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1. Introduction

Let H be a separable Hilbert space. Consider the following problem

Ll (u—uo)) () + Au(t) = Fu(t)), >0, (1.1)

u(0) = wo, (1.2)

1
loc

and f: H — H is a given function. Here * denotes the Laplace convolution, i.e., (k*v)(t) = f(f kE(t—s)v(s)ds.
It should be mentioned that, nonlocal equations have been employed to model different problems related
to processes in materials with memory (see, e.g., [3,4,6,16]). In particular, when the kernel k(t) = g1_4(t) :=

where the unknown function u takes values in H, the kernel k € L] (R™), A is an unbounded linear operator,

t=*/T(1 — a),a € (0,1), equation (1.1) is in the form of fractional differential equations as the term E[k *

(u — ug)] represents the Caputo fractional derivative of order «, and this equation has been a subject of an
extensive study. In a specific setting, for example, when H = L?(Q),Q ¢ RY and A = —A is the Laplace
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operator associated with a boundary condition of Dirichlet/Neumann type, equation (1.1) with a class of
kernel functions is utilized to describe anomalous diffusion phenomena including slow /ultra-slow diffusion,
which were remarked in [18].

Our motivation for the present work is that, up to our knowledge, no attempt has been made to establish
regularity results for (1.1)-(1.2). Moreover, the stability analysis in the sense of Lyapunov for (1.1) has been
less known. In the special case when k = g;_,,, we refer to some results on stability analysis given in [1,7,8].
In the case of multi-term fractional derivatives, i.e. k = 221 Wig1—a;s i > 0,04 € (0,1), some results on
regularity and long-time estimate were established for linear equations in [2,12,13]. An asymptotic estimate
result was also made for linear ultra-slow diffusion equations in [11]. In the recent paper [19], Vergara and
Zacher investigated a concrete model of type (1.1), which is a nonlocal semilinear partial differential equation
(PDE). Using a maximum principle for the linearized equation, they proved the asymptotic stability for zero
solution of this equation. It is worth noting that, the technique used in [19] does not work for the abstract
equation (1.1). In this paper, the regularity and asymptotic stability of solutions to (1.1) will be analyzed
by using a new representation of solutions together with a new Gronwall type inequality. In order to deal
with (1.1), we make the following standing hypotheses.

(A) The operator A : D(A) — H is densely defined, self-adjoint, and positively definite with compact
resolvent.

(K) The kernel function k € L}, .(RT) is nonnegative and nonincreasing, and there exists a function | €
L} (RT) such that k+1 =1 on (0,0).

(F) The nonlinear function f : H — H is locally Lipschitzian, i.e., for each p > 0 there is a nonnegative

number k(p) such that

1f(v1) = f(w2) || < w(p)llor = w2, Vi, 02 € By,

where B, is the closed ball in H with center at origin and radius p.

Noting that, the hypothesis (K) was used in a lot of works, e.g. [9,10,17-19,21]. This enables us to
transform equations of type (1.1) to a Volterra integral equation with completely positive kernel, which is
a main subject discussed in [16]. In this case, one writes (k,l) € PC. Some typical examples of (k,l) were
given in [18], e.g.,

oo

o k(t) = g1-a(t) and I(t) = ga(t),t > 0: slow diffusion (fractional order) case.
1
(t)

—pt

/gﬁ (t)dp and I(t) = / 16+ dp,t > 0: ultra-slow diffusion (distributed order) case.
p

0

t
o k(t) = g1_a(t)e "y > 0, and I(t) = ga(t)e™ " —l—v/ga(s)e_”sd&t > 0: tempered fractional order
0

case.

For more examples on (K), we refer the reader to [17].

Owing these hypotheses, we are able to derive, in the next section, a variation-of-parameter formula as
well as the concept of mild solution for inhomogeneous equations. We show that a mild solution is also a
weak solution, and it is a strong solution if the external force function is Holder continuous and the kernel
function [ is sectorial and smooth enough. Section 3 is devoted to the semilinear equations, in which we prove
the local/global solvability and asymptotic stability for (1.1). In addition, we show that, the mild solution
of semilinear problem is also Holder continuous. Finally, we present in the last section an application of
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the abstract results, where we show a concrete condition ensuring the Holder regularity and asymptotic
stability of solutions to multi-term fractional in time PDEs.

2. Preliminaries
For i € RT, consider the following scalar integral equations

s(t)+ul*s)(t)=1,t >0, (2.1)
r(t) + p(lxr)(t) =1(t), t > 0. (2.2)
The existence and uniqueness of s and r were examined in [5, Section 20.4] (see also [14]). In the case

I(t) = ga(t), following from the Laplace transform of s(-) and r(-), we know that s(t) = Ey 1(—ut®) and
r(t) = t* 1B, o(—ut®), here E, g is the Mittag-Leffler function defined by

oo o
EQ’B(Z) = ngo m, zeC.

Recall that the kernel function [ is said to be completely positive iff s(-) and r(-) take nonnegative values for
every p > 0. The complete positivity of [ is equivalent to that (see [3]), there exist o > 0 and k € L}, _(R™)

loc
nonnegative and nonincreasing which satisfy al 4 {* k = 1. In particular, the hypothesis (K) ensures that !

is completely positive.
Denote by s(-, 1) and (-, 1) the solutions of (2.1) and (2.2), respectively. We collect some properties of
these functions.

