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Systems with nonlocal vs. local diffusions and free boundaries!
Lei Li, Mingxin Wang?
School of Mathematics, Harbin Institute of Technology, Harbin 150001, PR China

Abstract

We study a class of free boundary problems of ecological models with nonlocal and local
diffusions, which are natural extensions of free boundary problems of reaction diffusion systems
in there local diffusions are used to describe the population dispersal, with the free boundary
representing the spreading front of the species. We first prove the existence, uniqueness and
regularity of global solution. For the classical competition, prey-predator and mutualist models,
we show that a spreading-vanishing dichotomy holds, and establish the criteria of spreading and
vanishing, and long time behavior of the solution.

Keywords: Nonlocal-local diffusions; Free boundaries; Existence-uniqueness; Spreading-

vanishing; Long-time behavior.
AMS Subject Classification (2000): 35K57, 35R09, 35R20, 35R35, 92D25

1 Introduction

It is well known that random dispersal or local diffusion describes the movements of organ-
isms between adjacent spatial locations. It has been increasingly recognized the movements and
interactions of some organisms can occur between non-adjacent spatial locations. The evolution of
nonlocal diffusion has attracted a lot of attentions for both theoretically and empirically; please
refer to, for example, [1]-[3] and references therein. An extensively used nonlocal diffusion operator

to replace the local diffusion term dAu (the Laplacian operator in RY) is given by

AT+ u—u)(ta) = d </RN I — y)ult, y)dy — ult, x>> .

To describe the spatial spreading of species in the nonlocal diffusion processes, recently, Cao et
al. ([4]) studied the following free boundary problem of Fisher-KPP nonlocal diffusion model:

h(t)
Ut = d/ J(x - y)u(tay)dy —du + f(t,:r,u), > 07 g(t) <z < h(t)7
9(t)
u(t, g(t)) = u(t,h(t)) =0, t >0,
h(t) poo
h'(t) = ,u/ / J(x —y)u(t, z)dydz, t >0, (1.1)
g(t) Jh(t)
h(t) ro(t)
gt = _M/ / J(x —y)u(t, z)dydz, t>0,
g(t) J—oo
(w(0, %) = ug(x), h(0) = —g(0) = ho, || < ho,

where x = ¢(t) and x = h(t) are the moving boundaries to be determined together with u(¢,x),
which is always assumed to be identically 0 for z € R\ [g(t), h(t)]; d, i and hg are positive constants.

The kernel function J : R — R is continuous and satisfies

1This work was supported by NSFC Grant 11771110
2Corresponding author. E-mail: mxwang@bhit.edu.cn
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(J) J(0) >0, J(z) >0, /J(w)dm =1, J is symmetric, supJ < co.
R
The reaction function f(¢,x,u) satisfies

(f) f(t,z,0) =0, there exists Ky > 0 such that f(¢,z,u) < 0 for u > Ky, (t,z) € RT x R, and f
is locally Lipschitz continuous in u € R, i.e., for any A > 0 there exists L(A) > 0 such that

|f(t,z,u1) — f(t,z,u0)| < L(A)|ug —ua|, Vui,us €[0,4], (t,7) €RT xR,

It was shown in [4] that the problem (1.1) has a unique global solution. Furthermore, the spreading-
vanishing dichotomy about free boundary problems of local diffusive logistic equation ([5]) holds
true for the nonlocal diffusive problem (1.1) when f(t,z,u) = f(u).

Motivated by the works of [4] and [6, 7, 8, 9, 10, 11] (two species local diffusion systems with
common free boundary), the authors of [12] studied a class of free boundary systems with nonlocal
diffusions and common free boundaries. They proved that such a nonlocal diffusion problem has
a unique global solution, and for models with Lotka-Volterra type competition or predator-prey
growth terms, they shown that a spreading-vanishing dichotomy holds, and obtained criteria for
spreading and vanishing. Moreover, for the weak competition case and weak predation case, they
determined the long-time asymptotic limit of the solution when spreading happens.

Kao et al. [13] studied the dynamics of a competitive model in which one diffusion is local and
the other one is nonlocal.

Inspired by the above cited papers, recently, Wang and Wang [14] investigated free boundary
problems with nonlocal and local diffusions and common free boundaries.

Free boundary problems of two species reaction diffusion systems, in which one species dis-
tributes in the whole space and the other one exists initially in a interval and invades into the
new environment with double free boundaries, had been extensively studied. For example, [10,
11, 15, 16, 17] for the competition model, [18, 19] for the predator-prey model, and [7] for the
Beddington-DeAngelis predator-prey model with nonlinear prey-taxis.

Motivated by the above mentioned works, in this paper we deal with the following free boundary

problems with nonlocal and local diffusions:

up =dy(Jxu—u)+ fr(t,x,u,v), t>0, x€R,

v = doVgy + fa(t, x,u,v), t>0, g(t) <z < h(t),

v=0, ¢(t)=—pv, t>0, z=g(t),

v=0, h(t)=—pv,, t >0, z=h(t), (1.2)
u(0,x) = up(z), z € R,

v(0,z) = vo(x), x € [—ho, ho),

[~ 9(0) = h(0) = o >0,

where [—hy, ho] represents the initial population range of the species v(¢,x); x = g(t) and = = h(t)
are the free boundaries to be determined by v(¢,z); d; and p are positive constants.
Denote by C'~(R) the space of global Lipschitz continuous functions in R. We assume that the

initial functions ug, vg satisfy

{ up € C'(R) N Cy(R), vo € W2((—ho, ho)),

(1.3)
Uo(:l:h()) =0, v9g >0 in (—ho,hg), ug >0in R
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with p > 3, and denote by Lg the Lipschitz constant of wuyg.

(J1) The condition (J) holds, J is compactly supported, J € C*~(R), and denote by L(J) the
Lipschitz constant of J.

The growth terms f; : Rt x R x R™ x Rt — R are assumed to be continuous and satisfy

(f1) fi(t,z,0,v) = fo(t,z,u,0) = 0, f; is locally Lipschitz continuous in u,v € R, i.e., for any
given Ay, Ay > 0, there exists L(A1, A2) > 0 such that

| fi(t, x,u1,v1) — filt, , ug, v2)| < L(A1, A2)(lur — ua| + |v1 —val), i =1,2

for all uq,us € [0, A1), v1,v2 € [0, A2 and all (t,z) € RT x R;

(f2) There exists kg > 0 such that for all v > 0 and (¢,2) € RT x R, there holds fi (¢, z,u,v) < 0
when u > ko;

(f3) For the given A > 0, there exists ©(A) > 0 such that fo(t,z,u,v) < 0for 0 <u < A, v > O(A)
and (t,7) € Rt x R;

(f4) f; is Lipschitz continuous in z € R, i.e., for any Ay, A2 > 0, there exists L*(A;, A2) > 0 such
that

| fi(ts z1,u,v) = filt, w2, u,v)| < L¥(A1, Ag)|z1 —a2f, i=1,2
for all u € [0, 4], v € [0, Ag] and all (¢, 21, 22) € RT x R x R.

The condition (f1) implies
‘fl(t7 T, U, 'U)| S L(Ala AQ)’U,, ’f?(ta x,u, U)‘ S L(Ala AQ)U

for all u € [0, A1], v € [0, Ay and all (¢,z) € RT x R.
It is easily seen that the conditions (f1)—(f4) hold for the classical competition, prey-predator
and mutualist models

Competition Model: fi =u(a—u—0bv), fo=v(l—v—cu), (1.4)
Prey-predator Model: fi =u(a—u—bv), fo=v(l—v+ cu), (1.5)
Mutualist Model : f1 = ru (a —u— g —fbv) , fa=rou <1 —v- —Ecu) , (1.6)

where parameters are positive constants.

Except where otherwise stated, we always assume that (f1)-(f4) hold, the kernel function J
satisfies (J1) and ug, v satisfy the condition (1.3) throughout this paper. Sometimes, we simply
write [[(¢, )| as [|o, ¢

The organization of this paper is as follows. In Section 2 we prove that the problem (1.2) has a
unique global solution. For later discussion, we give some preliminary results in section 3. Section
4 is devoted to the long time behaviors of global solution, and Section 5 deals with conditions for

spreading and vanishing. In the last section we shall give some estimates of spreading speeds.
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2 Global existence and uniqueness of solution of (1.2)

In this section we prove the global existence and uniqueness of the solution to problem (1.2).

