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1. Introduction

We consider the boundary blow-up problem for the k-Hessian equation
Sp(D*u(z)) = H(2)[u(z)]*[Inu(z)]’ > 0in Q, u = +oo0 on 99, (1.1)

where 3 > 0,Q is a smooth, bounded, strictly convex domain in R (N > 2), and H(z) is smooth positive
function on €. The boundary blow-up condition u = 400 on 92 means

u(z) — 400 as dist(z, 9Q) — 0.
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Si(D?*u)(k € {1,2,...,N}) denotes the kth elementary symmetric function of the eigenvalues of D?u, the
Hessian of u, i.e.

Sp(D*u) = Sp(A, M-, An) = > Niy - i

1<iy<--<ip<N

where A1, Az..., Ay are the eigenvalues of D?u. For k =1, i.e.
N
Sl(DQU) = Z/\Z = Au
i=1
is the well known classical Laplace operator; for K = N, i.e.

N
Sn(D*u) = [[ A = det(D?w)

1=

—

is the Monge—-Ampeére operator. A great interest has been shown by many authors in the subject of Laplace
problems and Monge—Ampére problems, and many excellent results for Laplace problems and Monge—
Ampére problems have been obtained, for instance, see ([3,30,31,37,21,32-34,50,49,52,35,38,42]) and the
references cited therein. In contrast to numerous results on the case k = 1 or k = N less is known about
the situation k € {2,..., N — 1}. Only in recent years there is a good number of investigations k-Hessian
equations (see by instance [51,8,15,27,39,20,14,41,28,29,53,16,40,47,45,46]).

For k € {1,2,..., N}, let Ty be the component of {\ € RV : Si(\) > 0} € RN containing the positive
cone

I'*={AeRV:)\>0,i=1,2,... N}
It follows from [8] that
I'"=I'yC---CTyyyCcTpcC---Ty.

Definition 1.1. (See [39]) Let k € {1,2,..., N}, and let  be an open bounded subset of RY; a function
u € C%(Q) is k-convex if (A, Ao, ..., A\y) € T, for every & € Q, where A1, \s, ..., Ay are the eigenvalues of
D?u. Equivalently, we can say that u is k-convex if S;(D?u) > 01in Q fori =1,...,k.

Definition 1.2. (See [39]) Let Q C R" be an open set with boundary of class C? and let k € {1,..., N —1};
we say that  is strictly convex if S;(k1(z),...,kn—1(z)) > 0, for i =1,...,N — 1 and for every x € 99,
where k;(x),7=1,..., N — 1, are the principal curvatures of 9Q at x.

It is generally accepted that the concept of k-convexity arises naturally from the involved operator Sk.

In fact, when  is strictly (k — 1)-convex and H € C°°(Q), Si(D?u) changes into elliptic in the class of
k-convex functions and the related Dirichlet problem

(1.2)

Si(D?*u) = H(z) >0 in Q,
u‘aQ = d) S C(&Q)

admits a unique k-convex solution. Moreover the (k — 1)-convexity of the domain is necessary if ¢ is constant
(see [8]).
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At the same time, we notice that the subject of blow-up solutions has received much attention starting
with the pioneering work of Bieberbach [4]. It was about the following model involving the classical Laplace
operator

u = +00 on O (1.3)

{ Au= H(z)f(u) in Q,
with H(z) = 1in Q, f(u) = e* and N = 2. If f(u) = uP, H(z) is growing like a negative power of
d(x) near 01, the radial case was completely discussed in [12], the general case was discussed when p > 1
n [11], the authors obtained existence, nonexistence, uniqueness, multiplicity and estimates for all positive
solutions. When f may exhibit non monotone behaviour, in [17], Dumont, Dupaigne, Goubet, and Radulescu
studied the existence, asymptotic behaviour, uniqueness and numerical approximation of solutions of (1.3).
An overview of the asymptotic behaviour of solutions of elliptic problems can be found in Ghergu and
Radulescu [19].

