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1. Introduction and statement of results
1.1. Mordell integrals and quantum modular forms

The Mordell integral is usually defined as a function of two variables

cosh(2M20) riru? g, (1.1)
cosh(mw)

h(z) = h(z;7) := /
R

where z € C and 7 € H, the complex upper half-plane. Integrals of this form were studied by many
mathematicians including Kronecker, Lerch, Ramanujan, Riemann, Siegel, and of course Mordell, who
proved that a whole family of integrals reduces to (1.1). From these works it is also known that (1.1)

occurs as the “error of modularity” of Lerch sums which have the shape (q := €2™7)
eQﬂ'inzl q "2;"
> Taig (21,22 € C\ {0}).
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The Mordell integral plays an important role in the theory of mock modular forms as shown by Zwegers

in his remarkable thesis [22]. Zwegers wrote the integrals in (1.1) as Eichler integrals. To be more precise,
he showed that, for a,b € (—3, 1) we have
—27rza(b+ ) ng'2’b+ ( )
h(at —b) = q El (1.2)

m

where, for a,b € R, gqp is the weight % unary theta function defined by

g b neZﬂ'zbn
a, §

n€a+7Z

Zwegers used (1.2) to find a completion of Lerch sums, by observing that the error of modularity h(ar — b)
also appears from integrals which have —7 instead of 0 as the lower integration limit.

Starting with influential work of Zagier [20,21], many authors studied related constructions with Eichler
integrals from the perspective of quantum modular forms. In all of these examples the non-holomorphic

/ g,
i(r+w))?

—F

part (or “companion”) is given as

where f is a cuspidal theta function of weight % or g
The main motivation for this paper is to extend this well-known connection between Eichler and Mordell
integrals to higher dimensions by using multiple integrals. We provide several explicit examples of this

connection in the context of higher depth quantum modular forms introduced by the authors in [2] (see also

[1])-
1.2. Vertex algebras and modular invariance of characters

Another, somewhat unrelated, motivation for this project comes from the study of characters in non-
rational conformal field theories, where the modularity (or lack thereof) plays an important role.

There is already a growing body of research exploring the modularity of characters beyond the rational
vertex operator algebras [8—11,18]. One general feature of these irrational theories is that they admit typical
modules (labelled by a continuous parameter) and atypical modules (parametrized by a discrete set which

is mostly infinite). When it comes to modular transformation properties, the S-transformation (with S :=
( 0 -1

1 o) €SL2(Z)) of a character may produce both typical and atypical characters. So we expect that

Ch[M] (—1) = Q/SMWCh[MV](T)dV + Z OzMJCh[MjKT), (13)

T :
j€D

where ch[M;] are atypical and ch[M,] are typical characters. Note that the typical characters often have

the form ch[M,] = 77‘1(7—7)7,” where 7(7) 1= ¢z [[,51(1 —¢") is Dedekind’s n-function. Moreover € and D
are domains parametrizing typicals and atypicals representations, respectively. The reader should exercise
caution here — in some examples formulas like (1.3) only exist as formal distributions [10]. Also, as divergent
integrals might appear, it is sometimes necessary to introduce additional variables (as in [8]) to ensure
convergence.
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This type of genga_li\zed modularity is known to hold for characters of certain representations of the affine
Lie superalgebras sl(n|1) for A/ = 2 and N = 4 superconformal algebras at admissible levels [18,15]. In this
work atypical characters transform as in (1.3) such that the integral part is a Mordell-type integral, which
is essentially a consequence of Zwegers’ thesis [22].

In this paper we take a slightly different point of view. As many important (algebraic, analytic and
categorical) properties of rational vertex algebras are captured by the entries of the S-matrix (e.g. quantum
dimensions, fusion rules), we expect that the full asymptotic expansion of characters and their quotients
play a pivotal role for irrational theories. More precisely, we believe that these higher coefficients in the
asymptotics determine the “fusion variety” via resummation and regularization. The latter was introduced
by Creutzig and the third author [8]. As shown in [4], considerations of asymptotic expansion of characters
naturally lead to quantum modular forms.

We now explain, with an example, how the concept of quantum modular forms can be used to obtain
(1.3). For this we consider the (1, p)-singlet algebra and its characters. As explained in [8,11], this vertex
algebra admits typical and atypical representations. The characters of atypical representations M, s are
essentially false theta functions. To be more precise, for 1 < s <p—1 and r € Z, we have

1 s s —
ch[M,](r) = e Z <q$(2m—a—pr+2p)2 _ qﬁ(%n-&-a—pvwz))z) .
n>0

Two of the authors have already proven in [4] that these characters are mixed quantum modular forms, in the
sense that M, ,(7) := n(7)ch[M,](7) is a weight  quantum modular form whose companion (expressed

as an Eichler integral) agrees with the original false theta function. To be more precise, if we write the
asymptotic expansion of the false theta function f as (% € Q,N € Np)

f( +2t> Zahk (n)t" +0 (tV),

then the Eichler integral g has the expansion

( —Ht) Za nk(n)(=t)" +0 (tV),

to all orders when expanding at roots of unity. This allows us to transfer modularity questions for characters
to better behaved companions M. ¢ as illustrated in the following

