J. Math. Anal. Appl. 478 (2019) 466-475

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

A remark on approximation with polynomials and greedy bases™ | @

Check for
updates

Pablo M. Bernd **, Antonio Pérez "

& Departmento de Matemdticas, Universidad Auténoma de Madrid, 28049 Madrid, Spain
Y Instituto de Ciencias Matemdticas (CSIC-UAM-UC3M-UCM), C/ Nicolds Cabrera 13-15, Campus de
Cantoblanco, 28049 Madrid, Spain

ARTICLE INFO ABSTRACT
Article history: We investigate properties of the m-th error of approximation by polynomials
Received 18 March 2019 with constant coefficients %,,(x) and with modulus-constant coefficients 2}, (x)

Available online 24 May 2019

' introduced by Bernd and Blasco ([2]) to study greedy bases in Banach spaces. We
Submitted by R.M. Aron

characterize when lim inf,, 2y, (z) and lim inf,, 2}, (z) are equivalent to ||z|| in terms
of the democracy and superdemocracy functions, and provide sufficient conditions

Keywords:
Thfesholding greedy algorithm ensuring that lim,, 2;, () = lim,, Zm(z) = ||z||, extending previous very particular
Greedy bases results.
Almost greedy bases © 2019 Elsevier Inc. All rights reserved.
1. Introduction

Let (X, | - ||) be a real Banach space and let # = (e,)>2; be a semi-normalized (Schauder) basis of X

with biorthogonal functionals (€)%, that is:

(i) There exist a,b > 0 such that a < |le,]],]le
(ii) ef(en) = Ogp for every k,n € N,

| < for every n € N,

ol
n

(iii) The sequence of projections P, : X — X given by

m
P, (z) = Zefl(ar) en, ze€X
n=1
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satisfy lim,, || P, (z) — z|| = 0 for every = € X. In this case, the basis constant of £ is

Ky := sup ||Pp|| < c.
meN
We say that Z is monotone whether K; = 1.

Along the paper we will refer to every such % simply as a basis. Of course, as m increases Py, (x) offers a
good approximation of z by linear combinations of m-elements of the basis, but it is natural to ask whether
a suitable rearrangement can provide better convergence rates. A natural proposal is the Thresholding
Greedy Algorithm (TGA) introduced by S.V. Konyagin and V.N. Temlyakov ([8]): given x € X we first
consider the rearranging function p : N — N satisfying that if j < k then either |e} ()| > |e};, ()] or
ey (@) = lep g, ()] and p(j) < p(k). The m-th greedy sum of x is then

G (z) = Ze:(j)(m) eo(j) = Z ep(x)eg

j=1 k€A (z)

where Ay, (x) = {p(j) : 1 < j < m} is the greedy set of x with cardinality m. Related to this, S.V. Konyagin
and V.N. Temlyakov defined in [8] the concepts of greedy and quasi-greedy bases.

Definition 1.1. We say that % is quasi-greedy if there exists a positive constant C'y such that
|z — Y (z)|| < Cqllz|, Yz € X,¥m € N.

P. Wojtaszczyk proved in [11] that quasi-greediness is equivalent to the convergence of the algorithm,
that is, A is quasi-greedy if and only if

lim |z —-9,(2)| =0, Vz € X.

m—+

Definition 1.2. We say that % is greedy if there exists a positive constant C' such that
|z — % (z)|| < Cop(z), Vo e X,Vm € N, (1)

where

T — E anén

neA

Om(x, B)x = o () 1= inf{

:aneR,ACN,|A|:m}.

S.V. Konyagin and V.N. Temlyakov [8] showed that, although every greedy basis is quasi-greedy, the
converse does not hold (see also [1, Section 10.2]). They also characterize greedy bases as those which are
unconditional and democratic. To define the last notion we have to introduce some notation. For each finite
subset A C N and every scalar sequence ¢ = (g,,) with |e,| = 1 for each n € N (we will write |¢| = 1, for
simplicity) let us denote

14 ::Zen and 1.4 ::ZETLen.

necA neA

As usual, |A| stands for the cardinal of A. We then define the democracy functions as

hi(m) = ‘Ai‘n:fmlllAll s he(m) = Sup [1all (meN),
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and the superdemocracy functions as

hitm)= inf leall , he(m)=  sup lleall  (meN).

|[Al=m, || |A|=m,|e|=1

Definition 1.3. We say that 2 is democratic (resp. superdemocratic) if there exists C' > 0 such that h,.(m) <
C hi(m) (resp. hi:(m) < C hf(m)) for every m € N.