Recently, in [48], Yang and Chang considered the boundary blow up solutions of Monge—-Ampére equations

Mu] = K(z)u? in Q, v = 400 on 99 (1.4)

with K (z) growing like a negative power of d(x) near 9. They showed some results on the uniqueness,
nonexistence, and the exact boundary blow up rate of the strictly convex solutions of (1.4). The latest
results of blow-up solutions of partial differential equations can be found in ([1,36]).

However, even for problem (1.3) there is few work on the case f(u) = u[lnu]?. It is worth mention that,
in [13], the authors studied the asymptotic behaviour near the boundary for large solutions of the semilinear
equation

u = +00 on ) (1.5)

{ Au+ au = b(z) f(u) in Q,
with f(u) behaves like u[lnu]® for 3 > 2, and showed that this case is more difficult to handle than those
where f(u) grows like u?(p > 1) or faster at infinity. In [10], the authors extended some results of Laplacian
case in [13] to the context of the p-Laplacian and improve the description of the asymptotic behaviour of
the large solutions of problem (1.5).

Moreover, for & > 2 we know that the k-Hessian operator is a fully nonlinear partial differential operator,
and we notice that some fully nonlinear degenerate elliptic operators have attracted the attention of Harvey
and Lawson ([22-25]), Caffarelli, Li and Nirenberg ([5,6]), Amendola, Galise and Vitolo [2], Galise and
Vitolo [18], Capuzzo—Dolcetta, Leoni and Vitolo [9], and Vitolo [43]. However, in literature there aren’t
articles on boundary blow-up solutions to the k-Hessian equation with a weakly superlinear nonlinearity.
More precisely, the study of f(u) = u[lnu]? for 8 > 2 is still open for the k-Hessian problem.

Motivated by the above works, we would like do some research on problem (1.1). We’ll launch our research
according to three different cases on H. Here we point out that our problem is new in the way of k-Hessian
equation with a weakly superlinear nonlinearity introduced here. To the best of our knowledge, when the
weight function H is singular, the k-convex solutions to the boundary blow-up k-Hessian problem has not
yet to be studied, especially when the nonlinearity is weakly superlinear. In consequence, our main results of
the present work will make new contribution to the existing literatures on the topic of k-Hessian equation.
The existence, nonexistence and global estimates for the given problem are new, though they are proved by
applying the method of sub- and super-solutions.

The rest of the paper is organized as follows. In Section 2 we collect some known results to be used in
the subsequent sections. In Sections 3-5, we give the proof of the main results. In appendix, we list some
relevant definitions.
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2. Some preliminary results
In this section, we collect some results for the convenience of later use and reference.

Lemma 2.1. (See [29], Lemma 2.1) Suppose that Q C RY is a bounded domain, and u,v € C%(Q) are
k-convex. If

(1) Y(z,2,p) > é(z, 2,p), ¥ (z,2,p) € (2 x R x RN);

(2) Sp(D?u) > (z,u, Du) and Sk(D?*v) < ¢(x,v, Dv) in Q;
(8) u<wv on dQ;

(4) 1/)2(1',27])) >0 or (bz(xazap) >0,

then u < v in §Q.

Remark 2.2. Tt is not difficult to find that “¢,(x, z,p) > 0 or ¢.(x, z,p) > 0” in Lemma 2.1 can be relaxed
to “i.(x,2z,p) > 0 or ¢,(x,z,p) > 0” provided that one of the inequalities in (2) is replaced by a strict
inequality. This observation will be used later in the paper.

In the following lemma we’ll use some definitions from matrix analysis, for convenience of the reader, we
list them in Appendix.