Example. For 1 < s < p—1, we have

- ;n (PE=D) pi (-1) = i3 77, ) (1)

where r;, is the theta integral defined in (3.2) for the theta function (3.1). Note that 7y, = also has the
following representation as Mordell integral

rfj,p(T) = — /cot (m’w + %) ezmpw%dw.
R

627rpi73r2

As typical characters take the form , the right-hand side of (1.4) can be viewed as the contribution

n(7)

from typical representations as in (1.3). For ch[M,. ;] with 7 # 1 a finite g-series has to be added to ch[M ]
so that the above formula looks slightly more complicated (cf. [4,8]).
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It is desirable to extend the modularity result in (1.4) to “higher rank” W-algebras, where false theta
functions of higher rank appear as characters [5]. It was already observed earlier [9] that a regularization
procedure can be used to derive a more complicated version of (1.3) involving iterated integrals. As the theory
of higher depth quantum modular forms also involves multiple integrals [2], it is tempting to conjecture that
these characters combine into vector-valued higher depth quantum modular forms. In this paper, we prove
an analogue of (1.4) this for the simplest nontrivial example coming from an sl false theta function F(q)
which was studied recently in [2].

1.3. Quantum invariants of knots and 3-manifolds

As discussed above quantum modular forms are connected to various aspects of number theory including
Maass forms. But originally they appeared in the pioneering work of Zagier (and Zagier-Lawrence) on
unified quantum invariants of certain 3-manifolds [20,21]. In a recent work of Gukov, Pei, Putrov, and
Vafa [14], the authors proposed new quantum invariants of certain 3—manifolds expressed as holomorphic
g-series with integral coefficients. These invariants are in many examples sums of ordinary quantum modular
forms. It is expected that more general 3-manifolds as well as SU(3) unified WRT invariants exhibit a more
complicated higher depth quantum modularity. Understanding their error of modularity certainly requires
a solid understanding of higher Mordell integrals.

1.4. Statement of results
Define

F(q) — Z min(ml’m2)q§(mf+m§+m1m2)—m1—m2+% (1 _ qml) (1 _ qmg) (1 _ qml—i-mz) )

mi,ma>1
mi1=mgz (mod 3)

In [2] the authors decomposed this function as F'(¢q) = %Fl (¢P) + 2F5(¢P) with Fy and Fy defined in (4.1)
and (4.2), respectively. The function F; and F» turn out to have generalized quantum modular properties.
This connection goes asymptotically via two-dimensional Eichler integrals. For instance, we showed in [2]
that [ asymptotically agrees with an integral of the shape

200 100

// \/—i(w1jj|—(1:;1;ui)i(w2+T)dw2dw1

—T w1

where f € 55 (x1,I') ® Sz (x2,I') (x; are certain multipliers and I' C SLy(Z)). The modular properties of
these integrals follow from the modularity of f which in turn gives quantum modular properties of F;. We
call the resulting functions higher depth quantum modular forms. Roughly speaking, depth two quantum
modular forms satisfy, in the simplest case, the modular transformation property with M = (‘c‘ 2) € SLy(Z)

f(r) = (et +d) " f(M7) € Q. (T'O(R) + O(R), (1.5)

where Q,(T') is the space of quantum modular forms of weight x and O(R) the space of real-analytic
functions defined on R C R. Clearly, we can construct examples of depth two simply by multiplying two
(depth one) quantum modular forms. In this paper, we prove a vector-valued version which refines (1.5).
Roughly speaking, f(M) in (1.5) is replaced by >,y n Xj,¢(M) fe(MT) (see Definition 2 for the notation).

Objects of similar nature - not invariant under the action of the relevant group but instead they satisfy
“higher order” functional equations - have already appeared in the literature. Higher-order modular forms
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constitute a natural extension of the notion of classical modular form and can be constructed using iterated
integrals [12,13]; see also [17]. They also appear in connection to percolation theory in mathematical physics
[16].

We prove the following theorem.

Theorem 1.1. The function Fy is a component of a vector-valued depth two quantum modular form of weight
one. The function Fy is a component of a vector-valued quantum modular form of depth two and weight
two.

We next consider higher-dimensional Mordell integrals. Set, for a € R2,

100 100

Hio(7): \/_// b1 (s w) + 0 (a5 w) dwsdwy ,
\/ i(wy+71) \/—Z(w2+T)

where the theta functions 67 and 05 are defined in (4.4) and (4.5), respectively and where throughout the
paper we write two-dimensional vectors in bold letters and their components using subscript.

Remark. Related, but different, iterated integrals were studied by Manin in his work on non-commutative
modular symbols [17]. For further developments see also [6,7].

Remark. The function H; o occurs (basically) as the holomorphic error of modularity (see Proposition 5.4).
The remaining piece is itself already an Eichler integral.

Setting
. sinh(27x) - sin(2ma)
Fale) = cosh(27z) — cos(2mar)’ Ga() = cosh(27rz) — cos(2mar)’
we define
2g6¥1 (wl)glm (wQ) —2Fq, (’11}1).7:&2 (w2) if a1, ¢ Z,
gl,a(w) = *2./_'.0(101)]'—,;,42 (’wg) + %J—'.@(2 (”UJQ + 3%) if a1 € Z, (&%) ¢ Z,
—2Fa, (w1)Fo(wz) + 72-Fa, (w1 + %) ifon ¢ Z, ay € Z.