More recently, another characterization of greedy bases has been provided by O. Blasco and the first
author by means of the best m-th error in the approximation using polynomials of constant (resp. modulus-
constant) coefficients:

Do (2, B)x = Dm(z) ;= inf{||z —ala]:a e R, ACN, |A] =m}

D5 (2, B)x = Dy (x) :=inf{||lz — aleal : € R, ACN, |[A] =m,|e| =1}

Theorem 1.4. [2, Corollary 1.8] Let % be a basis of a Banach space X. The following assertions are equiv-
alent:

(i) A is greedy,
(ii) There is C > 0 such that ||z — G (2)|| < C D () for every x € X and m € N.
(iii) There is C > 0 such that ||x — 9 (z)|| < C Ik, (x) for every x € X and m € N.

The striking feature of this theorem compared to (1) is that, while lim,, o,,(x) = 0 for every z € X,
the terms 27 (z) and Z,,(x) do not necessarily converge to zero if x # 0. Indeed, we have the following
examples:

> [2, Theorem 3.2], [3, Theorem 1.4] If X = H is a (separable) Hilbert space and £ is an orthonormal
basis, then

lim P, (z) = lim 2, (x)=|z|, forevery x e H. (2)
m— o0

m—r oo

> [2, Proposition 3.4] If X = ¢, (1 < p < 00) and # is the canonical basis, then

. L X _ .
m1—1>r—ri-100 Dm(1p) = m1_1>r_r|r1QO 25 (1) =|1g]||, for every finite B C N. (3)

In the present paper, we aim to delve into this aspect. Let us briefly explain the structure of the paper. In
Section 2 we show that 7 (z) and Z,,(x) do not converge to zero as m — +oo for any = # 0. In Section 3
we prove the main result of the paper (Theorem 3.2), namely a characterization of those bases # for which
there is a positive constant ¢ > 0 such that

cllz]| < liminf 2, (z) < limsup 7, (z) < ||z]| for every z € X,
m—+00

m——+oo

in terms of the democracy and superdemocracy functions. We also provide a quite general condition ensuring
that

lim 2 (z) =|z|| forevery z € X.

m——+o0o
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In Section 4 we deal with the notion of almost-greedy bases. We study how this property can be also
characterized in terms of polynomials of constant or modulus-constant coefficients, extending a recent result
of S.J. Dilworth and D. Khurana in [6].

Let us point out [1] as our basic reference for notation and fundamental results on greedy basis.

2. The limit of errors 2 (x) and Z,,(x) is nonzero

Since Z;,(x) < Dp(x) < ||z| for every m € N and every = € X, it is only necessary to study lower
bounds of Z},(x).

Proposition 2.1. Let B = (e,,)22, be a basis of a Banach space X. Then, for every x € X

1
1, S len ()] < liminf 77, ().

Proof. Let x € X. Note that for every finite set A C N, o € R and |¢| = 1 it holds that

len (@ —alya)l | supnen len (@ —alea)| _ suppen [len(@)] — o]
el - 2K, - 2K,

||l — alcall > sup
neN

Let us also fix 6 > 0 and ng € N with the property that
ler ()] <  for every n > ng.

If A satisfies |A| > ng, then we can take j € A with j > ng and deduce that

5@ = lall _ fla] 8|

—aloall >
lz = aleal = 2K, 92K,

In particular, combining both lower estimations we get that for |A| > ng

_ Mol =01+ swpen @) —lal] || les(@) =6

xr— algall >
H g || 4Kb neN Kb
Therefore, for m > ng
ler(z)] — 6
I (x) > sup —————. O
@) neN 4Ky

3. Main result: equivalence with the norm

The issue of when liminf,, 2} (z) (vesp. liminf,,, Z,,(x)) is equivalent to ||z| is going to be determined by
the behaviour of the superdemocracy functions (resp. democracy functions) defined in Section 1. Along the
present section we are going to focus on proving the results for the superdemocracy case, namely for hj(m),
hi(m) and the error &} (z). The arguments for h;(m), h, and the error %,,(z) are completely analogous.
First of all, we recall some well-known estimates of the superdemocray functions valid for every basis in
every space:

hi(k) < Kphi(m), hi(k) < Kphi(m) forevery k<m. (4)

These relations together with the trivial inequality h;(m) < hf(m) (m € N) yield that there are three
possible cases:
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> hf(m) and h}(m) are bounded.
> hj(m) is bounded and h}(m) — 400 as m — +oc.
> hf(m),hi(m) = +oo as m — +o00.