Lemma 2.3. Let u € C?(Q) be such that all of the principal submatriz of (Ug;2;) are invertible for x € €,
and let g be a C? function defined on an interval containing the range of u. Then

Cx

Su(D?g(w)) = Si(D*u)lg' (w)]* + [¢' (w)]*~*¢" (u) Z det(ug,,a,,) (Vi) B(ug) Vuy, (2.1)

where AT denotes the transpose of the matriz A, B(u;) denotes the inverse of the i-th principal submatriz
(Ug;,ai;), det(ug,,o,;) is the determinant of (ug,,s,;) and

T - k
Vu; = (ua:ilaua:izv"' 7u€vik) = 1727"'7CN7

k_ N
here Of = =y -

Proof. As is well known, the matrix (D2g(u)) has C%, distinct principal minors, and Si(D?g(u)) equals to
the sum of all the principal minor of size k of matrix (D?g(u)). For convenience, we only compute the i-th
principal minor of size k. Denote ¢-th principal minor of size k by D;, then

g//(u)uwilul'il + g/(u)uﬂﬂuxu e g//(u)ul‘iluwik =+ g/(u)uxilxik
D 9" (WU U,y + g (WU, 9" (W) gy Uy + 9 (W) Uz
i = .
g”<u)uwikul’i1 + g/(u)urikfﬂil T g”(u)urq‘,kqu‘,k + gl(u)umiwﬂik
The jth column of D; is the sum of two columns. The first of these two has entries

g Wa, 0, (s=1,2,....k)

and the second has entries
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g (Wug, ug,, (s =1,2,...,k).

Since the determinant of a matrix is linear in each of its columns, D; can be expressed as a sum of 2F
determinants where each summand has as its jth column one of the two types given above. Since for j # ¢
the two columns

COl(Ugyy Uy 5 Uy Uiy -+ v 5 Uy, Uy;)
and
COl(Ug iy Uiy Ugejp Uiy s - -+ Uiy Uy,

are proportional, any of the 2 summands which have two different columns of the second type are zero.
Therefore

where D; is the determinant whose (s, j) th entry is

Ugioas;

and Dij (j =1,2...,k) is the determinant obtained from D; by replacement of the jth column of D; by the
column with entries

Uy, Uz, (5=1,2,...,k).

Therefore, if we denote the cofactor of the (s, j) th entry of D;; by Cs;(u;), then

k
E Coj(Ui)Ug, Us,

g:l s=1

Mw

D; = [ (WP det(us, 2,,) + [g/ ()]
where det(ug,,z,,) is the i-th principal minor of size k of matrix (D?u).
Since the matrix (ug,,s,;) is symmetric, if we write
Vui = col(Ua,y, Ugiys 5 Usy,),

then, by the formula for the inverse of a matrix,

k k
SN i), ey, = det(uq,,0,, ) (Vi) B(u;) Vs,

j=1s=1

where B(u;) is the inverse of the i-th principal submatrix (uz,,z,;)-
Thus

Ck
Sk(D?*g(u)) = ; D;
ck .
= ; {[g’(u)}’“det(uw”) + [g’(u)]’“19”(u)det(ux“%)(Vui)TB(ui)Vui}

= Sk(D>u)lg' (w)]* + [g' (wW)]*~*g" (u )Zdet(umum”)(wl) B(u;)Vu;. O

=1
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Let T, = {z € Q: d(x,00) < p} for p > 0.

Lemma 2.4. (Corollary 2.3 of [27]) Let Q be bounded with 9 € C' for | > 2. Assume that p > 0 is
small such that d € C*(T,,) and g is a C*-function on (0,p). Let xg € T\, \ 0Q and yo € 0Q be such that
d(zg) = |xo — yo|- Then we have

S (D2g(d(z0)) = [~o/(dz)]*Sk(er...en—) 0
+ [=9'(d(@0)* 1 g" (d(20)) Sk-1(e1, - - - s EN—1), '
where
Ki(Yo) ‘
EY L — T T
1 — £i(yo)d(zo)
and k1(Yo), ..., kn—1(yo) are the principal curvatures of OQ at yo.

The following interior estimate for derivatives of smooth solutions is a simple variant of Lemma 2.2 in [32],
which can be proved by following the idea of Theorem 3.1 and Remark 3.1 of [44].