Proposition 2.1. Let the hypothesis (K) hold. Then for every u > 0, s(-,p),7(-,pn) € L}, .(RY). In addition,

loc
we have:

(1) The function s(-, ) is nonnegative and nonincreasing. Moreover,

t
s(t,p) |1 Jru/l(T)dT <1, Vvt>0. (2.3)
0

(2) The function r(-, u) is nonnegative and the following relations hold

t

s(typ)=1-— [L/T(T, wydr =kxr(-,u)(t), t >0. (2.4)
0

(3) For each t > 0, the functions u— s(t,n) and p— r(t, 1) are nonincreasing.

Proof. The justification for (2.3) and (2.4) can be found in [3]. The last statement was proved in [15, Lemma
5.1 and Lemma 5.3]. O

Remark 2.1.

(1) As mentioned in [19], the functions s(-, u) and r(-, i) take nonnegative values even in the case p < 0.
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(2) Equation (2.1) is equivalent to the problem

dt[ x(s—1)]+ps=0, s(0)=1.

This can be seen by convoluting both sides of equation (s — 1) + ul * s = 0 with k and using k x [ = 1.
(3) Let v(t) = s(t, u)vo + (r(-, ) * g)(t), here g € L} (RT). Then v solves the problem

ke (0= 0))(8) + po(t) = 9(1), (0) = wo.

Indeed, by formulation and the relation k * r = s, we have

kx(v—wy)=kx*x(s—1uvg+k*xrxg
=kx*(s—1vy+s*g.

So

%[k* (v—wg)] = %[k* (s — D]vo +s(0,u)g + 8" (-, 1) % g

=—pus(,mvo+g— pr(-,pm) *g
= —p[s(-, p)vo +r(-,p) x gl +g
= _Mv+ga

thanks to the fact that s(0,u) =1 and §'(¢, u) = —pr(t, ), t > 0.
(4) We deduce from (2.3) that, if [ ¢ L(R™) then tlim s(t, ) = 0 for every pu > 0.
—00

(5) Tt follows from (2.4) that fot r(r,p)dr < pt, Ve > 0.1 1 ¢ LY(RT) then [ r(r, p)dr = p~! for every
w> 0.

We are now in a position to prove a Gronwall type inequality, which plays an important role in our
analysis.

Proposition 2.2. Let v be a nonnegative function satisfying
t
(t)<stuv0+/7“t—7',u [av(T) + B(T)]dT, t >0, (2.5)
0
for > 0,a>0,v9 >0, and B € L}, .(RT). Then
t
ot) < st~ o+ [ 1t~ 7= a)3(r)ar,
0

Particularly, if 8 is constant and o < p then

v(t) < s(t,p — a)vy + u_ia(l —s(t,p — a)).
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Proof. Let w(t) be the expression in the right hand side of (2.5). Then v(t) < w(t) for t > 0, and w solves
the problem

Sl (= )] (6) + plt) = aw() + (1),

w(0) = vy,

thanks to Remark 2.1 (2). This is equivalent to

Lk = 00))(0) + (5 — a)ut) = a(o(t) —w(t)) + (1),

w(0) = vy,

which implies

—

w(t) = s(t,p— oo+ [ r(t =70 — a)[a(v(r) —w(r)) + B(7)ldr

0
t
< s(t,p— a)vg + /r(t — 7, u— a)B(7)dr,
0

in accordance with v(7) — w(7) < 0 for 7 > 0 and the positivity of .
Finally, if 8 is constant, we employ (2.4) to get

(1 - S(t7/1, - O[)),

¢ ¢
/r(t—T,u—a)BdT:B/r(T,u—a)dT:M_a
0 0

which completes the proof. O

Let us mention that, the hypothesis (A) ensures the existence of an orthonormal basis of H consisting of
eigenfunctions {e, }°°; of the operator A and we have

oo
Av = Z AnUn€n,
n=1
where A, > 0 is the eigenvalue corresponding to the eigenfunction e,, of A,
o0 o0
D(A)={v= Zvnen : Z A2 < oo}
n=1 n=1

We can assume that 0 < A\ < Aoy < ... < )\, > 00 asn — oo.
For v € R, one can define the fractional power of A as follows

D(AY) = {v = ivnen : i)\fﬂvi < oo},

o0
Ay = g Al vpen.

n=1
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Let V,, = D(A7). Then V, is a Banach space endowed with the norm

[olly = A0l = (Z A?Ui) :

n=1

Furthermore, for v > 0, we can identify the dual space V¥ of V, with V_,.
We now define the following operators

oo

St =" s(t,\n)vnen, t > 0,0 € H, (2.6)
n=1

R(t)v = Z r(t, An)vnen, t > 0,v € H. (2.7)
n=1

It is easily seen that S(¢) and R(t) are linear. We show some basic properties of these operators in the
following lemma.

