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1. Introduction

In this note we report a solvability result for the strongly-coupled system of linear equations

Opu(x,t) + Lu(x,t) = f(x,1), (x,t) in RY x [0,T7,
u(x,0) = up(x), x in R?, (1.1)
o (x,0) = vo(x), x in RY,

where the vector valued operator LL is given by

_Lu(x,{) = P.V. / (%) (u(x Fy, ) —u(x, ) — e(u)(x, D)y x ) (y)) o(y)dy . (1.2)
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The definition of the operator will be explained later along with precise conditions on p. The system
of equations (1.1) is inspired by the equation of motion in linearized bond-based peridynamics [21], a
continuum model in mechanics that uses integral operators in lieu of differential operators to describe
physical quantities. In the peridynamic model, an elastic material occupying a bounded domain is treated
as a complex mass-spring system where any two points x and y are assumed to be interacting through
the bond vector x —y. When the material is subjected to an external load f it undergoes a deformation
that maps a point x in the domain to the point x 4+ u(x) € R?, where the vector field u represents the

displacement field. Under the uniform small strain theory [22] the strain of the bond x — y is given by the
x—y

[x—yl"
[22], the balance of forces is given formally by a strongly coupled system of equations of the form

nonlocal linearized strain (u(x) — u(y)) - According to the linearized bond-based peridynamic model

Bu(x,t) + /p(x, y) ((u(x, t) - u(y,t)) - ;:;) ﬁ dy = f(x,1). (1.3)

Rd

The kernel p : R? x R¢ — R encodes the strength and extent of interactions between the material points x
and y. The kernel may depend on x, y, their relative position x —y or, in the case of homogeneous isotropic
materials, only on the relative distance |x — y|. Thus, more general kernels p have the potential to model
heterogeneous and anisotropic long-range interactions.

To analyze (1.3) we turn to the equilibrium equations for the corresponding steady-state system, given
by

[ oxy) ((u(x) “u(y)) - ;j;) Yy~ (), (1.4)

Rd

The majority of the paper is devoted to obtaining results for (1.4), which are then leveraged via semi-
groups to obtain results for (1.3). This semigroup approach will be explained in detail in Section 5, and
at present we focus on the system (1.4). The mathematical analysis of (1.4) often considers the case when
the kernel is compactly supported, radially symmetric, p(x,y) = p(|Jx — y|), and bounded away from zero
in a neighborhood of the origin [6,17,19,24]. The time dependent linearized equation of motion (1.3) is also
studied in [9,10] as an evolution equation in various spaces when the kernel is radial. In the above cases,
the integral operator is well-defined either as a convolution-type operator, when the kernel is integrable, or
in the principal value sense in when the kernel has strong singularity.

In this work we study models associated with kernels that are translation-invariant but may be rota-
tionally variant. To be precise, we assume p(x,y) = p(x — y), where p is not necessarily symmetric. This
assumption combined with a formal change of variables leads to the nonlocal system

o) (y®y) (u(x +y) - u(x)) dy = —£(x)
J

ly[?

The integral operator on the left hand side converges when p € L!(R9). However, when p is not integrable,
it is not clear that the integral converges, even when u is smooth. We therefore modify the integral operator
to ensure that it is well-defined. To illustrate the modification, first consider the specific choice of kernel
p(y) := |y|=@2% for s € (0,1), and define the integral operator

A)S = 1 (y%y u(x —u(x
—(=A)*u(x) := P.v.R[ Y < e )( (x+y)—u(x))dy. (1.5)
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As indicated, the integral converges in the principal value sense for u smooth enough, say C?2. It is in fact
a fractional analogue of the Lame operator in linearized elasticity [19]. Since the kernel is radial, we can
subtract any odd function in the integrand and get, for example,

—(—A)*u(x) = P.V. R/ M% (ﬁ;’) (utx+ )~ ulx) - Vulyy () dy,

where the function x(®) is defined as

0 if s € (0,1/2)
X (y) =S 1p,(y) ifs=1/2
1 ifse(1/2,1).
Because of the presence of the rank-one matrix (Tﬁﬁ'), the last term can be rewritten, giving

S s 1 YRy s

Ay = [ (YY) (a6 y) - a0 - v ) dy.
Rd

where £(u)(x) is the symmetric part of the gradient matrix given by

e(u)(x) = %(Vu(x) + Vu(x)T).

With this motivation at hand, we may now replace the kernel |y|~9~2% with any translation-invariant kernel
p(y) and introduce the integral operator L by

~Lute) = 2. [ (TEX) (ux-ty) — u) — )0y x0) ov)dy
J

which is precisely the operator defined in (1.2). With this new modification, it is clear now that even for
radially nonsymmetric kernels comparable to |y|~?2% the integral converges absolutely for smooth u. More
generally, the kernel p that we will consider in this paper will come from two classes.