Lemma 2.5. Let Q be a bounded strictly (k — 1)-convex domain in RN, N > 2, with 0 € C®. Let n €
[—00, +00) and f € C®(Q x (n,00)) with f(z,u) >0 for (z,u) € Q x (n,00). Let u € C*(Q) be a solution
of the Dirichlet problem

{ Sp(D?u) = f(z,u), e, (2.3)

u(z) = ¢ = constant, x € I

with n < u(z) < c in Q. Let Q' be a subdomain of Q with & C Q and assume that n < a < u(z) < b for
x € Q and let 7 > 1 be an integer. Then there exists a constant C which depends only on T,a,b, bounds for
the derivatives of f(x,u) for (x,u) € ¥ x [a,b], and dist(Y', Q) such that

||l @y < C-
The existence result below is a special case of Theorem 1.1 in [20].

Lemma 2.6. Let Q be an open domain in RY with boundary of class C* and let g(z,t) be a C> function
such that g > 0 and g > 0 in Q x R. The problem

Si(D*u) = g(a,u), x€Q,
u|3Q =pcE C(@Q)

has a unique k-convex solution if there exists a k-convex strict subsolution v, i.e. a k-convex function v such
that v|oa = ¢ and Sk (v) > g(z,v) + ¢ in Q, for some § > 0.

For the proofs in Section 3-5, we introduce a function z(z).
Let Q be a smooth, bounded, strictly convex domain in RY, by Theorem 1.1 of [7], there exists uy €
C>(€), which is the unique strictly convex solution to

Mup) =1 in Q, up =1 on 09,

where M [ug] = det(ugi;) is the Monge-Ampeére operator. Set z(z) := 1 — ug(x). Then z(x) > 0 in Q and it
is the unique strictly concave solution to
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(~1)NM[z] =1in Q, z =0 on 9. (2.4)

Since (24,2,) is negative definite on (), its trace is negative, that is Az < 0, and hence one can apply the
Hopf boundary lemma to conclude that |Vz| > 0 for z € 99Q. It follows that there exist positive constants
b1 and by such that

bid(z) < z(z) < bad(z) for z € Q. (2.5)

Remark 2.7. Since (z,,,,) is negative definite, the eigenvalues are negative, then, for all principal minor Ay
of order k to det(D?z), we have (—1)*Aj > a for some positive constant a, and then (—1)*Sy(D?z2) > aC¥%.

3. H(z) € C>(Q) is positive on O

Theorem 3.1. Let Q be a smooth, bounded, strictly convex domain in RN, N > 2. Suppose H € COO(Q) 18
positive. If B > k + 1, then problem (1.1) has a k-convex solution u € C*(Q) verifying

e 4@ <y (z) < e e (3.1)

for some positive numbers c; < co, where

kE+1
a= EENCEah (3.2)

Proof. By the fact that H € C>°(Q) is positive, there exist h; > 0,hy > 0 such that h; < H(z) < hy. We
divide the proof into several steps.

Stepl. Subsolution and supersolution.
Let v(z) = ecl?®@)]™"
By (2.1) we get

, where z is defined by (2.4), a is defined by (3.2), ¢ is a constant to be determined.

Sk(DQ’U)
_ Ckasz(k:Jrl)(aJrl)ekcz_“
ot (3.3)
x{(=1)*Sp(D?2)22Ft — [ea + (e +1)2%] Y (—1)kdet(zmismﬁ)(Vzi)TB(zi)Vzi}.
i=1
Let
Cx
A = (—1)FSp(D?2)2°" — [ea+ (o +1)2°] Y _(—=1)Fdet(zr,,2,,) (V)" B(2:) V.
i=1

By the definition of z and Remark 2.7 we have (z;,,;) is negative definite, then all of its principal
submatrices of order k are negative definite. It follows that there exist e;, es > 0 such that

—e1||Vzil|* < (V2)TB(2)Vai < —e| Vi %,
and trace (mej) = Zypan + 0+ Zugz, = Az < 0. Therefore, since A(—z;) > 0 on Q and —z; attains

its maximum on  at each point of 9Q, it follows from the maximum principle that there exists an open
set U containing 0f2 such that
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||V251H >e>0

for some 1.
On the other hand, it is easy to see that z is bounded below by a positive constant on €2 — U. Combining
this with the fact that

(—1)¥det(24,,0,,) > a, (—1)*Sp(D?2) > aC¥,
we get A is positive on . Considering (3.2) and (3.3) we have
Sp(D?%v) = = PafvF(Inv)PA.
By 8> k+1, hy < H(z) < hy we can see there exists co > 0 large enough such that
Sp(D?v)(z) < H(z)[v(z)]*Inv(z))?, =€ (3.4)
and there exists ¢; > 0 small enough such that

Sp(D?v)(z) > H(x)[v(x)]*[Inv(z)])?, =€ Q. (3.5)

—a

Let vy (z) = e F@IT gy (2) = e22@1™"  Then v, () is a subsolution, and vs(z) is a supersolution.