Definition 3.1. The functions h;(m) and hl(m) (resp. hi(m) and h,(m)) are said to be comparable if they
are both bounded or divergent to infinity.

The main result of the section is the following theorem.
Theorem 3.2. Let & be a basis of a Banach space X. The following assertions are equivalent:

(i) There is a positive constant ¢ > 0 such that

cllz|| < liminf 2, (z) <limsup Z,,(z) < ||z|| for every z € X.
m—+00 m—+oo

(ii) hj(m) and hi(m) are comparable.
Moreover, if  is monotone and hjf(m) — +0o as m — +oo, then

m_ () = |zl (5)

li
m—+
(The theorem also holds if we replace 2y, (x), hi(m), hi(m) by Dm(x), hi(m), h.(m) respectively.)
Before going into the proof let us show a few observations and examples:

> From Theorem 3.2 we can recover (2) and (3). Indeed, if H is a (separable) Hilbert space and & is an
orthonormal basis of H then h(m) = h}(m) = m!/2. On the other hand, if X = ¢, with 1 < p < co and
2 is the canonical basis, then h;(m) = h}(m) = m!/?.

> For X = L,[0,1] with 1 < p < oo we have that the Haar basis % is monotone (see [7, Theorem 5.18]) and
satisfies A} (m) = hj(m) ~ m!/P (see [1, p. 279]). Hence, it satisfies that lim,, 7, (z) = lim,, Z,(z) =
|lz|| for every x € X.

> If A is superdemocratic (resp. democratic), then it is clear that Theorem 3.2.(ii) (resp. the “democratic”
version of Theorem 3.2.(ii) with h,.(m) and h;(m)) holds. However, the converse is not true. For instance,
if 1 < p < ¢ < oo, the canonical basis of £, © ¢, satisfies that h;(m) = h}(m) ~ m'/? and h,.(m) =
hi(m) ~ m'/P (see [, Example 10.4.4]).

> Ezample of basis not satisfying Theorem 3.2.(i): Let us consider X = ¢; and let # = (x,,)52; be the
difference basis, which in terms of the canonical basis (e,)52 is given by

X1 =€, Xpn=6€En —€En-1, n:2737"'

By [4, Lemma 8.1], it holds that h;(m) = hi(m) =1 and hj(m) = h,(m) = 2m.

> Ezample of basis satisfying lim,, P (x) = ||z| for every x € X, but lim inf,, 2} () is not even equivalent
to ||z]|: Let X = ¢ be the space of convergent sequences and let # = (s,)52; be the summing basis,
defined as
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By [4, Lemma 8.1] we know that i) (m) ~ 1 and h}:(m) ~ m, so Theorem 3.2.(ii) does not hold. On the
other hand, % is monotone and h;(m) = h,.(m) ~ m by the same reference. Thus, lim,, Z,,(z) = ||z||
for every z € X.

> Condition Theorem 3.2.(ii) is not preserved for dual bases: If (e,)$2 is the canonical basis of £;, let us
consider the sequence x,, = e, — (€an+1 + €2n+2)/2, n € N and the space

X :=span{x, :n € N} .

This is known as the Lindenstrauss space [9] and the sequence & = (x,)%2, is actually a monotone

basis for X (see [10, p. 457]). In [4, Section 8.2] it is shown that h;(m) ~ m and that the dual space X*
with the corresponding dual basis Z* satisfies hj(m) =~ 1 and h)(m) = In(m).
3.1. Proof of the main result

Proposition 3.3. Let # be a basis of a Banach space X. Then,

AC;up ) Tlig}rrég Dm(Lpa) < (1+ Kp) ;rltg}rrg hi(m) < oo, (6)
fz'nite"mfl
jg[lil }%Iilirg Dm(1a) < (1+ Kp) }Tlﬂf&i hiy(m) < oo. (7)
finite

Proof. We explain the argument for (6), as the proof of (7) is completely analogous with the obvious
replacements. Let us fix a finite set A C N and n € {#1}#, and let us take A € R satisfying

A< %ﬂfg Dy (154). (8)

From this condition, we can then find mg,ng € N with the following properties:

> A< |[1,4 — al.p| for every a € R, every B C N with |B| > mg and every ¢ € {£1}5,
> AcC{l,...,no}.

Let C C N be a finite set with |C| > mg + ng. Then,

]-EC - Pno(]-sC) = ]-EC’
where C’ := C'\ {1,...,ng}. Notice that |C’| > mg, so in particular

A<y = 1gapueen |l = eer || < [[Td =Pyg[[ [ 1ec | < (14 Kb) [[1ec]]-

Thus, we have the relation

< im i ’ .

