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the maximal existence time interval of u, V = V(z) is non-negative and in L*(R) +
L>(R), p belongs to the so-called mass-supercritical case, i.e. p > 5, and H is a
Hilbert space connected to the Schrédinger operator —92 + V' and is called energy
space. It is well known that (NLSy ) is locally well-posed in H. Our aim in the
present paper is to study global behavior of the solution and prove a scattering
result and a blow-up result for (NLSy) with the data ug whose mass-energy is less
than that of the ground state @, where the function Q = Q(z) is the unique radial
positive solution to the stationary Schrédinger equation without the potential:

-Q"+Q=1QI'Q, in H'(R).

The similar result for NLS without potential (V = 0), which is invariant of
translation and scaling transformation, in one space dimension was obtained by
Akahori-Nawa. Lafontaine treated the defocusing version of (NLSy), that is,
(NLSy ) with a replacement of +|u|P~1u into —|u|P~1u, and prove that the solution
scatters as t — +oo in H!(R) for an arbitrary data in H'(R) by Kenig-Merle’s
argument with a profile decomposition. However, the method to the defocusing
case cannot be applicable to our focusing case because the energy is positive in the
defocusing case, on the other hand, the energy may be negative in the focusing case.
To overcome this difficulty, we use a variational argument. Our proof of the blow-up
result is based on the argument of Du—Wu—Zhang. The difficulty of our case lies
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in deriving a uniform bound of a functional related to Virial Identity because of
existence of the potential.
© 2021 Elsevier Inc. All rights reserved.
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1. Introduction
1.1. Background

In the present paper, we study global dynamics of the solution to the Cauchy problem for the focusing
semilinear Schrodinger equation with a linear potential on the real line R:

i0u+ 02u — Vu+ |[ulP~lu=0, (t,z)€elxR, (NLSy)

u(0) = ug € H,
where u = u(t, x) is a complex-valued unknown function of (¢,x), (0 €) I denotes a existence time interval
of the function u, (0 #) V € LY (R)+ L>®(R) := {f : f = f1+ fo, f1 € L}*(R), f2 € L>=(R)} is a non-negative
function of € R, where L? = LI(R) (1 < g < o0) denotes a usual Lebesgue space, p > 5 belongs to the
mass-supercritical region, ug = ug(z) is a complex-valued prescribed function of € R, and H is a Hilbert
space associated with the Schrédinger operator —92 + V' and is called energy space. The precise definition
of H is given by (1.3).

The Cauchy problem (NLSy/) is locally well-posed in the energy space H (see Proposition 1.1, or Theorem
3.7.1 in [4] for more general setting). Our aim in the present paper is to study global dynamics of the solution
to (NLSy ) and prove a scattering result and a blow-up result of (NLSy/) with the initial data whose mass-
energy is less than that of the ground state @1, where for w > 0, Q,, = Q. () is the unique radial positive
solution to the stationary Schrodinger equation without the potential:
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—Ql +wQu = [QulP ' Qu, in H'(R), (1.1)

where H® = H*(R) denotes the s-th ordered L2-based Sobolev space. We note that e“!Q, () is a non-
scattering global solution to (NLS) with ug = Q,,. Our result extends the results of NLS without potentials
(V =0) obtained in [1,8] (see also [11,12,7] for three dimensional cases) to that of (NLSy ) with a potential
V > 0. The similar results for (NLS) with another potential were obtained in [15,20,22,13], where [15]
treats the focusing mass-supercritical NLS with a repulsive Dirac delta potential (V = dy) in one space
dimension (see also [3] for the defocusing case) and [20,22] studied the focusing mass-supercritical NLS
with an inverse square potential in three spatial dimensions (V(z) = mE with a > —1). Lafontaine [21]
studied the defocusing version of (NLSy ), that is, (NLSy ) with a replacement of +|u[P~!u into —|u|P~tu,
and proved that the local solution can be extended globally and it tends to a free one as t — +oo in the
energy space H!(R) for an arbitrary data in H'(R), if V € L}(R) := {f € L*R) : (1 + |- |)f € L}*(R)}.
However, about study of classification of global behaviors of solutions, the focusing case is more difficult
than the defocusing one, because the sign of the energy functional of the solution to the focusing problem
may change by the initial data, and there exists a blow-up solution.
When V' = 0, the Cauchy problem (NLSy ) in the energy space H is

. 2 p=1ly —
{ z@tu + 8IU + |u| Uu Oa (t’l') eIx R’ (NLS)

u(0) = up € H'(R).

NLS with the power type nonlinearity arises in various physical contexts such as nonlinear optics and
plasma physics (see [32,29,5] for example). The nonlinearity enters due to the effect of changes in the
field intensity on the wave propagation characteristics of the medium. There are large amount of literature
for Mathematical results about local or global well-posedness, blow-up, scattering to a free solution, and
stability of special solutions like solitary waves for (NLS). We mention the results about global dynamics
for NLS without a potential after introducing several notations.

We roughly explain why the exponent p is restricted to p > 5. NLS without the potential (V = 0) is
invariant under the scale transformation

u(t, z) — uy(t, x) := vﬁ u(v?t,yx), for v > 0.

We note that (NLSy/) with a potential (V # 0) does not have this scaling invariant property. Moreover, a
simple computation gives

2 1
[[uy (0, )l z2 = v~ 2 [[u(0, )| L2
From this identity, we see that if the exponent p > 1 satisfies

%—%:0, i.e.p=2>5,

then L2-norm of the initial data is also invariant. In this sense, the case of p = 5 is called L? or mass-critical
case. And the case of p > 5 (resp. p < 5) is called L? or mass-supercritical case (resp. L? or mass-subcritical
case).

When V' # 0, the potential can be thought of as modeling inhomogeneities in the medium. In [28],
Equation (NLSy ) with V' € L*®°(R) is studied as a model proposed to describe the local dynamics at a
nucleation site. We note that studies of equation (NLSy ) are essential to those of the Schréodinger equation
with an electromagnetic potential in one spatial dimension:
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2
100 + ((,% - iA) v—Vo+ P lv=0, (t,z)€clxR, (1.2)

where v = v(t,z) is a complex valued wave function of (¢t,z) € I x R, and A = A(x) is a real-valued
continuous bounded function of x € R. Indeed, when for any x¢o € R, we introduce the following gauge
transformation v — u as

u(t, x) := exp i/A(y)dy v(t,x),

Zo

we see that v is a solution to (1.2) with the initial condition v(0) = vy € H*(R), if and only if u satisfies
(NLSy ) with ug(z) := exp (z f;o A(y)dy) vo(z) € HY(R).

Next we introduce several notations associated with the Schrédinger operator —92 + V. We assume that
the function V' = V() satisfies

V is real-valued and V € L'(R)+ L>(R). (A1)

Hy and Ly denote the Schrédinger operators defined by

d2

Hy = &
v dx?

+V, and Ly :=1+ Hy,
respectively, with the domain

D(Hy) = D(Ly) := {f € H*(R) : || f]lz, < oo},

where the norm || - ||z, is defined by
13, = e+ [ V@@

For s > 0, H® = H*(R) denotes the usual s-th order L?-based Sobolev spaces. Then both operators Hy,
and Ly are self-adjoint on L?(R). Thus by Stone’s theorem, the Schrédinger evolution group {e=*#v}, g
is generated by Hy on L?(R). Moreover, if V is non-negative, i.e. V' > 0, then both Hy and Ly are
non-negative, i.e. the estimates

(Hv 1, )2 = |00 f|22 + / V(@)|f(x)[2dz > 0

— 00

(Lv f, ez = 172 + (Hy £, f) > || fl|72 >0

hold for any (0 #) f € D(Hy ). Therefore, the fractional operators Hé and Lé are well defined with the
domain

Wi D) = D(ed) = {1 € H®) 1y < oo (13)

<wol=

where the norms || - || and || - ||

L} are defined by

1
2
\4
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oo

=l + [ V@If@)Pd.

— 00

I£113, = Hflli

1
2
\4

We note that the norm || - ||3; is equivalent to the usual Sobolev norm | - ||z1, since V- € LY(R) + L>=(R)
is non-negative and the embedding H'(R) C L°(R) holds due to one spatial dimension. We also introduce
the norm || - || 1 defined by

H

171

1
2
\

= loufle + [ V@@l (1.4)

which satisfies the estimate

10 fllzz < IIAIl 3 < IIF]

1
2
v L

<nl=

1 1
Then we see that H> and Ly, are also non-negative and self-adjoint operator on L?(R).
By using the above properties, we see that if ug € H, then e *#vy belongs to

CR:H)NCYHR : HY),

1

where H™! := {f € S'(R) : || Ly,® f||z2 < oo} and S'(R) denotes a function space of tempered distributions,
and is the unique global solution to the Cauchy problem for the linear Schrédinger equation with the
potential:

i0u — Hyu=0, (t,z)€eR xR, (15)
u(0) =up € H, '

(see [27] for more details for example).
Next we state the local well-posedness result of (NLSy/) in the energy space H.

Proposition 1.1 (Local well-posedness of (NLSy ) in H ). Let V € L' (R)+ L>®(R) be non-negative and p > 1.
Then the Cauchy problem (NLSy ) is locally well-posed in the energy space H for arbitrary initial data
ug € H. More precisely, the following statements hold:

o (Existence) For any 0 > 0 and ug € H satisfying ||uolly < o, there exists a positive time T = T (o) such
that there exists a unique solution u € C(Ir;H) N CH(Ir;H™Y) to (NLSy ), where It := (—T,T).

o (Uniqueness) Let u be the solution to (NLSy ) obtained in the Existence part. Let Ty € (0,T(0)] and
v e C(Ir; H) N CH(Ir; H™') be another solution to (NLSy) on Ir,. If v(0) = ug, then ulr, = v on
ITl .

o (Continuity of the flow map) Let o > 0 and T = T(p) be same as in the Existence part. Then the flow
map

EAf e flln <ot = LU 2 M), Eluo)(t) = u(t)
is Lipschitz continuous.

By the existence result and the uniqueness result, the maximal existence times Ty of the solution are well
defined as
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Ty : =sup{T € (0,00] : there exists a unique solution u to (NLSy ) on [0,T)}
T_ : =sup{T € (0,00] : there exists a unique solution u to (NLSy ) on (=T,0]}.

Moreover, the conservation laws and the blow-up criterion hold:

o (Conservation Laws) The energy E and the mass M are conserved by the flow, i.e.
E(u(t)) = E(uo), M(u(t)) = M(uo), for anyt € Ir,

where the functionals E : H — R and M : L*>(R) — R are defined as

1 1
B(6) = Bv(¢) = 501y — = 19I55 (16)

M(¢) := || #ll72 (17)
o (Blow-up criterion) If Ty < oo, then

li =
im0l = oo,

where double-sign corresponds.

For the proof, see Theorem 3.7.1 in [4] for example, and for the convenience of readers, we give a proof
of the proposition in Appendix A, which is based on the contraction argument with the commutation

1
relation [LZ, e'HV]

HY(R) C L>=(R).
Next we are interested in whether the local solution to (NLSy ) obtained in the proposition can be

= 0, the equivalency between the norms || - HL and || - || g1 and the Sobolev embedding

1
2
14

extended globally or not, and how global solution behaves like, if global solutions exist. Let us recall the
definitions of blow-up, glow-up and scattering. Let u be the solution to (NLSy/) on the maximal existence
time interval (—=7T_,T}).

Definition 1.1 (Blow-up). We say that the solution u to (NLSy ) blows up in positive time (resp. negative
time) if and only if 7'y < oo (resp. T— < o). Then the blow-up criterion implies

I = oo.
i lzu(t)llze = oo

Definition 1.2 (Grow-up). We say that the solution u to (NLSy) grows up in positive time if and only if
T, =00 and limsup ||0yu(t)| L2 = co.
t—+oo

Glow-up in negative time is defined in the similar manner.

Definition 1.3 (Scattering). We say that solution u to (NLSy ) scatters in the energy space H if and only if
Ty = oo and there exist scattering states u4 € H such that the following holds:

|u(t) — e*”H"uiHH — 0, as t = %o0.

Scattering solution to (NLSy ) behaves like the solution to the Cauchy problem (1.5) with the initial data
u4 as t — too.
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Next we recall the results about global dynamics for (NLS). Since a pioneer work by Kenig and Merle [19],
global dynamics of solutions to focusing nonlinear Schrédinger equations with the initial condition below
a ground state have been studied. Holmer and Roudenko [11] studied global dynamics of solutions to the
focusing cubic semilinear Schrédinger equation in three spatial dimensions. They proved that if the initial
data ug € H}(R?), where H}(R?) := {f € HY(R?) : f is radially symmetric}, and satisfies the following
condition

M (uo)Eo(uo) < M(Q1)Eo(Q1), (1.8)

where )7 is the corresponding ground state, then the following relations hold:

luoll 2 Vuoll e < [|Q1ll 2 V@1l 12 <= wu scatters in H}(R?) as t — oo,
lluoll L2 |Vuoll 2 > Q12 |VQill 2 <= wu blows up in both time directions

Duyckaerts, Holmer, and Roudenko [7] extended the scattering result to non-radial data in H'(R?), and
Holmer and Roudenko [12] treated non-radial data in H!(R3) which belongs to the above blow-up region
and proved that the local solution blows up in finite time or grows up at infinite time. Fang, Xie, and
Cazenave [8] extended the scattering result of [7] and Akahori and Nawa [1] extended both scattering and
blow-up results of [7,12] to the mass-supercritical and energy-subcritical Schrodinger equations in general
dimensions, i.e. 1+% <p<1+ﬁ ifd2301‘1+% <pifd=1,2.

Next let us recall several related results for NLS with a linear potential. Banica—Visciglia [3] studied
the mass-supercritical defocusing Schrodinger equation with a repulsive Dirac delta potential in one space
dimension and proved that all solutions scatter in the energy space H'(R) as t — £oco. On the other hand,
the author and Inui [15] studied the focusing Schrodinger equation with a repulsive Dirac delta potential in
one space dimension, and proved the similar result obtained in [1], that is, a scattering result and a blow-up
result below the ground state without the potential. They also classified global dynamics of the solution up
to twice times above the ground state without the potential, if the initial data is in H}(R). We note that
Inui [16] studied global dynamics of solutions to some extent above the ground state without the potential
to NLS with the initial data which have several symmetries (see also [23,24] and the references for above
ground states). Hong [13] studied global dynamics of solutions for the cubic focusing Schrodinger equation
with a linear potential in three spatial dimensions and proved the similar result obtained in [20,15] if the
potential belongs to the Kato-class.

1.2. Main results
We state our main results in the present paper. The following theorem gives dichotomy between an upper

bound and a lower bound of solutions below the ground state (1, where @, is the unique positive radial
solution to (1.1) and can be written explicitly by

Q) = {(p—i_zl)wsechg ((p_;)\/a|x|>}ﬁ, (1.9)

and uniform bounds connected to a functional Py : H*(R) + R. Here Py is defined by

p—1
Po(9) i= 1001122 = 505 Iolzess

is related to Virial Identity (Lemma 3.1).
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Theorem 1.2 (Dichotomy between an upper bound and a lower bound of solutions and uniform bounds
connected to the functional Py). Let p > 5, V € LY(R) 4+ L¥(R) be non-negative, ug € H and u be the
unique solution to (NLSy ) on the mazimal interval I = (—=T_,T,). Moreover we assume that ug satisfies

M (uo)? Ev (ug) < M(Q1)7 Eo(Q1), (1.10)

where 0 = o(p) := ;%g and Q1 € HY(R) is defined by (1.9) with w = 1. Then the following holds:

(1) If up satisfies

ol || wo|| , < 1172 10 @1l e (1.11)

then Ty =T_ = oo and u satisfies
luolZ2 || u®)| , < 1172 10.@ul e (112)
28y () < |30 < 22 By (o) (1.13)

for any t € R. Moreover, if ug # 0 and V. € LY(R), then there exists 6o > 0 depending only on
D, IV, uo, Q1 such that the estimate

Py(u(t)) = b (1.14)
holds for any t € R.
(2) If up satisfies
ol | Féuo| , > IQulIg: 10: Q12 (1.15)
then u satisfies
luoll72 [E3u®)| | > 1QUIT: 10:@ull e (1.16)

for any t € 1. Moreover, there exists 61 > 0 depending only on p,V,ug, Q1 such that the estimate
Po(u(t)) + / V(2)|u(t, z)Pde < =6, (1.17)

holds for any t € I.
(3) The equality

1
uollZ2 | Huol 2 = (@172 10-Qu | 22,
s impossible.

Next we state a scattering result and a blow-up or grow-up result of solutions to (NLSy ) under an
additional assumption on the potential V', that is

V is differentiable in a distribution sense and V' € L*(R) + L*(R). (A)
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Theorem 1.3 (Scattering and blow-up or grow-up results below the ground state). In addition to the assump-
tions of Theorem 1.2, we assume that the potential V satisfies (A). Then the following holds:

(1) If ug satisfies (1.11) and V and V' belong to L}(R), where L(R) denotes the weighted Lebesque space
given by

Li(R) = {f € L'(R) : [|(1 + |- Dfllz+ < oo},
and s repulsive, i.e.
2V'(z) <0 for a.e. v € R,
then the global solution u scatters in H as t — +o0o. Moreover, there exists 1+ € H'(R) such that
JimfJu(t) = " | = 0. (1.18)
(2) If ug satisfies (1.15) and the potential V satisfies the inequality

—aV'(z) —2V(x) <0 for a.e. v € R, (1.19)

then one of the following four cases occurs:
(a) The solution u blows up in both time directions.

(b) The solution u blows up in a positive time, and u grows up in negative time.
(¢) The solution u blows up in a negative time, and w grows up in positive time.
(d) The solution u glows up in both negative and positive time.