Theorem 1.2. If oy, g are not both in Z, then we have, with Q(w) := 3w? + w3 + 3wiws
Hiolr) = [ g10(w)e* 0 durdus
R2
In particular, if a; ¢ Z for j = 1,2, then we have
Hio(1) = /cot (miwy + Tay) cot (miwe + Tag) e2mTRW) oy, daws.
R2

Remark. Note that there is a related statement if oy, as € Z; however for the purpose of this paper it is
not required.
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Similarly, set

Hy () = ZL // 203(a; w) — 04(c; w) dwydun

V=ilwr +7)(—i(we + 7))

100 100

L// 05 c:;'w) dwodwy ,
2 wy +7))2/—i(wg + 7)

where 63, 64, and 65 are theta functions defined in (4.8), (4.9), and (4.10), respectively. The function Hs o
occurs in Proposition 5.4.

Define the function g5 o as follows:

—2iwz (Ga, (01) Fay (w2) + Fa, (W1)Ga, (w2)) if a1 ¢ Z,

g2,a(w) = —21 (fo(wl)g:tg (w2) - Tr'wl 922 (’UJ + 31“)) if a1 € Z’

where G () := 2G,(z).

Theorem 1.3. We have

H2a04(7-) = /92,a(w)€2ﬂiTQ(w)dw1dw2.
R2

1.5. Organization of the paper

The paper is organized as follows. In Section 2, we recall some basic facts on theta functions, certain
(generalized) error functions, quantum modular forms, and higher-dimensional quantum modular forms.
Section 3 describes the one-dimensional situation, and Section 4 records our previous results in the two-
dimensional case. In Section 5 we develop general vector-valued transformations which we then use for
our specific situation. In Section 6 we represent the two theta integrals H; o and Hjz o as double Mordell
integrals.
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2. Preliminaries
2.1. Theta function transformation

Define, for v € {0,1}, h € Z, N, A € N with A|N and N|hA, the theta functions studied by Shimura [19]

2

O,(A,h,N;T):= Z m”quT.
meZ
m=h (mod N)

We have the transformation property

Ny Nl g1 Akh 1
@y (A,h,N,T) = (—’L) (_’L’T) 2 Az E e (W) @V (A,k,N, —;> . (21)
k (mod N)
Ak=0 (mod N)

Also note that if by = hy (mod N)

O,(A,h1,N;7) =0,(A, he, N;7), O,(A,—h,N;7)=(-1)"O,(A, h,N;7),
©,(A,N —h,2N;7) = (-1)"©,(A,N + h,2N; ).

2.2. Special functions

Following [22], define for u € R

E(u) := 2/6_”w2dw.
0

We have the representation

E(u) = sgn(u) (1 — %F (% mﬁ)) ,

where I'(o, u) := f;o e~ Yw* tdw is the incomplete gamma function and where for u € R, we let

1 if u >0,
sgn(u) :==4¢ -1 ifu <0,
0 ifu=0.

Moreover, for u # 0, set

i efﬂ'w2727riuw
M(u) =~ / —dw.

We have
M(u) = E(u) — sgn(u).

We next turn to two-dimensional analogues, following [1], however using a slightly different notation.
Setting dw := dw;dws, define By : R x R?2 — R by
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2 2
Es(k;u) := /Sgn (w1) sgn (we + Kwy) e~ ((wi—ua)* H(w2—u2)®) gayy
R2

Moreover for ug,u; — Kug # 0O:

1 e—ﬂ'w?—ﬂwg—Qﬂ'i(ulwl-‘rung)
My(kiu) = —— dw. 2.3
2(’{7 u) 772 / / w2(w1 . ng) w ( )

]R*’L‘UQ R*iul
Then we have

M (k;u) = Eq (k;u) — sgn (ug) M (uq)

U2 + KU1

—sgn (uy; — kug) M1 | —= | — sgn (u1) sgn (us + Ku1).
o (o = ) My (22 ) s (s (4 )
Note that (2.4) extends the definition of My to ug = 0 or uy = Kus.

2.8. Vector-valued quantum modular forms

We next recall vector-valued quantum modular forms for the modular group.

Definition 1. An N-tuple f = (f1,..., fn) of functions f; : Q — C for 1 < j < N is called a vector-valued
quantum modular form of weight k € 37, multiplier x = (x;,¢)1<j,e<n. if for all M = (’Z Z) € SLy(Z), the
error of modularity

fi(r) = (er+d)™" " xje(M) fo(Mr) (2.5)

1<¢<N

can be extended to an open subset of R and is real-analytic there. We denote the vector space of such forms

by Qk(x)

Remark. Since the matrices 5 := ({ ') and T := (| ]) generate SLy(Z), it is enough to check (2.5) for

these matrices.
2.4. Higher depth vector-valued quantum modular forms

We next introduce vector-valued higher depth quantum modular forms. Note that higher depth quantum
modular forms for subgroups of SLy(Z) were considered in [2].