Lemma 2.3. Let {S(t)}i>0 and {R(t)}i>0, be the families of linear operators defined by (2.6) and (2.7),
respectively. Then

(1) For eachv € H and T > 0, S(-)v € C([0,T); H), S(t)v € D(A) fort > 0, and AS(-)v € C((0,T); H).
Moreover,

1S(t)v]| < s(t, \)llvll, t € [0,T7, (2.8)
[[v]]
48l < o e € OT) (2.9)

(2) Letve HT >0 and g€ C([0,T); H). Then R(-)v € C((0,T); H), Rxg € C([0,T]; H) and A(R*g) €
C([0,T); V_1). Furthermore,

1
2

[R()vll < r(t, A)vll, ¢ € (0,77, (2.10)
(R g)@)] < /T(t — 7, M)lg(7)ldr, t € [0,T], (2.11)
0
[A(R*g)(®)] -y < /T(t—ﬂ M)llg(r)|Pdr |, t € [0,T). (2.12)
0

Proof. (1) For the first statement, we observe that

oo

IS0l = 3 82(t An)o2. (2.13)

n=1

Since s(t, A\p,) < 1 for every ¢ > 0,n € N, this series is uniformly convergent on [0,T]. So is series (2.6). Due
to the fact that s(-, A,,) is continuous, we get S(-)v € C([0,T]; H). Estimate (2.8) is deduced from (2.13) by
using s(t, \,) < s(¢, A1) for all n > 1.
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Considering
AS(t)U = Z Ans(tv )\n)vnen, (214)
n=1
we have
|AS(t)v|? = Z/\2 2(t, A )02 (2.15)
In view of (2.3), we get
An 1
Ans(t, An) < < ,Vt > 0.

ST = (10

el
(L)(t)’

for t > 0, which implies that the convergence of (2.15) as well as

Substituting into (2.15), we have ||AS(t)v] < for every ¢t > 0. In addition, for any J such that

T h < —
0<é<T,one aS/\"S(t’)\")_(l*l)(é)

(2.14) is uniform on [§, T]. That is, AS(-)v € C([§,T]; H).
(2) Recall that (-, ) is continuous on (0,00) (see, e.g. [14]). So for any ¢ € (0,T) and p > 0, r(-, ) €
C([6,T]). This ensures that the series

|R(t)v||> = Zr t, An) (2.16)

is uniformly convergent on [0,T]. So is series (2.7). Inequality (2.10) follows from (2.16) since r(t,-) is
nonincreasing.
We now prove that R g € C([0,T]; H). Denoting g, (t) = (g(¢), e5,), we first check that

o0
(Rxg)( Z ) % gn](t)en. (2.17)

Indeed, since g € C([0,T]; H), the series ||g(t)|]| = > |gx(#)|? is uniformly convergent on [, T]. Given € > 0,
n=1
for 0 <7 <t<Tandp€N, we have

n+p n+p 2
1> r(m M) ge(t = m)exl < (M) <Z|gkt—T ) <€

k=n

o0

provided that n is large enough. So the series Y 7(7, Ay )gn(t — 7)e, converges uniformly on [4, 7] and one
n=1

can take integration term by term on [0,t], i.e

t

/R(th i / An)gn(t —T)dT | €.

)
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8
)dr. Arguing as above for the uniform convergence of the series

= fT(T, An)gn(t—T

Fix t > 0 and put h,(9)
)
Z hn(8)en on [0,t], we can pass to the limit as § — 0 to get (2.17). Taking (2.17) into account, by the

Holder inequality, one has
n)|gn (T)|dT

)/ (t —

=
—~
>
3
S~—
*
)
2.
—~
~
=
IA
o\”
$
]

t 2 t
< (/r(t—r, An)dT /T g (7)2dr
0 0
e 3
< <%<1 = s(t A ) /r(t—T,Al)\gn(T)FdT
0
. ;
<L /r@—T, A)lgn(P)2dr | (2.18)

1
Mo\g
-). Then it follows

thanks to (2.4) and the monotonicity of 7(
n+p
) ,

n+p 1 ¢
<>\—/rt—7')\1 <Z|gk

D (s ) * grl (D) <
/rt—T A1)d —,
0

k=n

for n large, thanks to the uniform convergence of 3 |g,(¢)[* on [0,T] and relation (2
n=1

; H). Estimate (2.11) takes place by employing

m

IN
>/| -
,_.>g

4). Hence (2.17) is

uniformly convergent on [0,7] and then R g € C([0,T]
). Noticing that

(2.10).
Finally, we show that A(Rx*g) € C([0,T]; V.

R*g Z *gn](t)em
we obtain
142 (R )02 = 3 (MIrC. A # 0a0)) (219)

JAR = )0,

Using estimate (2.18), one can claim the uniform convergence of (2.19) on [0, 7] and estimate (2.12) follows

Thus A(R+g) € C([0,T};V_,) as desired
The proof is complete. O

Remark 2.2.

(1) Obviously, S(0)v = v for every v € H
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(2) We have (R * g)(0) = 0. Indeed, it follows from (2.11) that

I(Reg)®ll < s ot ||/ (t— 7 A)d

TG,

= sup Hg(7')||)\1_ (1 —5s(t,A1)) >0ast—0.
T€[0,T]

(3) Lemma 2.3 implies that A2S(-)v,A2(R % g) € C((0,T); H) for every v € H and g € C([0,T]; H).
Equivalently, S(-)v, Rx g € C((0,T]; Vi).

Given g € C([0,T]; H) and ug € H, consider the linear problem

* (u— up)|(t) + Au(t) = g(t),t € (0,77, (2.20)

u(0) = ug. (2.21)

prl

Based on the operators S(t) and R(t), we introduce the following definition of mild solutions to (2.20)-(2.21).

Definition 2.1. A function u € C([0,T]; H) is called a mild solution to the problem (2.20)-(2.21) on [0, 7] iff
¢

w(t) = S(#)uo + / R(t — s)g(s)ds, t € [0,T]. (2.22)
0

3. Weak solution and regularity
3.1. Ezistence and uniqueness

In the sequel, we will define weak solution for (2.20)-(2.21) and show that a mild solution is also a weak
solution.

