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UNIVERSALITY OF AUTOMORPHISMS ON THE BALL OF BOUNDED
HOLOMORPHIC FUNCTIONS ON THE POLYDISK

TIMOTHY G. CLOS

ABSTRACT. Given a sequence of automorphisms of the polydisk, we show that the associated
composition semigroup homomorphisms on the ball of bounded holomorphic functions on
the polydisk admit a universal inner function if a certain condition on the automorphisms are

satisfied.

1. INTRODUCTION

Let X be a separable, metrizable topological space. A sequence of continuous maps {T), :
X — X|n > 1} is said to be universal if there exists x € X so that {T,,x : n > 1} is dense in
X. Such an x is called a universal element of {T,}. Let O C C" be a domain. We let H(Q))
represent the set of all holomorphic functions on (). When equipped with the compact open
topology, H(Q) is a Frechet space. Recall that a sequence {f;} C H(Q) converges to f in the
compact open topology if and only if f; — f uniformly on compact subsets of () as j — co.
We define

D" := {(z1,...,zu) €C" 1 [z;] <1,j=1,2,..,n}

to be the unit polydisk and let
T" :={(z1,..,zn) €C" 1 |zj| =1,j =1,..,n}

be the distinguished boundary. Then H®(ID") denotes the space of bounded holomorphic
functions on D" equipped with the compact open topology. Then we define the ball of
H*(ID") to be
Ball(H™(D")) = {h € H¥(D") : [} () < 1}

We will show the non-Euclidean analog of Seidel-Walsh theorem (see [GS87] and [SW41]) for
the polydisk in C" and then give necessary and sufficient conditions for a sequence of auto-
morphisms of the disk and the polydisk to have a universal element on the ball of H*(ID").
Since Ball(H®(ID")) is a semigroup and not a vector space, one cannot use vector space tech-
niques. Instead, we show that the semigroup universality criterion in [CW19] is satisfied
for certain sequences of composition operators (actually semigroup homomorphisms) on
Ball(H*(ID™)). On the unit ball in C", [AG07] studies whether a sequence of automorphisms
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2 TIMOTHY G. CLOS

on the unit ball in C" admits a universal element. On the polydisk, the main result in [Che79]
shows there exists a sequence of automorphisms of the polydisk with a universal element,
but does not consider arbitrary sequences of automorphisms. We give a natural condition
on a sequence of automorphisms of the polydisk that ensures the associated composition
semigroup homomorphisms admit a universal element. The following theorem classifies au-
tomorphisms of the unit polydisk. Let S, be the symmetry group of n elements. Recall the
following theorem appearing in [Rud69].

Theorem 1. [Rud69] Let ¢ be an automorphism of the polydisk D" C C". Then there exists
(a1, ..., ) € D", (64,...,0,) € R", and p € Sy, so that

$(z1,22, 0 2n) = eielm eiQnM '
1=mzy) L —anzp(n)

2. INNER FUNCTIONS ON THE POLYDISK

Recall that on the disk in C, an inner function is any bounded holomorphic function on the
disk ¢ : ID — C so that
lim |f(re)] =1
r—1-
almost everywhere. We can extend this definition to the polydisk in a natural way. That is,
we say a bounded holomorphic function on the polydisk f : ID" — C is an inner function if
lim [f(re'®, re®, ... re®n)| =1
r—1-

almost everywhere. We say an inner function ¢ : D" — C is a good inner function (see
[Che79]) if

| 1081g(r0)lde(@) - 0

asr — 1.

The following proposition shows that if f is a good inner function then for any automor-
phism of the polydisk, ¢, f o ¢ is also a good inner function. That is, the action of the compo-
sition operator Cy preserves good inner functions.

Proposition 1. Let g : ID" — C be a good inner function and ¢ : D" — D" be an automorphism of
the polydisk. Then, g o ¢ is a good inner function.

Proof. First we will show if g € H®(ID") is a good inner function and ¢ an automorphism
of D", then g o ¢ is an inner function. Then |¢g*(w)| = 1 for almost every w € T" where
g* denotes the boundary values (radial limits) of g on T". By Theorem 1, we may assume
$(z1, ..., zn) = (01(21),02(22), ..., o0 (2zn) ) Where

18 i )L]'Z j

0j(zj) = ———
1-— (x]/\]z]



UNIVERSALITY OF AUTOMORPHISMS 3

is an inner function on D for aj € D and |)xj| =1landj =1,2,..,n. Then an application of
[Saw77, Theorem 1.2.4] allows us to write [(go ¢)*| = |¢* 0 ¢*| = 1 almost everywhere on
T". Thus g o ¢ is inner.