Step2. The existence of a k-convex solution u(z) € C*°().

Let {0,}5° be a strictly increasing sequence of positive numbers such that o, — 0o as n — oo, and let
Q, = {z € Qui(x) < o,}. Since any level surface of vy is a level surface of z and z is strictly convex, for
each n > 1,04, is a strictly convex C*°-submanifold of RY of dimension N — 1.

By Lemma 2.6 there exists u,, € COO(Qn) for n > 1 such that

{ Sk(D?u,) = H(z)uF[Inu,)?, © € Qn, (56)
Unlan, = on = v1laq,
and wu, () is k-convex on (), and satisfies

Un () > vi(z), © € Q. (3.7)
From the fact that

un(z) = v1(x) < va(z), € 0Ny, (3.8)

(3.4) and Lemma 2.1, we see that

va(x) > up(x), z € Q, (3.9)

Clearly, for n > 1

and
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We claim that
Un () < Upy1(x), € Qp. (3.10)

Indeed, since u,, and wu,41 are both positive solutions of (3.6) on Q, uy, is k-convex in €, and for z € 99, C

QnJrla
Unt1(7) = v1(z) = un(2),

the inequality (3.10) is a consequence of Lemma 2.1.
Let xg € Q be fixed. If m is so large that xg € Q,,, then for all n > m, we have

v1(20) < Un(20) < Unt1(xo) < v2(20).

Therefore, lim w,(xg) exists. Since z( is arbitrary, we see that for x € €,
n—oo

exists and

vi(z) <ulz) <wvg(x), €.

Next we prove u € C*°(Q) satisfies (1.1).
Fix an integer m. For n > m

Qm C Q.

Suppose u, is a k-convex solution of (3.6), then for z € Q,,, a < u(z) < b, where @ is the minimum of v; (z)
on €, and b is the maximum of vy(z) on Q,,. Moreover, for n > m,

0 < dist(Qu, i) < dist(Qy, 0Q,) < dist(Qy,, 0N).

Let j > 3 be an integer. Since u,, is k-convex on §,,, it follows from Lemma 2.5 that there exists a constant
C* such that if n > m, then

|D7u, ()| < C*, Vx € U,

where D7u,, is any partial derivative of u,, of order < j. It follows from Ascoli’s lemma that there exists
a subsequence {uy,(x)}7° of {u,(x)}7° such that if D" is any partial derivative operator of order < j — 1,
then the sequence {D"uy,()}7° converges uniformly on €2,,,. Hence u € C7-1(Q) and for € Q,,,

Sy (D?*u)(x) = Jlggo Sp(D?unp,)(x)
hm H () [un, (2)]*[In u,, (x))?
( )[U(ff)]k[lﬂu(fﬂ)]ﬁ-

Since j > 3 was arbitrary and m > 1 is arbitrary, this argument proves that u € C°°(Q) satisfies (1.1).

Step3. Establish the estimates (3.1).
By (2.5), the form of v; and ve given in Stepl and the fact that vy (z) < u(z) < va(z) for all x € Q, we
infer the existence of constants ¢; > 0 and ¢y such that (3.1) is true. O
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The following Theorem deals with the nonexistence result.

Theorem 3.2. Let  be a smooth, bounded, strictly convex domain in RN, N > 2. Suppose H € C*>(Q) is
positive. If B < k+ 1, then problem (1.1) has no k-convex solution on <.

