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UNIVERSALITY OF AUTOMORPHISMS ON THE BALL OF BOUNDED
HOLOMORPHIC FUNCTIONS ON THE POLYDISK

TIMOTHY G. CLOS

ABSTRACT. Given a sequence of automorphisms of the polydisk, we show that the associated
composition semigroup homomorphisms on the ball of bounded holomorphic functions on
the polydisk admit a universal inner function if a certain condition on the automorphisms are
satisfied.

1. INTRODUCTION

Let X be a separable, metrizable topological space. A sequence of continuous maps {Tn :
X → X|n ≥ 1} is said to be universal if there exists x ∈ X so that {Tnx : n ≥ 1} is dense in
X. Such an x is called a universal element of {Tn}. Let Ω ⊂ Cn be a domain. We let H(Ω)

represent the set of all holomorphic functions on Ω. When equipped with the compact open
topology, H(Ω) is a Frechet space. Recall that a sequence { f j} ⊂ H(Ω) converges to f in the
compact open topology if and only if f j → f uniformly on compact subsets of Ω as j → ∞.
We define

Dn := {(z1, ..., zn) ∈ Cn : |zj| < 1 , j = 1, 2, ..., n}
to be the unit polydisk and let

Tn := {(z1, ..., zn) ∈ Cn : |zj| = 1 , j = 1, ..., n}
be the distinguished boundary. Then H∞(Dn) denotes the space of bounded holomorphic
functions on Dn equipped with the compact open topology. Then we define the ball of
H∞(Dn) to be

Ball(H∞(Dn)) := {h ∈ H∞(Dn) : ‖h‖L∞(Dn) ≤ 1}.

We will show the non-Euclidean analog of Seidel-Walsh theorem (see [GS87] and [SW41]) for
the polydisk in Cn and then give necessary and sufficient conditions for a sequence of auto-
morphisms of the disk and the polydisk to have a universal element on the ball of H∞(Dn).
Since Ball(H∞(Dn)) is a semigroup and not a vector space, one cannot use vector space tech-
niques. Instead, we show that the semigroup universality criterion in [CW19] is satisfied
for certain sequences of composition operators (actually semigroup homomorphisms) on
Ball(H∞(Dn)). On the unit ball in Cn, [AG07] studies whether a sequence of automorphisms
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on the unit ball in Cn admits a universal element. On the polydisk, the main result in [Che79]
shows there exists a sequence of automorphisms of the polydisk with a universal element,
but does not consider arbitrary sequences of automorphisms. We give a natural condition
on a sequence of automorphisms of the polydisk that ensures the associated composition
semigroup homomorphisms admit a universal element. The following theorem classifies au-
tomorphisms of the unit polydisk. Let Sn be the symmetry group of n elements. Recall the
following theorem appearing in [Rud69].

Theorem 1. [Rud69] Let φ be an automorphism of the polydisk Dn ⊂ Cn. Then there exists
(α1, ..., αn) ∈ Dn, (θ1, ..., θn) ∈ Rn, and p ∈ Sn so that

φ(z1, z2, ..., zn) =

(
eiθ1

α1 − zp(1)

1 − α1zp(1)
, ..., eiθn

αn − zp(n)

1 − αnzp(n)

)
.

2. INNER FUNCTIONS ON THE POLYDISK

Recall that on the disk in C, an inner function is any bounded holomorphic function on the
disk g : D → C so that

lim
r→1−

| f (reiθ)| = 1

almost everywhere. We can extend this definition to the polydisk in a natural way. That is,
we say a bounded holomorphic function on the polydisk f : Dn → C is an inner function if

lim
r→1−

| f (reiθ1 , reiθ2 , ..., reiθn)| = 1

almost everywhere. We say an inner function g : Dn → C is a good inner function (see
[Che79]) if ∫

bDn
log |g(rζ)|dσ(ζ) → 0

as r → 1−.
The following proposition shows that if f is a good inner function then for any automor-

phism of the polydisk, φ, f ◦ φ is also a good inner function. That is, the action of the compo-
sition operator Cφ preserves good inner functions.

Proposition 1. Let g : Dn → C be a good inner function and φ : Dn → Dn be an automorphism of
the polydisk. Then, g ◦ φ is a good inner function.