Definition 3.1. Let (A) and (K) hold, g € C([0,T]; H) and uo € H be given. A function v € C([0,T]; H) N
C((0,T]; V) is said to be a weak solution to (2.20)-(2.21) on [0, 77 iff u(0) = uo and equation (2.20) holds
in V_

1

2

Theorem 3.1. If u is a mild solution to the problem (2.20)-(2.21), then it is a weak solution.

Proof. Let u be defined by (2.22). Then Lemma 2.3 ensures that S(-)ug and R * g belong to C([0,T]; H),

sou=S(Jup + R*g € C([0,T]; H). By Remark 2.2, we get u(0) = uo and u € C((0,T]; V).
By formulation, we have

E(T)(u(t —7) —ug) = k(T)[s(t — 7, \n) — Hugnen

NE

n=1

R(T)[r(s An) * gn](t = T)en

+
WE

n=1

for 6 <7 <t <T, where § € (0,T), and these series are uniformly convergent on [d,¢]. So one has
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M8

%\w %\w

/k(T)(u(t —7) —wo)dr = k(T)[s(t — T, \n) — 1]dTugnen
s

3
Il
—

+ 3 [ RO An) * gl (t — 7)dre,. (3.1)
n=1
For fixed t € (0,7}, put
t t
/k: [st—T)\)—ldTuon—i—/k n) % gn)(t — 7)dr.
5 5
Obviously, h,, is continuous on [0, ¢] for all n, and the function § — h(d f 5 u(t — 1) — ug)dr is also

continuous on [0,¢]. Then the series Y | hy(d)e, converges uniformly on [0, t] Wthh enables us to pass
to the limit in (3.1) to obtain

ks (u— up)(

Z

t)ugnen + Z ) * gnl(t)en, (3.2)

thanks to (2.4). We testify that, it is possible to take differentiation term by term in (3.2). It suffices to
prove that the series

&|&

> it

is uniformly convergent on [§,T] for any § € (0,T). Indeed, by Remark 2.1 we have

An) — t)uopen + Z dt * gn](t)en (3.3)

d
%[k * (S(" /\n) - 1)](t) = _/\ns(ta >\n)a

L1506 A0) % 9a)(1) = 9n (1) = Anlr, ) = ().

Therefore, (3.3) becomes

= Anslt, A uonen — > Anlr(4 An) % gl(Hen + > gult)e
= —AS(t)uo — A(R =+ g)(t) + g(t),

which are uniformly convergent on [0, 7] as shown in Lemma 2.3. Hence, we can take differentiation in (3.2)
and get the equation

%[k * (u—u)|(t) = —AS(H)uo — A(R* g)(t) + g(t) = —Au(t) + g(t), ¢ € (0,T],

which holds in V_

. The proof is complete. O

1
2

We are in a position to prove the uniqueness of weak solution.
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Theorem 3.2. Problem (2.20)-(2.21) has a unique weak solution.

Proof. It remains to show the uniqueness. Let h, = —s/

w = wr, then hy, is nonnegative and solves the

equation
hu(t) 4 p(hy = D)(t) = pl(t), t >0, > 0.
In addition, for 1 < p < oo, f € LP(0,T), one has h,, x f — f in LP(0,T) as n — oo ([20]). Put k, = k* hy,,

then k,, = pk*r = us,, thanks to (2.4). Hence k,, € W!(0, 7). This enables us to employ the fundamental
identity ([18, Lemma 2.3])

(), (b 0) (6) = 3 (kIO () + Shul) DI
+ %/Hv(t) —v(t — 3)||2[—k11(s)]ds, te€[0,T],v e C([0,T]; H).
0

Therefore

(0(t), (K xv)' (1)) = 5 (kux o) ?) (1), ¢ € [0,T],v € C([0,T]; H), (3-4)

N~

thanks to the fact that £, is nonincreasing.
Let u; and us be weak solutions of (1.1)-(1.2). Put v = us — us, then we have

((k*v) (), w) + (Av(t),w) = 0, Yt € (0,T], w € Vi,
v(0) = 0.

Then
((hn 5 0)(£),w) + (hy + 1% Av(t),w) =0, VE € (0,T], w € V3,
which is equivalent to
((kp % 0)' (1), w) + (hy * Av(t),w) = 0, Vt € (0,T], w € Vi
Taking w = v(t) and using (3.4) yields
%(kn # Jo()2) () + (hy % Av(t),v(t)) <0, Vt € (0,T].

Let q(t) = % (kn * [v()|1?) (#) + (hy % Av(t),v(t)), then q(t) <0, V¢ € (0,T]. Noting that, the relation

%(kn * [[C)IP) (8) = an(t) = q(t) = (hn * Av(t), v(t))
is equivalent to (see [18, Lemma 2.4])

SOOI = ~an(t) + 15 au(0), 2 € (0,T] (35)

Since g, (t) — q(t) — (Av(t),v(t)) as n — oo, for ¢ € (0,T], we obtain
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%Hv(t)\l2 = Ux[a(-) = |A70()|P)(1) <0, ¢ € (0, T].
Thus v = 0 and the proof is complete. O
3.2. Regularity
By using (K), the problem (2.20)-(2.21) can be transformed to the integral equation
w(t) +1x Au(t) = uog + 1% g(t), t €[0,T].

This allows us to employ the resolvent theory in [16] for regularity analysis. Noting that the solution operator
for the equation

u(t) + 1 x Au(t) = uo, t €10,7T], (3.6)

is given by S(t)ug = u(t), where S(t) is defined by (2.6). It should be mentioned that (2.6) is a representation
for the resolvent of (3.6) stated in [16, Theorem 1.1], in the case that A has a discrete spectrum. We refer
to S(-) as the resolvent family.