Proof. Let a = (ay1,as, - ,ay) € RN —Q and

N
v(z) = expz t(xj —aj)?, z€Q,
j=1

where ¢ > 1 is a constant to be determined. Then we have for 1 <1i¢,7 < N,
Vray (2) = 46%(i — a)(@; — ag)o(@), i # ).
and for 1 <7< N,
Vo, () = (2t + 482 (2 — a;)*)v(z).

Then by the property of determinant and a direct calculation we obtain

Cx k
Si(D%v) () = Z{(%v(az))k_lv(x)[% + 482 (wis — ais)?]}-
Therefore, for z € RY,
det(ve,,a,,) = 27 [0(2)]F, SK(D?v)(z) > O 25" [v(2)]". (3.11)

Assume, contrary to the assertion of the theorem, that there exists a k-convex solution w of (1.1). Let
w(r) = e ). We have for z € RV,

Cx
Sp(D?*w) = ¥ [Sy(D%v) + ¢ Z det(vy,,0,;) (V)T B(v;) V). (3.12)

i=1

Since the matrix (vg,.,) is positive definite, B(v;) is positive definite and there exist constants 0 < I < I
such that

11||Vvi||2 S (VUZ')TB(%)VW S lg”V’UiHQ. (313)

k
By (3.11), (3.12), (3.13) and the fact that ||Vv;||? = 4t?0%(z) Y (75 — ais)? > 0 we get
s=1

cR ok
Sk(D2w) > Ck+1l1(2t)2+kv2+kekcv Z Z (mis _ ais)2
i:lkszl (3.14)
Cx k
= cFHI=PL (26) 2 Rk In w]Po?tF=B 37 S (145 — ais)?.
1=1s=1

If 6 < k+1, it follows from (3.14) that there exists ¢ large enough such that

Sp(D%w) > H(z)w"[Inw]?.
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Fix 1 € Q and by further enlarging c if necessary we may assume that
w(zy) > u(x1) and Sg(D*w) > H(x)w*[Inw]® in Q.

Since u(x) — oo as d(z) — 0, while w(z) is continuous on §, there exists an open connected set D such
that

1 €D, DCQ, u(r) <w(z)in D and u(xr) = w(x) on dD.
On the other hand, since
Sp(D?u) = H(z)u*[Inu]? in D and w = w on 4D,
and the matrix (wy,.;) is positive definite on D, we can apply Lemma 2.1 to conclude that w(z) < u(z)

in D. It is a contradiction.
If 8 =k+ 1, from (3.14) we have that

Si(D*w) > H(z)w"[Inw]?
for large t. Similar to the proof above, we can get contradiction. This contradiction completes our proof. O
4. H(x) € C°°(2) is unbounded on 90
In this case we assume that H(z) € C°°(Q) satisty
(H) Cid(z)™7 < H(x) < Cad(z)~7, 2 € Q for some positive constants C1, Ca, 7v;
or the stronger condition

(H') d(li§n OH(x)d(x)V = () for some positive constants =y, C.
z)—

Theorem 4.1. Let Q be a smooth, bounded, strictly convex domain in RN, N > 2. Suppose that H(z) € C*(f)
satisfies (H) and 1 <y < k+1. If 8 > k+1, then problem (1.1) has a k-convez solution u € C*° () verifying

et d@)™ <y (z) < 2@ 1 e (4.1)
for some positive numbers dy < da, where

E+1—v
B—(k+1)

a1 =

If B < k, then problem (1.1) has no k-convex solution.

Proof. If 8 > k + 1, then let v(x) = e*®)]™™"  Similar to the proof of Theorem 3.1, we can prove the
existence of the solution and (4.1). So we omit it.
Suppose < k.



X. Zhang, M. Feng / J. Math. Anal. Appl. 464 (2018) 456-472 467

We first prove that if 1 <y < k + 1, then

{ Si(D?*u) = H(x), in Q, (4.3)

u=0, on 00

has a solution.
Let w = —c¢(z(x))

k41—~

, where z is defined by (2.4). By (2.1) we obtain

E+1—v

Sp(D*w) = &( -

)kz—’y[( ) Sk(D2 ’Y Z kdet stz”)(vzl) (ZZ)VZZ]

Because of v > 1, similar to the analysis in Theorem 3.1 there exists M; > 0 such that

(—1)* Sy (D%2)2 VZ V¥det(2p,.0,,)(V2)TB(2) V2 > M.