Proof. First we will show if g ∈ H∞(Dn) is a good inner function and φ an automorphism
of Dn, then g ◦ φ is an inner function. Then |g∗(w)| = 1 for almost every w ∈ Tn where
g∗ denotes the boundary values (radial limits) of g on Tn. By Theorem 1, we may assume
φ(z1, ..., zn) = (σ1(z1), σ2(z2), ..., σn(zn)) where

σj(zj) =
αj − λjzj

1 − αjλjzj
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is an inner function on D for αj ∈ D and |λj| = 1 and j = 1, 2, ..., n. Then an application of
[Saw77, Theorem 1.2.4] allows us to write |(g ◦ φ)∗| = |g∗ ◦ φ∗| = 1 almost everywhere on
Tn. Thus g ◦ φ is inner.

Now let r < 1 be sufficiently large so that

r > max{|αj| : j = 1, 2, ..., n}.

Then the image φ(rTn) can be represented as
n

∏
j=1

Taj(r),rj(r).

Here,
Taj(r),rj(r)

is a circle centered at aj(r) with radius rj(r) where aj(r) → 0 and rj(r) → 1 as r → 1−. For
some fixed M > sup{|J(φ)(z)|−1 : z ∈ Dn} we have,

|
∫

Tn
log |g ◦ φ(rζ)|dσ(ζ)|(1)

= |
∫
(rTn)

log |g ◦ φ(ζ)|r−ndσ(ζ)|(2)

= |
∫

φ((rTn))
log |g(w)||J(φ)(w)|−1r−ndσ(w)|(3)

= |
∫

∏n
j=1 Taj(r),rj(r)

log |g(w)||J(φ)(w)|−1r−ndσ(w)|(4)

≤
∫ 2π

0

∫ 2π

0
...

∫ 2π

0
| log |g(a1(r) + r1(r)eiθ1 , ..., an(r) + rn(r)eiθn)|(5)

− log |g(r1(r)eiθ1 , ..., rn(r)eiθn)||Mr−ndθ1...dθn(6)

+
∫ 2π

0
...

∫ 2π

0
| log |g(r1(r)eiθ1 , ..., rn(r)eiθn)| − log |g(Reiθ1 , ..., Reiθn)||Mr−ndθ1...dθn(7)

+
∫

ζ∈Tn
− log |g(Rζ)|r−nMdσ(ζ)(8)

Then using a continuity argument and using the Lebesgue dominated convergence theo-
rem, one can make lines 5 and 6 sufficiently small when r < 1 is sufficiently large and R > r
is sufficiently close to r. Furthermore, using the assumption that g is a good inner function,
one can make the line 7 integral arbitrarily small if r < 1 is sufficiently large. Then the line 8
integral is arbitrarily small for all r < 1 sufficiently large since g is a good inner function.

Thus we have shown that

|
∫

Tn
log |g ◦ φ(rζ)|dσ(ζ)| → 0
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as r → 1− for any automorphism of the polydisk φ and good inner function g.
�

The following proposition uses a result in [Rud69] about the density of inner functions
continuous up to Dn in the ball of H∞(Dn).

Proposition 2. Let Ball(H∞(Dn)) be the ball of H∞(Dn) as defined previously. Suppose λ :=
(λ1, λ2, ..., λn) ∈ Tn. Then there exists a collection of inner functions {Gj,λ}j∈N ⊂ Ball(H∞(Dn))

so that

(1) Gj,λ ∈ C(Dn) for all j ∈ N.
(2) {Gj,λ}j∈N is dense in Ball(H∞(Dn)) equipped with the compact-open topology.
(3) Gj,λ(λ1, λ2, ..., λn) = 1 for all j ∈ N.

Proof. By [Rud69, Theorem 5.5.1], there exists a collection of inner functions {Aj}j∈N ⊂
Ball(H∞(Dn)) that is dense in Ball(H∞(Dn)) equipped with the compact open topology and
Aj ∈ C(Dn) for all j ∈ N. To construct the sequence Gj,λ we modify the sequence Aj as
follows. By [Che79], (see also [Hei54]) there exists Ψj ∈ C∞(Dn) ∩ H∞(Dn) so that for all
j ∈ N, Ψj is inner,