We recall some notions and facts stated in [16].

loc

Definition 3.2. Let [ € L}, (RT) be a function of subexponential growth, i.e. /|l(t)|e_€tdt < oo for every
0

e > 0.

« Suppose that () # 0 for all ReA > 0. For § > 0, [ is said to be #-sectorial if |arg ()| < 6 for all
ReX > 0.
e For given m € N, [ is called m-regular if there exists a constant ¢ > 0 such that

AT )] < eli(V)

for all ReA > 0,0 <n < m.
Definition 3.3. Equation (3.6) is called parabolic if the following conditions hold:

(1) I(\) # 0, 1/I(A) € p(—A) for all ReX > 0.
(2) There is a constant M > 1 such that U(X) = A\~ (I +[(A\)A)~" satisfies

M
U] < o for all ReA > 0.

Denote by ¥(w, ) the open sector with vertex w € R and angle 20 in the complex plane, i.e.
Y(w,0) ={A e C: |arg (A —w)| < 0}.
We have the following sufficient condition for (3.6) to be parabolic.

Proposition 3.3. /16, Proposition 3.1] Assume thatl € L} (R%) is of subexponential growth and is 0-sectorial

loc

for some 0 < . If A is closed linear densely defined, such that p(—A) D X(0,6), and

M

M+ A)7Y <
(I¢ )l i

for all X € £(0,0), (3.7)

then (3.6) is parabolic.
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Let us mention that, by the assumption (A), —A generates a contraction Cp-semigroup in H, which is
given by

o0
ety = E e_t’\”(v,en)en, v € H,
n=1

and (3.7) holds for M =1 and for any 6 < 7.
The following result on the resolvent family for (3.6) plays an important role in our analysis.

Proposition 3.4. [16, Theorem 3.1] Assume that (3.6) is parabolic and the kernel function | is m-regular for
some m > 1. Then there is a resolvent family S(-) € C™=1((0,00); L(H)) for (3.6), and a constant M > 1
such that
" ST ()| < M, for allt >0,n < m — 1.
In order to obtain the differentiability of the resolvent family, we replace (K) by a stronger assumption.

(K*) The assumption (K) is satisfied with I being 2-regular and 0-sectorial with some 6 < .

Employing Proposition 3.4, we have the following statement.

Lemma 3.5. Let (A) and (K*) hold. Then the resolvent family S(-) defined by (2.6) is differentiable on (0, 00),
the relation

S'(t) = —AR(t), t € (0,00), (3.8)
and the estimate
, t € (0,00), (3.9)
hold for some M > 1.
Proof. The assumption (A) ensures that —A generates a bounded analytic semigroup. So (3.6) is parabolic,
according to Proposition 3.3. Therefore, it follows from Proposition 3.4 that S(-) is differentiable on (0, c0)

and estimate (3.9) takes place. Finally, it is deduced from the formulation of S and R given by (2.6)-(2.7)
that

St =Y des(t, An) (v, en)en
n=1

At (t, An) (v, e)en = —AR(t)v, t > 0,v € H,

M

Il
-

n

thanks to (2.4), which proves (3.8). O

Denote by C7([a,b]; H), v € (0,1), the space of Holder continuous functions on [a,b], that is, f €
C7([a,b]; H) iff

_ I1f(t1) = ft)]
Ifllcr = sup 2 < o
t1,t2€[a,b] |t1 - t2|
Please cite this article in press as: T.D. Ke et al., Regularity and stability analysis for a class of semilinear nonlocal differential
equations in Hilbert spaces, J. Math. Anal. Appl. (2019), https://doi.org/10.1016/j.jmaa.2019.123655




Doctopic: Applied Mathematics YJMAA:123655
14 T.D. Ke et al. / J. Math. Anal. Appl. ess (sees) eeesee
Definition 3.4. Let (A) and (K) hold, g € C([0,T]; H) and ug € H be given. A function v € C([0,T); H)

is said to be a strong solution to (2.20)-(2.21) on [0, 7] iff u(0) = ug, u(t) € D(A) for t > 0, and equation
(2.20) holds in H.

Theorem 3.6. Let the hypotheses of Lemma 3.5 hold. Assume that the function g in (2.20) belongs to
CY([0,T]; H), and u is the weak solution of (2.20)-(2.21). Then v € C([0,T); H) N C7([6,T); H) for any
0<d<T, and u is a strong solution.

Proof. Recall that the unique weak solution of (2.20)-(2.21) is given by
u(t) = S(t)uo + (R*g)(t) = u1(t) + ua(t), t €[0,T). (3.10)

We first show that ug is Holder continuous on [4, T]. Indeed, for ¢ € [§,T),h > 0,t + h < T, we have

[ua(t + 1) — ua (1) S/IIR(T)Illlg(t+h—T)—g(t—T)IIdT
0

t+h
+ [ IROIlg(e+ = nldr

t

=1+ I5.