Definition 2. An N-tuple f = (f1,..., fn) of functions f; : Q — C with 1 < j < N is called a vector-valued
quantum modular form of depth P € N, weight k € 37, multiplier x = (x;j,0)1<j,e<n if for all M = (‘i Z) €
SL2(Z), we have

fi(r) = (er+d)™" 7 xu (M) fo(MrT) € > 9 (xm)O(R),

1<l<N 1<j<N
where m runs through a finite set, k., € %Z, Xm are rank N multipliers, O(R) is the space of real-analytic
functions on R C R which contains an open subset of R, Q1 (x) := Qx(x), Q%(x) := 1, and OF () denotes
the space of vector-valued forms of weight k, depth P, and multiplier x.
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3. The one-dimensional case

Recall the classical false theta functions (1 <j<p—1,p > 2),

Fj,(r):= Z Sgn(n)qz_i.

nez
n=j (mod 2p)

The following theorem is shown in [4,11] (note that here we renormalized in comparison to [2])
Theorem 3.1. The functions F;, : H — C (1 < j <p—1) form a vector-valued quantum modular form.

Proof. (Sketch) Define the non-holomorphic Eichler integral

2

N 1 1 m*v\ _a2
F} (1) = ﬁ Z sgn(n)T (5, > q .

nez p
n=j (mod 2p)

Note that F} (it + %) and Fr (it — ) agree asymptotically to infinite order. That is, if we write
Fjp z‘t+ﬁ NZahk(m)tm (t—0%),
, k = ,

then

i (it B %> - Z an(m)(=t)" (¢ = 07).

m>0
One may then show that
F;,p(T) =—1 V 2p ’ Ifj.p(T)7

where

fp = Y g (3.1)

2p nez
n=j (mod 2p)

and for a holomorphic modular form from f of weight k, the non-holomorphic Eichler integral is

Using (2.1), one can prove that

o) =2 kX_jn () s (-1).

correcting a sign-error in [11]. From this one may conclude that
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" wkj 1 )
Fir ) \/_—\[ Z( )5 (=) =i/, )

where, for f a holomorphic modular form of weight k,

T i
w
= — 7 dw. 3.2
= [ s s 32
0
The claim now follows since ry, = is real-analytic on R. O

The next lemma writes the “error to modularity” as an Eichler integral. Following the approach of Zwegers
[22] and using trigonometric identities, one finds the following.

Lemma 3.2. We have

2p -1y (T) = /cot (m‘w + ;r—‘7> 2P gy
’ p

=

27ripTw2

1

= Sin (-) 5 /
. m] . _ wig
p 2 sinh (ﬂ'w + ) sinh (7rw o )

dw.

4. Previous results in the two-dimensional case

In this section, we recall the results from [2]. In that paper the following decomposition was shown
2
F(q) = Z;Fl (¢") +2F> (")

with

A=Y e ¥ ¢+ 3 sm (m+%>q(m+%>2, (4.1)

acys nea+NZ meZ

where

and for a (mod ZQ), we set

e(a) = 2 ifae{(l—; 5) (%’1_%)}’

1 otherwise.

Moreover

(4.2)

where for & (mod Z?), we let
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R fae{(1-12) (0,1-1), (21-1)},

-1 otherwise.
In [2] the following theorem was shown.

Theorem 4.1. For p > 2, the functions Fy and Fy are quantum modular forms of depth two with quantum
set Q and of weight one and weight two, respectively.

Sketch of proof. Using the Euler-Maclaurin summation formula, it was shown in [2] that the higher rank
false theta functions asymptotically equal double Eichler integrals. To be more precise, write

Fi (627”.%_75) ~ Z Ah,k(m)tm (t — 0+) .

m>0

In [2], we proved that we have, for h,k € Z with k > 0 and ged(h, k) = 1,

E; <— —~ —) > Apr(m)(=t)™  (t—0"). (4.3)

m>0

Here the double Eichler integral E; is given as follows: Define for a € % := {(1— %, %), (0,1— %), (%, 1— %)}

01 ( 0
E,0(T) = — // 1@ w) +2(cs w) dwadwy
\/ i(wy +7) \/—(w2+T)
with
i 7ri712'w
01(a; w) := Z (2n1 + no)nge 3 (2nafn2) i+ 242 (4.4)
nea+22
Oz (o w) := Z (3n1 + 2n9)nie® (3 2nz) y + 2502 (4.5)
nea+2Z?
Then set
.
Ei(r) = Z e(a)é1,a(pT), Ei(7) =& (1—7) . (4.6)
aES*

The double Eichler integral & satisfies modular transformation properties. To be more precise, we have, for
M = (Z Z) € I', (some congruence subgroup of SLy(Z)),

£1(r) — (7) (cr+d) & (Mr) =Y (rfj,gj,g (7) + I, (7)r,, a (T)) ,

j=1

where (7) is the extended Jacobi symbol, f;, g; are cusp forms of weight % (with some multiplier), and for
holomorphic modular forms f; and f; of weights k1 and k9, respectively, we set

ola

100

wy) f2(w2)
dwsad
’rf17f25L // U)1+T 2 nl( (w2_|_7-))2—,{2 Wo2aW1 ,

dwl
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100

re a(T) = —fl(w) dw.
it (7) /(i(erT))Q'“

c

The situation is similar for F5. To be more precise, writing

By (71) ~ 3 Bur(m (t—07),

m>0
we proved in [2] that we have, for h,k € Z with k > 0 and ged(h, k) = 1,
E, (— - —) Z By k(m (t—07). (4.7)
m>0