For convenience, we first introduce some notations. Let kg, ©(-) be given in (f2), (£3). Denote

A1 = max{”uoHoo, ko}, A2 = maX{HUoHOO, @(Al)}, L= L(Al,AQ),

. . L Avoller((=ho ko))
L* =1L (Al,AQ), Ag —2A2max{\/;, 3A2 y

Iy = [0,T) xR, Ap=1[0,T]x[~1,1] with T > 0.

For the given hg,T" > 0, define

H" = {h e C'([0,T]) : h(0) = ho, 0 < '(t) < pAs},
G' ={gecC(0,T]) : —geH"}.
And for g € GT, h € H”, define
DIy ={(tx) eR*: 0<t<T, g(t) <z <h(t)},
X{ =X, ={peCly): 0<p <A, ¢|,_,=uo},
T T L. _ —
Xy = Xiggh = {(p €C(Dyp): 0<p < Ay, S0‘1&:0 = Yo, SO‘ac:g(t),h(t) - 0}’
XTI =xP x xT
The following theorem is the main result of this section.

Theorem 2.1. The problem (1.2) has a unique local solution (u,v, g, h) defined on [0,T] for some
0 < T < oo. Moreover, (g,h) € GT x HT, (u,v) € XT', v € me(D;h) and

(u,v,9,h) € CH17(Tr) x Wy *(DL,) x [C([0, T])J?, (2.1)
O<u<A; in Hp, 0<v<Ay in DJ,, (2.2)
0 < —vg(t,h(t)), va(t,g(t)) < As, 0<t<T, (2.3)

where u € CY1=(Ily) means that u is differentiable continuously in t € [0,T] and is Lipschitz
continuous in x € R.

If we further assume that

(f5) For any given 7, I, Ay, Ay > 0, there exists L(1,1, A1, Ay) such that
Hfz(',x,’ll, U)HC%([O,T]) < f}(T,l,Al,Ag) (2.4)

for all x € [—1,1], u € [0,A;], ve0,As].
Then the solution (u,v,g,h) of (1.2) exists globally. Moreover, for any given T > 0, (2.1)-(2.3)
hold true, and

v e CHOR(0,T) x [gft), A(D]), g, b€ CTH(0.TI). (25)

To prove Theorem 2.1, we first give some Lemmas which are crucial in the proof of Theorem
2.1.
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Lemma 2.2 (Maximum Principle). Assume that J satisfies (J), u and us are continuous and wu is
bounded in Ilp. If u satisfies, for some c(t,x) € L*(Ilr)

w > d(J xu—u)+c(t,x)u, (t,z)€ (0,T] xR,
u(0,z) >0, z €R.
Then v > 0 on Ily. Moreover, u > 0 in (0,7] x R provided u(0,z) # 0 in R.

Proof. This lemma may be known, but we can’t find references, so we give it’s proof. The idea of
this proof comes from [20, Lemma 2.3] and [21, Lemma 3.3]. As u is continuous and bounded, the
function f(t) := infer u(t, ) is continuous in [0, 7. Set p(t,x) = d — c(t,z) and g(t) = e 2Kt f(¢)
where K := |[|p(t, )]s + d. Suppose on the contrary and due to g(0) > 0, there exist ¢ > 0,
0 < To < T such that g(Tp) = infy 7 9(t) = —¢, g(t) > —e for 0 < ¢ < Tp, and there exists
(ts,m.) € (0,T) x R such that u(t,,z.) < —gfee?* . Therefore,

7
u> —ee?E in [0,Ty) x R, ul(ts, ) < —gsezm*.
Let z(x) be continuous in R and satisfy ming z = z(z,) = 1, supg z = z(+o0) = 3. Set
we(t, ) = —e(3/4 + oz(x))e* !, with ¢ € [0,1].

Obviously, w, is bounded and continuous in [0, 1] x [0, 7] x R. Notice that, when o < 1/8,

7 3 1
ﬁr;(f)(u — Wy ) S U(ts, Ty) — Wo (e, Ti) < —geeQKt* +e <4 + 8> 2Kt —

when o > 1/4, for all (t,z) € Iy,
u(t, z) — wy(t,z) > —ee*X 4 2(3/4 + 02(x))e* Xt > ee® 1(3/4 4+ 0 — 1) > (0 — 1/4).

One can find a o, € (1/8,1/4] such that infr, (u—w,,) = 0. Asw,, (¢, 4+00) < — 2Kt < u(t, £o0)
for t € [0,Tp], and u(0,z) > 0 > —3¢/4 > w,,(0,z) for x € R. There exists (tg,zo) € (0,7p] x R
such that

u(to, xo) — we, (to, o) = 0 = inf (v — w,, ),
I,

which implies u¢(to, z9) — We,t(to, 7o) < 0. Recall o, € (1/8,1/4], 1 < z(z) < 3, we have
0 > u(to, xo) — we,t(to, o)
> d(J *u)(to, zo) — p(to, zo)u(to, xo) + 2Ke(3/4 + a*z(xo))eQKtO

7
> —dge 2Kt _ Ilp(t, )| oo |u(to, zo)| + ZKeeZKtO

3 7
> —dee?Kto iaHp(t,x)HoogKtO + ZK&eQKtO
= e 0 (TK /4 —d = 3||p(t,z)]|/2) > 0
as K = ||p(t,x)|lcc + d. This derives a contradiction. So w > 0 on IIp.

If u(0,2) # 0 in R, then for any given N > 0 big enough such that «(0,z) # 0 in [-N, N|, we

have

N
up > d/_NJ(x,y)u(t,y)dy —du+c(t,x)u, (t,x)€ (0,T] x [-N,N],

u(0,z) >,# 0, z € [-N, N].
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It follows by [4, Lemma 3.3] that u(¢,z) > 0 in (0,7] x [-N, N]. The arbitrariness of N implies
u>0in (0,7] x R. 0
Lemma 2.3. Assume that J satisfies (J). Consider the following Cauchy problem

z=d(J*xz—2)+ f(t,z,2), (t,x)€ (0,T] xR, 26)
2(0,z) = zo(z) > 0, x €R,

where zg € Cp(R), f: RT x R x Rt — R is continuous. If f satisfies the condition (f), then (2.6)
has a unique solution z € Cy(Il7) and 0 < z < K := max { Ko, ||20||0c } -

Proof. This lemma may be known. For the convenience to readers we shall give its proof. Define
A= HZOHOO + 1, 0< TO S min{l,T, m}, and

f(t,z,2) =0 when z <0, f(t,x 2)= f(t,x,z) when z > 0.
Then f (t,z, z) is still continuous. Clearly, the problem

z=d(Jxz—z)+ f(t,x,2), (t,z)€ (0,Tp] xR,
(2.7)
2(0,x) = zp(x) > 0, reR

is equivalent to the following integral equation

2(t,x) = z0(x) + /Ot [d(J %z —z)(s,z) + f(s,z, z(s,x))]ds.
Let us define
zn(t, ) = z0(x) + /Ot [d(J * zn—1 — 2p—1)(s, ) + f(s,x,zn_l(s,x))]ds, n>1,
and zo(t,z) := zp(z). The direct calculation gives

Izn = 20llcy(igy) <1, 2ns1 = 2nlloyig,) < To(2d + L(A))[2n—1 = znllcy 11, )-

Due to our choice of Tp, we have ¢ := Ty(2d + L(A)) < 1. Thus

I2nt1 = Znlley (i) < @121 = 20l 11y )

inductively. This shows that {z,} is a Cauchy sequence of Cy(Ilz,). Thanks to the completeness of
Cy(Ilg,), it follows that z, — z in Cy(Ilg,) and ||z — zOHCh(HTO) < 1. Tt is easy to see that z is the
unique solution of (2.7). Due to f(t,z,z) > —L(A)Sgn(z)z, we have z > 0 in IIy; by Lemma 2.2.
Hence z(t,x) is the unique solution of (2.6) and 0 < z < K in Il by the comparison principle.
According to the above arguments we can regard z(7p,x) as the initial data to extend the
unique solution of (2.6) to some [0, 7}] with 77 > Tj and it is easy to see that T} — Ty depends only
on Ki, f and d. Furthermore, the extended solution z still satisfies 0 < z < K in [0,71] x R. By
repeating this extension process finitely many times, the solution can be uniquely extended to T’
and satisfies 0 < z < K in [0,7] x R. O
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Proof of Theorem 2.1. Step 1: Given T > 0, we say u € CL~(Ily) if there is a constant L(u,T)
such that
lu(t, 1) — u(t,x0)| < L(u,T)|x1 — 22|, V21,220 €R, t €[0,T].