Now let r < 1 be sufficiently large so that

r>max{|aj| :j=1,2,..,n}.

Then the image ¢ (¥T") can be represented as

[T a0
j=1

Here,

o)1)
is a circle centered at a;(r) with radius r;(r) where a;(r) — 0 and r;(r) — 1asr — 1~. For
some fixed M > sup{|J(¢)(z)| ! : z € D"} we have,

M) | [ loglgog(ro)ldo(c)

@ =1/ ., loglgo ()l "o )

®) =1 ey OB L@@ @ o)

@ =1f, . legls@I@)@)] " "do(w)]

]1 urrr

27T 21 27T 0 .
() < /0 /0 /0 |log |g (a1 (r) 4+ r1(r)e', ..., an(r) + 1 (r)e’®)|
(6) —log |g(1’1(r)ei91, . rn(r)eign) ||[Mr~"de;...do,

27 27 ) ' '
@) +/0 / | log |g(r1(r)e’®, ..., 7, (r)e)| — log |g(Re™, ..., Re®)| | Mr~"d0;...d6,
0

® [, ~loglg(ROlr"Mde(g)

Then using a continuity argument and using the Lebesgue dominated convergence theo-
rem, one can make lines 5 and 6 sufficiently small when r < 1 is sufficiently large and R > r
is sufficiently close to r. Furthermore, using the assumption that g is a good inner function,
one can make the line 7 integral arbitrarily small if » < 1 is sufficiently large. Then the line 8
integral is arbitrarily small for all r < 1 sufficiently large since g is a good inner function.

Thus we have shown that

|| 1og Iz ¢(rO)ldo(@)] — 0
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asr — 17 for any automorphism of the polydisk ¢ and good inner function g.
O

The following proposition uses a result in [Rud69] about the density of inner functions
continuous up to ID” in the ball of H*(ID").

Proposition 2. Let Ball(H®(ID")) be the ball of H*(ID") as defined previously. Suppose A :=
(M, A2, .., Ay) € T Then there exists a collection of inner functions {Gj,}jen C Ball(H®(ID"))
so that

(1) Gj\ € C(ID") forall j € N.
(2) {Gjr}jen is dense in Ball(H® (ID")) equipped with the compact-open topology.
3) G]'//\(/\l,/\2,...,/\n) = 1f01’ all] e IN.

Proof. By [Rud69, Theorem 5.5.1], there exists a collection of inner functions {Aj}jeJN C
Ball(H*(ID")) that is dense in Ball(H*®(ID")) equipped with the compact open topology and
AjeC (D") for all j € IN. To construct the sequence Gj we modify the sequence A; as
follows. By [Che79], (see also [Hei54]) there exists ¥; € C*(ID") N H*(ID") so that for all
j € N, ¥;is inner,

and ‘I’j(O, 0,..,0)=1- 277, We set
‘I’j,A(Zl, N .= ‘I’j()xl_lzl, ...,A,jlzn),

Aj,A(zl,..., Zp) 1= Aj(Aflzl, ...,A;lzn),

and Gj, := Ajp¥;,. Then forall j € N, Gji(A1,..,Ay) = 1and Gjp € C(D"). Let f €
Ball(H**(ID")). Then there exists a subsequence A}, so that A;, — f(A1z1, ..., Anzy) uniformly
on compact subsets of D" as k — co. So Aj » — f uniformly on compact subsets of D"
as k — oco. Then {¥; 1} is a normal family, so by passing to a subsequence if necessary,
we may assume by the maximum modulus principle that ¥  — 1 uniformly on compact
subsets of D" as k — . So Gj, » — f uniformly on compact subsets of ID" as k — oo. Thus
{Gj, :j € N} is dense in Ball(H*(ID")) equipped with the compact open topology.

O

Proposition 3. Let ¢ be an automorphism of ID", and Cy : H(ID") — H(ID") be its associated
composition operator. Then Cy restricted to Ball(H®(ID")) is surjective onto Ball(H®(ID")).

Proof. Let f € Ball(H®(ID")). Then it is clear that Cp1f € Ball(H*(ID")) and f = Cy (C¢71f>.
U
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3. UNIVERSALITY CRITERION FOR SEMIGROUPS

We use the semigroup analog of the following theorem in a significant way, as vector space
techniques are not applicable to the ball of H*(ID").