Here the Eichler integral Eq is given as follows: Define for a0 € .*

205( — 04
52a = // 3 i w 4(@ ’lU) dUIdel
v —i(wy + 7)(—i(we + 7)
05 (c; )
3 d’LUQd’LUl
(w1 4+ 7))2/—i(wy + 7)
—T w1
with
i 7\"i’n2’UJ
03(c; w) := Z (201 + ng)e s (natna) wnt TR (4.8)
n€a+7Z?
O1(a;w) := Z (3n1 + 2ny)e™ (Brat2n2) 2+ 22l , (4.9)
nea+2?
ﬂinzw
05((1;'11]) = Z nle% (3n14+2n2)%w; + 2 7 2_ (410)
nea+2?
We then set

=D Halr),  Eaon)i=6 <;7) (4.11)

acS*

Again one can show transformations for £&. Namely for M € I'p, one has

Ea(T) — (Z) (et + d)"2E(MT) = Z (rfj,ng(T) + Iy, (7‘)ng7%(7')> ,

j=1

with f; and g; holomorphic modular forms of weight % or cusp forms of weight %, respectively. O
5. Higher depth vector-valued transformations

5.1. General double Eichler integrals

We first describe the general situation. For this assume that fj,g (1 < j < N, 1 < ¢ < M) are
components of vector-valued modular forms and in particular transform as (with k1, ko € % + Np)
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B(5) = 2 s o(1) =0 T vt 6

1<m<M

Following [2], define the double Fichler integral

T fi(w1)ge(ws)
I, = dwadw .
L B O e T e s T
5
We prove the following transformation.
Lemma 5.1. We have the following two transformations
Ifj»gl (T) - Ifj\T,gg\T(T + ]-) = 07 (52)
; K Ko — 1
) = (G S by, (~1) (5.3
1<k<N
1<m<M

100 100

/ / ( )ge (w2) . dwsdwy + Ifj (T)rgz (T) — Ty (T)rgf (T)’

i(wy + 7)) (—i(wz + 7))

where |, denotes the usual weight k slash operator.

Proof. The transformation (5.2) is clear. To show (5.3), we first compute, using (5.1),

dwgdwl.

/° £, (w1)ge(tw2)
(iwr + 7))2 " (—i(ws + 7))

0
- \K1t+Ka— 1
(—ir)rrtrz—4 Z X, kVem I i gom (;) :/

1<k<N
1<m<M

Employing the splitting

100 100 100100 100 100

IgIRIRIn)

—T w1

then directly gives the claim. m|
5.2. The function &
We first rewrite £ . For this define, for k1, ke € Z with k1 = ko (mod 2),

. V3
J(T) = Z Ty +8p,ka+30p) (T) - With Ti(7) := _Elel(%,kl,?p;-),@l(Gp,kzﬁp,-)(T)’
6€{0,1}

100 100

@1 2197 kla 2p7 w1>®1(6pa k27 6]9, w2)
dwadwy .
i(wi +7)y/—i(we +7)

We have the following transformation properties.
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Proposition 5.2. We have, for {1 = {5 (mod?2),

1 1 3
Jo(T) = —m Z Czlzlckzezj ( —) _ £ Z (ks piokat 3p8) (T)

T 4p
k1 (mod p) 6e{0,1}
ko (mod 6p)
k1=ks (mod2)

V3

» se{0,1}

27mi

where (5 :==e 7 .

Proof. Using (2.1) gives

1 . \3 _1 @
©1 (2]37@’210;7_) = —i(—iT)?(2p)" 2 Z (5501(2p, k, 2p; 7),

k (mod 2p)

1 N _1 a
61 (6p7aa6pa_;> = _7’(_’”-)2(617) 2 Z Cgp 61(6])’ k76p7 T)‘

k (mod 6p)

Thus by Lemma 5.1, we obtain that Je(7) equals

T

- Z <I@1(2p,£1+p5,2p; . )(7) — 70, (2p,t1+pd,2p; - )(7)>Tel(6p,£2+3p5,6p; . )(T),

ko (€1+p5) ko (£2-+3p5) 1\ V3
2\[p( Z Do Gy, (“) === ) P(tp6eat3p8) (T)

4p
66{0 1} k1 (mod 2p) s5e{0,1}

k2 (mod 6p)

p 6€{0,1}

V3
I Z To, (2p,01+p5,2p:) (T) = 701 (2p,01+06,2p) (T) | 701 (6p,02-+3p5,6p5-) (T)-

To prove the proposition, we are left to simplify the first term. For this, we write

1 1

6€{0,1} k1 (mod 2p) k1 (mod 2p)
ko (mod 6p) ko (mod 6p)
k1=ks (mod 2)

Making the change of variables k1 — ki + pd, ko — ko + 3pd yields that this equals

ki +p8)01 (ka2+3p3)es 1 01k ok
2 Z Z Cép pd) Cﬁ(p po) I(k1+p5,k2+3p6) <T> =2 Z CQ;) 1<‘ 2 2J <
k1 (modp) 6€{0,1} k1 (mod 2p)
ko (mod 6p) ko (mod 6p)
k‘lzk‘z (mod 2) k‘lzk‘g (mod 2)

To find transformation properties to use for £, we write it as a J-function.