Considering I, one gets

t

= /T(T, M)llgllorh¥dr = llglle-hATH(L = s(t A1)
0

< llgller A h.
Concerning I, the relation S’(t) = —AR(t) for ¢t > 0 implies

t+h
I < [|(=4)~1| / 15" () Mlg(t + h = 7)ldr

t+h

_ dr _ h
< 1A gt [ 4 = A~ bt n (14 5 )
t

1 (R
<[4 gl (1)
< AT lgllso Mr~16 7R,
here we utilize the inequality
Y
In(l1+7r)<— forr>0,v€(0,1).
v
So we have proved that |Jus(t + h) — ua(t)|| < ChY with
C =llgllex ATt + 1A Hllglloo My 1677
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It remains to show that u; € C7([0,T]; H). Let 0 < § <t < T and h > 0. Using the mean value formula

1
S(t+ h)o — Sty = h/S’(t + 0h)od6, v € H,
0

we have

[ur (¢ + ) = ua @) = 1S+ R)uo = SE)uo|

1
< h/||S’(t+0hHHv||d9
0

1

df h

<M =M In{1+—

< Mol [ 2 =il (145
0

< MHUH'y*l(T”hV.

Finally, we have to show that u = S(-)ug + R * g is a strong solution to (2.20)-(2.21). In the proof of
Theorem 3.1, we have testified that « fulfills (2.20) in V_1 by reasoning that A(Rx*g)(t) € V_y fort>0.
In fact, by Lemma 2.3, AS(t)ug € H for t > 0. So it suffices to prove A(R * g)(t) € H for t > 0 under
the assumption that g is Holder continuous. Indeed, using the relation S’(¢t) = —AR(t) for ¢ > 0 again, we

obtain
A(R*g)(t) = /AR(t —7)g(r)dr = — / S'(t —7)g(7)dr
0 0
= —/Sl(t —7)[g(1) — g(®)ldr + [I — S(t)]g(t).
0
Then

AR+ g)(D)]] < / 15t = 7)llg(r) — g@®)lldr + [T = SB]g @)

t
< Mlgler [ ¢~y ~tar+ |1 - S(©lg(0)]
0
< M|gllevy 1T + 2||gl|oo, for 0 <t < T,
which completes the proof. O

4. Stability and regularity for semilinear equations

Definition 4.1. A function u € C([0,T]; H) is called a mild solution of the problem (1.1)-(1.2) on [0, 7] iff

U®=S®w+/MVﬂVW@M&
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for every ¢ € [0,T], where S(-) and R(-) are given by (2.6)-(2.7).
In the next theorem, we prove a local solvability result.

Theorem 4.1. Let (A), (K) and (F) be satisfied. Then there exists t* > 0 such that the problem (1.1)-(1.2)
has a unique mild solution defined on [0,t*]. Moreover, u(t) € Vi for all t € (0,¢"].

Proof. We make use of the contraction mapping principle. For given ¢ € (0,7] and ug € H, let & :
C(]0,¢); H) — C(]0,¢]; H) be the mapping defined by

t

O (u)(t) = S(t)uo + /R(t —7)f(u(r))dr,t € [0,(]. (4.1)

0

Taking p > |lug|| and assuming that u € B,, the closed ball in C([0, (]; H) with center at origin and radius
p, we have

@)@ < [SE[[uoll +/I\R(f—T)HHf(U(T))IIdT
0

< s(t, Av)lluoll + /T(t =7 A) R [u()] + (1 £(0)]]Jdr

< Jluoll + [5(p)p + [LFO)IATH (X = s(t, A1), t € [0,¢],

here we employ the hypothesis (F), Proposition 2.1 and Lemma 2.3. Since s(-, A1) € AC([0,¢]) and s(0, A1) =
1, one can choose ¢ such that the last expression is smaller than p as long as t € [0,¢]. That is, ®(B,) C B,,.
Using (F) again, one gets

[@(ur)(t) = D(uz) () < [ 7(t =7 )| (ur(r) = fuz(r))|ldr

< [ r(t =1, M)K(p) [|[ua (1) — ua(7)||dT

/
/

< k(p)[[ur = ualloo AT (1 = s(t, M), t € [0,¢],

where || - ||oo is the sup norm in C([0,¢]; H). Taking t* < ¢ such that x(p)(1 — s(t*, A\1)) < A1, we see that
® is a contraction as a map from B, into itself, with B, now in C([0,¢*]; H). So the problem (1.1)-(1.2)
has a unique solution defined on [0,¢*]. In addition, since t — ¢(¢) = f(u(t)) is a continuous function,
®(u)(t) € D(Az) for t > 0 due to Remark 2.2. So u(t) € Vi for t > 0. The proof is complete. O

We now discuss some circumstances, in which solutions exist globally.

Theorem 4.2. Let (A) and (K) hold. For any T > 0, if the nonlinear function f is globally Lipschitzian, that
is, k(p) = Ko is a constant, then the problem (1.1)-(1.2) has a unique global mild solution v € C([0,T]; H)N
C((0,T}; V). If, in addition, that ko < Ay and | ¢ LY(RT), then every mild solution to (1.1) is globally
bounded and asymptotically stable.
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Proof. Let 3 > 0 and |lullg = sup e P!|lu(t)|. Then || - |5 is equivalent to the sup norm in C([0,T]; H).
te(0,T

From the estimate

1D (u1)(t) = @(u2)()]| < /T(t — 7, A)ko[[ur (7) — ua(7)|[d,
0

we get

t
e P @(u)(t) — @(uz)(t)]| < Ho/T(t— T A)e P0dr | un — uslls
0

IN

ko [ r(t, \)e Pdt | |ur — usal|s-

St~

Choosing 8 > 0 such that

T
mo/r(t,Al)efﬁtdt <1,
0

we obtain that ® is a contraction map from C([0,T]; H) endowed with the norm || - |3 into itself, which
ensures the existence and uniqueness of solution to (1.1)-(1.2). In addition, we have u(t) € V1 for t € (0, 7],
by the same reasoning as in the proof of Theorem 4.1.