For s > 0 we define
X5, ={¢ € Cy(IL) : ¢(0,2) = ug(x), 0 < ¢ < A1}

Choose u € X3, N C3~ (II1) and consider the following problem

vy = davgg + fo(t, z,u(t, ), v), 0<t<1, g(t) <z < ht),

v(t,g(t)) = v(t, h(t)) =0, 0<t<1,

W (t) = —pue(t, h(t)), 0<t<l, (2.8)
g'(t) = —ps(t, g(t)), 0<t<l,

v(0,2) = vo(x), h(0) = —g(0) =ho >0, |z| < ho.

Due to the properties of fy and u, using the similar arguments in the proof of [22, Theorem 1.1] we
can show that (2.8) has a unique solution (v, g,h) € CHTQ’HO‘(ﬁ;h) x [C1H/2(]0, T])]? for some
0<T <1, and (v,g,h) satisfies

0<v<Ay in DIy 0 < —vu(t,g(t), velt,h(t)) < Az in (0,T], (2.9)

where T' depends only on vy, hg, «, Aj, As, fo and the Lipschitz constant L(u,1) of u. Put
v(t,z) =0 when z € R\ (g(¢), h(t)) and consider the following problem

iy = d(J =i —a) + fi(t,z, 4,0t 7)), ()€ (0,T] xR, (2.10)
(0, z) = up(z) > 0, z € R.

It is easy to verify that the function f(¢,x,a) := fi(t,z,u,v(t,x)) satisfies the condition (f). By
virtue of Lemma 2.3 we can see that (2.10) has a unique solution @ € X[ .

In the following it will be shown that @ € C1~(Ily). We straighten the boundaries and define
w(t,y) =u(t,z(t,y)) and z(t,y) = v(t,z(t,y)), where

(h(t) —g(8))y + h(t) +9(t)

‘T(t7y) = 2

Then z satisfies

2t = d2€(t)zyy + C(tvy)zy + fg(t,x(t,y),w,z), 0<t < Ta ’y‘ < 17

z2(t,—1) = 2(t,1) = 0, 0<t<T, (2.11)
2(0,y) = vo(hoy) =: 20(y), lyl <1
with , ) o
(- ) = MOHIW W0 =g Oy

(h(t) — g(1)2 M) —g(t) | h(t) - g(t)

Due to (2.9) we have

1€l Lo (0. < 1/hgs ¢l poo(ag) < 2uAs/ho, || f2llnee(am < Co, (2.12)
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where Cjy depends only on Aj, As. By the parabolic LP theory, z € VV]D1 ’2(AT) and

I2lpzan) < C; (213)

where C' depends only on hg, vy, A1, Aa, A3z and u. Using the arguments in the proof of [22,

Theorem 1.1] we can obtain
[z, Zy]Ca/Za(AT) <y, (2.14)
where C is independent of 7~!. This implies
Izl car) < 126 -1 + C1T*? < ll26(W)llo(-1,1) + C1 := Ca. (2.15)
Thanks to (2.9) and v, (t, x) = 2,(t, y)m, it yields

lozll i,y < Ca/ho = C. (2.16)

For (t,z), (t,z) € Iy, we set q(t, z, &) = u(t, z)—u(t,z) and Q(z, x) = suppJ (z—-)UsuppJ (z—-).
Noticing J is compactly supported. Then

o(t..9) < @2+ [ ([ 3@=p) =@ = pllats. ap

(z,7)

+dilq(s,z,T)| + | f1(s, z,a(s, z),v(s,x)) — fl(s,is,ﬂ(s,f),v(s,a’;))\)ds
< [Lo + (2d1A1L(J)\suppJ| + L* + LC_')T] |x — Z| + /Ot(dl + L)|q(s,z,T)|ds.
Thanks to Gronwall’s inequality, it derives that
la(t, z) —a(t,z)| < L(T)|x — 7|, (2.17)

where

[_/(T) = [Lo % (leAlL(J)|suppJ| +LF LC«)T]e(dH.L)T‘

This shows that @ € CL~(Ily) and L(u,T) = L(T) < L(1) := L.
Now we define the mapping I'(u) = @ and

Y, = {¢ € Clr) : ¢(0,2) = uo(z), 0 < ¢ < Ay, [6(t,2) — $(t,y)| < Llz —yl} -

Clearly, YZO is complete with the metric d(¢1, ¢2) = supp,. [¢1 — ¢2| and I maps YZO into itself.
We shall prove that I is a contraction mapping in YZO provided T sufficiently small (depends only
on v, ho, a, A1, Ag, f and L).

Step 2: Let uq,us € YZO, I'(u;) = 4;, we shall show that

- 1 :
Hu||ob(HT) < g”uHCb(HT) if 0<T<x1. (218)

Let (vi, g, hi) be the unique solution of (2.8) with u replaced by u;. Set v = u; — ug, @ = Uy — Ug,

. _ T T
v=10v] — vy and Qp = Dghh1 U D%hz. Then

¢
lu(t,z)| = /Odl(J*a—ﬂ)(Svl") + fi(s,z,u1,v1) — fi(s, x, U2, v2)ds
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< (2d1 + L)Tillcqip) + LT llo1 — vall oy ¥ (4 ) € T (2.19)

The main content of this step is to estimate [|v1 — v2o(q,)- To this aim, we first gives some
useful estimates. Let z;(t,y), &(t) and ;(¢,y) be as x(t,y), £(t) and (¢, y) with (g(t), h(t)) replaced
by (gi(t), hi(t)), and let z;(t,y) = vi(t,zi(t,y)). Then z;, v; satisfy (2.15) and (2.16), respectively.
Set £ =& — &2, (= (1 — (2, and g = g1 — g2, h = h1 — ha. Then

ho + pAs ho + Az
1€l oo (0,7)) < THQ’ hllcqoms Sl ar < THQ, Rl o,y
0 0

Define
f;(ta Yy, u, U) = f2(t7 xi(ta y)7 u, U)7 wi(ta y) = ui(ta xi(ta y))a Zi(ta y) ~ Ui(t7 xi(ta y))?
and set z = 21 — 29, w = wy — wo. It then follows from (2.11) that

2t — dol1zyy — Qrzy — az = da€zayy + (22 tbw +c, 0 <t <T, [y| <1,
2(t,+1) =0, 0<t<T, (2.20)
2(0,y) =0, lyl <1,

where

1
a= a(t7 y) = / f21,v(t7 Y, Wi, 22 + (Zl - 22)7')(?17',
0

b="b(t,y) = /01 S5 u(t y, wa + (w1 — wa)T, 29)dr,

c=c(t,y) = fy(t,y, w1, 22) — f3(t,y, w1, 22).
It is easy to see that

la, bllpee(ary < Ly lelleoary < L, Allcqo)-
Due to (2.12), (2.13), applying the parabolic LP theory to (2.20) we can obtain

12 llw12(a0) < C3(llg: Rllerom + wlloar))
where C5 depends on hg, i1, A;. The same as (2.14), we have
[lcarza(ag) + [zylcoarzaagy < Cilllgs ooy + lwllonag), (2.21)
where Cy > 0 is independent of T-1. When (¢,y) € Az, we have
lwi(t,y) —wa(t,y)| = |ua(t, 21(t,y)) — ua(t, 22(t, )| < |ua(t, 21(t,y)) — ua(t, 21(t, y))|