By (2.5) and (H) we get
Sp(D*w) > H(x)

for large c. It follows from Lemma 2.6 that (4.3) has a k-convex solution w; ().
Let wa(z) = wi(z) — minws (x) + 1. Then S(D?*wy) = H(z),z € 2, and wy > 1.
zEQ

k+1

We suppose contrary that problem (1.1) has a solution u(z). If 8 < k, let v(z) = eclw2@IF7 e
where ¢ is a positive constant to be determined. By (2.1) we have

Sk(D2U)
= Ck(kil)kekc[wz(w)]% k(%)_l[s (D?
- k wa)we
k+1 cx
+(C]]§_—é’w2k'7ﬁ k ) Zldet(nglsxu)(ngl) (in)szi]
Ck_ﬁ(%)kv [In v]? Sy, (D?*ws)wo

for large c.
Fix ;1 € Q and by further enlarging c if necessary we may assume that

v(x1) > u(x;) and Si(D*v) > H(z)v*[Inv]? in Q.
Since u(z) — oo as d(z) — 0, while v(z) is continuous on 2, there exists an open connected set D such that
1 €D, DCQ, u(z) <wv(z)in D and u(xr) = v(z) on dD.
On the other hand, since
Sp(D?*u) = H(z)uF[Inu]® in D and u = v on 9D,

and the matrix (vy,s,) is positive definite on D, we can apply Lemma 2.1 to conclude that v(z) < u(x)
in D. This contradiction completes our proof.
If 8 =k, then let v(z) = eecwz’(z), similar to the proof above we can get the contradiction. O
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Theorem 4.2. Let 2 be a smooth, bounded, strictly convex domain in RN, N > 2. Suppose H(z) € C=(Q)
satisfies (H') and 1 <~y < k+ 1. If 8 > k+ 1, then for any k-convez solution u(x) of (1.1), it holds

¢~ <liminfd(z)* Inu(z) and limsupd(x)** Inu(z) < F,
d(x)—0 d(x)—0

where oy is defined by (4.2) and
& =05 R (M) T,
£ = [0 O (M) el ke,
here

M~ = yflelg%{ffl(y)7 :‘iz(y), sy ﬁNfl(y)}v

M* = ;Ié%)é{ﬁl(y)? HQ(y)’ R ‘%N—l(y)}'

If further suppose Q) is a ball of radius R > 0, then

lim d(z)* lnu(x)

1
d(z)—0 '

CoRF-T

Proof. For 6 > 0, we set Qs = {x € Q:0 < d(z) < d}, I's ={x € Q:d(z) = d}.
Fix € € (0, %) and choose § > 0 small enough such that

Co(1—¢e)d(z)™" < H(z) < Co(1+¢e)d(x)™"

and

(1—M%dxz)F>1-¢
for x € Q5.

Suppose u is a k-convex solution of (1.1).
't (d(x)) "1 +max u(x)
Let vt =e Ts ,x € Qs with u > 0,

+_ [M]m N = [(al — ) 2| 5=t
Co(1—e)2 ’ Co(1—e¢) ’
where
(d(x))a1+#+1

ar+p+1 o+ k=1 k-1
A, = ————(d(z))* (M C ,
1 77+(a1 +,LL) ( )) }( ) N-—1

Ap = (M) Oy

+\k 1k

Since |Dd(z)| =1 in Qs, we can choose a coordinate system such that
Dd(z) = (0,0,...,0,1),
D2d(x) = diag(dyy(z),...,dN—1.n-1(2),0),

where d;;(z) = —ki(y) /(1 — ki(y)d(z)), and y € 0N is such that |z — y| = d(x) as in Lemma 2.4.
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Hence

Sk(D2U+)
= (M) )* (an + )M (d(e)) Dt DL 4 Jqrtint s (d(a)) ) Sy (D (—d(2)))