A< (1+Ky) lrlfﬂféﬁ hj (m)

Taking supremums on A satisfying (8) we conclude that

liminf 7, (1,4) < (14 Kp) lim_iirnf hi(m). O
m—+0Q

i
m——+00
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Theorem 3.4. Let & be a basis of a Banach space X. Assume that there is a constant C > 0 satisfying

sup hi(n) < C sup hj(n) < oco.
neN neN

Then, for every r € X

1

TR0 1 0) lzl < lim inf ;. (2) < limsup 77, (z) < [|=]|. 9)

Proof. Let us fix z € X. We just have to show that the left hand-side of (9) holds. For, let 0 < § < 1 and
mg,ng € N such that

| Pn(z) —z|| < §||z|| for every n > ng,

hy(no) < C (1= 98)hj(mo) .

Given a € R, A C N with |A| > mg + np and & € {+1}*, we are going to establish two lower bounds for
|z —aldcall.

> Since |A N (ng,+00)| > my we can find n > ng such that |4 N (n,+00)] = mg. Thus, applying the
operator Id —P,, to z — al.4 we have that

[z — aleal = 1(Id =Pn)(z) — alean(m,+oop |l 2

1 1 .
Kb—l—l Kb+1(|a|hl (mo)_‘stH) (10)

> As |A] > ng we can find n > ng with |A N [1,n]| = no, so that applying P, to z — al.4

1 *
oz —aleal = 5 (I1Pn(2) = alecanpmpll) A (lell (1=9) — o] hi(no)) (11)

1}{% (o1l - € lal 1 (sm0)) (12

Note that the lower estimations (10) and (12) are respectively increasing and decreasing linear functions
f(t) and g(t) on t = |a|. Moreover, these functions have a unique point of intersection tg > 0 which can be
easily checked to satisfy

el (1=0)(1+Kpy)+ 0K

0= i me) CO-0) 1+ Ky + K,

(13)
Thus

[ — aleal = max {f(|af),g(la)} = f(to) = g(to) =

]l [(1 —0)(1+Kp) +6 K, _5]
C1=0)(1+Ky) + Ky

Taking the infimum of || — alc4]| on @ € R and A satisfying the conditions above, we deduce that

1 f f
iminf Zi(z) 2 nf | Z@) 2 7o

R4l |:(15)(1+Kb)+5Kb ]
C(1-06)(1+Kyp) + K, '

Finally, making § — 0% we get the desired conclusion. O
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Proof of Theorem 3.2. To check (i) = (ii), note that using Proposition 3.3 and the constant ¢ of our
hypothesis, we deduce that

1 1+ K,
sup hr(m) = sup ||1y4] < - sup liminf 7, (1,4) < A+ K) liminf Ay (m) < oo.
meN ACN _ C ACN . m—+oo C m——+00
fim’te’lnlil fimlte"n‘fl

It is clear from this inequality that h;(m) and hf(m) are then comparable. To see the converse (ii) = (i),
note first that if A (m) and h(m) are comparable, then there exists C' > 0 such that

sup hr(m) < sup C hj(m). (14)
meN meN

We can then apply Theorem 3.4 to conclude the result. Finally, the last statement of the theorem follows
also from Theorem 3.4 since % being monotone means that K, = 1, and condition lim,, h;(m) = 400
means that (14) holds for every C > 0. O

4. Almost-greediness and polynomials with constant coefficients

Definition 4.1. Let & = (e,)72; be a basis of a Banach space X. We say that & is almost-greedy if there
exists a constant C' > 0 such that

[z = YGm(2)]| < Com(z)
where

Om(z, B)x = O () := inf{||x — Z er(z)enl : AC N,|A| =m}.
neA

This notion was introduced by S.J. Dilworth, N.J. Kalton, D. Kutzarova and V.N. Temlyakov in [5],
together with two characterizations. A first characterization states that a basis is almost-greedy if and only
if it is quasi-greedy and democratic. The second one is given in the next theorem.

Theorem 4.2 ([5, Theorem 3.3]). Let B be a basis of a Banach space X. Then, B is almost-greedy if and
only if for some (resp. every) A > 1, there exists a positive constant Cy such that

lz —Gm)(@)|| < Crom(x), for every x € X and m € N.

Indeed, we can take C)y = ﬁ
As in the case of greedy basis, we can replace the error o,,(x) by the m-th error of approximation by
polynomials with constant (resp. modulus-constant) coefficients.