Flua(t, z1(t,y)) — ua(t, w2t y)| < llulle, @) + Lzt y) — 22t y)]
< Cs(lulley aipy + g, Pllcqom))

where C5 depends only on hg, L. Therefore, [[wllcay < Cs(l|lulle,mry + 19, hllogory)- This
combined with (2.21) asserts

[Z]ca/M(AT) + [zy]ca/Q»a(AT) < CG(HQ: thl([o,T}) + HUHC’b(HT))- (2.22)
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Notice 2,(0,1) = 0. The above estimate implies
2 (t, Doy < CsT(Ilg, hller oy + lulleyiig))-
As h(0) = g(0) = 0, it is easy to see that
W] < Tl leqor, 9@ < Tllg lleqo.m)-
Making use of (2.15) and (2.23) we have

[M1(t) — ho(8)] = plvra(t, ha(t)) — vae(t, ha(t))|

2[Zl,y(t» 1) — ZQ,y(ta 1)]

= p + 220, (1,1) 9() — ht)

hi(t) — g1(t)

1 h(t)| + |g(t
< uh—0|zy(t, 1)| + 2p|22,4(t, 1)‘M

2
< 07T (|lg, hller oy + lulloyg))-

Therefore, by use of (2.24),

I8 oy < CsT2(Nlg's B lloqoirny + 1wl oy )-

Similarly, we have

9 llcqorn < CsT**(Ilg", B lloqo.r + llulle, @ )-

Consequently, ||g’, 1'[|c(o,r7) < llulle,1p) provided T small enough. Recalling (2.24) we get

lg, e oy < Collulle, qug)-

[71(t) = g1 ()][ha(t) — g2(t)]

(2.23)

(2.24)

(2.25)

(2.26)

Moreover, as z(0,y) = 0, we have |z(t,y)| = |z(t,y) — 2(0,y)| < to‘/z[z]ca/z,a(AT) for all (t,y) € Ar.

This combined with (2.22) allows us to derive

||Z||O(AT) < Ta/z[z]ca/2»a(AT) < CGTQ/Q(H% hHC’1([0,T]) + HUHC,,(HT))-
Now we estimate [[v1 — vallo(q,)- Fixed (¢,2) € Qr, let

2 — g; (t) — hz‘ (t)
hi(t) —gi(t)

yi(t,x) =

(2.27)

Case 1: = € [g1(t), h1(t)] N [g2(t), ha(t)]. Using (2.27), (2.15) and (2.26), respectively, we have

lvi(t, z) —va(t, o) = [21(t, y1) — 22(t, y2)|
<zt yn) — z2(t, y1)| + [22(t, y1) — 22(t, y2)|

< [lzllear) + 220l vy — v2l
ho + pAs

< [lzllear) + 2 I22,yllcam g Plleqo,m)
0
a Co(hg + ,u,Ag
< T2l hlen oy + Iellaan) + SO 1 1o
0

< Collully(1rp)-

(2.28)
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Case 2: x € [g1(t), h1(t)] \ [g2(t), ha(t)]. In this case va(t,z) = 0. Without loss of generality, we
may think of x € [g1(t), g2(t)) and go(t) < hi(t). Take advantage of (2.16) and (2.28), it yields

[v1(t, ) — va(t,z)| = |v1(t, ) — va(t, g2(1))]
[u1(t, 2) —vi(t, g2(1))] + [v1 (2, g2(t)) — va(t, g2(t))]

< Jorallegpr 1o = 92(8)]+ Cuolluley )

(
(

IN

< Cullulley 11yp)-

Case 3: = € [ga(t), ha(t)] \ [91(t), h1(t)]. Similar to Case 2, we still have |vy(t,2) — va(t, x)| <
Crzllulleymyp)-

In a word, [[v1 —va2llc(a,) < Cusllullc,my)- Substitute this estimate into (2.19) derives (2.18).

Step 3: The estimate (2.18) shows that I' is a contraction mapping in Ygo. Thus, I' has a unique
fixed point u in Y. . Let (v, g,h) be the unique solution of (2.8). Then (u,v, g, h) is a solution of
(1.2) and it is the unique one provided u € Y7 .

To prove the uniqueness of solution of (1.2), we need to prove that u € Ygo for any solution
(u,v,g,h) of (1.2). Firstly, by virtue of Lemma 2.2 and the parabolic maximum principle for the
strong solution we can see 0 < u < A; in [0,7] x R and 0 < v < Ay in [0,7] x (g(t), h(t)). From
the above analysis we can see that u satisfies (2.17). Thus u € Ygo and uniqueness is proved.

Step 4: Global existence and uniqueness. Assume that (2.4) holds. We have known that (1.2)
admits a unique solution (u,v,g,h) in some interval (0,7], and u € CH1~(TIIy), w € CH1= (A7),
g, b € C*%([0,T]). Thus & € C*2([0,T)), ¢ € C>*(Ar). Set Fo(t,y,2) = fi(t,y,w(t,y),2).
Then Fy(-,-,z) € C%>*(Ar). By the interior Schauder theory we have z € C'/2:2ta([¢ T] x
[—1,1]) for any 0 < & < T, which implies v(T,z) € C%([g(T), h(T)]). Moreover since u(T, z) satisfies
0 < u < A; and is Lipschitz continuous in = € R, we can take (u(7, z),v(T,x)) as an initial function
and [¢g(T"), h(T)] as the initial habitat of v and then use the above Steps 1-3 to extend the solution
from t = T to some T” > T. Assume that (0,7p) is the maximal existence interval of (u,v,g,h)
obtained by such extension process. We shall prove that Tp = oco. Assume on the contrary that
Ty < .

Evidently, we have

0<u<A; in [0,79) xR; 0<wv <Ay in (0,7p) x (g(t), h(t));
0<—g'(t), h(t) < pAs in (0,Tp).

Set A = {ho, w, H”OHWE(—ho,ho)a A;, 1 =1,2,3}. For any 0 < T < Tp, applying LP theory to (2.11)
we obtain HZHW”(AT) < C4(A, Ty). This implies that z € W, ?(Ag,) and
P

HZ”Wz}’Q(ATo) + ||Z”c<1+a>/2,1+a(AT0) < C15(A, Tp),
This inequalities combined with the definition of k' and ¢’ yields that g, h € C'T*/2([0, Tp]) and
19: hll crverzo,my)) < Cre(A, To). (2.29)

Moreover, it follows from the above arguments that v € C(1+®)/ 271+O‘(E;0h). These facts show that

the first differential equation holds for 0 < t < Ty and v € CH'=(Il7,). Same as above, we have
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z € CHe/22F e (g Ty] x [—1,1]) and 12l grarz.ora e mixi-1,17) < Cur(e; A, To) for any 0 < e < Tp.
Therefore, v € Cl+a/2’2+a((0,T0] x [g(t), h(t)]) and

[0l ertarzeta(em)x(g@n@) < C18(e, A, To). (2.30)

The above analysis implies that the solution (u, v, g, h) exists on [0, Ty]. We choose t,, € (¢,Tp) with
tn / Tp, and regard t, and (u(ty,x),v(tn, ), g(tn), h(t,)) as the initial time and initial datum.
According to the arguments of Steps 1-3, we can find a constant 0 < 1" < 1, which depends only
on {g(tn), h(tn), g'(tn), K (tn), [v(tn; )lw2(gtn) nitn))> L(u,To), ps As i = 1,2,3}, such that
the problem (1.2) has a unique solution (uy, vpn, gn, hn) in [ty,t, + T]. Due to the uniqueness of
solution, (u,v, g, h) = (Un, Vn, gn, hy) for t, <t < min{t, + T, Tp}. This indicates that the solution
(u,v,g,h) can be extended uniquely to [0,¢, + 7'). Thanks to (2.29) and (2.30), we can choose
T > 0 independent of n. Hence, t,, + T > Ty when n is large enough. This contradicts with the
definition of Ty. So Ty = .

It follows from the above arguments that (g, h) € GT x HT, (u,v) € X7, and (u,v, g, h) satisfies
(2.2), (2.3) and (2.5). The proof is end. O

Since ¢'(t) < 0, h'(t) > 0, we have the limits Jim g(t) = goo = —00, Jim h(t) = heo < o00. If
— 00 —00
hoo — goo = 00 we call that v spreading, if goo > —00 and ho, < co we call that v vanishing.

