z ¢0V0n+1 (A & IWn+1)

o’n+1€an+l
= [ oyt o Bl Aputao)

Consequently, one has

/ 2(0)pop(do) = / (0o (Eo (@) u(do)
Q Q

for each fixed localized operator A € By, and each function z € C(f2) depending only on
finitely many variables. As such functions are dense on C'(€2) and due to the uniqueness
of the Radan-Nikodym derivative, for each localized A € By, there exists a measurable
set 24 C Q of full p—measure such that for o € {2y one has:

po(A) = Vo (Es(A)) (25)

By considering linear combination with rational coefficients, one can find dense subset
B of localized operators such that (25) still satisfied for each element of By o.

Let a € By, and (a,), be a sequence of By, o that converges to a. Then for o € (2 one
has:

pola) = liqgn Polan) = lirrln Vo(Eo(an)) = Yo(Es(a))
Thus the equation (25) holds for all a € By. O
Corollary 6.3. Let

o(0) = [ eantdo)

be the disintegration of the Markov state ¢ as in theorem (6.2). Then ¢, is a factor state
for p—almost all o € ().

The proof is similar to [4, Corollary 3.3].

7 A reconstruction theorem

In this section we study the converse direction of the disintegration result in the previous
section.

Let us consider for j > 0 and = € W;, a commutative subalgebra Z/ of B, with
spectrum its €/ together with its family of projections {Pg (I)}J(x)eﬂjz- . For 0 € Q we
assume that the following distributions are given:

o 0 >0; (initial distribution)
(o)
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e For j >0 and z € W, T w0 (5E) > 0; (transition probabilities)

such that for n > 0:

2. 11 o) GE)

O”GQWH+1 CEGWJ'

Then a Markov measure p on 2 := szo Ha:ewj Q) is defined as follows: For n > 1 and

S QA,L:
n—1
0 J
moe 11 11 "o @0 (5@

j=0 zeW,

Now for j > 0 and = € B/ and P, a given central projection we set
_ j _ NI ~
By = Pr@BliPow) = Ny @ Nogay,

where N J ) and N () are finite dimensional factors.

For o € Q let 77 ,) be astate on Ny (z,) and 770 .~ be a state on N(],(x) ®fo(+51($))
with Ni?;(x)) = ®yewn+1 No(y). For each o € Q we define the state ¢, by (19) on the
quasi-local algebra B, defined by (17). Let E, : By — B, be given in (18), together
with the o(Bj, B,) —measurable map

cEQ— p, :=10,0FE,

Theorem 7.1. For the same notations as above, the state ¢ on B given by

@ = /Q Popi(do)

is a Markov state w.r.t the sequence of transition expectations {Ej}jzo, determined by
the states gbﬂ_(x) satisfying, for each j > 0,2 € W; and o € Q the following equality

Vi — J+1 ]+1
_ a®b ' 1)(26
Z Wa(x»a(%ﬁ)na(x),a(%ﬁ)(a@ ) H o (5 o). S_S)( 2 1)(26)
o5+2€0W; 15 yes(a)

1 _ _ —
with a € N’ (z) a € NU(I) b= ®yes(x)bg(y) € Ng'?s and b = ®y6%bg(y) € N@

Proof. For o € () the state 1, is well-defined, in addition it’s a quantum Markov state
w.r.t the sequence {ng,}(jzo) of the transition expectations given by (24).
J

Let n > 0 and take an element

A= ® Q) Pl asta) © a5) P,

j=0 zeW;
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in By, . Using (3.4) it is enough to proof that for such an element A the equality

with
B=¢£0 (AWO Q- AWn_l ® gm (AWn—l ® AWn) o )

Aw, = R) P!

7(x
zeW;

) (05(2) ® Tz) P

For o € Q, and E,(A) =9, A

O—(An T [An

SDG(A) = Yo (gC(fO) (AO'(Wo) Q- Q& Aa(Wn_l) &® g((fn—l) (AU(Wn—1) (%9 AO’(Wn)) o )) ,

where Aa(x) = Qg(z) @ Qg(z)-
One has

Po(in,(4)) = 50(/\”5[1\,1 Z Vo ®® o‘(m ®a0(l‘))P]( ))
j=1 zeW;

(o2 GQWn+1

<1 )00 @0 © 155

yEWn

= Gopn,min, D 77ro (a5 (a0)) 1_[1_[77 s—ﬁa" ) ® 4,555

o EQWn-H Jj=0 zeW;
< 1 o @ow © L)

yeWn,
Then

olin,(A)) = / oo (in, (A))a(do)

o Z 500)77(900 @ @o) H H (x) (S_S) _§ ( ) Ba (5@)) )

crEQV;/n_~_1 Jj=0 zeW;
XHW(x S *5(<y®][ TS)
y€ n

18



Conversely we have

génil) <A<Wn71)®A<Wn)) = Oopp, a, ® Eole (a"(‘” ® o) @ (a o(S()) ®a 5—5)>

reEWn_1

_ (n—1) (=
= 50“\",5[/\" ® Z ¢0’(x) (aa(a:) & (CLU(%) ® ][))

!
zEWnh_10 EQm

x T %)@ ® 1,503 (P dow @ 1P,

yGQWn

_ (n—1)
= OotanTran Z H Po(w) (a(,(x)@(aa(%)@ﬂ)