Theorem 1.4. In (2) in the above theorem, we further assume that xug € L?(R). Then we can prove that the
solution blows up in a finite time in both time directions, namely we can exclude the possibility that (b)—(d)
(grow-up) occurs.

Remark 1.1. The scattering result to the free solution (1.18) in L?(R)-topology can be proved in the similar
manner as the proof of the scattering result (1-30) in [30], since the wave operator lim;_, o, e!*V 9% is well
defined and bounded in LP(R) due to V € Li(R) (see [10]). Moreover the convergence can be extended to

1 1
H*-topology via a density argument and the Sobolev inequality || f|| g2 < C||f| 321 f||7: for f € H*(R).

Remark 1.2. In (2) in the above theorem, even if uy and V are restricted to radially symmetric functions,
it is not known whether we can exclude the possibility that (b)—(d) (grow-up) occurs or not, because we
consider one spatial dimension (see [25,26]).

Remark 1.3. We define a function V : R — R as

e * x>0,
Viz) = { e’ x <0.

Then V satisfies the all assumptions in (1) in Theorem 1.3.

Remark 1.4. Condition (1.19) and V' > 0 are equivalent to

> V(sgnz)

X .
< Vegmn) g <1
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Thus from this inequality, we see that

/xV(m)d:v > V(1)[log z]5=%° = oo,

1
which implies that V ¢ Li(R).

In the mass-critical case, i.e. p = 5, we can also prove the following blow-up or grow-up result in the
same manner as the proof (2) in Theorem 1.3, though a scattering result for large data is not known in the

mass-critical case.

Corollary 1.5 (Unboundedness of solutions in the mass-critical case p = 5). Let p = 5, V be non-negative
and satisfy (A) and (1.19) and ug € H satisfy Ey (ug) < 0, then the same conclusion as (2) in Theorem 1.3
holds.

Theorem 1.2 and Theorem 1.3 can be written into another equivalent form. To state the results, we
introduce several notations. Let w be a positive parameter and denote the frequency. We introduce the
action S, v : H — R and the Nehari functional I, : # — R defined by

= — w - l 2 Wiz L +1
5u(0) = S (6) = B(0) + §M(8) = 50l y + ol — < hollE (1.21)
1 17 1
= Lioeolls + 5 [ V@l + £ ol - — ol
1(9) = Lo (8) = 617, +wlls — ol (1.22)

—lonole+ [ V@lo@)Pde + ool ~ 415

We often omit the index V, if it does not cause a confusion. We sometimes insert 0 into V, such as S, o
and I, o, to employ known results for the nonlinear Schrédinger equation without the potential.
We study the following two minimizing problems

Ny = Ny v = Inf{S,(¢) : p € H\ {0}, I, v(¢) =0}, for V #0, (1.23)
ly =Ny = inf{S, () : ¢ € H(R) \ {0}, L, 0(¢) = 0}. (1.24)

l,, is the minimizing problem for the nonlinear Schrédinger equation without the potential and it is well
known that I, is positive and is attained by the ground state @, (see [31] for example). On the other hand,
we can prove the following properties for n,.

Proposition 1.6. Let w > 0 and V € L*(R) be non-negative and p > 5. Then the following statements are
valid.

(1) ny =lw.
(2) ny is not attained, if u({x € R: V(x) #0}) >0,

where p denotes the Lebesgue measure.
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Next, in order to rewrite Theorem 1.2 and Theorem 1.3 into another form, we introduce the following
subsets in H.

,/\/;j ={p eH:Suv(p) <ny, L,v(p) >0},
NL; = {QD cH: SW,V(SD) < nwaIw,V(SD) < 0}

These subsets satisfy the relations {¢ € H : S, v(¢) < ne} =N UN, and NF NN = 0. The following
equivalency hold:

Proposition 1.7. Under the same assumptions as in Proposition 1.6, let ¢ € H and let Q1 € H*(R) be
defined by (1.9) with w = 1 and n,, be given by (1.23). Then the following two statements are equivalent:

(1) ¢ satisfies the estimate (1.10) with a replacement ug into .
(2) There exists w = w(p,p) > 0 such that S, v(p) < ng.

Moreover, the following equivalency also holds:

o satisfies the estimates (1.10) and (1.11) with a replacement ug into @, if and only if there exists w > 0
such that ¢ € NT.

e satisfies the estimates (1.10) and (1.15) with a replacement ug into @, if and only if there exists w > 0
such that p € N .

Especially, in order to prove the scattering result in Theorem 1.3, we use the above equivalency.
1.8. Strategy and difficulties for the proof of the theorems and idea to overcome them

The strategy of the proof of the dichotomy between an upper bound and a lower bound of solutions in
Theorem 1.2 is based on combining the conservation laws of solutions to (NLSy ), the Sharp Gagliardo-
Nirenberg inequality (2.1), the Pohozaev identity (2.2) and the continuity argument of functions. The
similar arguments were used to prove Proposition 3.4 in [20] and Theorem 1.3 in [13] respectively. In order
to prove the uniform bounds of the functionals (1.14) and (1.17), besides using them, the upper bound
(1.12) and the lower bound (1.16) of the solution respectively and Sobolev’s inequality are also employed.
Virial Identity (Lemma 3.1) with the uniform bounds (1.14) and (1.17) is used to prove the scattering
result in Theorem 1.3, especially rigidity theorem (Proposition 5.15) and the blow-up or glow-up result in
Theorem 1.3 respectively. Different from our arguments, in the previous results [14,15], the uniform bounds
of the functional Py (V =0 in [14], V = §y (Dirac’s delta) in [15]) are derived (see Lemma 2.12 in [14] and
Proposition 2.18 in [15] respectively) and utilized to prove the scattering result and the blow-up or glow-up
result for their problems, where

oo

2 1 p—1 1
Poe) = 10sl = 5 [ sV @lot@)Pde - 2 ol

—0o0
However it is difficult to derive uniform bounds of the functional Py, in our case because of existence of the
term zV’ as the second term. To overcome this difficulty, we derive the uniform bounds of the functionals
(1.14) and (1.17) and apply them to prove the scattering result and the blow-up or glow-up result in
Theorem 1.3 respectively.
In order to prove the blow-up or glow-up result in Theorem 1.3, besides the uniform bound (1.17), we
mainly follow the approach by Du-Wu-Zhang [6] with the assumption of the potential V, i.e. zV’(x) +
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2V (z) > 0 for a.e. z € R, who proved the similar unboundedness result for the energy-critical or energy-
supercritical Schrodinger equation without the potential by using the localized virial identity (Lemma 3.1)
with an appropriate cut-off function similar to 2 near the origin x = 0.

Our proof of the scattering result in Theorem 1.3 is based on the argument by Kenig-Merle [19], (1.
dispersive estimates, 2. Strichartz estimates for non-admissible pairs, 3. small data scattering, 4. linear profile
decomposition, 5. nonlinear profiles, 6. perturbation lemma, 7. critical element, 8. rigidity theorem). They
proved the scattering result below the Talenti function to the energy-critical focusing Schrédinger equation
in H}(R?) in d = 3,4, 5. Their argument is utilized to prove scattering results for other nonlinear evolution
equations including the cases of existence of potentials (see [3,20,13,15,21] for example). In order to apply
their argument, we rewrite the conditions on the initial data in Theorem 1.2 into another equivalent form
by using the frequency parameter w (see Proposition 1.7). To do so, we investigate the minimizing problems
for both (NLSy/) and (NLS) (see Proposition 1.7). We note that Proposition 1.7 is also utilized to construct
a critical element (see Theorem 5.12), more precisely, appropriate nonlinear profiles (see Theorem 5.12),
which is also quite different part from the defocusing case [21].

1.4. Construction of the paper

In Section 2, we give a proof of Theorem 1.2. In Section 3, we give a proof of the blow-up or glow-up
result in Theorem 1.3. In Section 4, we give a proof of Proposition 1.7 and also prove several variational
structures. In Section 5, we give a proof of the scattering result in Theorem 1.2.

2. Proof of Theorem 1.2

In this section, we give a proof of Theorem 1.2. The main ingredients for the proof are the Sharp
Gagliardo-Nirenberg inequality (2.1), the conservation laws in Proposition 1.1, the Pohozaev identity (2.2),
the continuity argument and the Sobolev embedding H*(R) C L*(R).

Proof of Theorem 1.2. First we note that the Sharp Gagliardo-Nirenberg inequality (see [31]) gives

pt3
171758 < Canllfll 2 19:71,7 (2.1)
for f € HY(R). Here Can = Can(p, Q1) is given by
QL ) 1

Caon =

p—5"

=] p—1 _
IQulsE 0.7 P (IQulF10:Qulz2) =
where we have used the Pohozaev identity

2(p+1
lQuP, = ; )16, Q1 2. (2.2)

We also note that since V' is non-negative, the estimate

102 fllcz < |1 H fllz2 (2.3)

holds for f € H. Since u € C(I : H) is a solution to (NLSy) on I, we can apply the estimates (2.1) and
(2.3) and the L2-conservation law to obtain

1 2(p+1) 1
u(t) |7 ren <

p+3 1 p1
P=1 (|Q1]1%.110:Qull )%HuollLs |HEu(t)]|3 o
12 119z1| L2
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for t € I. Next for k > 0, which will be chosen appropriately later, we introduce a function h : [0,00) — R
defined by

1 2 -
h(z) == —2% — ﬁx%, for x € [0, 00).

2 (p—1)K"2

By differentiating the function h with respect to z, we have

— -5
— — e xpT), for x > 0.

2 K 2

Since p > 5, we find that A’ > 0 on (0,x) and A’ < 0 on (k, 00), which implies that f is increasing on (0, k)
and f is decreasing on (k,o0). Therefore we have

h(z) < h(k) = maxh(x), if z # k.

x>0

Moreover since u belongs to C(I : H), we can define the following continuous function g : I — [0, 00) given
by

1
9(t) = [luol|Zz | HGu(t)]| L2 € C(I).
We note that the Pohozaev identity (2.2) again implies

-5
%@nzﬁfﬁ@@m- (2.5)

Here we choose k > 0 such as
k= [|Q1]|7210:Q1 || L2

Then we have

m@zii%ﬁzM@m%@m

Noting that 20 + p—;‘?’ = w7 by the assumption (1.8), the energy-conservation law and the estimate
(2.4), we have

h(k) = M(Q1)7 Eo(Q1) > M(ug)? Ev(uo) = M(uo)” Ev (u(t))

20 )13 2 2 B2 s Bt
2 [luollz2 § SIHHVu()lz2 — ————F=lluoll 3 [[HFu(®)ll2
2 (p—1)K"2
= h(g(t)), fortel.
From these facts, we see that for any ¢t € I,
either ¢g(t) < k or g(t) > K (2.6)

is valid, which implies that g(t) # . Noting that the equivalency

1
9(0) = r <= [luollZ= | H uoll 2 = [|Q1 |72 1102Q1 ] 2
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holds, we find that the right condition is impossible. If ug satisfies (1.15), then g(0) > . By the continuity
of the function ¢ and the relation (2.6), we have g(t) > & for ¢ € I, which implies that (1.16) holds for ¢ € I.
On the other hand, if ug satisfies (1.11) holds, then g(0) < k. By the continuity of the function g again, we
have g(t) < k for any t € I. Thus since V' is non-negative, if ug # 0, then we have

QL2
[[uol| >

which implies that T4 = oo by the blow-up criterion in Proposition 1.1, and u satisfies the estimate (1.12).

N o
10zu(t)|[L2 < [[HFu(t)|L2 < ( ) 10:Qu L2, fort e,

In the case of ug = 0, it is easy to see that T4 = oo and (1.12) holds. Next we prove the inequalities (1.13).
The left inequality is easier to prove. Since we are considering the focusing case, the energy conservation
law gives

- 2 1 p+1 3 2
By (uo) = By (u(t)) = S [[Hpu(t)||72 — —[lu(®)[|],5: < IIHVU( M1z,
2 p+1 2

which implies that 2F(ug) < ||Héu(t)||%2 for any ¢ € R. On the other hand, by the estimates (2.4) and
(1.12), we have

p—5

p+1 ug |72 H%ut 2 1 2(p+1 L
lu@lzt, < (p ){” ollz: | Hv ””L} | a2 < (p g2 @)

-1 [Q11F2110:Q1]| 2

for any t € R. By the energy conservation law and this estimate, we obtain

By (o) = By (u(t) > g HEu(t) [ — | HEu(t) s = 52— | Hfu(r)} (28)
Vito \4 =9 14 L2 p*l 14 L2 2(p71) Vv L2 .
for any ¢ € R. By this estimate and p > 5, we have the right inequality of (1.13).
Next we prove (1.14). By the sharp Gagliardo-Nirenberg inequality (2.1), the mass conservation law, the
Pohozaev identity (2.5) and the right estimate of (1.13), we have

b1 2p+1) [ M) Bw) T
futolt, < 20 TR oo (29)

for any ¢t € R. We note that since ug # 0, by the estimate (1.13), we have Ey(ug) > 0. In the case of
V € LY(R), we can prove that there exists § > 0 depending only on ||V||z1, ||ug|/z: and Ey (ug) such that
the estimate ||0,u(t)||zz > & holds for any ¢ € R. Indeed, since V € L(R), by the estimate (1.13), the
Sobolev inequality || f||2« < ||f|lzz]|0xf| L2 due to f € H'(R), and the mass conservation law, we have

o0

2By (uo) < [|0zu(t)|Z + / V(@)dallut)|[i < 0w 72 + VL w2 [0zu(t)]| 2

— 00

= 10zu()|Z> + [V I|z1 [uoll 2 [ Oau(t)l| e,

which implies that

— IV fJuollz + /(IVII L1 [uoll2)? + 8By (uo)
2

[0zu(t)|| 2 = =6 >0, (2.10)

for any t € R. By the estimates (2.9) and (2.10), we have
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p—5

Po(u(t)) > [1 - {%}_] 10su(t) 22 > [1 - {%}_] 5= 6o,

for any t € R.
Finally we prove (1.17). By the definitions of the functionals Py and Fy, and the energy conservation
law, the identities

4 Po(u(t))—i-/V(x)|u(t,ac)|2d:6
= 2(p— 1)y (uo) — (p — 5)0u(t)[| 32 — (p — 5) / V(a)[u(t,z)*dz
= 2(p— 1) By (uo) — (p — 5) | HEu(t)|2: (2.11)

hold for any t € I. Here by the assumption (1.10) and ug # 0, we can choose £; = (ug, @1, V,p) > 0 such

(o

as

Then the estimate

By (uo) < (%gg;)an(Ql) — &1 (2.12)

holds. Moreover by the estimate (1.16) and ug # 0, the inequality

M(Q1)
M (uo)

VHEu()]2e > ( ) 10,0112 (2.13)

holds for any ¢ € I. Here we choose d; = §(ug, @1, V,p) > 0 such as

-1
51::]92 1.

Then by combining the estimates (2.11), (2.12) and (2.13) and the Pohozaev identity (2.2), we have

M(@Q1)

M (ug)
— 2(p — 1)81

= —2(p— 1)e1 = —d1,

(the left hand side of (2.11)) < ( ) {2(p = 1)Ep(Q1) — (p — 5)”@@1”%2}

for any ¢ € I, which completes the proof of the proposition. O
3. Proof of the blow-up or glow-up result
In this section, we give a proof of the blow-up or glow-up result of Theorem 1.3 by mainly following the

approach by Du-Wu-Zhang [6]. We note that one of the assumptions of the potential V', i.e. zV'(x)+2V (x) >
0 is used to deal with R4 in Lemma 3.3 and the uniform bound (1.17) of the functional is used to derive



16 M. Ikeda / J. Math. Anal. Appl. 503 (2021) 125291

(3.9). The approach is based on the following localized virial identity, which is also applied to prove the
rigidity theorem (see Proposition 5.15) in the proof of the scattering result.

Lemma 3.1 (Localized virial identity). Let p > 1, V. € L'(R) + L>(R) be real-valued and satisfy V' €
LY(R)+L*®(R). Letug € H andu € C(I : H)NCY(I : H™Y) be a solution to (NLSy ) on I. For ¢ € W*°(R),
set

Z(t) = Zy[u] /¢ Vu(t, z)|?dz, fortel.

Then T € C%(I) and the identities

Z'(t) =2Im | ¢'(z)u(t, z)d,u(t, z)dx, (3.1)
(¢ /¢" |8utm|dm—2/¢ Dult, )[2dz (3.2)

— p+1 /(;5" Yu(t,z)[PHde — /(;5 ) () |u(t, x)|*dx

R

hold fort e I.

For the proof of this lemma, see [4] for example. For convenience of the readers, we give a formal proof
of the lemma in Appendix.

In the following, we only consider the positive time direction, since the negative time direction can be
treated in the same manner.

Lemma 3.2. Let p > 1, V € L*(R) + L*°(R) be non-negative, ug € H\{0}, and u be the solution to (NLSy )
on [0, Ty). We assume that Ty = oo and

Co:= sup |0pu(t)] = < oco.
te[0,00)

Then there exists a constant C7 > 0 such that forn >0, R >0 andt € [O, IIuo\IU%} , the estimate
L

lu(t, z)*de < or(1) +n (3.3)

|z|>R
holds, where og(1) denotes a function of R satisfying og(1) — 0 as R — oo.