3 Preliminaries

To establish the long time behaviors of (u,v) and conditions for spreading and vanishing, in

this section we will present some preliminaries. The first one focus on the comparison principle.

Lemma 3.1. Let (f1, f2) satisfy (1.4) and (u,v,g,h) be the unique solution of (1.2). Let T > 0,
- T _ _ _ =T .
g, h € CY([0,T)), u € Cy(Ily), u, € C(lly), v € Cl’Q(D;—L) NC(Dy 1) and satisfy

> di(J xu—u)+ula —u), (t,x) € (0,T] x R,

Uy > dolge +0(1 — v + cu), (t,x) € D},

o(t,g(t)) >0, o(t,h(t)) >0, t €[0,T], 1)
W (t) = —pvs(t, h(t), §'(t) < —pve(t,g(t), t €[0T,

u(0,z) > up(z), z € R; 0(0,z) > vo(x), x € [—ho, hol,

h(0) > hg, g(0) < —hg

Then we have

w<u inlIlp; ¢g>g, h<h in[0,T]; v<© in D;E.

Lemma 3.1 can be proved by using Lemma 2.2 and the similar argument as that in proofs of
[8, Lemma 4.1] and [18, Lemma 3.1]. We omit the details here.
The following lemma will play an important role in the study of long time behaviors of (u,v)

when v vanishes and conditions for spreading and vanishing.
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Lemma 3.2. ([23, Proposition 2]) Let d, C, u and ny be positive constants, n € C1([0,0)),
w € me((O,T) x (0,n(t))) and wy € WpQ((O,no)) for some p > 1 and any T > 0, and w, €
C([0,00) x (0,n(®)]). If (w,n) satisfies

wy — dwg, > —Cw, t>0, 0<z<n(t),
w > 0, t>0, z=0,
w=0, 7(t)>—-pw,, t>0, x=n(t),
w(0,2) =wo(z) >, #0, x € (0,n),

77(0) = 7o,
. B o
and lim 7)(t) = 1j0c < 00, lim #'(t) =0,
w(t, et qo, ey <M, VE>1

for some constant M > 0. Then lim max w(t,z)=0.
t—o00 Ogmgn(t)

To study the long time behaviors of (u,v) when v spreading, we shall prove a lemma regarding

the estimate of solution of nonlocal diffusion inequality.

Lemma 3.3. Let K, d and 0 be positive constants, w be a non-negative continuous function sat-
isfying w(t,x) < K fort >0 and x € R. Assume that u satisfies

ur =d(Jxu—u)+ul@ —u—w), (t,z)e (0,T] xR,
u(0,2) = ug(x) >, 0 z € R,

where J satisfies (J) and up(x) € Cp(R). Then the following conclusions hold:
(i) If for some constant m € [0, K],

litm inf w(t,z) > m locally uniformly in R, (3.2)
—00

then
limsupu(t,z) < (0 —m)y locally uniformly in R,

t—o00
where (6 —m) 4 is the positive part of @ —m.
(i) If 0 > M and
limsupw(t,x) < M locally uniformly in R (3.3)

t—o0
for some constant M, then

liminfu(t,z) > 60 — M locally uniformly in R.
t—00

Proof. Since we can prove this lemma by applying the methods used in the proof of [12, Lemma
3.14] with some modifications, we just give the outline.
(i) For any integer n > 1, it follows from (3.2) that there exists 7, ' oo such that

w(t,z) >m —1/n fort >T, and x € [-n—1,n+1].
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For any given small € > 0, define

0—m+1/n, 6 —m >0,
Opn =

e+1/n, 0—m <0,
and

On, |ZL‘| <n,
an(z) = 0, + 20+ K +1—0,)(|z| —n), n<|z|<n+1/2
0+ K +1, |z| >n+1/2.

Clearly a, € C(R), a — w(t,x) < ap(x) for t > T, and = € R. Moreover, a,(x) is nonincreasing in
n, op < ap(x) <0+ K+ 1 and

0—m, 6—m>0,
lim a,(x) = 0 1=
oo g, 0—m <0.

Let K; :==max {0+ K + 1, ||ug||sc }- It follows from Lemma 2.2 that
0<u(t,x) <Ky for t>0, z€R
Let z; be the unique solution of

z=d(J*z—2)+z[ai(x) — 2], t>T1, v €R,

(3.4)
z(Th,x) = Ky, z € R.
Making use of Lemma 2.2, we have
0o < z1(t,z) < K1,  z1(t,x) > u(t,z), (t,x)€ [Th,00) x R.
For n > 2, let z, be the unique solution of
z=d(J*z—2z2)+ zlan(x) — 2], t>T,, xR, (3.5)

2(Th,z) = zn—1(Th, x), z €R.
By virtue of Lemma 2.2 again, it follows that
Ooo < zn(t,z) < Ky,  zp(t,z) > u(t,z), (t,x) € [T)h,00) x R.

Due to ap(z) > 00 > 0 for € R and [12, Proposition 3.12], we can see that (3.4) and (3.5) admit
a unique positive steady state z,, € C(R):

d/ J(x —y)zn(y)dy — dz, + Zn(an(z) — 2,) =0, z € R, (3.6)
R

and

m zp(t,x) = zp(z) locally uniformly in R. (3.7)

li
t—o00
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Obviously, we have 0o < Z,(z) < Kj for z € R. Moreover, it follows from the monotonicity of
an(z) in n that z,41(t,x) < z,(t,x) for t > T,,41 and € R. Then Z,41(x) < Z,(x) for z € R.

Therefore, there exists Zoo(x) such that

lim z,(z) = Zoo(x) for every x € R,
n—oo

where Zo (2) satisfies 000 < Zoo(z) < Kj in R. Then similar to the arguments in the proof of [12,
Lemma 3.14], we can obtain the desired result.

(ii) Due to the equations of w, it is easy to prove conclusion (ii). So the details are omitted
here. O

Proposition 3.4. ([18, Proposition B.1 and B.2]) Let d, 3, ¢ be fixed positive constants, and k be a
fixed non-negative constant. For any given e, N > 0, there exist T. > 0 and l. > max {N, g\/d/ﬂ},

such that when the continuous and non-negative function z satisfies
2t —dzge > (L) 2(B—C2), t>0, —l.<z<l,
2(0,2) > 0, —l. <x<lg,
and fort >0, z(t,xl.) > (<) k if k > 0, while z(t,+l.) > (=)0 if k =0, we must have
2(t,x) > B/¢C—e (2(t,x) < B/(+¢€), Vt>T., z€[-N,NJ|.
This implies

litminfz(t,x) >B/¢C—¢ <limsupz(t,aj) < B/¢ —|—6> uniformly on [—N, N].
—o0 t—o00

4 Longtime behavior of (u,v)

4.1 Vanishing case (ho — goo < 00)

Firstly, we shall use Lemma 3.2 to deduce lim  max wv(t,z) = 0. To this purpose, we first
t=r00 g(t)<z<h(t)

provide an estimate for the solution component v.

Lemma 4.1. Let (u,v,g,h) be the unique global solution of (1.2) and hoo — goo < 00. Then there
exists a constant C > 0 such that

lo(t, Mgy <O, YVE>1;  lim ¢'(t) = lim &'(t) = 0.

t—o00 t—o00

This lemma can be proved by the similar arguments to those of [26, Theorem 2.1] and [27,

Theorem 2.2], we omit the details here.