U’GQWn+1 €W -1

(n) (= n n
x 1 5@ @ 1555) @ Pt (@0 @ D,
y€$'(75 zeWp,

After small computation, we get

vo(B) = oy, 71n, Z ¢a(wo Ao (o) H H ¢a<w) a (%(%)@M))

o EQWnJrl j=0 x2eW;

(n) (=
x [T ¢50)@ow @ 1,553

yeWn,

Then by taking into account that ¢O(x0 ()= Wo(xo)n((lo)(-) in addition to the expres-

sion of ¢’ iven in the theorem, we obtain
O oo ©

olin,(B) = / o0 (B)u(do)
= X sl HH( (@ @ D) TT ¢ @0 @ 1,55

o EQuw il Jj=0 zeW; yeWn
n—1
_ 0 (0) (4) (4) —
= ”WW“M”H 11 (Wu),(%bn(x),(ﬂ—ﬁ)(a‘w)®a<3<—w§>))
o’ EQyy 1 J=0 zeW;

. H ’(S—§ (y) ﬂ( ) @ 13 )

_ w(zAan».

Hence, the proof is complete.

8 Connection with statistical mechanics

In this section we study the link between Markov states on the Cayley tree and the Ising
potentials through the Markov property.

19



Let us assume that we have a locally faithful Markov state ¢ on the quasi-local
algebra By, then a potential h, is canonically defined for each finite subset A C L as
follows:

ps, = Tra,(e7) (27)
The set of potentials {hj}ac,, . satisfy normalization conditions
Trg, (e7") = 1
together with compatibility conditions
(Trg,,, © Ig,)(e™™V) = e
for finite subsets A C A’ Cyyy, L. In particular for each n > 0, one has
(Tray,,,, ® g, )(e "tntr) = ean,

Theorem 8.1. Let ¢ be a locally faithful state on By. Then the following assertions are
equivalent:

(i) ¢ is a Markov state w.r.t. the localized sequence {EV)};5g of transition expecta-
tions;
(i) The sequence of potentials {hn,} associated to ¢ by (27), can be recovered by

n—1

hy, = Hw, + Z Hw, w,,, + Hy, (28)

j=0
where the sequences { Hw, }j>o, {ﬁwj }izo and {Hw, w,., }j>0 of self-adjoint opera-

tors localized in By, and By, ;.. , respectively, and satisfying commutation relations

[HWn7 HWn7Wn+l:| = 07 [HWn7Wn+1’ ﬁWnA—l] = 07
[HWm HWn] =0, [HWn Wit HWn+17Wn+2] =0. (29)

Proof. (i) = (i1). Let ¢ be a locally faithful Markov state w.r.t. the sequence {£7};>¢ of
transition expectations. For every 7 > 0, z € W; and o € ) we define the following set of

potentials {hJ , }, {n’ o (m)} and {isz()gc)} related to the following positive functionals.
; 0’ ; 0 0 0 ; J ;
Namely, thelpotentlal h, 20) 18 related to 7 o (0) o () O1 ]AV , the potential hg(w)’g(%) is
related to 7’ J on N2, @ N, and ho() } 1s related to
To@o5@ o 0@ O @ <?§) o}

2.7 a(xx 5@ a(w>, '<s_3( D)

UIGQSTS

on N . The potential {h )} is related to

/Z o(z),0 S_S U(w)7 54;
oEQm
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Take any localized element

a = ® ®$€Wjaa(x) ® azr(ac)
=0

from By(a,). Then one has

@U(a) = wa(a)
= o) TT T 80 053 L1 7,053 @ © 1)

7=0 xGVVJ yeWn,
= Tx( (o) Tr(e LA . ® ) Tr( g )
= rie CLU (z0) r ’ ag(z) a% rie ag(m)
Jj=0 x2cWj yeWn

While in the last expression the traces are taken on disjoint tensors, we then get
wo(a) = Tr(e_h"mn a)
with

h"(A h2x0)+zz o(z),0 545 + Zh”

J=0 zeW; yeWny,
Then we define

_ J J
= > Pl,h,o0P,

O’EQWj
H = P’ P Y TIe 1 PJ pitl
2,5(a) QZ (Fow @ a<s<—x§>)( O oG © o © (5
o 5@
_ J ¥ J
=Y Pl,(X& )P,
o€y

and

JJ+1 Z H
zeW;
-y i,

zer

Finally we set
n—1

ha, = Ho+ Y Hjjn+ H,.

=0
Then hy, is the potential related to the state ¢ on By,. (i) = (i). Forn € N,z € W,
we consider the map E™ : B, ® B%S — B, defined by

£ (a) = (Trggy @ L)(A} 504, 56)
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with

considering K, ,+1 = @

_1 _1lg 17
450 =¢ 2o 5@e 2 Ms@ea s

: _1 1f 1
sew, A, 5 (o also by taking K, 41 = e sHnnt1e= g Hnr1g3Hn),

We get a transition expectation

EM(a) = (Trw, ) ® Tw, ) (K, 10k 1)

and its corresponding quasi-conditional expectation is defined by

One

En — ][BAn_l ® g(n)

can easily check that ¢ is a Markov state w.r.t the sequence {E"} of conditional

expectations. O
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