Proof. Let R > 0. We can construct a function ¢* = ¢}, € C*°(R) satisfying 0 < ¢*(z) < 1 for any z € R
and

0, 0<l|z]<£ do* &

1y )Y 2 <1

o'@) {1, o W )| < <,

where C is a constant independent of z and R. Since ¢! € W*4>°(R), Lemma 3.2 implies that Z(t) belongs to

C1([0,0)). By the fundamental formula, the identity (3.1), the Hélder inequality and the mass conservation
law, we have
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t
T(t) = Ty [u](t) = +/I’ \ds < Z(0 /|z’ J|ds

0
<Z(0) + || Sup [u(@)ll 2 10zu(t)]| 2

lug||z2CoC1t

<Z(0)+ 7 ,

teR,,

where Ry := [0, 00). Since u(0) = uy € H C L?*(R), by a property of the function ¢1, we have

_ /¢1(x>|u0(x)\2dx - / luo () 2dz = op(1) as R — oo.
|z|>&
Moreover we note that by the properties of the function ¢, the estimate [, [u(t, z)|*dz < Z(t) holds for
any t € Ry. Therefore, by combining the above inequalities, we obtain (3.3), which completes the proof of
the lemma. 0O

Next we introduce another function ¢? = ¢% € C§°(R) such that

d¢2 d2 ¢2 d4¢2
o< < [T G5 <2

and

Then we have the following lemma.

Lemma 3.3. Besides the assumptions in Lemma 3.2, we assume that the potential V is differentiable in the
distribution sense and satisfies xV' € L'(R) 4+ L>(R) and the estimate

zV'(x)+2V(z) >0 for a.e. z € R.

Then for ¢ > p + 1, there exist constants Cy = Cu(p, ¢, ||uollr2, Co) > 0 and 8, = 64(p) > 0 such that for
any R >0 and t € R, the estimate

oo

o2 [ul(t) <8 Po(U(t))+/V(ﬂf)IU(tax)Ide + Ca [ |5 gy + AR w3 a1 )

—0o0

+20s[|xV|| 14 Lo (JJuol 22 4+ Co)llu(®)] L2(jo|>R)

holds, where 8, := % € (0, z%}

Proof. Since u is the solution to (NLSy-) on Ry, the localized virial identity (3.2) with ¢ = ¢? € W4 (R)
can be applied to obtain

oo

(1) = &Hw=8%wm+/wmwmmx (3.4)

— 00
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+R1+Ro+Rs+ Ry, fOTt€R+,

where Ry, = Ri(t) (k =1,2,3,4) are defined by

Ry = 4/{%(@ - 2} Ou(t, 7)[2dx,

d2¢2 +1
Ro = p—l—l /{ de —2} |u(t, )P dx,
R

_ / 6@ () u(t, z) *dz,
R

2 o0
Rii= -2 [ L@V @luta)Pda -3 [ Violu(t.o)Pd

dxr
R

Due to d;ff ()| < 2, the estimate Ry < 0 holds for ¢t € R;. Next we estimate Ro. We note that since
q > 2, the Gagliardo-Nirenberg-Sobolev inequality can be applied to get

[fllze < CHfH 1o Az (3.5)
for any f € H'(R), where C' depends only on g. Thus due to p > 1, for any q € [p + 1,00], by the mass
conservation law ||u(t)||rz = ||uo||zz and the estimate (3.5), we have

a+2
sup [[u(t)||lze < C sup [lu(®)] 2 [|0zu(t )||L“ < Cllug| 7 O =, (3.6)
teR teR

where C5 depends only on g, ||ug||r2 and Cy. We also note that due to ¢ > p + 1, by the Holder inequality,
the estimate

‘9(1 —Yaq
||f||LP+1(\ac|>R) < Hf”Lz(\sz)||f||Lq(\m\>R)

is valid for any f € L*(|z| > R) N L4(|z| > R), where 6, := = 2@} o (0,1]. By these estimates, we have

(¢=2)(p+1)
2p—1) [ [d°¢*
R /{ Tz (@) = 2¢ lu(t )" de
R
8(p—1
< 75574_ 1> / lu(t, z) [P+ da
|z|>R
8(p—1) (p+1)( (p+1)64
- p+1 || ()||qu(\x\>R) || ()||Lp2(|x\>R)
8(p — 1)) L,
< e LI | for t € Ry

Moreover, we estimate R3. By the properties of ¢, we have

A2 _ _
Rz = 7/ I (z)|u(t, z)|*dz < 4R™? / lu(t, z)|>de = 4R~ ||u(t)||2L2(|Z‘>R).

R |z|>R
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Finally we estimate R4. By the Gagliardo-Nirenberg-Sobolev inequality, the inequality

11T (o) < NF 2> ) 102 Fll L2 0)> ) (3.7)

holds, for any f € H'(|z| > R). Since the potential V is non-negative and satisfies
2V'(z) +2V(x) >0, forae x€eR,

by the properties of the function ¢?, the estimate (3.7), we have

Ry = —4 / (2V'(2) + 2V (@)} u(t, ) [2dz

|z|<R
-8 / V(z)|u(t,z)|?dx — 2 / ilif(x)v/(mﬂu(t, z)|?dx
|z[>R |z|>R

<20, / eV (2) | u(t, 2)[2da

|z|>R
<2052V || L1 (jaf> By + Lo< (2> ) 1) | L2 12y R) (1) L2 (12> R) + 1020() | L2(12)> R))
< 2Co||xV' || L1y roo (luoll 22 + Co)l[u(t) || L2 (2)> )
which completes the proof of the lemma. O

We prove the blow-up or grow-up result (2) in Theorem 1.3 by using Lemmas 3.1, 3.2, 3.3.

Proof of (2) in Theorem 1.3. Let ug € H and u € C(I : H)NC*(I : H~1) be the unique solution to (NLSy/)
on I := (=T_,T}) obtained in Proposition 1.1. In the following, we only treat the positive time direction,
since the negative time direction can be treated in the same manner. On the contrary, we assume that
T = oo and sup,eg, [|0zu(t)||p2 < oo, where R := [0, 00). Then we can define Cy € (0, 00) such as

Co = sup [|0zu(t)] - -
t€R+

Since ug satisfies the assumptions (2) in Theorem 1.2, there exists §; > 0 independent of ¢ such that

Po(u(t)) + / V(x)|u(t, z)|?dex < —6;, forallte Ry, (3.8)

By Lemma 3.3 with the estimate (3.8), we have
04 - 2
I'(t) = Tp[ul(t) < — 801 + Ca llull b 5 ry + 4R [[ullz2(op> )
+2C[lzV [ Lr s (luollL2 + Co)lu®) L2 (o> r),  for any t€ Ry, (3.9)

where Cy, Cy > 0 and 6, are given in Lemma 3.3. Here since 6, > 0, we can take 19 = n9(d1) > 0 sufficiently
small such as

1 9 1
Cing® +2m0 + {2Ca]|zV"| 1y ree (o]l 2 + Co)}2ng < 61 (3.10)
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By Lemma 3.2 with n =19 and R > 1 and by the estimates (3.9)-(3.10) on R, we have

I"(t) < =761 + or(1), forte[0,T], (3.11)
where T'= T'(R) is defined by
noR
T=T(R):= 1"
= ol 2o

due to ug # 0 and C7 > 0 is given in Lemma 3.2. By integrating the inequality (3.11) twice with respect to
time over [0, 7], we get

I(T) < Z(0) + Z'(0)T + %(—751 +0r(1))T?, for R>1.
Here we take sufficiently large R = R(d1) > 1 satisfying
—7651 + or(1) < —66,.
Then we get

o ’ 2
IM<I0)0+ —————T7T(0OR—agR*, R>1, 3.12
(1) 70+ T OR o (.12

where « is defined by

36113
ap = —=0 >0,
[[uol|7.CECT

and is especially independent of R. We can prove that Z(0) = or(1)R? and Z'(0) = or(1)R as R — oo.
Indeed, since ug € L%(R), by the properties of ¢?, we have

7(0) = / 62 () |uo (2)[2dz < / 22| () 2dz + / 22[uo(z)2de
|z|<2R |z|<VR VR<|z|<2R
< Rljuo|2» + 4R’ / luo () 2dz = op(1)R?, as R — oo.
VR<|z|

And since ug € H C H'(R), by the identity (3.1), the properties of ¢? again and the Schwarz inequality,

we have

, d¢? d¢?
rol< [ %m o) ra(olde+ [ \di;m o (2) |9 () d
|z|<vVR VR<|z|<2R
< Cy / 2] tp ()] | Do ()| + Ci / 2] o ()] B0 () iz
lz|<VR VR<|z|<2R

< Cs|uol| 2 H@xuOHLz\/ﬁ + 2C3R / |uo(2)||Ozuo(x)|dx
VR<|x|
= OR(l)R.
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Therefore by (3.12) and these estimates, we see that
Z(T) < or(1)R?* — apR?* = (or(1) — ag)R?, as R — oo.

We take R > 1 sufficiently large such that og(1) — ap < 0. However, this contradicts Z(T) =
fR ¢*(2)|u(T, z)|?>dz > 0, which completes the proof of the blow-up or glow-up result in Theorem 1.3. O

4. Minimizing problems and variational structure
4.1. Minimizing problems
Let o, 8 € R. For any function ¢ and A € R, we define a scaling transformation

o3 (x) = e e M)

For any functional S : H*(R) — R and )¢ € R, the operator E‘;(’)’B is defined as

d
£375(6) = 7565 amna: (4.1)
LPS(¢) = LTS (9). (4.2)

Let w > 0. We introduce the functionals K&# : HY(R) — R as follows:

KSP() = K2 (0) 1= L2 S0(6) = xS (e® d(e™ ")) a0

200 — 2 ®
= 210,00+ 2R Lol + [ V@lo)Pds 43)
i 1
+g / oV (@)oo e - LD o,

We note that the third term and the fourth term in the right hand side of (4.3) are well defined if V' €
LY(R) + L*°(R) and 2V’ € L'(R) + L*>(R) respectively.
In the following, we always assume that (o, ) satisfies the following conditions:

a>0, <0, 2+ >0. (4.4)

We especially use the following two functionals H*(R) — R:

1 (o)
P(6) = Py(9) :=K3/27—1<¢>=||aw¢||iz—§_4 oV @lo(@)Pde - g ol @)
L(8) = L (8) = K3*(0) = 0.1} + [ V@lo(@)Pdo -+ [0l - [0l (46)

P is well defined if 2V’ € L}(R)+ L>°(R), is related to the virial identity (Lemma 3.1), and is used to prove
the blow-up result and the extinction of a so-called critical element (see Proposition 5.15) in the scattering
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result. 1, is well defined if V € L*(R) 4+ L>(R), is called Nehari functional, and is used in the variational
argument and the linear profile decomposition (Proposition 5.7).
For w > 0, a € R, we also introduce the functional J,, : LP*1(R) ~ [0, 00) defined by

1

—1
Jo(@) = I20(0) = 5u(6) = 5. K2°0) = 505 I3 (4.7)

Remark 4.1. The reason why we restrict 5 = 0 in the definition of J,, is that J ‘B/ (¢) might be negative
if 5 < 0 and ||¢||g1 is small, which is different from the case without a potential or with a Dirac’s delta
potential (see Section 2 in [15]).

Next, we see that K27 is positive near the origin in H*(R) under the assumption (4.4).
Lemma 4.1. Let w > 0, p > 5 and (o, B) satisfy (4.4). Let V. € L*(R) + L*(R) satisfy V > 0. If B < 0,
then we further assume that xV' € L*(R) + L*®°(R) and V'(x) < 0 for z € R. We assume that {¢n }nen C
HY(R)\ {0} be bounded in L*(R) such that ||0y¢yn|l 2 — 0 as n — co. Then K&P(¢n) > 0 for sufficiently
large n.

This lemma is proved in the similar manner as the proof of Lemma 2.1 in [14] and Lemma 2.2 in [15].

Proof. Noting that p > 1, the Gagliardo-Nirenberg inequality gives

p=1 pt3
1155 < Colldafll 2 IIFILE

for f € H*(R), where Cj is dependent only on p. By this inequality and the assumptions of w, p, (a, 3) and

V', we have
2a—f (p+1a+p 1
a, > 22 o p+
E57(¢) 2 —5—10:0lL o1 @I+
20— B > Collp+1a+p} Bl BER
> 2 T g g 3 .
> —5— 1029z P 1020 2 [l (4.8)

for any ¢ € H*(R). Since {¢,, }nen is bounded in L?(R), there exists a constant C; such that
Cy = sup ||@n||r2 < oo. (4.9)
neN

Since [|0,¢nllL2 — 0 as n — oo, there exists N = N(«, 8,p) € N such that for n > N, the estimate

(4.10)

200 — +1 v
Haa;(z)n“L? < { a4 i ’ pt3 L }
CoCy® {(p+ Da+ B}

holds. Noting that 0,¢, # 0 for any n € N and p > 5, for n > N, by combining the estimates (4.8)-(4.10),
we have

20—, o CollotDa+p) e e
a,f > _ p} P}
K57 (fn) = D) |0z ¢nl 72 p+1 Haﬂcd)n”m ||¢nHL2
oz (20=B oot Dat By ea e
~ o003 (7 200 0,601, onl
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pt3

20— B  CoCr? (p+1a+p p=s
|ax¢n||%z< R T ||ax¢w)

Y

2

v

- B
2 0unl3e >0,

which completes the proof of the lemma. O

For w > 0 and a > 0, we study the following minimizing problems:
ng =ngy = inf{S,(¢) : o € H\ {0}, KS°(¢) = 0}, (4.11)
19 =% = nf{S,0(0) : & € H'(R)\ {0}, K30(6) = 0}, (4.12)

If « = 1, then these are nothing but n,, and [, respectively. We prove that these minimizing problems
are independent of « and Proposition 1.6 in the following.
We prove that n® = 1 and n®# is not attained. To do so, we introduce

j& =it {J55(6) - & € H\ {0}, KZp(6) < 0},
where w > 0 and o > 0.
Lemma 4.2. Let w > 0 and o > 0. Let V € L*(R) + L*(R) be non-negative and p > 5. Then we have

15 =i

Proof. First we prove jg < [7. By the definitions of jg and Jg ,, we have
js < mf{JS5(@) : 6 € H\ {0}, KS5(¢) = 0}
= inf{Su0(0) : ¢ € H\ {0}, K5 () = 0} =I5

Next we prove [2 < j2. In the proof, the assumptions are used. Let ¢ € H \ {0} such that Kfj:g((ﬁ) <0.If
Kﬁ”S(gb) = 0, then by the definition of [ and J, we have

w,0”

18 < Suo(e) = IS0 (0).

If Kﬁ:g(gb) < 0, then there exists A, € (0,1) such that Kfj:g()\*qb) = 0. This follows from the continuity of
the function A — Kf)"’g(/\gb) and the fact that Kf)"’g()@) > 0 holds for small A € (0,1) due to Lemma 4.1.
Since the function A — Ji’g()\g{)) is monotone increasing on [0, 00) and A, € (0, 1), the relations

12 < Swo(Ad) = J30 (Aeo) < TS0 (0)

hold. Namely, for any ¢ € H \ {0} satisfying Ks:g((é) < 0, the estimate [* < Ji}?((ﬁ) holds, which implies
[& < 4%, which completes the proof of the lemma. O

For y € R, we introduce the translation operator 7, defined by

(ty)(z) == ¢(z —y), forxzeR.

Proposition 4.3. Addition to the same assumptions as in Lemma /.2, we assume that V € L'(R). Then the
identity holds:
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Proof. First we prove n® > [2. Take ¢ € H\ {0} arbitrarily such that K2°(¢) = 0. Since V is non-negative,
the estimates K2 (¢) < Kg?, (¢) = 0 hold. Thus Lemma 4.2 gives

18 =35 < J30(0) = I (9),
which implies that

18 <inf{J2V(¢) : & € H\ {0}, K3O(9) = 0}
= inf{S.(¢) : ¢ € H\ {0}, KS(¢) = 0} = nZ.

Next we prove ng < [2. We note that the ground state Q,, attains [%, i.e. [& = S, 0(Qu). Since the identity
lim,, 500 Qu(z — n) = 0 holds for any = € R, the estimate 0 < Q. (z —n) < Q,(0) holds for any = € R and
n € N and V € L'(R) is non-negative, Lebesgue’s convergence theorem gives

o0

1g20 V(2)|Qu(x — n)|?dz = 0, (4.13)

which implies that lim, o Su v (Qu(- — 1)) = Su,0(Qw) = I&. Since V is non-negative, KS:?/(QUJC —n)) >
Ki’g(QwQ —n)) = Kg:g(@w) = 0 holds for all n € N. We only consider the case V' # 0, since in the case
V =0, 1% = n2. In this case, KS?,(QW( —mn)) > 0 for any n € N. On the other hand, for any n € N,
Ki"o/()\Qw(- —n)) < 0 for large A > 1 due to p > 1. Thus by combining these facts and the continuity of the
function [1,00) 3 A — Kﬁ:?,()\Qw(- —n)) € R, there exists A, > 1 such that Kz:?,(/\an(' —mn)) = 0. For
this sequence { A, }nen, We can prove A, N\, 1 as n — oo. Indeed, since the identity KS:?/(/\an(' —-n))=0
and the estimate A, > 1 hold for any n € N and «a > 0, we have for any n € N,

oo

0= [10:Qull72 + wlQull72 = Ao 1Qullf3H + / V(2)|Qu(z —n)Pda. (4.14)
Moreover since Ki’)%(@w) = 0, we have
10:QulZz + wlQuliZz = 1Qul7hss- (4.15)
Thus by combining the identities (4.14) and (4.15), we have
= DIQuIE = [ Vi@)iQute - m)Pds,

By combining this and (4.13), we have A, \, 1 as n — oo, which implies that

lim |Sw’v(>\an<' - ’I’L)) - Sw,V(Qw(' - n))' =0.

n—oo

Finally, we obtain, S, v (A Qu(-—n)) = Su,0(Quw) =12 as n — co. Recalling the identity Kfj”‘o/()\nTan) =0
holds for all n € N, we have nl <[, which completes the proof of the proposition. 0O

Proposition 4.4. Addition to the assumptions of Proposition 4.3, we assume that

p({x e R:V(x)#£0}) >0, (4.16)
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where v denotes the Lebesgue measure. Then we see that nS is not attained, namely, there does not exist
¢ € H\{0} such that K3 () =0 and Sy, v(p) =ng.