Theorem 4.2. Let fi, fo satisfy one of (1.4), (1.5), (1.6). If hoo — goo < 00, then the solution
(u,v,g,h) of (12) satisfies tligolo ”U(tv')”C([g(t),h(t)]) =0, and

lim wu(t,z) = a locally uniformly in R if fi, fo satisfy (1.4) or (1.5),

t—o00

lim u(t,z) = a/2 locally uniformly in R if fi, fo satisfy (1.6).

t—o00
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Proof. As 0 <u < Aj, 0 <v < Ay, we have fo(t, z,u,v) > —Lv. Then tle v, llege),ne =0
is deduced by Lemmas 3.2 and 4.1 immediately.
We only prove tlim u(t,x) = a locally uniformly in R when f1, fo satisfy (1.4). Firstly, by the
— 00

comparison principle, limsup u(t,z) < a uniformly in R. Secondly, as tlim lv(t, )lege),ne) =0
t—00 —00

and v = 0 for x € R/(g(t),h(t)), it follows that tlim v(t,z) = 0 uniformly in R. This combined
—00
with Lemma 3.3 arrives at litm inf u > a locally uniformly in R. The proof is finished. O
—00

4.2 Spreading case (hy — goo = )
4.2.1 The competition model
In this part we always suppose that f1, fo satisfy (1.4).
Theorem 4.3. Assume ac < 1. Then ho — goo = 00 if and only if hoo = 00 and goo = —00.

The proof of this lemma is similar to those of [18, Proposition 4.1] and [23, Proposition 3], and
we omit the details.

Theorem 4.4. Assume hoo — goo = 00. For the weak competition case: ac < 1 < a/b we have

lim u=(a—0b)/(1—-0bc), limv=(1-ac)/(1—bc)

t—o00 t—o00

locally uniformly in R.
Proof. Step 1. It is easy to show that

limsupu < @ =: u; uniformly in R (4.1)
t—o0

by the comparison principle. For any given N > 0 and 0 < ¢,0 < 1, let [ be determined in
Proposition 3.4 with d = dg, f =1 — ¢(u; + o) and ¢ = 1. In view of hy = 00, goo = —00 and
(4.1), there exists 77 > 0 such that

u(t,z) <uy 4o, gt) < —le, h(t) > 1, Yt>T1, x € [l
Hence, v satisfies

vy > doVgy +0(1 —c(uy +0) —v), t>T, z e[l
v(t,£l) >0 t>T.

Asv(Ty,x) > 0in [—l, ], it deduces by Proposition 3.4 that litm infv > 1—c¢(1 4 o) + ¢ uniformly
—00

in [-N, N]. The arbitrariness of €, 0 and N assert

liminfv > 1 — cu; =: v; locally uniformly in R.
t—o00

It follows from ac < 1 < a/b that a — bv; > 0. Making use of Lemma 3.3, we have

limsupu < a — byvy =: g locally uniformly in R.
t—o0
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Clearly, 1 — cus > 0. By using Proposition 3.4 again, we see that

liminfv > 1 — cug =: vy locally uniformly in R.
t—o00

The assumption ac < 1 < a/b implies that a — bu, > 0. Similarly, we have

limsupu < a — bvy =: 43 locally uniformly in R.
t—o00

Step 2. We can repeat the above procedure and get two sequences {uy} and {v;} such that

limsupu < 4y, liminfv > v, locally uniformly in R.
t—00 t—0o0

Using the inductive method we have the following expressions:
U1 = (@ =01 +q+ @+ +¢" N +ad®, vy =1-cu, k>1,
where ¢ = be < 1. Thus, uy — (a—b)/(1 —bc) and v, — (1 —ac)/(1—be) as k — oo. Thus we have

limsupu < (a —b)/(1 —be), liminfv > (1 — ac)/(1 — be) locally uniformly in R.

t—00 t—o0
Step 3. It is easy to see that limsup, ,. v <1 =:9; uniformly in R. Similar to Step 1-2, by

virtue of Lemma 3.3 and Proposition 3.4 we can find two sequences {u;} and {7} such that

liminfu > w;, limsupwv < 9 locally uniformly in R,
t—o0 t—00

and

h=0—-a)1+q+¢+ -+ D+ w =a— by,

where ¢ = bc < 1 and k > 2. Take £ — oo and we have

liminfu > (a — b)/(1 —be), limsupv < (1 —ac)/(1 — be) locally uniformly in R.

t—o0 t—o0
Combining with our early conclusion, we complete the proof. ]
Theorem 4.5. Assume hoy = —goo = 00. For the strong competition case: ac > 1> b/a we have

lim u(t,z) =a, lim v(t,x) =0 locally uniformly in R.
t—o0 t—00
Proof. The idea of this proof comes from [9, Theorem 2.4]. It follows from the comparison principle

that limsupv < 1 =: v; uniformly in R. Applying Lemma 3.3, similar to the above we can get
t—o00

litm infu>a—>bv; =a—0b=:u; locally uniformly in R.
—00

If 1 —cu; <0, then u; —1/¢ > 0. For any given N > 0, 0 > u; —1/c and 0 < ¢ < 1, using
Proposition 3.4 with d = dy, f =1—c¢(u; — o) and ¢ = 1, we can deduce that, similar to the above
in the proof of Theorem 4.4,

limsupv < 1 —¢(u; — o) +¢ uniformly in [-N, N].
t—ro0
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By the arbitrariness of €, o, N and v > 0, it yields that

tlirn v =0 locally uniformly in R.
—00

If 1 — cuy > 0, apply Proposition 3.4 and Lemma 3.3 to v and u, respectively, it follows that

limsupv <1 —cu; =: v2, liminfu > a — bvy =: uy locally uniformly in R.
t—00 t—o00

Similar to the above, it can be shown that if 1 — cuy < 0 then

lim v = 0 locally uniformly in R,
t—00

if 1 — cuy > 0 then

limsupv <1 — cuy := v3 locally uniformly in R.
t—o0

Repeating this process we know that if there exists a first k& > 1 such that cy;, > 1, then

lim v = 0 locally uniformly in R. Similar to the proof of Theorem 4.2, lim u = a locally uniformly
t—00 t—o0

in R.
If cuy, <1 for all k£ > 1, then

liminfu > w;, limsupwv < 9 locally uniformly in R.
t—0o0 t—o0

The inductive method shows
cup =ac(l+q+¢®+-+¢" )~ (¢++ +d"),

where ¢ = be. Since 0 < cu, < 1 for k > 1, we can see that bc < 1. Moreover,

- 1—¢"'
vk:(l—ac)’l——i-q >0, Vk>1.
—q
As ac > 1 and v > 0, it must be derived that ac = 1 by taking & — oo, and hence tlim v, = 0.
—00
Recall v > 0, we have lim v = 0 and then lim u = a locally uniformly in R. O
—00 t—o0

Similarly, the following conclusion can be proved by use of Lemma 3.3 and Proposition 3.4.

Theorem 4.6. If ac <1 < b/a and hoo — goo = 0, then

lim v =0, limwv=1 locally uniformly in R.
t—o0 t—o0

4.2.2 The predator-prey model
In what follows we always suppose that fi, fo satisfy (1.5).
Theorem 4.7. hoo — goo = o0 if and only if heo = 00 and goo = —00.

The proof of Theorem 4.7 is similar to that of [18, Proposition 4.1], and we omit the details

here.

Theorem 4.8. Assume that hoo — goo = 00. For the weakly hunting case: a > b, bc < 1 we have

lim w(t,z) = (a —b)/(1 + be), tl_i>m v(t,x) = (1 +ac)/(1+bc) locally uniformly in R.

t—00
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Proof. The idea of this proof comes from [18, Theorem 4.3]. We just give the outline and omit the
details.
Step 1. It can be derived from Proposition 3.4 that litm infv > 1 =: v; locally uniformly in R.
— 00

Taking advantage of a —bv; > 0 and Lemma 3.3 we have limsup v < a—bv; =: 4; locally uniformly
t—00

in R. Then making use of Proposition 3.4 again one have limsup v < 14ct; =: 77 locally uniformly
t—00

in R. The assumption bc < 1 < a/b implies that a — bv; > 0. By means of Lemma 3.3 repeatedly,
we have liminf u > a — bv; =: u; locally uniformly in R. Similarly it follows from Proposition 3.4

t—00
that litm infv > 1+ cu; =: vy locally uniformly in R.
—00

Step 2. Repeating the above procedure, we can obtain four sequences {v;}, {ux}, {vx} and
{wy, } such that

w, < liminfu <limsupu < @, v, <liminfv <limsupv < v,
t—00 t—o00 t—o0 t—o0

locally uniformly in R. By direct calculations we have

lim w, = lim a; = (a —b)/(1 +bc), lim v, = lim v = (1 + ac)/(1 + be).
k—o00 k—o0 k—o0 k—o0
Thus the proof is completed. O

Theorem 4.9. Assume hoo — goo = 00. For the strongly hunting case: b > a we have

lim u(t,z) =0, lim v(¢t,x) =1 locally uniformly in R.
t—r00 t—ro0

The proof of this theorem is similar to that of Theorem 4.5, we omit the details here.