Now assume that ko < A1. Let u be a solution of (1.1)-(1.2), then we have

t

lu(®)] < s(t Ax)lluoll + /T(t =7, A)[Rollu()[| + [[£(0)[[Jdr, ¥Vt = 0.
0

Using the Gronwall type inequality given in Proposition 2.2, we get

1

()] < (82 = o) | + ——

[FOI(L = st A1 = ro))

1
)\1—,%0

< [Juoll + [£(O)], vt >0,

which yields the global boundedness of w.
Let uw and v be solutions of (1.1), then we have

t

[u(t) = v(@®)] < st A)[[u(0) = v(0)] + /T(t =7, A)kollu(r) = v(7)ldr,

0

thanks to (F) and Lemma 2.8. Employing Proposition 2.2 again, we obtain
[u(t) — o) < st A — wo)[[u(0) = v(0)[], V¢ = 0.

Since [ ¢ LY(R™), it follows from Proposition 2.1(1) that s(t, A\; — ko) — 0 as t — oo, which completes the
proof. O
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The following theorems show the main results of this section.

Theorem 4.3. Let (A), (K) and (F) hold. If f(0) = 0 and lim sup k(p) = o with o € [0, \1), then there exists

p—0

6 > 0 such that the problem (1.1)-(1.2) admits a unique global mild solution u € C([0,T]; H)NC((0,T]; Vy),
provided that ||ug| < 9.

Proof. By assumption, for § € (0, A\; — «), there exists > 0 such that || f(v)| = ||f(v) — f(0)]| < &(n)|v] <
(a4 0)||v| as long as |lv|| < 1. Now we consider the solution map ® : B,, — C([0,T]; H) defined by (4.1).
We see that

t

1@ (uw) ()] < s(t, M) [luoll + /T(t =7 A)(a+0)|[u(r)l|dr

0
< s(t A)lluo| + (a + 0)nAT (1 = s(t, A1)
< st M) [luoll — (o + AT 0] + (a+ 0)AT'n
<, YVt €[0,T],
provided that [ug|| < aA[ 'y, thanks to the fact that (a + 0)A\;! < 1. Fixing an # and n mentioned above,

for § = aA]'n, we have shown that ®(B,) C B, as |lug|| < &. It remains to show that ® : B, — B, is a
contraction mapping. Indeed, let uy,us € B,,, then

[ (u1)(t) = /t—s A)e()[lui(s) = ua(s)lds
0
(a+

IN

) (1 - S(t )\1))||’LL1 - U2H007 Vit € [O’T]v

which implies the assertion. The uniqueness follows from the Gronwall type inequality stated in Proposi-
tion 2.2. The proof is complete. O

Theorem 4.4. Let the hypotheses of Theorem /.3 hold. If | ¢ L*(R™), then the zero solution of (1.1)-(1.2)
is asymptotically stable.

Proof. Taken 6 and ¢ from the proof of Theorem 4.3, for |Jug|]| < § and a corresponding solution u of
(1.1)-(1.2), we have

t

[ < st A1) luoll + /T(t =7 A1) (a +0)[[u(7)]|dr.

Using Proposition 2.2, we get
()]l < 5t A — @ = O)ljuoll, ¥t = 0.

Since I ¢ L*(R*) and A\; —a— 6 > 0, we have s(t, \; —a—60) — 0 as t — oo, and the last inequality ensures
the stability and attractivity of the zero solution. The proof is complete. O

We now present a linearized stability result as a consequence of Theorem 4.4.
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Corollary 4.5. Let (A) and (K) hold. Assume that the nonlinearity f is continuously differentiable such that
f(0) =0 and A — f'(0) remains positively definite. Then the zero solution of (1.1) is asymptotically stable.

Proof. Denote A = A — f'(0), f(v) = f(v) — f'(0)v. Then equation (1.1) is equivalent to

i[k s (u—up)](t) + Au(t) = f(u(t)), t > 0. (4.2)

By assumption, A fulfills (A). Furthermore, f is also continuously differentiable, so it is locally Lipschitzian
and, therefore, f satisfies (F). Specifically, let vi,vs € B,, then by using the mean value formula, we have

1
1F(s) — Flo /“ (01 + (1= £)(02 — 1)) (v2 — v1)dt
0
1
< (v1 + (1 = t)(va —wy))|ldt | |lva — 1|
!
< sup 7)oz — vl

llvll<2p

Taking k(p) = sup | f'(v)||, we see that lir% k(p) = 0, thanks to the fact that f'(v) = f'(v) — f/(0) = 0
llvll<2p =
as v — 0. So one can apply Theorem 4.4 for (4.2) (with o = 0) to get the conclusion. O

To end this section, we prove the Holder continuity of the mild solution to (1.1)-(1.2).

Theorem 4.6. Let (A), (K*) and (F) hold. Then the mild solution to (1.1)-(1.2) is Hélder continuous on
[0,T] for every 0 < < T.

Proof. Let u be the mild solution to (1.1)-(1.2). Then

u(t) = S(t)up + /R(t —7)f(u(r))dr
0

= Ul(t) + UQ(t).