Ψj(1, 1, ..., 1) =
1

Aj(1, 1, ..., 1)
,

and Ψj(0, 0, ..., 0) = 1 − 2−j. We set

Ψj,λ(z1, ..., zn) := Ψj(λ
−1
1 z1, ..., λ−1

n zn),

Aj,λ(z1, ..., zn) := Aj(λ
−1
1 z1, ..., λ−1

n zn),

and Gj,λ := Aj,λΨj,λ. Then for all j ∈ N, Gj,λ(λ1, ..., λn) = 1 and Gj,λ ∈ C(Dn). Let f ∈
Ball(H∞(Dn)). Then there exists a subsequence Ajk so that Ajk → f (λ1z1, ..., λnzn) uniformly
on compact subsets of Dn as k → ∞. So Ajk,λ → f uniformly on compact subsets of Dn

as k → ∞. Then {Ψjk,λ} is a normal family, so by passing to a subsequence if necessary,
we may assume by the maximum modulus principle that Ψjk,λ → 1 uniformly on compact
subsets of Dn as k → ∞. So Gjk,λ → f uniformly on compact subsets of Dn as k → ∞. Thus
{Gj,λ : j ∈ N} is dense in Ball(H∞(Dn)) equipped with the compact open topology.

�

Proposition 3. Let φ be an automorphism of Dn, and Cφ : H(Dn) → H(Dn) be its associated
composition operator. Then Cφ restricted to Ball(H∞(Dn)) is surjective onto Ball(H∞(Dn)).

Proof. Let f ∈ Ball(H∞(Dn)). Then it is clear that Cφ−1 f ∈ Ball(H∞(Dn)) and f = Cφ

(
Cφ−1 f

)
.

�
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3. UNIVERSALITY CRITERION FOR SEMIGROUPS

We use the semigroup analog of the following theorem in a significant way, as vector space
techniques are not applicable to the ball of H∞(Dn).

Theorem 2. [GS87] Suppose T is a continuous linear operator on a separable F-space X. Suppose
there exists a dense subset D of X and a right inverse S for T so that ‖Tnx‖ → 0 and ‖Snx‖ → 0 for
all x ∈ D, then X has T-universal vectors.

The following is a consequence of Theorem 2 as mentioned in [GS87, pp. 283].

Corollary 1. [GS87] Suppose D is a dense subset of X and {Tj} is a sequence of continuous linear
operators on X for which Tj → 0 pointwise on D suppose for each j the operator Tj has a right inverse
Sj and Sj → 0 pointwise on D. Then the set {Tjx : j ≥ 0} is dense in X for a dense Gδ set of vectors
x ∈ X.

This semigroup analog appears in [CW19] and is stated here for the convenience of the
reader.

Theorem 3. [CW19] Let X be a separable, metrizable, complete, topological semigroup with identity
element e. Suppose {Tn : X → X}n∈N is a collection of continuous semigroup homomorphisms. If
there exist dense sets D0 ⊂ X, D1 ⊂ X, and a sequence of mappings {Rn : D1 → X}n∈N so that

(1) TnD0 → e as n → ∞.
(2) RnD1 → e as n → ∞.
(3) TnRn f → f for all f ∈ D1.

Then there exists {xj} ⊂ D0 so that x := ∏j xj is universal for {Tn}. That is, the orbit {Tnx : n ∈
N} is dense in X.

4. MAIN RESULT AND PROOF

Now we will study when an arbitrary sequence of automorphisms of the polydisk has a
universal element.

This next theorem is a new result and improves [Che79], and is valid for the ball of H∞(Dn)

for n = 1, 2, ....

Theorem 4. Let

φk(z1, ..., zn) :=

⎛
⎝eiθk

1
αk

1 − zpk(1)

1 − αk
1zpk(1)

, ..., eiθk
n

αk
n − zpk(n)

1 − αk
nzpk(n)

⎞
⎠

be a sequence of automorphisms of the polydisk Dn ⊂ Cn. If (αk
1, ..., αk

n) → (α1, ..., αn) ∈ Tn as
k → ∞ then there exists an inner function x so that {x ◦ φk : k ∈ N} is dense in Ball(H∞(Dn)).
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Furthermore, the universal element x has the form

x =
∞

∏
j=1

xj

for some sequence of continuous (up to Dn) inner functions {xj}j∈N.

Proof. We first note that the theorem is actually stronger than is stated in that we only require
a subsequence of (αk

1, ..., αk
n) to converge to Tn as k → ∞. So, without loss of generality,

we may assume (αk
1, ..., αk

n) → (α1, ..., αn) ∈ Tn as k → ∞. Then by Proposition 3, Cφk :
Ball(H∞(Dn)) → Ball(H∞(Dn)) is surjective, so has a right inverse, denoted by C−1

φk
. We let

φkl
be a subsequence of φk with the following properties.