Lemma 5.3. We have

E1(T) = J(1,3)(7)-

Proof. As in the proof of Proposition 5.2 of [2] we see that

1 3
Z £ (a) bh(a;w) = = Z 1(A) O (QP,Ah?P; %) O (217, Ay, 2p; %)

acs* AcA
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with

A:={0,2),(p,p+2),(p—Lp—1),(-1,-1),(p+L,p—1),(1,-1)},e1(A) :€<A12pA2 A2>

p

Using (2.2), it is not hard to prove that this sum vanishes.

Similarly
3’LU2
Z ( )92 (e % 'LU Z 2p7 B172p7 61 2pa B272p7— (56)
oe S * Be p p
with
By, —3B; B
Bi{(p+1Lp—1),(L—1), (p+2.9). (2,0, (L, 1), (p+ Lp+ 1)}, ea(B) i= (2pp>

Using again (2.2) and ©1(2p, h, 2p; 37) = $01(6p, 3h, 6p; T), one obtains that (5.6) equals
1 w2
— Z O (Zp, 1+ 6p, 2p; ) 0, <6p, 3+ 3dp, 6p; —) .
p 6€{0,1} p p

This yields the claim by (4.6). O
Proposition 5.2 then implies the following transformation for &;.

Corollary 5.4. We have

! ka-+kz 1 ! e(a T
R = SD DI AN CLES D DN

k1 (mod p) ac S
k2 (mod 6p)
k?l Ekz (mod 2)

V3
T4 Z (I@l(2p,l+p§,2p;.)(7-) - T@1(2p,1+p5,2p;.)(7)) r®1(6p,3+3p576p;.)(7—)'
p 6e{0,1}

Proof. We use Proposition 5.2 with Zl =1 and ¢5 = 3 and reversing the calculation used to show (5.5), we
obtain that the second term equals > c o e(a)Hy o(7). O

5.8. The function &
We proceed in the same way as for £;. To rewrite &, defined in (4.11), we set, for k1 = ko (mod 2),
Ki(7) == 2T (7) + j(k1+k2 kz—Skl)(T),
2 ’ 2

where (note that we changed the normalization in comparison to [2])

. V3
Ti(T) =D Ty spskaraps)(T), with Tp(r) := ~ o L01(2p.k1,20:),00 (69,12 603 (T)-

6€{0,1}

Moreover set
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100 100

O1(2p, k1, 2p; w1)O (6p, ka, 6p; wo)
3 dwgdwl.
—i(wy + T)( i(wy +7))2

We have the following transformation law for the function /C,.

Proposition 5.5. We have, for {1 = {5 (mod?2),

{ ly ~kot 1
Z C21 1C 2l2jc ( )
2V3p ., Goan g

k2 (mod 6p)
k}lzkz (mod 2)

V3
- 8_ Z (2R(k1+p57k2+3p5) (T) + R(h;rk'z +pé, ’“2*23701 +3p5) (T))

™
5e{0,1}

V3

- Z (2 (To1(2p.6145,29:) (T) = 701 (2p,01 +5,2:.) (T)) T4 (6p,5-+3p5,6p;.) (T)
6e{0,1}

Ke(r) =

* (Iel(zp,%wmm) () - Tel(2p,%+p6,2p;.)(7)) reo(ﬁp,%ww,ﬁp;.)(ﬂ)'

Proof. Using (5.4) and

1 11
G)O <6paa76p7 __> = (_27)5 Z C @0(6]?,](1 6p7 )7
T \/6_]? k (mod 6p)

Proposition 5.7 gives that ICy, o, (7) equals

01445 09 —301 .
k1 (£14pd) ko (La+3pd) kl( 5 +p5) k2(72 +3p6) q 1

k1 (mod 2p)
ko (mod 6p)

V3
- 87 Z <2R(51+P5752+3p5) (T) + R("«lgﬂz +p6, 1"2—23141 +3p6) (T))

s
6€{0,1}

V3

T sr Z (2 (191(2p,€1+p5,2p;-)(7) - 7"91(21),21-5-115,21);-)(7)) T@o(ﬁp,€2+3p6,6p;~)(7—)
6€{0,1}

+ (Iel (2;0,7“;22 +p6,2p;‘) (m) = "o, (2p,721§£2 +p5,2p:~) (T)) "0 (6p.L2-+3p0.6p;") (T>> '

We are left to simplify the first term. As in the proof of Proposition 5.3 the sum on k1, ks equals

9 Z (2421+k2 + Ckl) T (_%) )
k1 (mod p)

ko (mod 6p)
k1=k2 (mod 2)

In the contribution from the second term, we change k; into kl;kg and ks into ’”_23’“1 giving the claim. O

We next write £ in terms of the K-functions.
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Lemma 5.6. We have
E(1) = K 3) (7). (5.7)
Proposition 5.5 yields the following transformation for &;.