(d( ))0‘1+u+1 R
+W5k(D2(_d($)))}
< yptHEOCTH A =€) (o + w)F T (d(2) P EEDIH (2) (v ) F Inwt]P A,
< H(z)(vH)F[Inot)?, 2 € Qs,
i.e. v is a supersolution to (1.1) in 5. By (4.1), for any u > 0,

0" = ) = 40

Thus
u(z) <ot (z), v € Q.
Letting p — 0, — 0, we get

lim sup d(z)* Inu(z) < [Cy O (MT)F~1ak 1] G
d(x)—0

Let v= = e [(d@) ™= " » c O with g > 0. Similarly we obtain
Sp(D?*v™) > H(x)(v™)*[Inv7)?, = € Qs,
which shows that v~ is a subsolution to (1.1) in Q5. By (4.1), for any p > 0,
li —v7) = .
d(gggo(u(x) v ) = +00

So we get

lim inf d(2)** Inu(x) > [CO_lC'J’i,__l1 (M*)kfla’”l]m_
d(z)—0

If 2 is a ball of radius R > 0, then M~ = MT = £_ It follows that

d(lggo d(x)** Inu(z) = (%) W O
5. H(x) € C°(£) can vanish on 9

In this case we assume that H(z) € C*(Q) satisfies
(Hy) Did(z)? < H(x) < Dod(x)?,x € Q for some positive constants Dy, Da, 6;

or the stronger condition

H/ lim H(z)d(z)~? = Dy for some positive constants 6, D.
V' 4iz)=0
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Theorem 5.1. Let Q be a smooth, bounded, strictly convex domain in R, N > 2. Suppose that H(z) € COO(Q)
satisfies (Hy). If B > k41, then problem (1.1) has a k-convex solution u € C*°(Q) verifying

ehd@) ™™ < y(z) < 2@ e (5.1)
for some positive numbers dy < di,, where

E+1+0

e (5.2)

Qg =

If B < k+1, then problem (1.1) has no k-convex solution.
Proof. The proof is similar to that of Theorem 3.1 and Theorem 3.2, so we omit it. O

Theorem 5.2. Let Q be a smooth, bounded, strictly convex domain in RN, N > 2. Suppose H(z) € C>(Q)
satisfies (Hy). If B > k + 1, then for any k-convex solution u(x) of (1.1), it holds

¢~ <liminfd(z)*? Inu(z) and limsupd(x)*? Inu(z) < *,
d(xz)—0 d(z)—0

where aq is defined by (5.2) and
€ =Dy Cx (M) Lokt e
& = (D 'ON (M) bt
here

M~ = ;gg%{ml(y), K2(Y), -, kn-1(y)}

M* = max {1 (y), m2(y), - iv-1(y)}-

If further suppose Q) is a ball of radius R > 0, then

. «@ C]]%_—llaé:-'_l m

Proof. The proof is similar to that of Theorem 4.2, so we omit it. O
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Appendix

The following definitions and propositions are from [26].
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Let A be a square matrix and

a1 a2 - A1n

a21 agg - a2n
A =

an1  Gp2 e Ann

For index sets « C {1,2,...,n},5 C {1,2,...,n}, we denote by Alw, 8] the submatrix of entries that lie in
the rows of A indexed by a and the columns indexed by S. If a = f3, the submatrix Ala] = Ala, (] is a
principal submatrix of A. For k € {1,2,...,n}, A[{1,2,...,k}] is a leading principal submatrix. If the k-by-k
submatrix is a principal submatrix, then its determinant is a principal minor (of size k); if the submatrix is a
leading principal matrix, then its determinant is a leading principal minor. It is clear that an n-by-n matrix
has C¥ distinct principal submatrices of size k, but has only one leading principal submatrix of size k.
There are some conclusions on positive (negative) definite matrix. We list them here without proofs.

Proposition 1. Suppose A is a real symmetric matriz, then A is positive definite if and only if all of its
principal minors are positive.

Proposition 2. Suppose A is a real symmetric matriz, then A is negative definite if and only if for all of its
principal minors Ay, we have (—1)FAj > 0.
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