Theorem 2. [GS87] Suppose T is a continuous linear operator on a separable F-space X. Suppose
there exists a dense subset D of X and a right inverse S for T so that ||T"x|| — 0and ||S"x|| — 0 for
all x € D, then X has T-universal vectors.

The following is a consequence of Theorem 2 as mentioned in [GS87, pp. 283].

Corollary 1. [GS87] Suppose D is a dense subset of X and {T;} is a sequence of continuous linear
operators on X for which T; — 0 pointwise on D suppose for each j the operator T; has a right inverse
S;and S; — 0 pointwise on D. Then the set {T;x : j > 0} is dense in X for a dense G; set of vectors
x € X.

This semigroup analog appears in [CW19] and is stated here for the convenience of the
reader.

Theorem 3. [CW19] Let X be a separable, metrizable, complete, topological semigroup with identity
element e. Suppose {T, : X — X},eN is a collection of continuous semigroup homomorphisms. If
there exist dense sets Dy C X, D1 C X, and a sequence of mappings {Ry, : D1 — X} eN so that

(1) T, Dy — eas n — oo.

(2) RyD; — easn — oo.

() TuRuf — f forall f € D;.
Then there exists {x;} C Dy so that x := []; x; is universal for {T,}. That is, the orbit {Tyx : n €
IN'} is dense in X.

4. MAIN RESULT AND PROOF

Now we will study when an arbitrary sequence of automorphisms of the polydisk has a
universal element.

This next theorem is a new result and improves [Che79], and is valid for the ball of H*(ID")
forn=1,2,...

Theorem 4. Let

k k
ok X1 — Zy (1 ok Ky — Z
(Pk(zll"'lzi’l) = 6161 %}gk(),“"elen%}%(m
1 —aqzp, 1) L= anzp, (n)

be a sequence of automorphisms of the polydisk D" C C". If (aX, ..., ak) — (a1, .., ay) € T" as

k — oo then there exists an inner function x so that {x o ¢ : k € IN} is dense in Ball(H®(ID")).
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Furthermore, the universal element x has the form
o0

X = H x]'
=1

for some sequence of continuous (up to D") inner functions {x;}jcN.

Proof. We first note that the theorem is actually stronger than is stated in that we only require
a subsequence of (oc’{, ...,/x’fl) to converge to T" as k — oco. So, without loss of generality,
we may assume (af,..,ak) — (a1,..,ay) € T" as k — co. Then by Proposition 3, Cy, :
Ball(H®(ID")) — Ball(H®(ID")) is surjective, so has a right inverse, denoted by qukl. We let
¢, be a subsequence of ¢, with the following properties.

(1) (6, ...,08) — (61,...,0,) as | — co.
(2) px, = pk,,, = pforalll € N.

We note that
ki a -2z . ki " -z 1
4)71 _ elepfl(l) p (1) () eZOF,fl(n) pt(n) pt(n)
kl - kl 7 7 kl
L= 0071 L= myZpin)

Since ¢, and P, ! are not necessarily equal, we need to define dense (in the ball of H*(ID"))
sets Do and D; so that Cy, Dy — 1 and C o Dy — lasl — co. Then we can apply the

semigroup universality criterion seen in Theorem 3.

One can show that for any g € C(ID"), g o ¢, — g(A) uniformly on compact subsets of D"
as | — oo where

. . . . kl k . k] k
A= (e, ..., e%a,) = lli)m (e"’l ', )
o

Furthermore, g o ¢, ! — ¢(7) uniformly on compact subsets of ID" as | — co, where

; ; ol o1
i0 -1 0 1 . i0 -1 k i0 -1 k
— (1) (1) = W™ (n) g1
yi=(e” A ocp71(n)) ll;ngo (e PRy P ]

For G; , and G;, as defined in Proposition 2, we define
Dy = {G]',A ] S N}
and
Dy :={Gj, :j € N}.
Then if C‘sz is defined as the composition operator on H(ID"), one can show that

C¢k1 DO —1
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and

-1
C‘l’kl Dl —1

uniformly on compact subsets of D" as | — co. By Proposition 2, Dy and D; are dense in
the ball of H®(ID") equipped with the compact-open topology. Thus we can conclude by
Theorem 3 that there exists a universal inner function x for Cy,. Furthermore, x = []icn ¥;
for some {x;} C Dy, implying x; € C(ID") for all j € IN.

O
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