Proof. On the contrary, we assume that ¢ attains n?, i.e. there exists ¢ € H\{0} such that S, v (¢) = n& and
KS v (p) = 0. If V(z)|p(z)]* = 0 ae. z € R, then S, 0(0) = Su(p) = nd =13 and K2 () = K3y (p) =0
holds, that is, ¢ also attains (%?. By the uniqueness of the ground state for 1%, we have ¢ = Q,,. Thus
we obtain ¢(z) = Q,(x) > 0 for any x € R. Therefore we get V(z) = 0 a.e. x € R, which contradicts
(4.16). Therefore, we have V(z)|p(z)]* > 0 a.e. z € R. Since lim|y_,« [p(z — y)|* = 0 for a.e. 2 € R due to
€ H C HY(R) and V € LY(R), Lebesgue’s convergence theorem gives

o0

lim V(2)|p(z —y)|?dx = 0.
lyl—o0

Thus there exists Y > 0 such that for any y € R satistying |y| > Y

0< [ V@lplw-yPds < [ V@)lel)Pdz,
which implies that for y € R satisfying |y| > Y, we have

K (myp) < KS(p) = 0.

Moreover we see that K% (Ao7y¢) > 0 for small A\g € (0,1) by Lemma 4.1. Therefore there exists A, € (0, 1)
such that K27 (\.7,) = 0 by the continuity of the function A € [Ag, 1] = K (A7,¢). By the definitions of
n% and JZ, Proposition 4.3, Lemma 4.2, [\ < 1, we have

ng < I3 (Neryp) < J3 () = IS (0) = S5 (0) = .
This is a contradiction, which completes the proof of the proposition. 0O
4.2. Rewriting the conditions in Theorem 1.2 into another form dependent on the frequency

In this subsection, we give a proof of Proposition 1.7.

Proof of Proposition 1.7. Let ¢ € H. First we consider the case ¢ # 0. We introduce the function f :
(0,00) — R defined by

fw) =1, =S, v(p), forw>0

We note that from Proposition 4.3, we see that the identity n,, = [, holds for any w > 0. Thus we see that
(1) is valid if and only if sup,,~q f(w) > 0. Since l, = S, 0(Qw), by using changing variables, the identity
ly = WD S1.0(Q1) > 0 holds for any w > 0. Thus f can be written as

Jw) = w0 51,0(Q1) - By (9) - 5 M(9).

By differentiating f with respect to the frequency w, we have

() = i 0 51,0(Q1) - M)
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Noting that p > 5, since ¢ # 0, we can define

_2(pp=1)

M) v

T R R > 0.
E42.510(Q1)

wo = wo(p, p) == {

Then f/'(w) = 0 if and only if w = wy. Since f’ is monotone decreasing on (0, c0), due to p > 5, f is maximum
at w = wy, i.e.

flwo) = max f(w)

w>0

Therefore we see that the statement (1) holds if and only if f(wg) > 0. A direct computation gives

+3
p—>5 {%Sw }

Thus f(wg) > 0 if and only if
25):_53) {p+351 O(Ql)} > Ev(p)M(p)”

holds. Since the ground state () satisfies the energy identity and the Pohozaev identity respectively:

2
1 1
Q117 + 1Q1l72 = [@ull7: and —[1Q1]Z: + Qul7- = mll@ll’;ﬂ,

the identities

p+3 p+3
lQulIZ: = ~— @1l = e )||Q1|\’f£i1
hold. By using these identities, we have
p—5 [p+3 =
o (P sw@} T = B@m@)” (.17

Next we consider the case ¢ = 0. Then S, v(¢) = Ev(p)M(¢)? = 0. Since I, > 0, (1) holds for any w > 0.
On the other hand, since S1,0(Q1) > 0, by the identity (4.17), (2) also holds.

Next we prove that if ¢ satisfies (1.10) and (1.11) with ug = ¢, then I, v(¢) > 0. When ¢ = 0,
I, v(p) =0. When ¢ # 0, since

_2(=1)

M p—5 3 s
Wo = {% (p+ ) (Ql) (QI)UM(SO) (10_5)7
the identity
fov (o) = ¢|L2+2§f+ )EO(Ql){]\Jgg;))} —llellzhs (4.18)

holds. Since ¢ satisfies (1.11), we can apply the estimate (2.7) with u(t) = ¢ to get
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2(p+3)

Iwo,V((p) > _5

||H2 7.

Eo(Q1){M(Q1)} p+3

M(p) p—

By the estimate (2.8), we obtain

2(p +3)

p—5 M (@)~ {Eo(Q1)M(Q1)” — Ev(p)M ()7} >0,

Iw[))V((P) >

where we have used the assumption (1.10).
Finally, we prove that if ¢ satisfies (1.10) and (1.12) with wy = ¢, then I, v(¢) < 0. Noting that the
identity

1 pt+1 + 1
Il = 222 B )2 — (0 + DEv(p)
holds, by the identity (4.18), we have

(p+3)

Iwo,v(<ﬁ)=——\|H2 72 + =" Eo(Q1)M(Q1)"M(9) ™" + (p + 1) Ev (¢).

Since ¢ satisfies (1.12), we can apply the estimate (2.13) to get

Loy () > —p%lnaleH?ﬁ + {% +(p+ 1)} Eo(Ql)] (J\J@((%)))U

=0
due to the assumption (1.10) and the identity (2.5), which completes the proof of the proposition. 0O
4.8. Variational structure

For w > 0 and V € LY(R) + L*(R) satisfying V(z) > 0 for a.e. z € R, we introduce a norm || - ||H%
w,V

oo

1
Iy o= 5 lowele+ S llels + 5 [ V@lot)as,

— 00

for p € H.

Lemma 4.5 (Equivalency of the norms and action). Let w >0, V € L}(R) + L*(R), p > 1 and ¢ € H'(R).
We assume that I, v (p) > 0. Then the inequality

p+1
Suvi(e) <lel? s < =—=S8.v(y) (4.19)

holds. Moreover the estimate

< Cllglla (4.20)

,V

cliell < llel
also holds, where c is a positive constant dependent only on w and C is a constant dependent only on w and
IVILiyre~. The estimates (4.19) and (4.20) imply that the norms | - ||?

2 2 )
Hé s A7 and ||-[|5, are equivalent
to Sw,V(')-

,V
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Proof. The left inequality of (4.19) is trivial, since we are considering the focusing nonlinearity. Next we
prove the right inequality of (4.19). By the assumption of this lemma, we have

0 S Iw,V((p)
= 0apll% + / V(@)lo(@)Pdz + wllele — o2
=1 =plel® s +@+1)Su(p),
Hw,V

which implies the right inequality of (4.19). It is easy to see that the left inequality of (4.20) holds due to
V(z) > 0 a.e. x € R. Indeed,

2 1 w 2
el = 10aellZe + llellZe < max (2,= ) ( Sll0pl7z + 5 llelze ) <max (2, =) flgl?
w 2 2 w HZ,

By the Sobolev embedding H'(R) C L*>(R), the estimate

oo

| v@le@lds < CIVio~ ol

—00
holds where C' is a constant. By using this estimate, we have

1 w

ol y < max (5.5 CIVllsa ) Il
o,V

which completes the proof of the lemma. O

Lemma 4.6 (Invariant sets). Let p > 1, V € LY(R)+ L*°(R) be non-negative, ug € H and let u € C(I,H) be
a solution to (NLSy ) with u|i—g =uo € H on I = (=T_,T¢), to € R and w > 0. If u(ty) € NI, u(t) e N
for any t € I. On the other hand, if u(ty) € NJ, then w € NJ for any t € I.

Proof. Since u is the solution to (NLSy ) on I, the energy and the mass conservation laws give u(t) €
N UN for any t € I due to S, v (u(ty)) < n.. First we consider the case u(tg) € N.J. We only consider
the case of t > tg, since the case t < tg can be treated in the same manner. On the contrary, we assume that
there exists t, € (to,T4) such that u(t.) € N . By the continuity of the function ¢t € I — I, v (u(t)) € R,
there exists t., € [to,t.) such that I, v (u(t«s)) = 0. By the definition of n,, and the conservation laws
again, we have

Ny > Sw,V(u(tO)) = Sw,V(U(t**)> > Ny,

which leads to a contradiction. Thus for any ¢ € (to, T'y), u(t) € N .
In the same manner as above, the second statement can be proved, which completes the proof of the
lemma. O

Corollary 4.7 (Global existence of solution in N ). Let w >0, V € L*(R) + L*(R) be non-negative, p > 1
and to € R. Let u be the solution to (NLSy ) with the initial condition u|i—t, = u(to) € H on (=T-,T4),
where Ty denote the mazimal existence times of the solution w. We further assume that u(ty) € N.F. Then
T+ =T_ =oc.
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Proof. We only prove that Ty = oo, since T = co can be proved in the similar manner. On the contrary,
we assume that T < oo. Then by the blow-up criterion in Proposition 1.1 with ug = u(tg) € H, we have
limy_, 7, o [|0zu(t)|[z2 = 0o. On the other hand, since u(ty) € N}, Lemma 4.6 implies that I, v (u(t)) > 0
for any t € I. Thus noting that w > 0 and p > 1, we can apply Lemma 4.5 with the conservation laws and
V >0 to get

10u(t)]2 < 20u(®) 3 < CSuv (ut)) = CSuy (ulto)) < oo, for t € 1,

where C' is a constant independent of ¢ € I. This contradicts lim,_,7, _o [|0,u(t)||z2 = co. Therefore we find
Ty = oo, which completes the proof of the corollary. O

Lemma 4.8. Let w > 0, V € LY(R) + L>®(R) be non-negative, p > 5, € >0, § > 0 satisfy 2 < &, and k be a
nonnegative integer. Let {¢}F_o C HY(R) be a sequence satisfying

Su,v (Zf:o ‘Pl) <ng,—0, Suv (Zf:o SDZ) > Zf:o Suv(en) —¢,
I, v (Zf:o “Pl> 2 €, L, v (Zf:o 901) < Zf:o L, v (o) + €.

Then we have 0 < S, v (1) < ny and L, v (o) >0 for alll € {0,1,2,---  k}, which implies that ¢, € NI,
foralll €{0,1,2,---  k}.

This lemma can be proved in the similar manner as the proof of Lemma 6.4 in [14] or Lemma 3.6 in [15].

Proof. On the contrary, we assume that there exists an [ € {0,1,2,---,k} such that I, v (¢;) < 0. First
we prove that Jolj”?, (¢1) > ny,, where the functional Ji”?/ is defined by (4.7). We note that ¢; # 0 due to
I, v(vr) <0, and limy_,0 ||0x(A1)|| 2 = [|0xpr1]| 2 limy—0 A = 0. These facts and p > 5 allow us to apply
Lemma 4.1 with @ = 1 and = 0 to obtain I, v (Aog;) > 0 for small \g € (0,1). By L, v(Aoy:) > 0 and
I,(¢;) < 0 and the continuity of the function [0,00) 3 A — I, v(A¢;) € R, there exists A, € (Mg, 1) such
that I, v(A«pr) = 0. Noting that the function [0,00) 3 A — Julj’,(‘)/()\cpl) is monotone increasing, by the

definitions of n,., and J V and A\, < 1, we obtain

Nw < Sw,V()\*(pl) = J:,Z?/()\*Qoﬂ < Ji:%(‘pl)

By the positivity and the definition of the functional J V and the assumptions of this lemma, we obtain

k k
1
ny < TN (o) <DL Z{ w,v (1) 2%,1/(%)}
1=0

=0

k 1 k
= Z Swv (1) — 3 wa,v(w)
=0 =0

k k
1
SSW,V<§ <pl>+€_§{—[w,v<§ ‘Pl>—5}
1=0 =0

<ng,—0+e+e<n,,

which leads to a contradiction. Thus, I, V(gol) >0 foralll €{0,1,2,- k} Moreover, by combining this
estimate and the positivity of the functional J* 7v again, for any [ € {O7 -+, k}, we have
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1
Suv () = TN (@) + Slwv (@) 2 0.
By combining this estimate and the assumptions of this lemma, we have for any [ € {0,1,2,--- ,k},
k k 1
wV‘Pl ZO (pl <SwV<;@l>+5<nw6+€<nw25<nw-

Therefore, we get ¢; € NI for all I € {0,1,2,--- ,k}, which completes the proof of the proposition. O
5. Proof of the scattering part
5.1. Dispersive estimate, Strichartz estimates and small data scattering

In this subsection, we recall the dispersive estimate and the Strichartz estimates for the linear Schrodinger
evolution group {e?v },cg and a small data scattering result for (NLSy/) in the mass-critical or supercritical
case p > 5.

Lemma 5.1 (Dispersive estimate). Let V. € L}(R) be non-negative and ¢ € L*(R). Then there exists a
constant C = C(V') > 0 such that the estimate

i C
le™" v | poe < E\I(Zﬁﬂu, (5.1)

holds for t € R\{0}. Moreover, let a € [2,00] and ¢ € L* (R). Then there exists a constant C = C(a,V) >0
such that the estimate

—q 1.1
le™" " ll ey < ClE[72 = ] o (5-2)

holds for t € R\{0}, where a’ is the Holder conjugate of a: L + L =1.

a’

For the proof of the estimate (5.1), see [10]. The estimate (5.2) can be proved by Riesz-Thorin’s theorem
with the estimate (5.1) and the L2-conservation law.

Remark 5.1. The reason why V € L}(R) is assumed in the scattering part of Theorem 1.3 is due to the use
of Lemma 5.1 for the proof.

Next we state the Strichartz estimate for {e~*#v}, g for L?-admissible pairs. We say that (q,r) is an
2_admissible pair, if and only if (q,r) satisfies

2
2<g¢g<o0 and - =
q

N —
S =

Lemma 5.2 (Strichartz estimates for L?-admissible pairs). Let V € L}(R) be non-negative, and let (q,r) be
an L*-admissible pair and f € L?(R). Then for any time interval I, there exists C' depending only on q,
such that the estimate

le™ ™ flLgng) < ClIf ez,

holds. Moreover let (qj,7;) (7 = 1,2) be L?-admissible pairs. Then for any time interval I, there exists a
constant C depending only on qi1,qs such that the estimate
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t
/ e~ =91V P(5)ds
0

holds for F € L}* (I : L;z), where g, and 4, are Holder conjugate of g2 and ro respectively.

<CIFl /.
w0

This lemma can be proved by the dispersive estimate (Lemma 5.1) and so-called TT*-argument (see [18]
for example).

We need Strichartz estimates for non-admissible pairs in order to treat scattering results in the mass-
supercritical case p > 5.

Lemma 5.3 (Strichartz estimates for non-admissible pairs). Let V € Li(R) be non-negative and let p > 5
and the exponents r, a, b and v be defined by
2(p—Dp+1) 2(p—-Dp+1) 2(p—1)

= 1 === b:: = . 53
ri=ptloa prs b1 p-D-4 T 3 (5:3)

Then for any time interval I, the estimates

HeiitHv‘PHLg(I:L;) < Cllellg

HeiitHV@HLf*l(IiLgo) <C ||§0||H1 ’

t

/e*i(t*S)HvF(s)ds <C ||FHLI;’(I:L;,’) )
) Le(I:LT)

t
/e—i(t—s)HVF(s)ds <C ||FHL§’(I:L;’) )
0 LY~ H(I:Lge)

t
/e—i(t—s)HvG(S)dS <C ||GH (L)’
4 L

¢ (I:LE)

hold, where p € H, F e LY (I : L (R)) and G € L] (I L) and b, ' and v denote the Holder conjugate
of b, r and ~y respectively, i.e. 1;17 + % =1, % + % =1 and 1 + = =1, and C depends on p and V.

For the proof of this lemma, see [3, Section 3.1 and 3.2] and Proposition 2 in [21] (see also [9]).
Next we state a sufficient condition on Strichartz spaces to obtain the scattering result in H.

Proposition 5.4. Letp > 5, V € Li(R) be non-negative and a,r be defined by (5.3), ugp € H andu € C(R : H)
be a solution to (NLSy) on R. Then if u belongs to L¥(R : L7), then the solution u also belongs to
LP7Y(R : L) and scatters in H as t — +o0.

Proof of Proposition 5.4. Since w is the solution to (NLSy ) on R, the identity

t
u(t) = (e” "V ug) +i/ I fu(s)Ptuls)} s, tER (5-4)
0

holds in H-sense. The Strichartz estimates for non-admissible pairs (Lemma 5.2) give
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[ull =1 (R.poe) < Clluollar + C”'u‘p_luHLf'(]R:L;') < Clluollar + Cllullye .y < o0 (5.5)

due to up € H € H'(R) and u € L&(R : L"), which implies u € LF ™' (R : L°).
We only consider the positive time direction, since the negative time direction can be treated in the same
manner. Take t;,ts such as 0 < ¢; < to. Since Ly commutes e Hv eV ig unitary on LQ(R) and the

norm | - || is equivalent to the norm || - || g1, we have
ta
e’V u(ts) — eV u(ty)||y = /B*iSHVHU(S)Ip*lU(S)}dS
t1 H
to
= /eﬂSHVLV {lu(s)[P~ u(s)} ds
t1 L2
<C/WLP1 nm@<c/m I us) 1 s
<C. ||u||L,, Lt t2:L;o)||u||L§’°(]R:H) — 0, asty>t; — oo, (5.6)

due to u € L°(R : H) N LY~ (R : L%), where C, is dependent only on p, V. Thus since H is Hilbert space
and e~V is symmetric on H, we can see that there exists u, € H such that the identities hold:

—itHy S itHy _ —
i ) — = g = i V) — e = O,

which completes the proof of the proposition. O

Next we state a small data scattering result to (NLSy ) in the energy space H in the mass-critical or
mass-supercritical case (p > 5):

Proposition 5.5 (Small data scattering result in the energy space H). Let p > 5, V € Li(R) be non-
negative, (a,r) be defined by (5.3). Then there exists € = e(p,V) > 0 such that for any ¢ € H satisfying
e~ v §|| La(r.Ly) < €, there exists a unique solution u € LE(R : LL) to (NLSy ) such that

||u||Lg(]R:L;) < 2.
Moreover we have
we PR :LT)NLP(R : H).