4.2.3 The mutualist model

In what follows we always suppose that fi, fo satisfy (1.6).

Lemma 4.10. ho — goo = 00 if and only if hoo = 00 and goo = —.
Proof. Since ryu (1 —v— ﬁ) > r9v (1 — 2v), this lemma can be proved by similar arguments
with Theorem 4.7. We omit the details here. O

Let (u*,v*) is the unique positive solution of the problem:

u

a—u— =
1+ bv ’

1—v— v =0
1+ cu

Theorem 4.11. Assume hoo — goo = 0. Then we have

lim u(t,z) =u*, lim v(t,z) =v* locally uniformly in R.
t—r00 t—r00

Proof. Step 1. Since this proof is similar to the proof of [28, Theorem 4.3], we omit the details and
give the sketch. Firstly, it is easily seen that limsup,_, . u(t,z) < a =: @; uniformly in R. Then
any 0 < € < 1 there exists T, > 0 such that u < uy + ¢ for t > T, and x € R. Hence v satisfies

v

e ia) 17T 7€ (o), h(0).

vy < dovgy + 1ov(l — v —
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It follows from comparison principle and the arbitrariness of € that

1
limsupv(t,x) < =: 91 uniformly in R.
msupv(t, ) < Q+cu)T4+1 Y
Repeating the above procedure we have
a
limsupu(t,xz) < =u uniformly in R
i (t2) < (1+bog)" 1 +1 hHl Y
and
1
limsupv(t, ) < =: v uniformly in R.
t~>oop ( )— (1+Cak)_1+1 k Yy

Step 2. Moreover, Since u satisfies
wp > di(J xu—u)+ru(a—2u), t>0, zeR,

it follows from Lemma 3.3 that liminf; , u(t,z) > a/2 =: u; locally uniformly in R. Making use

of Proposition 3.4, we have

1
litrgglfv(t,zv) > At cu) T+l =:v; locally uniformly in R.
Then similar to Lemma 3.3 (ii) we have
ligirolfu(t, x) > T bg:l)—l 11T locally uniformly in R.

Repeating the above procedure arrives at

ligglfu(t,x) > (+ byZ)—l P locally uniformly in R,
and
1
litrg(i)rolfv(t,m) > 0+ cu) 41 =: v;, locally uniformly in R.

Step 3. From the above arguments we have

wy, < liminfu(t,z) < limsupu(t,z) < ay locally uniformly in R,
t—o0 t—o00

and

v, < liminfo(t,z) < limsupov(t,z) < v locally uniformly in R.
t—o0 t—00

By the similar arguments with [28, Theorem 4.3|, we have

lim uy, = lim 4 =«*, lim v, = lim v = 0™
k—o0 k—o00 k—o0 k—o0

The proof is finished. [
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5 The criteria governing spreading and vanishing

To study the criteria governing spreading and vanishing, we first give one abstract lemma to
affirm that the habitat can be large provided that the moving parameter of free boundary is large

enough.

Lemma 5.1. ([23, Lemma 4.2]) Let C be a positive constant. For any given positive constants
ro, H, and any function wy € sz((—ro,ro)) with p > 1, wo(£rg) = 0 and wg > 0 in (—rg, o),
there exists i° > 0 such that when p > p° and (w,l,r) satisfies

Wi — Wae > —Cw, t>0, I(t) <z <r(t),

w=0, I'(t) < —pw,, t>0, x=I(t),

w=0, r(t) > —pw,, t>0, z=r(t),

w(0,x) = wo(z), —ro < x <71y,

r(0) = —1(0) = ro,

we must have lim [(t) < —H, lim r(t) > H.
t—00

t—o00
5.1 The competition model
In this subsection we always suppose that fi, fo satisfy (1.4) and ac < 1.

Lemma 5.2. If hoo — goo < 00, then hoo — goo < my/da/(1 — ac) =: A,

Since the proof is similar to [18, Theorem 5.1] and [23, Theorem 4.1], we omit the details.
From Lemma 5.2 and ¢/(¢) < 0,h/(t) > 0 for ¢ > 0, we have

Corollary 5.3. If hg > A./2, then spreading happens, i.e., hoo — goo = +00.
Lemma 5.4. If hg < A./2, there exists u° > 0 such that hoo = 00 and g = —00 when p > p°.

Since 1 — v — cu is bounded and v > 0, we can prove Lemma 5.4 by using Lemma 5.1 and

Lemma 5.2, and the details are omitted here.

Lemma 5.5. Define A} := m\/ds. If hg < A%/2, then there exists pg > 0 such that heo — goo < 0
when 0 < p < .

Proof. Clearly, (v, g,h) is a lower solution of the problem

(0 — doty = 0(1 —0), t>0, gt) <z < h(t),
o(t,z) =0, t>0, z=g(t), h(t),
?’(t) = —uvx(tv?(t))v t>0, (5.1)
W(t) = —pv(t, h(t)), t>0,
0(0,z) = vo(x), x € [—ho, ho),
h(0) = —g(0) = ho.

Thus g(t) > g(t), h(t) < h(t) for all t > 0. Since hg < A%/2, it follows from [5, Lemma 5.10] that
there exists pg > 0 such that hoo — Joo < m/dy when 0 < p1 < pg. Hence hoo — goo < 00. O
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Lemma 5.6. Suppose that hg < A}/2, then there exist p* > p. > 0, such that hoo = 00 and
Joo = —00 if > p*, and heo — goo < 00 if p1 < iy 0T pp = pt.
Proof. Taking advantage of Lemmas 5.4 and 5.5, we can prove this conclusion by the same manner

as that of [18, Theorem 5.2]. The details are omitted here. O

From the above discussion we immediately obtain the following spreading-vanishing dichotomy

and criteria for spreading and vanishing.

Theorem 5.7. (The competition model) Let (u,v,g,h) be the unique solution of (1.2) with fi, fo
satisfy (1.4). Then the following alternative holds:
FEither

(i) Spreading: hoo — goo = 00. If we further assume that a > b and ac < 1, then we have

hoo — Goo = 00 if and only if heo = —goo = 00, and

lim u=(a—b)/(1 —bc), limv=(1-ac)/(1—bc)locally uniformly in R.

00 t—o0
or

(ii) Vanishing: hoo — goo < 00 and

tliglo u(t,z) = a locally uniformly in R, tll)rglo lv(t, )leqge),nw)) = 0-

Moreover,

(iii) If ho > Ac/2, then hoo = —goo = 00 for all p > 0.

(iv) If ho < A./2, then there exists p° > 0 such that hoo = —goo = 00 when p > p°.

(v) If ho < AX/2, then there exist u* > p, > 0 such that hoo = —goo = 00 if > p*, and
hoo — goo < 00 if p1 < s 0T pr = Pt
5.2 The predator-prey model

In this part we always suppose that f1, fo satisfy (1.5).
Lemma 5.8. If hoo — goo < 00, then hoo — goo < ﬂ\/m = A,
Since the proof is similar to [18, Theorem 5.1] and [23, Theorem 4.1], we omit the details.
Corollary 5.9. If ho > A, /2, then spreading happens, i.e., hog — goo = 00.
Lemma 5.10. If hg < A,/2, then there exists L > 0 such that ho — goo = 00 when p1 > fi.
The proof of Lemma 5.10 is similar to that of Lemma 5.4. So we omit the details.
Lemma 5.11. If hg < A,/2, then there exists p > 0 such that hoo — goo < 00 when 0 < p < pu.

Proof. We can prove this conclusion by follow the proof of [18, Lemma 5.2]. For the convenience

of readers, we shall give the outline here.