Corollary 5.7. We have

1 1 )
& (1) = Srp(_in Z C§;+k2le (—;) —|—% Z Hj o(T)

k1 (mod p) aeS*
ko (mod 6p)
ki=k2 (mod2)

V3
T 8r Z (2 (191(2p,1+p5,2p;-)(7') - T@1(2p,1+p572p;-)(7—)) T@o(6p,3+3p576p;~)(7)
6e{0,1}

- (161(217724’?512??')(7) - r®1(2p,1+p572p;~)(7>) T@o(6p73p576p;~)(7>)-

Proof. The claim follows from Proposition 5.5. Reversing the calculations required for the proof of (5.7)
yields that the second summand equals £ > . o. Ha o(7). O

5.4. Proof of Theorem 1.1
We are now ready to prove a refined version of Theorem 1.1.
Theorem 5.8.
(1) The function Fy 1 Q — C defined by ﬁl(%) = I (62”%) is a component of a vector-valued quantum
modular form of depth two and weight one.
(2) The function Fy : Q — C defined by Fg(%) = Fg(e%i%) is a component of a vector-valued quantum

modular form of depth two and weight two.

Proof. (1) We have, by (4.3),

~ (h\ . omith g\ o o
ﬂ@)ﬂﬁﬁwek)—&mﬂmn%ﬁ%%—ﬁ,

where py := p/ ged(k, p), p2 := ged(k, p). Corollary 5.4 and Proposition 5.2 then give the claim.
(2) The relation (4.7) gives

= (R : 2mih ¢\ _ o it h

&Qyﬂﬂﬂ@ k)J%é@—%ﬂ4ﬂ‘ﬁ-
Corollary 5.4 and Proposition 5.5 then yields the claim. O
6. Higher Mordell integrals

6.1. Proof of Theorem 1.2

We first assume that a; ¢ Z. Via analytic continuation, it is enough to show the theorem for 7 = iv. We
first claim that
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Hi o(iv) =2 lim Z M, <\/§, \/g (\/§(2n1 + n2) ,n2)> e2mQ(n)v (6.1)

r—00
nea+7Z?
[nj—aj|<r

For this we write (which follows from shifting in (6.1) of [2] w; — 2iw; —T)

e4wQ(n)vM2 (\/§7 \/%(an + na), \/En2)

oo
6737r(2n1+n2)2w1 e*ﬂ'nng

=v3(2
V3 (2n1 +nz)nz e Joa e
w1

dwz dw1

oo
6777(377,1#*277,2)211)1 6737rnfw2

3(3 2
V3@t [ e [ e
w1

dwadws .

Then we change v — 3, sum over those n € a + Z? satisfying |n; — a;| < r and let r — oco. On the
right-hand side we may use Lebesgue’s dominated convergence theorem and can reorder the absolutely
converging series inside the integral to obtain (6.1).

To finish the proof, we rewrite (2.3), to obtain (assuming No, Ny — kN3 # 0)

2 2
e~ VWi — VW,

M, (k3 v/uN) = —— — e~ (NN )/(wriNZ)( : dw. (6.2)

wy — kwe — i (N1 — KN3))
R2

Thus in particular (for ny,ny # 0)

2 2
v 1 e~ T
Mo | V/3; \/j V3 (2n1 +n2),n ) = ——6_2”Q(")“/ d
2 ( 2 ( (2n1 +n2) 2) 72 J, (w2 —ino) (w1 — V3w — 2v/3iny )

3mv(2wy +wo)2  wvw3
- 2 T T2

= —ie_QﬂQ(n)v/ (e dw,

2 wa — ing) (w1 — iny)

R2
making the change of variables wy +— 2v/3wq + V/3ws. This implies that

. v e n)v
Tlglolo Z Mo (\/§7 \/; (\/§(2n1 +n2),n2)> e2mQm)

nea+7Z?
Inj—aj|<r

1 727er(w)
=—— lim ) / ——dw. (6.3)

T r—0o0 neaJrZQ U}Q — ’LTLQ ’LU1 — an)
‘nJ*O‘J‘<T

Using

r

1
WCOt(?TI)ZTILHOIOE TR
k

we obtain that the sum over the integrand (without the exponential factor) is
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-~ tim ngz < 1 ) ( 1 ) — _n? cot (m (iwy + 1)) cot ( (iws + as))

wy + a1 +ny 1wy + o + no

[nj|<r

Using again Lebesgue’s theorem of dominated convergence, one can show that one can interchange the limit
and the integration in (6.3) to obtain

Hyo(r) = /cot (miwy + Tay) cot (miws 4 mag) €27 W) dap,

R2
Using
L sin(2x) ) sinh(2y)
cot(z +iy) = cos(2x) — cosh(2y) + Zcos(Z:c) — cosh(2y)’
then yields,
Hia(r) =2 / (G (w1)Gay (w2) = Fay (w1) Fay (w2)) > . (6.4)
R2

This gives the claim of Theorem 1.2 in this case.

We next turn to the case that a; € Z for exactly one j € {1,2}. We only consider the case a; € Z, since
the case ag € Z goes analogously. Since the integrand in H; o is invariant under o — a; + 1, we may
assume that ay = 0. One directly sees from (6.4) that in this case

Hl,(O,az)(T) = —2 lim ]:al (wl)}"az (U}2)627riTQ(w)d’w.

alﬁo
R2
Using that Fo(—w1) = —Fo(w1), we obtain
H, (0,00) () = = / Fo(wr) Foy (wp)e?T7 AR Y7 g HOmITn ez dy, (6.5)

R2 +

Now write
1 1
Fo(wr) = (fo(wl) - ) +
w1 Tw1

The contribution of the first term to the integral now exists and gives, changing w; — —w; for the minus
sign

1 .
—2/ (.Fo(wl) - —> Fa, (wg)eQ’T”Q(w)dw.