(1) (θkl
1 , ..., θ

kl
n ) → (θ1, ..., θn) as l → ∞.

(2) pkl
= pkl+1

:= p for all l ∈ N.

We note that

φ−1
kl

=

⎛
⎜⎝e

iθ
kl
p−1(1)

akl
p−1(1) − zp−1(1)

1 − akl
p−1(1)zp−1(1)

, ..., e
iθ

kl
p−1(n)

akl
p−1(n) − zp−1(n)

1 − akl
p−1(n)zp−1(n)

⎞
⎟⎠ .

Since φkl
and φ−1

kl
are not necessarily equal, we need to define dense (in the ball of H∞(Dn))

sets D0 and D1 so that Cφkl
D0 → 1 and Cφ−1

kl
D1 → 1 as l → ∞. Then we can apply the

semigroup universality criterion seen in Theorem 3.
One can show that for any g ∈ C(Dn), g ◦ φkl

→ g(λ) uniformly on compact subsets of Dn

as l → ∞ where

λ := (eiθ1α1, ..., eiθn αn) = lim
l→∞

(
eiθ

kl
1 α

kl
1 , ..., eiθ

kl
n α

kl
n

)
.

Furthermore, g ◦ φ−1
kl

→ g(γ) uniformly on compact subsets of Dn as l → ∞, where

γ := (eiθp−1(1)αp−1(1), ..., eiθp−1(n)αp−1(n)) = lim
l→∞

(
e

iθ
kl
p−1(1)α

kl
p−1(1), ..., e

iθ
kl
p−1(n)α

kl
p−1(n)

)
.

For Gj,λ and Gj,γ as defined in Proposition 2, we define

D0 := {Gj,λ : j ∈ N}
and

D1 := {Gj,γ : j ∈ N}.

Then if Cφkl
is defined as the composition operator on H(Dn), one can show that

Cφkl
D0 → 1
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and
C−1

φkl
D1 → 1

uniformly on compact subsets of Dn as l → ∞. By Proposition 2, D0 and D1 are dense in
the ball of H∞(Dn) equipped with the compact-open topology. Thus we can conclude by
Theorem 3 that there exists a universal inner function x for Cφk . Furthermore, x = ∏j∈N xj

for some {xj} ⊂ D0, implying xj ∈ C(Dn) for all j ∈ N.
�

5. ACKNOWLEDGEMENTS

I wish to thank Kit Chan for useful discussions and comments on an earlier draft of this
paper. I also wish to thank the anonymous referee for the helpful comments.

REFERENCES

[AG07] Richard Aron and Pamela Gorkin, An infinite dimensional vector space of universal functions for H∞ of the
ball, Canad. Math. Bull. 50 (2007), no. 2, 172–181. MR 2317439

[Che79] P. S. Chee, Universal functions in several complex variables, J. Austral. Math. Soc. Ser. A 28 (1979), no. 2,
189–196. MR 550961

[CW19] Kit C. Chan and David Walmsley, A constructive approach to the universality criterion for semi-groups,
Math. Proc. R. Ir. Acad. 119A (2019), no. 1, 27–55. MR 3942560

[GS87] Robert M. Gethner and Joel H. Shapiro, Universal vectors for operators on spaces of holomorphic functions,
Proc. Amer. Math. Soc. 100 (1987), no. 2, 281–288. MR 884467

[Hei54] Maurice Heins, A universal Blaschke product, Arch. Math. (Basel) 6 (1954), 41–44. MR 0065644
[Rud69] Walter Rudin, Function theory in polydiscs, W. A. Benjamin, Inc., New York-Amsterdam, 1969.

MR 0255841
[Saw77] Eric Thomas Sawyer, Inner functions on polydiscs, ProQuest LLC, Ann Arbor, MI, 1977, Thesis (Ph.D.)–

McGill University (Canada). MR 2627440
[SW41] W. Seidel and J. L. Walsh, On approximation by euclidean and non-euclidean translations of an analytic

function, Bull. Amer. Math. Soc. 47 (1941), 916–920. MR 6586

(Timothy G. Clos) BOWLING GREEN STATE UNIVERSITY, DEPARTMENT OF MATHEMATICS AND STATISTICS,
BOWLING GREEN, OHIO 43403

E-mail address: clost@bgsu.edu