The proof is standard and can be done by a fixed point argument via the non-admissible Strichartz
estimates (Lemma 5.3).

Proof of Proposition 5.5. Take ¢ > 0 sufficiently small, which will be determined later. Let ¢ € H such
that He_itHV(ﬁHLg(R:L;) < ¢ (the existence of ¢ can be proved via the non-admissible Strichartz estimate
(Lemma 5.3)). We introduce the closed ball X (¢) in L¢(R : L) as

X&) = {we L{R L) s Nulspace) < 2}

with the metric
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d(u,v) = |ju— U||Lg(R:L;)
for u,v € L¢(R : LT). We prove that the nonlinear mapping J : X (¢) — X(¢)

t
Ju](t) == efitHV(b—l—i/efi(tfs)HV\u(s)|p71u(s)ds, t eR,
0

is contractive on X (g). The Strichartz estimates (Lemma 5.3) give

17Tl e izg) < lle™ ™ Blle @izy) + CulllulP ™ ull y gepyy < &+ Cullullly gory)
< e+ (C12PP, (5.7)

1
(20C1) 7T

Then we have || J[u]||Lsr:Lr) < 2¢, which implies that the mapping J is well defined from X (¢) into itself.
We note that by the fundamental formula, the estimate

for u € X (e), where C is dependent only on p and V. Here we choose € = ¢(p, V) > 0 such as € <

1
llafP~ta — [bP~1p| = / %m F (1= )b~ (0a + (1 — 0)b)do
0
<p2P(JalP~t 4 (b |a — 0] (5.8)

holds for a,b € C. In the same manner as the proof of (5.7), we obtain
d(Jul], J[v]) < C1p2P~1(2¢)P~d(u,v) (5.9)

for u,v € X(g). Here we take £ > 0 sufficiently small such as

e< ;1
4:(26’1]))17?1
Then (5.9) gives
1
d(Ju], J[v]) < §d(u,v),

which implies that the mapping J is contractive on X (¢). Thus by the contraction mapping principle, we see
that there exists a unique u € X(¢) such that J[u|(t) = u(t) on t € R. Therefore we have [lul|ps®.Lr) < 2¢.
Moreover, in the similar manner as the proof of Proposition 5.4, we have u € LY 71(R : LT). Next we prove
u € LP(R : H). By the local well-posedness result in H (Proposition 1.1), we have u € L{°(—t,t : H) for
small ¢ > 0. Set

Ty :=sup{T € (0,00] : [|ul| £so(0,7:2) < 00}

We assume that T, < co. Then [|u|lps(0,1,,:%) = 00 by the local-wellposedness result again. Since u €

LP710,T,, : L2°), there exists t; € (0,T),) such that Hu||L;:71(thTm:L;o) < ﬁ, where C, appears in the
estimate (5.6). Since t; € (0, T),), by the definition of T}, we have [|ul| e (0,¢,:¢) < 00 and [|ul| pee ¢, 7, m) =

oo. In the same manner as the proof of the estimate (5.6), we have

—1
lull e (00, 10) < MlulE)llae+ Cullul 57, g lellne @m0,
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which implies

1 -1
slullee @ rmay < (U= Cullullma, o Mllie ) < llult) 3 < oo

This contradicts [|ul| s (¢, 7,,:2) = 00. Thus we have T,,, = oo, which gives [|ul| L (0,00;%) < ©0. In the same
manner, we can prove ||[u|ps(—oo,0:2) < 00. Therefore we have u € L°(R : H), which completes the proof
of the lemma. 0O

Corollary 5.6. Under the same assumptions as in Proposition 5.5, then there exists e1 = e1(p, V) > 0 such
that for any ¢ € H satisfying ||¢||% < €1, the same conclusion as in Proposition 5.5 holds

The similar statements as Proposition 5.4 and Corollary 5.6 also hold for the focusing semilinear
Schrodinger equation without the potential with a replacement H into H'(R):

. 2 p—1, _
{ z(?tu + axu + |U| u 07 (t7(L‘) € R x R’ (NLS)

’U,|t:0 =ug € HI(R),
5.2. Linear profile decomposition

In order to prove the scattering result, more precisely, to construct a critical element (see Theorem 5.12
for the definition), we use a linear profile decomposition, which is proved in [21]. The abstract version was
obtained in Theorem 2.1 in [3] (see [2] for the energy-critical wave equation and [8] for the mass-supercritical
and energy-subcritical Schrodinger equation).

Proposition 5.7 (Linear profile decomposition). Let V € Li(R) be non-negative and satisfy V' € L1(R). Let
{¢ntnen be a bounded sequence in H. Then, up to subsequence, we can write

J
on = eMvr,yl + W) VJIeN,
j=1
where tJ, € R, zJ € R, ¢/ € HY(R), and the following statements hold:
o for any fized j € {1,2,---,J}, we have:

either t}, =0 for any n € N, ort) — oo as n — oo,

either 23, = 0 for any n € N, or xJ, — 400 asn — occ.

e orthogonality of the parameters:

[ti —t*| +|2) —2F| - 00 asn — 00, Vj#k. (5.10)

smallness of the reminder:

Ve >0,3J = J() € N such that limsup |le” "7V W;LIHL“’(R-L‘” <e.
n—00 * e

R))

orthogonality in norms: for any J € N,

J
leall2e = ST + W72 + 0n(1),

J=1
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J
12 2
H%%=§MWM¢WM@+MM

as n — oo, where the norm || - HH% is defined by (1.4). Moreover, we have
\4

J ) )
leallle =D e ||+ W5, +0a(1), q€(200), VIEN,
j=1

as n — oo and in particular, for any J € N,

S (€ VT ) + S, v (W) + 0,(1),

M~

Sw,V(QDn) =
1

<.
Il

IW,V(SDn) = [w,V(eitiHvaﬁwj) + Iw,V(Wﬁ]) + on(1),

M-

<
Il
—

as n — o00.

For the proof of this proposition, see Theorem 2.1 in [3], and Proposition 6 in [21]. More precisely, the
linear profile decomposition for more general Schrodinger operator was given by Theorem 2.1 in [3], and
Proposition 6 in [21] says that if the potential V satisfies the assumptions in Proposition 5.7, then the
Schrodinger operator Hy satisfies the assumptions of Theorem 2.1 in [3].

5.3. Perturbation lemma

In order to prove the scattering result in Theorem 1.3, especially to construct a critical element (see
Theorem 5.12), we also use so-called perturbation lemma.

Lemma 5.8 (Perturbation lemma). Let p > 5, V € L}(R) be non-negative and (a,r) be defined by (5.5).
For any M > 0, there exist € = ¢(M) > 0 and C = C(M) > 0 such that the following occurs: Let
ve CR:H)NLYR : L) satisfying ||U||Lg(R:L;) < M be a solution of the integral equation with a source
term e € L{(R : L) with |lel| o g.pr) < €

t

v(t)=e v 4 / e HV 4y (5) [P~ o(s) Vs + e(t). (5.11)
0
Moreover we assume that pg € H satisfies He‘“H"cpo’ Le(RLY) < €. Then the solution u € C(R : H) to
(NLSy ) with the initial data ¢ + @o, i.e.
t
u(t) = e MV (o + o) +1i / e_i(t_s)HV{|u(s)|p_1u(s)}ds, (5.12)
0

satisfies the estimate ||u — v||L;.,(R:L;) < Ce, which implies w € L (R : LT).

This lemma can be proved in the similar manner as the proof of Proposition 4.7 in [8]. For the completeness
of the paper, we give a proof of this lemma in Appendix C.
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5.4. Nonlinear profile decomposition

In order to construct a critical element, we construct so-called nonlinear profiles. By the following
Lemma 5.9, 5.10, and 5.11, we can construct nonlinear profiles to (NLSy) and can apply the perturba-
tion lemma (Lemma 5.8) in order to prove existence of a critical element.

Lemma 5.9 (Cauchy problem for (NLS) and nonlinear profile). Let V € Li(R) be non-negative and p > 5,
{2, nen be a sequence of real numbers such that |x,| — oo as n — oo, ug € H*(R) and U € C(R :
HYR))NLE(R : L(R)) be a solution to (NLS) with the initial data ug, where (a,r) is defined by (5.3). Set
Un(t,x) :=U(t,z — xp) and we write

Un(t,x) = {e ™V (1, up)}(z) +i/e_i(t_S)HV {|Un(s,2)[P Un(s, ) } ds + gn(t, z).

Then we have

nh_{g@ Hgn”Lg(R:L;) =0

This lemma can be proved by combining Proposition 7 and Proposition 8 in [21]. For the completeness
of the paper, we give a proof of the lemma in Appendix D.

Lemma 5.10 (Final state problem for (NLSy ) and nonlinear profile). Let w > 0, p > 5, V € L}(R) be
non-negative, ¢ € H satisfying

1 w
sllell’ 3 + 5 M(e) < no, (5.13)

1
2
14

and the exponent (a,r) be defined by (5.3). Then the following statements hold, where the following double-
sign corresponds:

o (Existence and Uniqueness) There exist only two solutions
WieCR:H)NL{(Ry : LY)

to the final state problems
+oo
Wi(t) =e vy + / e = HV AT, ()P WL (s) Vs (5.14)
¢

such that

lim ||[W(t) — eiitH"cpHH =0,

t—+oo

where R_ := (—00,0].
e (Conservation laws) For any t € R, the identities

MOWa(0) = M(o), Br(We(t) = el ,
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hold, which implies that for any t € R, the identities

1

Suv(We(8) = 5llel

1
2
1

hold, namely, for any t € R, Wi(t) € NI.

o (Nonlinear profiles) Let {tn}nen C R be a sequence such that lim,, .o t, = F00, @, =€

w
+ M) <mw Loy (Welt) = llel? y +wM(p) 20
v

37

@ for any

n € N and W4 be obtained in the above, Wy ,,(t,x) := Wi(t — t,,xz) for any n € N. We assume that

Wy € LY(R : LT). Then if we write

t

W n(t) =e Ve, +i / e IV, L (8)[P Wt n(8) s + fan(t),

0

then

T sl gy =0

(5.15)

(5.16)

Proof of Lemma 5.10. (Existence and Uniqueness) The proof of the existence and the uniqueness of solutions

to the final state problem for (NLSy ) is based on the contraction mapping principle with the non-admissible

Strichartz estimates (Lemma 5.3). We only consider the positive time direction, since the negative time

direction can be treated in the similar manner.

For T'> 1 and © > 0, which will be determined later, we introduce the closed ball X (T, 0) in L°(T, 00 :

H)NLE(T, 00 : LT) as

X(T,0):={ue L¥(T,00: H)NL{(T,00: L) :
[u— e_i(')HVWHLgo(T,oo:H) + lull g (1,00:Lr) < 9}

with the metric

dr(u,v) == |lu — vl Lo (T,00:22) + |4 = V|| Lo (T 00:L7)
for u,v € X(T,0). We prove that the nonlinear mapping J : X(T,0) — X(T,0)

J[u](t) := e vy / e M HY Ly (s) P u(s) Mds, ¢ e [T, 00),

t

is contractive on X (T, ©), if T is sufficiently large and © is sufficiently small.
Let u € X(T,©). The non-admissible Strichartz estimates (Lemma 5.3) give

—itHy

17l rooeny < €™ @llproeng) + ColllulP ™ wll by 0.1

= ||eiitHV(p||L?(T,oo:L£) + COHUHZ[),;}(T,OOL;)

< ”e_itHVSO”L?(T,oo:L;) + CyOP,

(5.17)

where Cj is a positive constant depending only on p and V. Since ¢ € H C H'(R) and a < oo, we can

choose © = O(p,V) and T = T'(p, ©) such as
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1\ 71 i 1
0 < (E) and |e tHVsOHLg(T,oozL;) < Z@'

Then we have
1
Tl Lo (7 00:2m) < 59- (5.18)
In the same manner as the proof of the estimate (5.5), we have
< ||€7itHV90||Lf*1(T,oo;Lgc) + ClnuHif(T,oo:L;)

< ||€_itHV‘P||Lf—1(T,oo:L;c) + €107,

Hu||Lf*1(T,oo:Lg°)

where (] is a positive constant depending only on p and V. Thus since the estimate (a+b)P~ < 2P=2(aP~ 1+
bp_l) holds for any a,b > 0 due to p > 5, we have
< Colle™ vl

[l + C50rPh), (5.19)

P~ 1(TooL°° LP~ 1(TooLoo)

where Cy and C3 are positive constants depending only on p and V. Here © = O(p,V) and T = T(p, ©)
are chosen sufficiently small such as

o< 1\ 7D F— - 1 \71
= \acsc, an ||e ‘p”Lffl(T,oo:Lgo) =\ 10,0, ,

where C, is defined by (5.6). Then we have

1
IIUIILp ool S 200 (5.20)
By this estimate and in the same manner as the proof of the estimate (5.6), we obtain
[ — v | < Gl sz e < 50 (5.21)
PULEE(T,00:H) - 1 (T00: L) L (Tyo0iH) = 5" .

By combining the estimates (5.18) and (5.21), we obtain

|| Ju] — eiitHV(PHL;?"(T,oo:H) + 1]l g (,00:L7) < O,

which implies that the mapping J is well defined on X (T, ©). Next let u,v € X (T, ©). By using the estimate
(5.8) and in the same manner as the proof of the estimate (5.17), we have

17 [u] = Tl g (7,00:25) < Colllul”™ u+ [P~ 0l by ey
< Cop2” ([l + [P~ Hw = vlll (7 o0y

< Cop2POP~Hju — V|| Lo (T,00:L7)

Here we choose © = O(p, V) sufficiently small such as

6 < ;1
(1Cop2r)

Then we have
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1
([ Ju] — J[U]HL;}(T,oo:L;) < ZHU - UHL;}(T,oo:L;)- (5.22)

Let t € [T, 00). Since e~V is a unitary operator on L?(R), by the estimate (5.8), we have

oo

[ TTu](t) = T[] ()] 2 = / T {Ju(s) [P us) — Jo(s) P u(s) | ds

L2

< / fu(s)P~ u(s) = [u(s)P~ o(s)l| L2ds

<2 [P 4 ()P lu(s) — o(s)ods

o0

§p2”‘1/(llu( M=+ llo(s) =) luls) — v(s) || Lads

t

<2 Ml ey T I0IT 5 oo e = vl i), (5.23)

for t > T. Here we take © = O(p, V') sufficiently small and T' = T'(¢, ©) sufficiently large such as

1
1 p-1 —itH 1 o
6 < <W> and ||€ V@”Lf*l(T,OoiL?f) = (W) .

Then by the estimate (5.19), we have

i _ 1
P2 (g I ) S PPl L, g prCyereh <
By this estimate and (5.23), we obtain
1
| JTu] = T[]l Lse (7,00:L2) < ZHU — V|| g (T,00:12) - (5.24)

By combining the estimates (5.22) and (5.24), we have
1
dT(‘][u]v J[U]) < idT(ua U)7

which implies that the mapping J is contractive. Thus by the contraction mapping principle, we see that
there exists a unique solution W, € X (T, 0) such that J[W,](t) = W, (t) on [T, 00). Moreover, since the
1

operator e~ Hv commutes with the Schrodinger operator L% and is unitary on L?(R) for any t € R, we
have

Wil pge (1000 < W — e OHV @ oo (7 000y + 1€ OV 0| Lo (7,002 < © + [lepla1,

which implies W, € L (T, 00 : H). We can also prove that W, € C([T, 00) : H) in the standard argument,
so we omit the detail. In the same manner as the proof of (5.6), we find that

lim [|W,.(t) — e™" Vgl = 0. (5.25)

t—o00

Noting that H C L?(R) and e~ *#HV is unitary on L?(R) again, the above relation implies that
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T W ()] 22 = llglza- (5.26)

Let t,t; € [T,00). By the mass conservation law in Proposition 1.1, we have M(Wy(t)) = M(W4(t1)).
Letting t; — oo with (5.26), we obtain

MW, (t)) = M(p). (5.27)
Next we prove that

1
Ey(W(t) = 5||90||2 , foranyt € [T, 00). (5.28)

<ol

In order to prove this, we first show
tlggo (IW.i(t)|| e+ = 0. (5.29)

Indeed, take e > 0 arbitrarily. Since C§°(R) is dense in #, there exists p. € C§°(R) such that || —
1 .
@l < 3e. Since ¢ € L'"%(R), we can apply the dispersive estimate for {1V },cg (Lemma 5.1), to

. —1
get [le " HV || ppr1 < Cylt| " 2oFD H%HLH% for any t # 0, where Cy is a constant depending only on p and

V. Here we choose T7 > 0 such as

_ 2(p+1)
p—1

£
3C4||<P6HL1+%

Ty =Ti(e,¢2) = (

Then the above estimate gives that for any ¢ > T, the estimate ||e™"#V || .41 < fe holds. By (5.25),

there exists T = T»(e) > T, such that for any ¢ > T3, the estimate |[W,.(t) — e """V ||, < fe holds. Thus

for any ¢ > max(7Ty,T»), by combining these estimates, we have |[W, (t)||p»+1 < €, which implies (5.29).
1

Since the operator e~Hv commutes with the Schrédinger operator Hg and is unitary on L?(R), by using
the relations (5.25) and (5.29), we have

1
p+1t

. 1 2 L —itHy |12 .
_ = < = _ T itHv — )

Jim | By (W (1)) 2H<PHHV% < 5 lim W (t) —e 90||H§ + lim [W(8)[|rer =0, (5.30)

which implies (5.28). Take t,t; € [T, 00) arbitrarily. The energy conservation law in Proposition 1.1 gives

Ey(W4(t)) = Ey (W4 (t1)). Thus letting ¢; — oo with (5.30), we obtain (5.28). By the definition of S, v,

the identities (5.27) and (5.28) and the assumption (5.13), we have

1 w
Suw,v(Wi(t) = 5”@”2 + §||s0||%2 <y (5.31)

1
2
\'4
for t > T. In the same manner as the proof of the estimates (5.30) with the assumption (5.13), we can prove

L,(Wi (1) = ||@||2 +wllelz: >0, (5.32)

1
2
\4
for ¢ > T. The estimates (5.31) and (5.32) imply that W, (t) € N for any ¢ € [T, 00). Thus by Corollary 4.7,
we find that W, can be extended globally and belongs to C(R : H). Next we prove that W, belongs to
L§(0,00 : LT). Since W € L (T, 00 : LT), it suffices to prove that W, € L#(0,T : L%). Since W, satisfies
the integral equation
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t
W () = e HVIV, (0) + i / eIV (T ()P 1, () }ds
0

in H-sense, by the non-admissible Strichartz estimates (Lemma 5.3) and the Sobolev embedding H C
H'(R) C LP(R), we have

Wi llLe o,7:m)

t
< ||e_itHVW+(0)HL‘Z(O,T:L;) + /e_i(t_s)HV{|W+(S)‘p_1W(S>}dS
0 LE(0,T:L7)

< CIW(0)lla + CIWA P~ W] o = CIW ()]l + Cll[[W4.(2)

(0,T:LL) Iy ”L;’/ (0,T)

1
S CIWL O3+ CHIWLOllll Lo (o 7y < CIWH(O) I3 + CT [Wotl| e 0,794y < 00

which implies that W, € L{(0,T : L7).