Theorem 4.3. Let A be a basis of a Banach space X and let A > 1. The following assertions are equivalent:

(i) £ is almost-greedy.
(i) There is Cx > 0 such that ||z — Gam)(7)]| < Cx Dn(x) for every x € X and m € N.
(iii) There is Cx > 0 such that ||z — Gpm) (2)|| < Cx Z,(x) for every x € X and m € N.

Proof. Tmplications (i) = (iii) = (ii) are clear using Theorem 4.2 and the inequalities o, () < 27 (z) <
Dm(x). To show that (ii) = (i) we follow ideas from the proof of Theorem 4.2: from the hypothesis we argue
that Z is democratic and quasi-greedy.
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To see that it is democratic, let n € N and let A, B C N with |A| = n and |B| = [An]. Let us also fix a set
E > AU B with |E| = n + [An], a positive number § > 0, and consider the element x := (1 +6)1g\4 + 14.
Hence, since |[E'\ A| = [An], |E\ B| =n and F \ A is the greedy set of order [An] of x, we obtain that

1Lall = llz = 9wy (@) < Culle = 1p\sll = 18] + 0] 1\ all-
As § > 0 is arbitrary, taking supremum over A and infimum over B we deduce that for every n € N

Given m € N with m > X let us pick n := [m/}], which clearly satisfies n < m < A(n + 1) < 2An. Then,
using that (h,(m)/m) is non-increasing (see [1, Lemma 10.4.(b)]), relation (15) and the obvious relation
hi(j) < Kphy(k) valid for j < k, we conclude that

h.(m) <

13

he(n) < CA% hi([An)) < CAKb% hi(m) < 2XC Ky hy(m).

Let show now that the basis % is quasi-greedy. First take m € N and r € N U {0} such that [Ar] < m <
[A(r 4+ 1)]. Then,

[ =G ()] < [z = Gprn (@) | + [Dar) (2) — G ()] -
Note that @\,(x) — %, () contains at most m — [Ar] < A summands of the form e;(z) e,,, so that
193 (@) = G (@) || < (A sup [lenl| sup [leg]]) [l]-
neN neN
On the other hand, using the hypothesis
|2 = Gxp ()| < Cx Zr(2) < Cx|]]-
Thus, the basis is quasi-greedy. O

Recently, S.J. Dilworth and D. Khurana provided the following characterization of almost-greedy bases
in the same spirit of Theorem 1.4. In order to present it we have to introduce some notation. If A, B C¢ N
are finite sets, we will write A < B whether max A < min B. For every x € X and m € N define

Hop () == inf{||lx — ala|: @ € R,|A| = m and either A < A, (x) or A > A, (2)}
where recall that A, (z) is the m-th greedy set associated to z introduced in Section 1.

Theorem 4.4. [6] Let 2 be a basis of a Banach space X. Then, A is almost-greedy if and only if there exists
C > 0 such that

|l — 9 (z)| < C inf H,(x) for every x € X and m € N.
1<n<m

Inspiring on the previous theorem, we can prove the following result which is again strinking, since
D (x) < H(x) and so liminf 77, () ~ ||z|| if hi(m) and h,.(m) are comparable by Theorem 3.2.

Corollary 4.5. Let B be a basis of a Banach space X. Then, B is almost-greedy if and only if there exists
C > 0 such that

|z — % (2)|| < C ()  for every x € X and m € N. (16)



P.M. Bernd, A. Pérez / J. Math. Anal. Appl. 478 (2019) 466-475 475

Proof. If £ is quasi-greedy then (16) holds by Theorem 4.4. To see the converse we use the aforementioned
characterization of almost-greedy bases as those being quasi-greedy and democratic. The fact that £ is
quasi-greedy follows from the hypothesis and the trivial inequality 4%, (z) < ||z||. Let us show that % is
democratic. Let A, B C N be finite subsets of cardinality m, and take E C N satisfying |E| = m, A < F
and B < E. Fixed 6 > 0 consider the elements z =14+ (14 0)1g and y = 1g 4+ (14 9)1p5. Then, applying
(16)

1all = lz = 1 +0)1e] = [z = G ()| < CHApn(x) < Cllz —1all = C(1+96) 1]
Analogously,
el =1y =0 +0)1s] = lly =%l < CHnly) < Clly = 1pl = C(1+0) [[15]].

Since § > 0 was arbitraty, we conclude that h,.(m) < C?h;(m) for every m € N, and so the basis is
democratic. O
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