TWq
R2

For the second term we write

3wy 3wy

Fan(w2) = <fa2 (w2) = Fa, (w2 + 2>> + F, <w2 + 2) : (6.6)

The first term in (6.6) contributes to (6.5), changing w; — —w; for the minus sign
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2 3 .
_; /wfl (]:az (w2) - ]:042 <w2 + %)) 6277”Q(w)dw.
R2

For the final term in (6.6) we use that 3w} + w3 + 3w ws = (wy + 2%1)2 + 3w}, to obtain

3mﬂu1

1
™

Bwi 2 430
o <w2 e Tm(wz ) dwodw .

The inner integral on ws now vanishes, which may be seen by changing in the integral on ws for the minus
sign wg — wg + 3w;. Combining, the theorem statement follows.

6.2. Proof of Theorem 1.3

Proof of Theorem 1.3. From (6.3) and (6.4) of [2], one obtains that

L { 0 (M2 (\[ 3;V30(2n1 + n2), Vo (ng - QImT(Z))> ezmnﬂﬂ etmren)

27 |02 2=0

0o oo
e (2n1+n2) w1 e—%ngwg
= —— 2711 + 77,2 ( dwgdwl
0

Vwy + 2v wy + 2U)
w1
0067% 3n142n2)%w, oo o 37rn1w2
3n + 2no) / / - dwadw
Ty 2 TR (wo +20)3
wy
\/g ® Z (3n1+2n2)%w; smnfwg

dwadwy .

——-—n
4w 10 (w1+2v /\/w2+2v

Then we sum over n € « + Z? satisfying |n; — ;| < r and let r — oco. On the right hand side we use
Lebesgue’s dominated convergence theorem and can reorder the absolutely converging series inside the
integral to obtain

v

L 5 [2 (00 (V8 v (- 2 )] e

1 .
= Q—ng,a(%v).

We now use (6.2) and change variables w; + 2v/3w; 4+ v/3ws, to obtain

M, <\/§; V30(2ny + ny), Vo (n2 _ QImT(Z)» (2mings

%6—7\'1}(3(2'”1 +n2)2+(n2—2ImT(Z))2>+27ringz

s
77rvw1 7T’U’LU2
X / : ¢ : dw
R2 (wz —1 (ng — QmT(Z))) (wl — 3wy — i (2\/§n1 + 2\/§¥))
_ _%e—wv(3(2m+n2)2+(n2—21m1—,(z))2>+2mn2z/ e~ 4mvR(w) duw.

L o) (o a5
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Thus

{%Mz (\/5; \/%(2711 +n2), Vv (nz - QID?)(Z)>) 62””22} edmv@(n)
z=0

2 w2€—47er(w)
= —/ - ——dw.
T (we — ing) (w1 —inq)

Exactly as in the proof of Theorem 1.2, we then obtain

0 21 )
lim Z [—Mg <\/§7 V30(2n1 + ng), VU (n2 _ M)) 627rzn22:| AmvQ(n)
r—00 , 0z v .0
nea+7Z
Inj—aj|<r

- /w26_4”Q(w) cot (miws + waz) cot (miwy + way) dw.
\/§R2

Observing that on the right hand side the integral over the real part vanishes, gives

Hyo(T) = —Zi/wg (G, (1) Fag (02) + Fay (01)Gay (w2)) €277 day,
R2

The case a; ¢ Z follows directly.
For oy € Z, we obtain
H27a(7') = _Qi/fo(wl)gzz (wQ)eQWiTQ(w)dw.
RQ

Now the claim follows as in the proof of Theorem 1.2. O
7. Future work

Here we discuss a few future directions. We also announce a result that will appear in full detail in our
forthcoming work [3].

7.1. Further examples of rank two false theta functions

In addition to the function F' studied in [2], there are additional rank two false theta functions studied
by the first and third author in [5]. To be more precise, define, for 1 < s3,85 < p

Fsl,SQ(Q) — Z min(ml’mQ)qg((ml—%)2+(m2—%)2+(m1—%)(mz—%))

mi,ma>1
mi1=mso (mod 3)

% (1 _ qm1s1 _ qm252 +qm1s1+(m1+m2)52 +qm282+(m1+m2)31 o q(m1+m2)(51+52)) )

We will show in [3] that these series are also higher depth quantum modular forms with quantum set Q. We
believe that these series decompose into two vector-valued higher depth quantum modular forms of weight
one and two.
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7.2. Example: two-dimensional vector-valued quantum modular forms of depth two

The previous two-parametric family of rank two false theta functions Fy, s,(¢) takes a particularly nice
shape for p = 2. In this case it can be shown that the only contribution comes from the weight one component
and that only two false theta functions contribute. Their companions are double Eichler integrals with a

basis
100 100 100 100 3
w1)*n(3ws)? // w1)’n (*3)
dwad dwadw; .
_//\/ i(wy +7)y/—i(wz +7) e F /=i w1+T )/ —i(wz +7) e

This gives a two-dimensional vector-valued quantum modular form of depth two and weight one.
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