(Nonlinear profile) We prove (5.16) only for the positive time direction, since the negative time direction can
be proved in the similar manner. Since W satisfies the integral equation (5.14) on [0, c0), by the definition
(5.15) of fy, and a simple calculation, f ,, satisfies

Frn(t,x) = eT WL (—tn) = pu}(x) = e IWL (1) — 1TV o} (),

for (t,z) € R x R. Thus by using the non-admissible Strichartz estimate (Lemma 5.3), the identity (5.25)
and lim,,_, t, = —00, we have (5.16), which completes the proof of the proposition. O

Lemma 5.11 (Final state problem for (NLS) and nonlinear profile). Let w > 0, V € L1(R) be non-negative,
p > 5, ¢ € H'(R) satisfying

1 w
gHaﬂpHiz + EM(@ < Ny

Then the following statements hold, where double-sign corresponds:

o (Ezistence and Uniqueness) Then there exist only two solutions
Yy € C(R: HY(R))NLY(Ry : L7 (R))
to (NLS) such that the identity
: _ —itHo
Jim [V (t) —e7 el

holds.
e (Conservation laws) For any t € R, the identities

1
M(YL(t) = M(p),  Eo(Yi(t) = 5[10:¢l72
hold, which implies that for any w > 0, t € R, the identities

1 w
Swo(Ya(t)) = §H5x<PH%2 + §||s0II2L2 and I, 0(Ya(t)) = |0ap]|72 + wlloll72

hold.
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o (Nonlinear profile) Let {t,}nen C R, {Zn}nen C R be sequences of real numbers such that

lim ¢, = Foo and lim |z,| = co.
n—oo n—oo

We write

t

Yin(t,x)=e v, +i / T EOHV 1YL L (8)[PT Y (8) }ds 4 exn(t, @),
0

fort € R and x € R, where p,, = eV, o Yy, (t,1) =Yi(t —tn,x —xy,). Then

”e:t,nHLgL; —0

as n — Q.

Proof of Lemma 5.11. Noting that n,, = I, due to V € L!(R), Existence and Uniqueness part and Conser-
vation laws part can be proved in the same manner as the proof of Lemma 5.10. Nonlinear profile part is
proved in the similar manner as the proof of Proposition 9 in [21]. O

5.5. Construction of a critical element

In this subsection, we construct a so-called critical element, the definition of which is given in Theo-
rem 5.12, under the assumption that the scattering result in Theorem 1.3 does not hold. For w > 0, we
define the critical action level S¢ as follows:

S¢ :=sup{S : S, v(p) < S for any ¢ € N implies u € LY (R : L”(R))},

where v is a unique global solution to (NLSy) with u|;—o = ¢ and the exponents a,r are defined by (5.3).
The fact that the solution u to (NLSy) can be extended globally follows from Corollary 4.7. By the small
data scattering result (Corollary 5.6) and the equivalency between || - || and S, v(-) (Lemma 4.5) due
to I,v(-) > 0, we see that S& > 0. By the contradiction argument, we will prove that S& > n,, in the
following, which completes the proof of the scattering part in Theorem 1.3. We assume that SS, < n,,. Then
by the definition of S&, we can take a sequence {pn }neny C N such that S, v (pn) \ SS as n — oo, and
”un”L;"(R:L;(R)) = oo for all n € N, where u,, is a unique global solution to (NLSy/) with the initial data
©n € NF. In the following, we prove that up to subsequence, the sequence {,},ecn converges strongly in
H as n — oo.

Theorem 5.12 (Ezistence of a critical element). Let w > 0, p > 5 and V € L1(R) be non-negative satisfy
V' € Li(R). We assume that S < n. Then there exists a global solution u¢ € C(R : H) to (NLSy ) such
that u®(t) € N} for any t € R and the identities holds:

Su(u(t)) =55, fort € R, ul Lo r:Lym)) = 00
This solution u® is called critical element.
Proof of Theorem 5.12. Let {¢,, },en be same as in the above. Since ¢,, € N} for any n € N and V € Li(R)

is non-negative, from Lemma 4.5, we see that there exists a constant C' > 0 depending only on w, p, V' such
that
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lenll?, < CSuv(pn) < Cn,

for all n € N, which implies that {¢,},en is bounded in H. This allows us to apply the linear profile
decomposition (Proposition 5.7), to obtain

J
= etHvr i W), VI EN, (5.33)

up to subsequence, where {#/,}°°, C R, {27}2°, C R and ¢/ € H!(R) are given in Proposition 5.7. Set
§ = 6(w) == 3(nw — S5). Then by the assumption S < n,,, the estimates § > 0 and S + J < n,, hold.
Moreover, since S, v(pn) \¢ S5 as n — oo, for sufficiently large n € N, S, v (o) + 0 < n,. By the
orthogonality of the action S, 1 and the Nehari functional I,y in Proposition 5.7, we have

J
(on) = Z S (€7 09) + Sy (W) + oa(1), (5.34)

Lov () wa v (e ) 4 Loy (W) + 0n(1), (5.35)

as n — 0o, where 0, (1) — 0 as n — co. Here we set ¢ = £(§) := 16 > 0. Then we have € < 6. Then by the
identities (5.34) and (5.35) and ¢,, € NI for any n € N, we have

Sw,V(‘Pn) <ng, — 67
J . 1 .
Sw,v(on) > Z Sw,v (eltiHvag‘Lﬂ/]) + Suv(W,]) —e,

j=1

Iw,V(@n) > —¢€,

Lo (@n) £ 3 Lo (7,07 ) 4 Loy (W) +e,

H'Mk

for sufficiently large n. Therefore, we can apply Lemma 4.8, to obtain for j € {0,--- | J},
eitiH"ngLz/Jj € N.F and W/ € NF, for sufficiently large n,
and
Swy(e“;bHVTm%wj) >0and S, v(W;)) >0, for sufficiently large n. (5.36)

Thus by combining (5.34) and (5.36), we have

J
S¢ = limsup S, v (¢n) > lim bupz Suv ( i wﬂ) (5.37)
for any J € N. In the following, we will prove that
S¢ = limsup S, v (e“iHVTlﬂ%z/)j) for some j € {1,---,J}. (5.38)

n—oo
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We may assume that 7 = 1 by reordering. If this is proved, then we can prove that
J=1 and lim [|[W;/|z =0. (5.39)
n—oo

Indeed, if J > 2, then by (5.37) and (5.38), we have
1 J i .
S, > limsup ¢ S,,.v (6“"HV7',T}L¢1> + st,v (GM”'HV%J; W) > S5
n— 00 ; )
Jj=2

which leads to a contradiction. Thus we have J = 1. Moreover (5.34), (5.37) and (5.38) give

limsup S, v (W,}) = 0. (5.40)

n—oo

Since W! belongs to NI for sufficiently large n € N, by combining Lemma 4.5 and (5.40), we obtain
lim sup HW%HH1 =0.
n—oo
Now we give a proof of (5.38). On the contrary, we assume that for any j € {1,---,J},

8¢ # limsup S, v (e, 7).

n—oo
Then for any j € {1,---,J}, by the estimate (5.37), there exists 0; > 0 such that
lim sup Swyv(eitiHVTg:%'wj) < 855 — 6. (5.41)

n—roo

By reordering, we can choose 0 < J; < Jy < J3 < Jy < J5 < J such that

1<i<Jp: t =0, Vn and xl =0, Vn,
JI+1<ji< Jy: ti =0, Vn and  lim, o |24 ] = oo,
Jo+1<53< J3: lim,, o0 t), = +00, and x) =0, Vn,
Js+1<53< Jy: lim,, o0 t{l = —00, and x{l =0, Vn,
Ji+1<j< Js5: lim,, o0 t), = +00, and lim,, 00 |27 | = 00,
Js+1<5<J: lim,, o0 t), = —00, and lim,, o0 |27 | = c0.

In the above cases, we assume that if @ > b, then there is no j such that a < j < b. We see that
J1 € {0, 1} from the orthogonality of the parameters (5.10). In the following, we only treat the case J; = 1,
since the case of J; = 0 is easier to treat. Then by (5.41), we have 0 < S, v (¥!) < S¢ — &y, since
(tL,zl) = (0,0) for all n € N. Hence, by the definition of the critical action level S¢, we can construct a

n»rn

solution N € C(R: H)NL¢(R : L"(R)) to (NLSy) with N|—o = 1}, i.e.
¢
N(t,z) = (e yh)(z) +i/e_i(t_s)HVﬂN(S,x)\p_lN(S,w)}ds-
0

For every j such that J; +1 < j < Jo, let U’ be the solution of (NLS) with the initial data 7 € H'(R).
Since V' is non-negative, by the estimate (5.41) and Proposition 4.3, we see that for sufficiently large n,

Sw,O(wj) = Sw,O(TI{,’Z/}j) < Sw,V(Td;/wj) < Sf; - 6]' < ngy =ly.
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Since the identities
Iw,O(djj) = w,O(Tx{ij) = w,V(Tz{ij) - / V(I)|¢j(33 - xi)‘gdﬁf

hold, and 7_; Y7 belongs to NI for sufficiently large n € N and V € L'(R) and 7 € H'(R), we have

Loo(4?) = liminf I,y (7,4 97) — limsup / V(@) (z = 2f)Pde
n—oo " n— oo

>0-0=0,

where we have used the Lebesgue convergence theorem. Therefore, we see that the solution U7 to (NLS)
belongs to € C(R : H'(R)) N LR : L7 (R)) from the scattering result obtained in [8] or [1]. For j € N
satisfying J1 +1 < j < Jy; and n € N, we set

Ul(t,z) :=Ul(t,x —22), fortcR,xzcR,

and we write U] as

t
Ua(t,x) = e (75 97) () +1 / eI |U (s, 2) [P U (s, 2) Vs + g (1, ).
0

For every j such that Jo+1 < j < J3, since ¢/ € HY(R) C H, by Lemma 5.10, we can construct a solution
W? € C((—o0,T) : H) N LE(—o00,T : L7 (R)) to the final state problem of

t
W2 (t,z) = (e "MV )(2) +i / e IV W (5, 2) [P W (s, 2)ds

— 00

on (—oo,T), where T denotes the maximal existence time of the function W_. We prove that T' = oo and
W’ e C(R:H)NLYR : LL(R)).

Let tg € (—o00,T). We note that the identity
Jim [ (6) = e~ Ty = 0 (5.42)

holds by Lemma 5.10. Since t, — oo as n — oo in this case, by the Sobolev embedding H C LPT(R), the
estimates (5.42) and (5.41), the conservation laws and the assumption S¢ < n,,, we have

Sy (W2 (t)) = lim S (V) < §¢ — 6, < SC < . (5.43)
Next we prove that
Lov (W7 (ty)) > 0. (5.44)

On the contrary, we assume that I,y (W7 (t9)) < 0. In the same manner as the proof of (5.43), we have
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lim |L,v (W2 (=#),)) = Lo,v (¢ 97)] = 0.
n—00

Since vyl € NF and ¢7 # 0, we also have I, v (e!*#V4J) > 0. Thus there exists ng € N such that
L, v(W?(—t],)) > 0. By the continuity of the function ¢ € R + I, v (W’ (t)) € R, there exists n; € N such
that I, v (W’ (=t} )) = 0. By the definition of n,,, the conservation laws and the estimate (5.43), we have

Nw § Sw,v(Wi(—tfn)) = Sw,V(Wi(tO)) < Ty,

which leads to a contradiction. Therefore we obtain (5.44). Thus by the estimates (5.43) and (5.44), we
find that W7 (ty) € NF. Thus we see that T = oo and W’ € C(R : H'(R)) from Corollary 4.7. Moreover,
by the estimate (5.43), the conservation laws and the definition of the critical action level S¢, we see that
W’ € L¢(R : L7(R)). Then for j € N satisfying Jo + 1 < j < Js, we define

w? (t,z) := Wi(t—t%,x), fort e R,z € R,

—n

and we write W7  as

t
W (1) = {0 (@I )} @) i [ e W (o)W o)) (1)
0

For every j such that J3 +1 < j < Jy, in the same manner as in the case Js + 1 < j < J3, by the function
Y € H'(R) C H, we can construct a solution W7 € C(Ry : H'(R)) N L¢(Ry : L7 (R)) to the final state
problem of

Wi (t,2) = (=) (2) — i / eIV Y (5, 2) PV (5, 2)ds

t

on R2. For j € N satisfying J3 + 1 < j < .J4, we define
Wi,n(t,x) = Wfr(t —ti ), fort e R,z €R,

and write Win as
¢
W n(t,z) = {7 (e 11V )} () +i/e_i(t_s)HV{IWi,n(s,w)\p_lwi,n(svx)}ds + St ).
0

For every j such that J; +1 < j < J5, by using 9/ € H'(R), we can construct a solution Y? e C((—00,T) :
HY(R))N L¢(—o00,T : L (R)) to the final state problem of

t
Y (t,x) = (e7Hopd) (z) + / e =) oy d (g 2)[P=1Y7 (s, 2)ds,

— 00

on (t,x) € (—o0,T) x R, where T denotes the maximal existence time of the function Y7, by Lemma 5.11.
We prove that T = oo and Y? € C(R : HY(R)) N L¢(R : L7(R)). Let ty € (—oo,T). Since p +1 > 2,
Y/ € HY(R) and t}, — oo as n — oo in this case, in the same manner as the proof of (3.3) in [21], we can
prove
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i it Hy - i —
nh—>Héo||e mV T Y[ Len = 0. (5.45)

. 1
Since the solution operator e~V commutes with the fractional operator HZ and is unitary on L*(R) for
any t € R and V is non-negative, by the conservation law in Lemma 5.11 and the translation invariance in
L?-norm, we obtain for any n € N,

Swo(Y (t0))

1 ) W, s 1 . w .
S10:97 12 + S 197172 = S10a7, 7172 + 5 ll7ps 071172
2 2 2 2

1 1 . w
< SIHE T 093 + iy v

L ) 1 .
JH JH +1
— S(,u,V (eltn VTx%lbj) 1 ||€ t VTszd)j Hi?+1-

By this estimate, (5.45), the relation (5.41) and Proposition 4.3, we obtain

lim sup |e*4 #v 7, |11,

1 n—oo

Sw0(Y? (t0)) < limsup S, v (GZt"HvT iW) +

n—oo

SSZ—5j<nw=lw.