By the same reasoning as in the proof of Theorem 3.6, we have u; € C7([6,T]; H) for every 0 < § < T and
€ (0,1).
Regarding us, let p = ||uz]|oo and 0 < § <t < T, then we see that

[ua(t + h) = us (@) S/HR(T)\IHJ”(Uz(Hh*T))*f(w(t*T))HdT
0

t+h
+ [ IR Faste+h = )]s

t
t

< /r(r, M) lus(t + b — ) — us(t — )| dr

0
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t+h

+]A7 / IS"@IIALF O + £ (p)p)dr

t

< / r(t — 7, A )A(p) luz(7 + h) — ua(r) |dr

+IATHMIF ) + K(p)p)y~ 6777,

here we use (F) and the arguments as in the proof of Theorem 3.6 for estimating the second integral.
Applying Proposition 2.2 for v(t) = ||ua(t + h) — ua(t)||, one gets

lua(t + h) —ua ()] < [ATHIMFO)] + K(p)p)y ™07 s(t, M — K(p))R7,
which implies us € C7([6,T]; H). O
5. Application

Let © ¢ RY be a bounded domain with smooth boundary 0. We apply the obtained results to the
following two-term time-fractional PDE:

ofu(t,x) + polu(t, ) + (A u(t,z) = F /uz(t,x)dx G(z,u(t,x)), (5.1)
Q
fort >0,z € Q,
u(t,z) =0, fort >0, z € 09, (5.2)
u(0,2) = up(x), forz €, (5.3)

where 0 < a< g <1, u>0,7>0, 0f and 85 stand for the Caputo fractional derivatives of order o and
f in t, respectively; A is the Laplacian with the domain D(A) = H2(Q) N HY(Q). Let H = L%(Q) with the

inner product (u,v) = /u(m)v(x)dx Put

f)(x)=F /vQ(x)dx G(z,v(x)), v € L*(Q).

Q

Then the problem (5.1)-(5.3) is in the form of (1.1)-(1.2). Observe that, the kernel function % is completely
monotonic, i.e. (—1)"k(™)(t) > 0 for t € (0,00). As mentioned in [18], k¥ admits a resolvent function I such
that k* 1 =1 on (0,00) and in this case, (1% 1)(t) ~ g1+a(t) as t = oo. Thus

s(typ) < ——— 0 ast — oo, for an; > 0.

( u)_1+u(1*1)(t) y

Let Aa be the first eigenvalue of —A, that is Aa = inlf(m{HVuH2 : Jlu|l = 1}. This implies that the first
u€H

eigenvalue A\; of A = (—A)7 is given by A\ = AX.
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Noting that, the nonlinearity in (5.1) can be seen as a perturbation depending not only on the state but
also on the energy of the system. We assume that

(H1) F € C'(R) obeys the estimate |F(r)| < a + b|r|”, for some nonnegative numbers a, b and v.
(H2) G : QxR — R is a Carathéodory function and satisfies the Lipschitz condition in the second variable,
ie.
|G(wayl) - G($3y2)| < h($)|y1 - y2|avx € Q7y17y2 € ]R7
here h € L>°(Q) is a nonnegative function. In addition, assume that G(x,0) = 0 for a.e. z € Q.

Theorem 5.1. Let (H1)-(H2) holds. Assume that

allhllee < XX if v >0, (5.5)
(a+D)[|hlloc <AX if v =0, (5.6)

where ||h||oo = ess supycq|h(z)|. Then the problem (5.1)-(5.3) has a unique global mild solution. Furthermore,
the zero solution of (5.1) is asymptotically stable.

Proof. We first verify that f maps L?(Q) into itself. Indeed, using (H1)-(H2) we get

1@l = | [ | [166@o@)P

Q

2

2

<F /vQ(x)dx /hQ(m)UQ(aj)dx

Q Q
< (a+ bl Al

In addition, we can check that f is locally Lipschitzian due to the assumption that F’ is continuous and G
is Lipschitzian. Specifically, for vi, vy € L2(Q), ||v1]|, ||va]| < p, we see that

2

1 (v1) = flo2)ll < [F(loal*) = F(lv2]?) /IG @, v1(2))*dz

=

F1E(oa]?) /|G 2, 00(x)) — G(z, va(2)) [2de

< F (Olloll* + @ = O lloal*) [ - [llva ]I = o] - 1Rl llox ]
+ (a+ bllva )17l s [lv1 — val]

< k(p)|lvr — val|,

where

_ 2 ’ 2v
k(p) =207 |hllec sup [F'(r)] + (a + bp™)[|h]loc-
r€(0,p?]
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Hence lim r(p) = al|h]|c if v > 0 and lim £(p) = (a+)|[hl|o as v = 0. Using (5.5)-(5.6) and Theorem 4.3,
p— p—

we have the conclusion that, the problem (5.1)-(5.3) has a unique global mild solution. In addition, the zero
solution of (5.1) is asymptotically stable, due to Theorem 4.4. O

Let us mention that, the mild solution for (5.1)-(5.3) is Holder continuous on [4,T] for every 0 < § < T.
Indeed, the Laplace transform [ is given by [(A\) = (A* + pA?)~L. Obviously,

Jarg [(A)| = |arg (A* + pA?) 71|
= Jarg (A% + pA7)]

< g for all Re A > 0.
So [ is F-sectorial. In addition, by a direct computation, one has

N(A) = —(X% + uA?)"2(aX® + pBA?)
NT(A) = 200 + pN?) B ar + pBAT]
+ (A + ") 2l — )X + uB(1— AN,

Observing that, for every ny,72 € (0,1) and ReX > 0,
A+ 026A°| < A+ A7)
we have

') < LI AR ] < 3JEV)

which ensures that [ is 2-regular, and (K*) is fulfilled. So the Holder regularity of the mild solution follows
from Theorem 4.6.
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