-1
a(t) = ae™ <e“t -1+ a> ,

[0]]oo

Define functions
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and

F(t) = M exp {/O

1+ ci(s) — dy <272)2] ds} ,

n(t)z(h%<1+a>2+m [ s ) — s,
olt.) = fOu(E, 120, ) <z <y

where ( = %hg + %Ap, J is a fixed positive constant such that ¢ > ho(l + ¢) and M is a positive
constant to be determined later. Direct calculation shows that

f't)
ft)

Since ¢ < Ap/2 and lim a( ) = a, we have 1 + cu(t) — da (7/(2¢))* < 0 when ¢ is large enough.

2
=1+ cu(t) — d2<2ﬂ<> for t > 0.

Thus the integration fo ) dt is convergent. Define

_ ¢ - hg(1+9)°
E= 2w dt

To apply Lemma 3.1, we need to verify that (@, v, —n(t),n(t)) satisfies all the inequalities of (3.2)

when 0 <y < p. Clearly, u satisfies

and n(t) > 0 for ¢t > 0. Moreover, since ¢ > n(t) for t > 0, it follows that

/
—doUpy — (1 — U+ cu) = flw— fw’%; - dz(%)wa — fw(l — fw + cu)

wa[§/+dz(2n> — 1 —cu]
ST L)

for t > 0 and —n(t) < & < n(t). Recalling the definition of 7 and v, it is easily seen that

—n'(t) = —pva(t, = (1), 7' (t) = —pvs(t,n(t)).

Choose M > 0 such that vo(x) < M cos

the above analysis and Lemma 3.1 that

WTM) for x € [—hg, hp]. Consequently, it follows from

goo = — lim n(t) > —(, heo < lim n(t) < C.
t—o00 t—o00
This completes the proof. ]
Similar to the proof of Lemma 5.6, it is easy to prove the following lemma.

Lemma 5.12. Suppose that hg < A,/2, then there exist p* > g > 0, such that hoe = 00 and
Joo = —00 if > ¥, and hoo — goo < 00 if p < iy o7 = p*.
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Theorem 5.13. (The predator-prey model) Let (u,v, g, h) be the unique solution of (1.2) in there
f1, f2 satisfy (1.5). Then the following alternative holds:
Either

(i) Spreading: hoo = —goo = 00. If we further assume that a > b and bc < 1, then we have

lim u(t,z) = (a —b)/(1 +bc), lim v(t,x) = (14 ac)/(1+ bec) locally uniformly in R.

t—o00 t—o00

or

(ii) Vanishing: hoo — goo < 00 and

tli\rglo u(t,z) = a locally uniformly in R, tlgglo lv(t, )leqg@),nw)) = 0-

Moreover,

(iii) If ho > %Ap, then hoo = —goo = 00 for all p > 0.

(iv) If hy < %Ap, then there exist p* > px > 0 such that hoo = —goo = 00 if > p*, and
hoo = goo < 00 if p1 < s 0T pr = p*.

5.3 The mutualist model

In this part we suppose that fi, fo satisfy (1.6). Taking advantage of comparison principle and
results of logistic equation ([5]), we can easily obtain the criteria governing spreading and vanishing.

Combining with our early results about long-time behaviors of (u, v), we have the following theorem.

Theorem 5.14. (The mutualist model) Let (u,v,g,h) be the unique solution of (1.2) in there
f1, fo satisfy (1.6). Then the following alternative holds:
FEither

(i) Spreading: hoo = —goo = 00 and

lim u(t,z) =u*, lim v(t,z) =0v* locally uniformly in R.
t—r00 t—r00

or

(ii) Vanishing: heo — goo < 00 and

lim u(t,z) = a/2 locally uniformly in R, tlggo v, M ege,nwy = 0-

t—o00

Moreover,

(iii) If ho > W\/m =: N, /2, then hoo — goo = 00 for all > 0;

(iv) If ho < Ay /2, then there exist p* > px > 0 such that hoo = —goo = 00 if p > u*, and
hoo = goo < 00 if 1 < pu 0T 1= pi*.

6 Estimates of spreading speeds

In this section we give some rough estimates on the spreading speed of ¢(t) and h(t) when

spreading happens. We first recall one proposition whose proof is given in [29].
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Proposition 6.1. For any given positive constants a, d, b, and k € [0,2Vad), the problem
—dU" + kU =U(a—bU) in (0,00), U(0) = 0.

admits a unique positive solution U = Uy, = Ug 41, and satisfies U(x) = a/b as x — oo. Moreover,
for each p > 0, there exists a unique ko = ko(p,a,d,b) € (0,2vad) such that ,uU,’CO(O) = ko.

Furthermore, ko = ko(p, a,d,b) is strictly increasing in p and a and decreasing in b.

Utilizing the function ko(u, a,d,b), we have the following estimates for spreading speed of g(t)
and h(t). Since the proof is similar, we just give the proof of Theorem 6.2. For simplicity, we
denote ko(u,a,d, 1) = ko(p, a,d).

Theorem 6.2. (The competition model) Suppose that f1, fa satisfy (1.4) and ac < 1. If hoo — goo =
o0, then

9(t) 9(t)

—ko(p, 1,ds) <liminf =% < limsup == < —ko(u, 1 — ac, da),
t—ro0 t t—o00 t
and h(t h(t
ko(p, 1 — ac,ds) < liminfﬁ < limsup*(—) < ko(p,1,ds).
t—oo 1 t—o00 t

Proof. Since the proof is similar to [29, Theorem 5.2], we just give the sketch. Clearly, the triplet
(v,g,h) is a lower solution of the problem (5.1). It then follows that g(¢) < g(t) — —oo and

h(t) > h(t) — oo as t — oo. Thanks to [5, Theorem 5.12], we have

lim @ = —k‘o(,u, 1,d2) B(t)

et tll)rgoT = kO(:uvlad2)‘
Thus . Bt
lim inf 9t) > —ko(p, 1,d2) limsup hit) < ko(u, 1,ds).
t—00 t t—o0 t

Since limsup v < a uniformly in R, for any 0 < ¢ < 1, there exists 7. such that u(t,z) < a + ¢ for
t—o0

t > T., z € Rand h(T;) — g(T:) > ﬂ'\/dg/(l —cla+ 6)) The comparison principle implies that

(v,g,h) is a upper solution to the following problem

vy — dov,, = v(l —cla+¢e) —w), t>1T., g(t) <z <h(t),
u(t,z) =0, t>T., x=g(t), h(t),
g'(t) = —pu,(t,9(t)), t>T.,

D' (t) = —pv,(t, h(t)), t>T.,

h(Tz) = h(T%), g(T:) = 9(Tz),

(T, x) =v(T., x), 9(T.) <z < h(T:).

It follows by [5] that h,, = —g_ = oo since W(T:) — g(T:) > ﬂ\/dg/(l —c(a+¢€)). Moreover,

making use of [5, Theorem 5.12] yields that

lim g(?) = —ko(p,1 —cla+e),da), lim h(t) = ko(u, 1 — cla +¢€),dg) =: ki(e).
t—oo ¢ ’ ’ ) tSoo ) ) 0
By virtue of g(t) > g(t) and h(t) < h(t) for ¢t > T, and the arbitrariness of ¢, we have
lim sup @ < —ko(p, 1 — ac,dg), liminf @ > ko(p, 1 — ac,ds).
t—00 t t—ro0 t

The proof is completed. [
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Theorem 6.3. (The predator-prey model) Suppose that f1, fo satisfy (1.5). If hoo — goo = 00, then

g9(t) g(t)

—]{0(”, 1+ ac, d?) <liminf =+ < lim sup < _kO(,ua 11 d2)7
t—oo t—o0
and h(t h(t
ko(u,1,d9) < liminfﬁ < lim sup Q < ko(u, 1 4 ac,ds).
t—oo 1 t—o00 t

Theorem 6.4. (The mutualist model) Suppose that f1, fo satisfy (1.6). If hoo — goo = 00, then

t t
—ko (1,72, do,72(2 + cu”) /(1 + cu”)) < lim inf g(t) < limsup gg) < —ko(p, 72, d2,2r2),
0 t—00
and
h(t h(t
ko(, 2, dg, 219) < litrginf Q < lim sup i) < ko (p,72,d2, 72(2 + cu™) /(1 + cu™)) .
o0 t—o0
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