In the same manner as above, we can prove I, o(Y” (to)) = 0. Thus we can apply the scattering result for
(NLS) obtained in [8] or [1] to find that T'= oo and Y? € C(R : HY(R)) N L¢(R : L"(R)). For j € N such
that J4+1 <5 < J5, set

Yﬁ‘yn(t,x) =Y/ (t—t),x—al), forteR,zeR

and write Y/ n @S
t
Y] (t .’E) _ {6 thv( itd vaj +Z/e_i(t_S)HV{Yz’n(S,x)‘p_1Yj’n(8,.T)}dS + ei’n(t,l‘).
0

For every j such that J; +1 < 5 < J, in the same manner as in the case J, +1 < j < J5, by using
¥J € H'(R), we can construct a solution Y{ € C(R : H*(R)) N L{(R : L7 (R)) to the final state problem

o0

Y(t,x) = (e7"Moy) (x) —i/e’i(t’s)HO{lYi(syx)\”*lYi(s,x)}d&

t

on R?. In the same manner as the proof of above, we can prove Yi € C(R: H'(R)) N LY(R : L7 (R)). For
j € N such that J; +1 < j < J, set

Vi, (tx)=Y(t—t],x—al), forteR, z€R,

and write an as
¢
P altr) = (e () [ DN oY o)} )
0

For J € N and n € N, we introduce an approximate solution Z7 to (NLSy ), which is called nonlinear

J

profile, a function z;/ and a remainder term r; as
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Jo Js3 J4
Zl(tx) = N(ta)+ > Uit,x)+ Y W (ta)+ > Wi, (tz) (5.46)
j=J1+1 j=J2+1 j=J3+1

J5 JG
+ Z Y7 (t,x) + Z Y . (t,x),

j=Ja+1 j=Js5+1
t T
2 (t, ) ::/eﬂ(t*s)H" IN(s,2) [P~ N (s, ) + Z \UI (s, 2)[P1UY (s, x)
0 j=J1+1
S WL s W s+ S WL (s @)l W (s, )
j=J2+1 Jj=J3+1
S WLl )+ Y V(s m)P Y (s,2) b ds,
j=Ju+1 Jj=J5+1
Ja Js3 ) Jy ] Js ) Je )
T,‘{(t,l‘) = Z gh(t,x) + Z fi,n(tvx)'i_ Z fi,n(tal‘)"i' Z ejf,n"" Z ei,n’
j=Ji1+1 j=J2+1 j=Jsz+1 j=Ja+1 j=Js5+1

respectively, for (¢,7) € R x R. By the identity (5.33), the function Z/ can be written as
Z;(t.x) = {7 (oo = WD)} (@) + iz (8, 2) + 171 (L, ).
For any J € N, Lemmas 5.9, 5.10, 5.11 give

nlingo HriHLﬁ(RZL:ﬁ)

=0. (5.47)
Since each term in the right-hand side of (5.46) belongs to C(R : H*(R)) N L¢(R : L"(R)) and we have the
orthogonality of the parameters (5.10), we can apply Corollary 5.1 with N = J in [3] with the non-admissible
Strichartz estimate (Lemma 5.3), to obtain

t

i |27~ [ e 2 2] (0) ) ds

n—oo

Il
e

(5.48)

0 Lg(R:L7)
Therefore, if we write Z; as

t
Z;/(t, @) = {e7"V (9 — W) }(2) +i/67i(H)HV{|Z7{(8,93)|p*12;{(8, z)}ds + 5, (t, @),
0

then by the identities (5.47) and (5.48), we have

lim ||S Le(R:LT) 0.

J’
n
n—oo

In order to apply the perturbation lemma (Lemma 5.8 with v = Z7, o = ¢, =W,/ g = —W,/ and e = s),

n
we have to show a bound on sup ;o {lim SUP, 500 ||Z;{||LQ(R.LT) } We can apply Corollary 5.2 in [3] in this
t (Rilg
case to obtain
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Ja
thUPHZJHLa (R:LT7) <2”N”p“ RL’)+2 Z HU ||L“(]RLT)
j=J1+1
Ja P

2 H +2 HW]
+ _%: Le(R:LT) j_%;l tllLe®:Lr)

J .
2 3 |2 2 3 v ,
+ Z L“(]RLT)+ j:%;“ tllze®:Lr)

J
=: g a’
i=1

where we have used the translation invariance of the norm L¢(R : L7) with respect to time and space and

we set aJ = 2 ||N||p?(RL£) if1<j<J,?2 HUJ" i;ﬁ(RL;) if J1 +1<j < J,, and so on.

Since {¢n }nen is bounded in H and V is non-negative, by the orthogonality of the L?-norm and H é—norm
in the linear profile decomposition (Proposition 5.7), we find that there exists a finite set J C {1,2,---,J}
such that Hz/JjHHl < |99 |ls < go for any j ¢ J, where gy is a constant given in the small data scattering
result (Proposition 5.5). Thus by Proposition 5.5, we have

Le(R:LT) <Za“rza’ <Z‘IJ+CZ||W||p

jeg i¢T jeJ i¢T

<ZaJ+C lim anwup

JjeT J¢J

< Zaj +C lim Z || et Hv 7 NP s
HV

JjeT J%J

hmsup HZ‘]‘

< Zaj—l—C’nw =: M,
JjeT

where M is a positive constant independent of J.

Set eps = (M) > 0, which is given in Lemma 5.8. Then by Proposition 5.7, we find that there exists Jy =
Jo(en) € N such that for any J € N satisfying J > Jo, the estimate lim sup,, ., |le v W/ Le(R:L7)
holds due to a,” < oo and W, € H for any J € N and sufficiently large n € N. Then by Lemma 5.8, we
find that u, € L{(R : L) for sufficiently large n, which contradicts |[unl|;qg.z,) = oo for any n € N.
Therefore, we obtain J = 1.

Then by (5.33), (5.38), (5.39), we have

<Em

on = Vet 4y WS¢ = limsup S,y (e TV gt),  lim |W|g = 0.
" n—00 " n—00
In the same argument as the proof of Lemma 6.3 in [8], we can prove that {t.},cn is bounded. Thus we may
assume that t1 = 0 for any n € N up to subsequence. In the same argument as the proof of Proposition 4.1
in [3], we get 1 = 0 for any n € N. Let u¢ be the solution to (NLSy ) with the initial data ¢! € NI". Then
by the conservation law, we have S& = S,, v (u®). The global solution u¢ does not scatter by a contradiction
argument and the perturbation lemma (see the proof of Proposition 6.1 in [8] for more detail). O

5.6. Extinction of the critical element

In this subsection, we study properties of the critical element to (NLSy ) obtained in Theorem 5.12. First
we prove precompactness of the flow of the critical element in the energy space H. Second we prove a so-
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called rigidity lemma by using the repulsiveness of the potential, which concludes the proof of the scattering
part of Theorem 1.3.

Lemma 5.13 (Precompactness of the critical element). Let w > 0, p > 5, V € L1(R) satisfy V' € L1(R), u
be a critical element, i.e. u € C(R : H) is a solution to (NLSy ) on R which satisfies u(t) € N} for any
t € R and

Swv(u(t) =55 lullpg®:Ly @) = o0

Then H := {u(t) € H : t € R} C H, which is the orbit of the solution u, is precompact in H, i.e. H is
compact in H.

Proof of Lemma 5.13. Let {¢,} C R be a sequence. It suffices to prove that there exist a subsequence of
{u(tn)}nen and the function ¢ € H such that lim, o u(t,) = ¢ in H.

For any t € R, since u(t) € Nf, the estimate I, v(u(t)) > 0 holds. Since S, v (u(t)) = Sy for any
t € R by the assumption, Lemma 4.5 gives

[u(t) |l < Cv/Su(u(t)) = Cy/SS < oo

for any t € R, where C' is dependent only on w and p, which implies that {u(¢,)},ecr is bounded in H. We
note that the identity Sy (u(t,)) =S¢ 1, holds for any n € N. Set ¢, := u(t,) € H for n € N and let u,, be
the unique solution to (NLSy ) with un(O) ©n, (see Proposition 1.1). Then we can prove that for any n € N|
uy, is global, belongs to C(R : H) and |u,||Le®.Lr) = 0o. Indeed, since S, v (¢n) = Sw,v(u(tn)) < n, and
L, v(pn) = L, v(u(ty)) > 0, we see that u, is global and belongs to C(R : H) from Corollary 4.7 with
to = tn. And on the contrary, we assume that there exists ng € N such that ||un,|/zs®:r) < 00. Then
by the perturbation lemma (Lemma 5.8), we can find ¢ € H such that S& = Sy, v (u(tn,)) = Sw.v(Pn,) <
S, (1) < n,, and if @ is defined as the solution to (NLSy) with @(0) = ) on R, then 4] Lo (R:Lr) < 00, which
contradicts the definition of S¢. The existence of such % is proved as follows more precisely. We define the
function f : [-1,00) — R as

1
= 1 = 2. 2_ ____ Pl (1 pt1
fN) w v (14 A)en,) II%OIIH (1+X) p+1||90n0||Lp+( +A)

1
2
o,V

= A(1+N\)? — B(1 + M)

where A := ||@n, ||?

1
2
Hw

, B:= p+1|\cpn0|\Lp+1 Noting that

,V

) =0+N{24-Bp+1)(1+1NP""'},

we see that if \g is defined by Ao := —1 _|_{ ey +1) }Pﬂ’ then f is increasing on (—1, Ag) and f is decreasing
on (Ag,00). Therefore, in the case of A\g > 0, by letting A such as A — +0 with the perturbation lemma
(Lemma 5.8), we can find such 1, on the other hand, in the case of Ay < 0, by letting A such as A — —0
with the perturbation lemma, we can find such 1;

Thus we can repeat the same argument as in the proof of Theorem 5.12 with ¢,, = u(t,) and we can find
a subsequence of {u(t,)}nen and the function ¢ € H such that lim,_, u(t,) = ¢ in H, which completes
the proof of the lemma. O

Lemma 5.14 (Precompactness of the flow implies uniform localization). Let V. € L'(R) + L*°(R) be non-
negative, u € C(R : H) and p > 1 and let H C H be the set of the flow defined by
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H:= {u(t) e H:t e R}.

Then if H is precompact in H, for any e > 0, there exists R = R(¢) > 0 such that

/ |0z u(t, ©)|?dx + / lu(t, z)|2dx + / lu(t, z)|PTldx < e, for anyt € R.

|z|>R |z|>R |z|>R

This lemma can be proved in the same manner as the proof of Lemma 5.6 in [11] and Corollary 3.3 in
[7]. For the convenience of readers, we give a proof of the lemma in Appendix E.

Next we give a proof of the so-called rigidity theorem under the precompactness of the orbit of the flow,
and the repulsiveness of the potential (zV’ < 0).

Proposition 5.15 (Rigidity theorem). Besides the assumptions (1) in Theorem 1.2, we assume that V belongs
to LY(R), V"’ belongs to L*(R) + L (R) and satisfies xV'(x) < 0 for a.e. x € R, i.e. V is repulsive. Let u €
C(R : H) be the unique solution to (NLSy ) with u(0) = wug. If the orbit of the flow H := {u(t) € H :t € R}
to (NLSy ) is precompact in H. Then v =0 for any t € R.

The repulsiveness of the potential V' in the scattering part is used only in the proof of the proposition
(see also Proposition 13 in [21]). The proof of the proposition is based on the localized virial identity
(Lemma 3.1).

Proof of Proposition 5.15. On the contrary, we assume that there exists ¢y € R such that u(tg) # 0. Let
R > 0 be a parameter, which will be determined later. We can take ¢ = ¢(z) € C5°(R) such that

4
0< () <a? [¢(@)| <Cilzl, |¢"(2) <2, [¢W(z) < L

for x € R, where (] is a constant independent of x, and

2%, 0< |z] <R,
¢(w)—{07 lz| > 2R.

Since u is the solution to (NLSy ) on R, we can apply the localized virial identity (Lemma 3.1) to obtain
I//(t) = SPO(U(t)) +Ri+Ro+ Rz + Ry, forteR, (549)

where R; (j =1,2,3,4) are defined by
Ry = 4/{(;5"(30) — Y| Duult, ) |2dz,
R

R 2(}7 B 1) " p+1
Ro := Tl /{QS (x) — 2} |u(t, z) [Pt dz,
R

Ry = — / 6D (@) ut, )| ?de,

R
Ry := —2/¢'(x)V’(x)|u(t,x)\2dx.
R
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By the properties of the function ¢, we have

|Ri| =41 [ {¢"(x) — 2}|0,ult, z)|2dm <16 |0z u(t, m)|2dm,
| /

|z|>R

|R2‘ — 2(;7—’_11) /{¢//(z) _ 2}|u(t,z)|l’+1d:c < % / |u(t,l‘)|p+1d3;,
R |z[>R

Ral = | [ 69 @utt.0)Pde| < 1z [ Jutt,a) P,

R |z|>R

Since V satisfies V' (z) < 0 for a.e. z € R, by the properties of ¢, we have

Ry = —4 / 2V (@) ult, z) 2w — 2 / & @)V (2)[u(t, z) 2de

le[<R le[>R

> 9 / & (2)V'(2)u(t, z)Pda
|z|>R

> 9 / 16 (@)|[V" (@) Ju(t, 2) Pz
|lz|>R

>

Y / eV (2) | u(t, z) [2da,

|z|>R

for any t € R and R > 0. Since zV’ € L'(R) + L*°(R), there exist V; € L*(R) and V5 € L*°(R) such that
the identity V' = V; 4+ V5 holds. By the estimate (1.13) in Theorem 1.2 and the energy conservation law,

o)l = ~IHEuO 12 >~ 22 ) = —\/ 20 =D B (ulto)

for any t € R. Thus by these facts, the Gagliardo-Nirenberg-Sobolev inequality || f||2 < ||fl|z2|0xf|| 2 for
f € HY(R) and the mass conservation law, we have

we have

Riz <20 u®)lfe [ Wi@lds - 2G|Velim [ Ju(t.o)Pde

|z|>R |z|>R

> —2Cuul) |z l0.u®lie [ Vi@)lds - 261 Val= [ Jutt,a)Pda

|z|>R |z|>R

z2cl||u<to>|Lz\/2f__51)Ev<u<to>> [ Wil —2ciValus [ o=

|z|>R |z|>R

for t € R. Therefore, by combining the above estimates, for any R > 1 and t € R, the estimate
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Z"(t) >8Po(u(t)) — (IR1] + [Ra| + [Ra|) + R4
>8Py (u(t))

— 16 /\8zu(t,x)|2dx—|— / lu(t, z)|*dx + / lu(t, z)[P da 3 + Ry (5.50)
lz|>R lz|>R |z|>R

holds. By u(tg) # 0 and the mass conservation law, we have uy # 0, which allows us to apply Theorem 1.2
to find that there exists §p > 0 independent of ¢ such that Py(u(t)) > dp. Since H is precompact in H, by
Lemma 5.13, there exists Rg = Ro(do) such that for R > Ry, the estimate holds

/|8wu(t,x)|2dx+ / lu(t, z)|*dx + / \u(t,x)|p+1dx§%, (5.51)

|z|>R |z|>R |z|>R

for any ¢t € R. Since V; € L'(R), by the precompactness of H again, there exists Ry = Ry(dp,V) > 0
independent of ¢ such that for R > R;, the estimate

Ry < & (5.52)
holds for any ¢ € R. Fix R > max(Ry, R1) arbitrarily. By combining the estimates (5.50)-(5.52), the estimate
I"(t) > do

holds for any ¢ € R. For any ¢ > 0, by integrating the above estimate twice with respect to time over [0, ],
we have

é
I(t) > Eotz +T'(0)t + Z(0),
which implies that

tlgglol(t) = 0. (5.53)
On the other hand, by the definition of the function Z, the property of ¢ and the mass conservation law,
the estimate

Z(t) = / d(x)[u(t,x)Pde < AR® [|u(t)||72 = 4R*|[u(0)] 12 =: Ca,

2| <2R

holds for any t € R, where Cy = Co(R, ||u(0)|/2) is independent of ¢, which contradicts (5.53). Therefore
we see that for any ¢ € R, u(t) = 0, which completes the proof of the proposition. O

Finally, we complete the proof of the scattering part of Theorem 1.3 by combining Theorem 5.12,
Lemma 5.14 and Proposition 5.15.

Proof of the scattering part of Theorem 1.3. By the definition of SZ, it suffices to prove n,, < Sg. On the
contrary, we assume that n, > S¢. Then from Theorem 5.12, we can find a critical element u® € C'(R : H)
to (NLSy ). Lemma 5.13 implies that the orbit of the flow {u®(t) € X : ¢t € R} is precompact in H. Thus the
rigidity theorem (Proposition 5.15) implies that u®(t) = 0 for any ¢ € R, which gives S, v (u°(t)) = 0 for
any ¢t € R. However, this contradicts S, v (u®(t)) = S5 > 0 for any ¢ € R. Therefore we see that n, < S,
which completes the proof of the scattering part of the theorem. O
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Appendix A. Proof of the local well-posedness in the energy space H

In this appendix, we give a proof of the local well-posedness result for (NLSy/) in the energy space H
(Proposition 1.1) via the standard argument (see also Theorem 3.7.1 in [4] for more general operator Hy ).

Proof of Proposition 1.1. (Existence) Let ¢ > 0 and ug € H such that ||ug||y < 0. For T > 0 and © > 0,
which will be determined later (see (A.4)), we set It := (=T, T) and we introduce a closed ball X(T,©) in
Lo (Ir : H) as

X(T, @) = {'LL S LfO(IT : ’H) : ||u||L;x>(]T:’H) < 9}
with the metric dr(u,v) := ||u — v|| s (1,:L2), for u,v € Lg°(Ir : H). We prove that the nonlinear mapping
J: X(T,0) — X(T,0)

t
J[u)(t) := e~ vy, —|—i/eii(tfs)HV|u(8)|p71u(s)ds, telr
0

is well defined and is contractive on X (T, ©), if © = O(p) is sufficiently large and T = T'(0©) is sufficiently
small.

Since V is non-negative and belongs to L*(R) + L>(R), by the Sobolev embedding H!(R) C L*>*(R),
the estimate

1117 < 1F13 = 1117 + / V(@) f(2)*dz < (1 + OV rir=) I3 (A1)

1 4
holds for any f € H, where C is a positive constant independent of f and V. Since L2 and e "V are
commute with each other for any ¢+ € R and {e~##v},cp is unitary on L?(R), by the Sobolev embedding
HY(R) C L*°(R) again and the above equivalency of the norms, we have

[T [ul @)l < lluollw + /IILé(IU(S)I”*lu(S))IlmdS
0

t
< uolls +C /IIIU(S)I”_1U(S)IIH1d8
0

<o+ CTOP, forte Ip, (A.2)

where (] is a positive constant dependent only on p and ||V|| 14 o . Here we choose © = ©(p) and T = T(©)
such as

©>20 and 0<T <

1
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Then the estimate

T Tulll o (10m) < 0,

holds, which implies that the mapping J is well defined from X (T, ©) into itself.
By the fundamental formula of calculus, the estimate

1
llalP~ta — [bP~1p| = / %m + (1= )b~ (0 + (1 — O)b)do
0
<p2(JalP~t 4 (b |a — 0]

holds for a,b € C. By using this estimate and in the same manner as the proof of (A.2), we obtain
dr(J[ul, J[v]) < CoTOPrdy(u,v)

for u,v € X(T,0©), where Cs is dependent only on p and ||V||p:14 1. Here we take T' = T'(©) such that

1

Then the estimate
1
dr(Jlu], J[v]) < 5dr(u,v)

holds, which implies that the mapping J is contractive on X (7T,0). Thus by the contraction mapping
principle, we see that there exists a unique u € X (7, ©) such that J[u](t) = u(t) on t € Ir.

(Uniqueness) On the contrary, we assume that there exists ¢ € (0,7}) such that u(t) # v(t) in L?-sense.
Then we can define to := inf {t € [0,71),u (t) # v (t)} > 0. Since both u and v belong to C([0,T1) : L?),
we have u(tg) = v(tg) by the continuity. Since (NLSy ) is invariant with respect to the time translation, we
may assume tg = 0. In the same manner as the proof of the Existence part, for small 7 € (0,7}), we have

dr(u,v),

| =

d- (“ U) < C2T(||u||Lt([T + HUHLt Ir, H))d ( ) <

which implies u(t) = v(¢) on [0, 7). This contradicts the definition of . Therefore u(t) = v(t) on [0,T1).
We can also prove u(t) = v(t) on (=771, 0] in the same manner.

(Continuity of the flow map) Let ug € H and vy € H such that ||up|l < o and |Jvg]l < o respectively.
Let u € X(T,0) and v € X(T,0) be solutions to (NLSy ) with «(0) = ug and v(0) = vy respectively. In the
same manner as the proof of the Existence part, we have

1
dr(u,v) < |lug — vol|z2 + CoTOP ™ dy(u,v) < |Jug — vol L2 + §dT(U,U)7

which implies that the flow map Z : {f € H : ||flln < o} — X(T,0) is Lipschitz continuous with the
Lipschitz constant 2.

(Conservation laws) The proof of the conservation laws is standard. So we omit the detail.

(Blow-up criterion) We only consider the positive time direction, since the negative time direction can
be treated in the same manner. We assume that

tli)rx%inf |0,u(t)]| L2 < oo.
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Then we can define
Cy = tli%ig% 0zu(t)| Lz

We can find a sequence {tx}ren C [0,74) such that

lim ¢, =14 (A.5)
k—o0
sup [ Ozu(ts)|lrz < Cs +1 (A.6)
keN

The identity (A.1), the L?-conservation law and (A.6) give
sup [[u(t)l3; < (1+ CIVIzrype)(luollZ2 + sup [[8zu(tr)|Z2)
keN keN
< (1 +CVilzrtre)(luolliz + 1+ Cs) =: p1
Thus by the result of the Existence part, there exists a positive time T = T(p;) independent of &k such
that for any k € N, there exists a unique solution u € C([tg,tx +T(r1) : H) N C ([tg, tx + T(p1) : ™) to
(NLSy ). However, by (A.5), we can take t; such as ¢ + T'(p1) > T4, which contradicts the maximality of
T.. Therefore we obtain
lim inf ||0yu(t = 00,
Jim inf [0zu(t)|| L2 = oo
which completes the proof of the proposition. O

Appendix B. Proof of the localized virial identity (Lemma 3.1)

In this appendix, we give a proof of the localized virial identity (Lemma 3.1) only for smooth rapidly
decaying solutions. For the proof of H!-solutions, see [17].

Proof of Lemma 3.1. Since V is real-valued and u is a smooth rapidly decaying solution to (NLSy ) on I,
by the definition of the function Z and the integration by parts, we have

= 2/¢> YRe{u(t, z)dyu(t, r)}dx = —2Im/¢ u(t, 2)02u(t, z)dx
—2Im/d> u(t, 2)0pult, x)dz,
for t € I. By the integration by parts again, we get
7' (t) = QIm/d) VOpu(t, x)dpult, x)dw+2hn/¢ u(t, )0, 0pu(t, x)dx
= 4Im/d) VOsu(t, x)Opu(t, x)dx — 2Im/¢” u(t, z)0pu(t, z)dx

=: A1 + AQ.

We note that the following identities hold for (¢,z) € I x R:
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i0pu(t, x) = —0%u(t, ) + V(2x)u(t, ) — |u(t,z) P u(t, x), (B.1)
2 (|0zu(t, 2)|*) = 2Re{O2u(t, 2)0zu(t, )},

O (u(t, z)|?) = 2Re{u(t, )0, u(t, )}, (B.2)
Ou(u(t,2)["*1) = (p+ Dlu(t, 2) P~ 'Re{ult, 2)dzu(t, ©)}.

By using the identities and the integration by parts again, we have

Ay = —4Re / ¢/ ()02a(t, 2)0,u + 4Re / ¢/ (2)V (2)ult, 2)uu(t, ) da
~ 4Re / & (@) |ult 2) P~ u(t, 2)dpult, v)dz
—2/¢" \8utx|dx—2/¢” Dlult, )|2dz (B.3)
_2/¢ V(@) fult,a) e + — /|u (t,2) [P da.

By the identities (B.1) and (B.2) and the integration by parts, we obtain

Ay = —2Re/¢" 2)02u(t, x)u(t, r)dx

+2/¢" Dult, )[2dz — 2/¢” ult, )P dz
/¢(4) u(t,x |2dac+2/q§” VOpu(t, 2)|*dx (B.4)
+2/¢" Dult, )|2dz — 2/¢” Nt )| dz.

By adding the identities (B.3) and (B.4), we obtain (3.2), which completes the proof of the lemma. O
Appendix C. Proof of the perturbation lemma (Lemma 5.8)

In this appendix, we give a proof of the perturbation lemma (Lemma 5.8). In order to prove the lemma,
we use the following Gronwall-type inequality.

Lemma C.1. Let 1 < p <v < o0, g = q(p,v) := y“_”# €1,00),0<T <00, fe L{(-T,T), g L}, (-T,T)

and 1 > 0. Then the function fg: (=T, T)— R belongs to L}'(—T,T). Moreover, if the estimate
gl (—eey <+ falloe e

holds for any t € (0,T], then the estimate
gLy (—ety < AL Nlg(—e0))

holds for any t € (0,T], where W(s) := 2I'(3 + 2s) for s > 0 and T is the Gamma function defined by
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o0
= /tsfleﬂkdt7 for s > 0.
0

For the proof of this lemma, see Lemma 8.1 in [§8]. Now we give a proof of Lemma 5.8.

Proof of Lemma 5.8. Set w :=u—v € C(R : H). Then since u and v satisfies (5.12) and (5.11) respectively,
w satisfies

w(t) = e "M o + i / eI [l (s) +u(s) [P Hw(s) +u(s)} — |o(s) P~ o(s)]ds — e(t), (C.1)
0

ont € R. Here we fix e > 0 and T > 0 arbitrarily, which will be determined later. We note that since p > 5,
there exists a positive constant C), depending only on p, such that for any a,b € C, the estimate

lla+ B[P~ (a +b) — [bIP~8] < Cp(|al” + [b["~"|a]) (C.2)
holds. Let t € (0,T). By taking L¢(—t,t : L!)-norm of the equation (C.1), using the assumptions
le= ™ v ol pamiry < € and |le]lLe®:rr) < €, the non-admissible Strichartz estimate (Lemma 5.3) due

to V € Li(R) and p > 5, the Holder inequality and the identity pb’ = a, we have

wllze(—te:07) < &+ [[lw+vP~Hw +v) - |”|p_1”||L2/(7t,trL;') te
< 2+ Cp|||U|p71|w| + |w|p||Ll;’(—t,t:L;’)
< 26 + Gyl 0Ozl oy + Col IO
=:2¢ + Cp|\ngL?'(_t7t) + Op”g”pg(—t,t)

Hg”Lg(ft,t) < Ae+ A|‘ngL?/(7t7t) + AHngg(ft,t)’ (03)
where A := max(2,C)), the functions f : R — [0,00) and g : R — [0, 00) are defined by
F) = lv®l7; " € LY(R), and g(t) := [w(t)l|z; € L (~T.T)

respectively. Here w is defined by w = w(p) := @ and satisfies 1

+1 == — é, and we have used the fact
that v € L¢(R : L"), u € L{°(R : H) and the Sobolev embedding H ¢ H'(R) C L’ (R). Moreover, since the

estimate [|v[|ze(R:Lr) < M holds, the inequality

1
b

”f”L;‘)(]R) = HU”La(]R L7) < M? p—1 (04)
is valid. Here we choose ¢ = (M) = (M, A) > 0 satisfying
e < 27D AW(MP ) T, (C.5)

where W is same as in Lemma C.1. Next we will prove that ||g||zs®) < oo. Since g € L$°(R) and a < oo, there

a

exists a positive Ty = Tp(e) such that ||g||pa( 0.1,y < €- In fact, it suffices to take 0 < T < 5 (;> v

lgllLso (m)
Thus we can define the value

T, == sup{T € (0,00] : |gll7¢ _7 ) <} >0.
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We claim that T, = co. Indeed, on the contrary, we assume that T, < co. Then by the continuity, we have

”9”12;1(—T*7T*) = ¢. Then by the estimate (C.3), we have

9l ze (—t.0) < 24 + Allfgllpy (o)

for any ¢t € (0,T%]. We can apply the Gronwall-type estimate (Lemma C.1) with u = b ,v = a, ¢ = w and
1 = 2Ae, to obtain

gl ety < 2A8W(|| fll e (—t,0) < 24cW(MP7T),
for any ¢t € (0,7%], where we have used the estimate (C.4). By this estimate and the inequality (C.5), we
obtain HgHzL’E(l_t < 5, for any ¢ € (0,7.], which leads to a contradiction. Thus we see that T\, = co. Here
we set

C(M) :=2AT(MP~1).

By the repeating above argument, we find that

lwllps ®:zr) = l9llLe®) < 246V (MP~1) = C(M)e,
which completes the proof of the lemma. 0O

Appendix D. Proof of Lemma 5.9

Proof of Lemma 5.9. Up to subsequence, we may assume that z,, — oo or z,, - —co as n — oco. We only
consider the case x,, — oo as n — 00, since the case x,, — —o00 can be treated in the same manner.
First we claim that for ¢» € H*(R), the identity

I 02 (1 ap) — e HV (7 ‘ —0 D.1
A (e (e ) = T (T V)| s (D-1)
holds. To prove this, we will show that
Jim_sup le™ "™ (70, )| Lo (1> ):L1) = O- (D.2)
— peN

Let € > 0. Since C§°(R) is dense in H'(R), there exists 1) € C5°(R) depending on ¢ > 0 such that the
estimate holds:

I =&l <.

By this estimate and the non-admissible Strichartz estimate (Lemma 5.3) due to p > 5 and V € L}(R), we
have

e (72t = 7o, )| g o) < CollTan® = 7o, ¥l = Colld =l < Coe, (D.3)

where we have used the translation invariance of the norm || - ||g1 and Cy depends only on p and V. For
any n € N, since Tzn’(/; € LT/, we can apply the dispersive estimate (5.2) to get

i 5 -5(&-% 7 —10=-2)1.7
le" ™V (70, )| - < Chlt] 2<" 7)||7'acn¢||Lr' = Chlt] 21 T)‘W”L“
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for t # 0, where we have also used the translation invariance of the L™ -norm and C; depends only on p and

132
a(12><p1>>1
2 T p+3

hold due top > 5 > :”T‘/ﬁ, the function [¢|z(*=%) belongs to L&(|t| > 1,00). From this integrability, we see
that there exists large Ty > 1 such that for any T > Ty, the estimate

V. We note that since the estimates

Sug ||€_itHV (Tanzj)HL;"((lth):L;) <e, (D.4)
ne

holds. We note that the identity 7, ¢ = Tmndj + (72,0 — Tmn’lZJ) holds for any n € N. Thus combining the
estimates (D.3) and (D.4) gives that for T' > Tj, the estimate

sup [le™ ™V (1, V)| Le (e1>1):L7) < (14 Co)e,
neN

holds, which completes the proof of the identity (D.2). Next in order to prove (D.1), we will show that for
any 1" > 0, the identity

lim
n— oo

a2 .
¢ (1) — €Y (7, )|

=0 (D.5)
L (=T, T:L7)
holds. Indeed, for any n € N, set uy,(, x) := €% (1, ¥)(x) — e~ "HV (7, )(z) on (t,z) € R x R. We note
that for any n € N, since 7, 9 € H, we see that the function u,, belongs to C(R : H)NL(R : L7) and is the
unique solution to the Schrédinger equation with the potential and the inhomogeneous term —Veitd; Ta, W

10y, — Hyu,, = —Veitagrxnw, (t,z) e R x R.

Thus the inhomogeneous non-admissible Strichartz estimate (Lemma 5.3) due to p > 5 and V € Li(R)
gives

a2 B a2
lunllzg(—71:Lm) < 02||V€1t6”xn¢||,;g'(,T7T:L;) < Co(2T) 7 ||V e ry bl oo (—1 1)

A

o2 1 2
= Co(2T) 7 |V 7o, €% || poe (1 1ip1) = C2(2T) 7 |[(7—0, V)" || oo (_7 711 (D-6)

for any n € N, where we have used the fact that the translation operator 7, commutes with the free
Schrodinger solution operator eit9: for any y € R and ¢ € R. In the same manner as the proof of (3.17) in
[21], we can prove

. it92
lim ||(sznV)e”a””w||L§°(fT,T:L;) =0. (D.7)

n—oo

Indeed, let & > 0. Since €% 1) € C(|=T,T] : H*) due to ) € H'(R) and [T, T] is closed, ¢*%:4) is uniformly
continuous in H'(R) on [T, T}, that is, there exists § = §(¢) > 0 such that for any to,t; € [T, T] satisfying
|t0 — t1| <4,

[eit0%g) — g g < e (D.8)

Take t € [-T,T] and tg = to(t,0) € [T, T] with |t —tg| < ¢ arbitrarily. Since e09iy) € HY(R), there exists
My = My (e, tp) > 0 such that for any = € R satisfying |z| > M, the estimate
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let0%ap(z)| < e (D.9)
holds. For x € R satisfying |z| > Mj, the Sobolev embedding H(R) C L*(R) gives
52 -, 02 a2 a2
€024 (z)| < [P p(a) — "% yp(a)| + |e0% ) ()|
< Caei* 4 — 0P| + & < (Ca + 1)e,

where Cj3 is a positive constant, which implies that for any ¢ € [—T,T], there exists My = M (¢, ) such
that the estimate holds:

.02
||€Zt6”/)||L;o(|x\>M1) < (C3 + 1)e.
On the other hand, since V € L*(R), there exists My = Ms(V,e) > 0 such that the estimate holds:
/ |V (z)|dx < e. (D.10)
|I|>M2

Set M = M(t,V,e) := max(My, Ms). Since we are considering the case lim,_, x, = oo, there exists
ng = no(M) € N such that for any n € N satisfying n > ng, , > 2M. Then for n € N with n > ng, the
relation holds:

rzeR with |z+z,| <M= |z| > M. (D.11)

For n € N satisfying n > ng and ¢ € [—T,T], the relations (D.10)-(D.11) and the Sobolev embedding
HY(R) C L*°(R) give

(el = [ Vel @@l [ Ve sl @)

|z+xp,|>M |z+xy,|<M
SHenainLgo / |V (x + x,)|dx + / |V($+xn)||(e“85¢)(x)|dx
|lz+x,|>M |z|>M
. a2
<Gl [ V@ldz+ 1 ez [ Vi@
|z|>M |z|>M

<A{Gs[[¢llar + (C3 + V||V |11 }e =: Cue,

where Cj is a positive constant depending on ||V|| 1 and ||¢)|| g:. This gives that for any n € N satisfying
n > ng, the estimate

. 2
(=2, )€™ Pll e (~rrit) < Cae

holds, which completes the proof of (D.7). By combining (D.6) and (D.7), we have (D.5). Moreover by
combining (D.2) and (D.5), we can prove (D.1). In the same manner as the proof of Proposition 8 in [21],
we can prove

t t

lim /ei(tfs)az {1Un(s)P~ Uy (s)} ds — /eii(tfs)HV{|Un(s)|p71Un(s)}ds =0.

n— o0
0 0 L¢(R:LT)

So we omit the detail. O



62 M. Ikeda / J. Math. Anal. Appl. 503 (2021) 125291

Appendix E. Proof of the uniform localization via precompactness

In this appendix, we give a proof of Lemma 5.14, which can be proved in the similar manner as the proof
of Lemma 5.6 in [11] and Corollary 3.3 in [7].

Proof of Lemma 5.14. On the contrary, there exists € > 0 such that for any n € N, there exists {t, }neny C R
such that

/|6mu(tn,x)|2d:c+ / [u(tn, x)|*dx + / [u(tn, )P de > ¢. (E.1)

je[>n e[ >n || >n

Since H is precompact in H, there exists ¢ € H such that, passing to a subsequence of {¢, },ecn, the identity
lim,, 00 u(ty,) = ¢ in H holds. By combining this fact, the equivalency of the norms || - ||z and || - ||,
and the Sobolev embedding H'(R) C LP*!(R), there exists Ny = Ni(e,p) € N such that for n > Ny, the
estimate holds:

(E.2)

p 13
[ 10.utn.) 0,600 Pdo + R/ [0t ) — () dz + R/ [ultn, ) — $(a) o < 5"

R

Since ¢ € H C H'(R) C LPTL(R), there exists No = Na(g,p) € N such that for n > Ny, the estimate

J R B e (£:3)

|z|>n |z|>n |z|>n

holds. Thus for any n € N satisfying n > max(N7, N2), by combining the estimates (E.2) and (E.3), we
have

/|8wu(t,x)|2dx—|— / lu(t, z)|?dx + / lu(t, z)|PTdr < e.

|z|>n |z|>n |z|>n

This contradicts (E.1), which completes the proof of the lemma. 0O
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