Class A: Integrable kernels: p is a nonnegative integrable function in R¢. That is, p(y) € L*(R?). In this
case, in the definition of I in (1.2), we take x(*)(y) = 0. Integrable kernels commonly used in applications
have compact support.

Class B: Nonintegrable kernels: p is a nonnegative singular kernel that is comparable to |y|~¢~2%. More
precisely, we assume that the kernel p is of the form

p(y) = @% 1A, (¥) s

where for some 0 < r < oo the set A, := AN B, is a truncated double cone A := {x € R | m €TV -T'}
corresponding to a given measurable subset I' C S?~! that has positive Hausdorff measure, and the positive
measurable function m : RY — [0, 0o) satisfies

0<a; <m(y) <as <oo,

for positive constants a; and as. We also assume that when s = 1/2, p satisfies the cancellation condition
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/wyw(y)do(y):o, ik e {L2,....d}, Vu>0. (16)
o8B,

Note that (1.6) is always satisfied when m(y) is an even function.
To show well posedness of the time dependent problem, we establish the solvability of the linear system

Lu(x) + Mu(x) = f(x) in R?, (1.7)

which is the first main goal of this paper. The constant A is nonnegative and the operator L is assumed to
possess a kernel from one of the above classes of kernels. For operators that use kernels in the nonintegrable
class, we prove the existence and uniqueness of a strong solution in the Bessel potential space u € H?$2
corresponding to data f € L? satisfying (1.7) almost everywhere. Further, when L = (—A), for each f € LP
there exists a unique u € H?*P solving (1.7). These and other results will be precisely stated in Section 2.
The proof of the strong L? solvability result for the equation (1.7) is proved in Section 3. Section 4 contains
the proofs leading to the strong LP solvability for 1 < p < oo of the equation (1.7) when the choice of kernel
p(y) = ly|~47%
(1.1) as a consequence of the solvability obtained for the steady-state problem. We emphasize that our focus

is used. In the last section we show well posedness of a wave equation closely resembling

in this paper is on the linear problem. For the well posedness of the nonlinear peridynamic equations of
motion we refer to [3,7,8].

2. Statement of main results

Before we state the main results, let us establish notation and define the relevant function spaces. Eu-
clidean balls of radius 7 centered at x¢ are denoted B,.(x) := {x € R¢ ’ |x —xq| < r}. If the center xg = 0,
or if the center is clear from context, we omit it and write B,.. We denote the Fourier transform F by

Ffé)=f& = / e 2mxE f(x)dx .
R

We write the LP({2)—norm of a function as the standard ||| ., q,, with abbreviation |||, whenever the
domain of integration is all of R%. Let S(RY) and &’(R?) be the space of Schwartz functions and tempered
distributions, respectively. Denote the space of R%valued Schwartz vector fields by [S (Rd)]d, and its dual

by [S’(Rd)}d. For p € (1,00) and s € (0,1), the Bessel potential space is given by

e @] = {u e [ @) ((1+ 4w26R)'a) € (@)}
with norm

s\ V
ll e = || (14 47%1€%)"5)

Lp

Define the homogeneous space
o) = {u e [8®9)*] ((4rleP)'s) " = (-a)ue @)}

and denote the semi-norm [u]p2cpra) = [[(=A)*u|| 5 ga)- Since 1+ (47%|€[?)” can be controlled by (1 +

47%|€]%)” and vice versa, we have
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[l goer = [0l Lo + ()20 -
With these notations and definition at hand, we can now state the first result of the paper.

Theorem 2.1 (L? Solvability for general nonintegrable kernels). Suppose that p is in Class B. There erists
a constant g = Ao(d, s, A, 7, 1) > 0 such that the following holds: For A > Xg and for any f € [LQ(Rd)}d

there exists a unique strong solution u € [H%’Q(Rd)]d to the equation (1.7) satisfying the estimate
A ulls + VA=A (0= o) e < CIE (2.)
where C = C(d,s,A,aq) > 0.
For the solvability of the system corresponding to kernels in Class A, we have the following result.

Theorem 2.2 (L? Solvability for general integrable kernels). Suppose that p is in Class A. Then for any
A >0 and for any f € [LQ(Rd)]d there exists a unique strong solution u € [LQ(]Rd)]d to the equation (1.7)
satisfying the estimate

Mullgz < CliE[l 22 (2.2)
where C = C(d, p) > 0.

L? solvability of problems of the type (1.7) have been considered in [6]. There, the H?*? regularity of
appropriately-defined weak solutions of (1.7) with A = 1 and p positive and radially symmetric was obtained
via the Fourier transform and inverting the positive definite operator IL 4+ I, where I is the d x d identity
matrix. Without much difficulty, the same technique could be used to prove existence and uniqueness of
strong solutions of (1.7) with p positive and radially symmetric. In this paper we prove this result of well
posedness — but for a wider class of kernels — using the Fourier transform in a slightly different way, via
a priori estimates and the celebrated method of continuity [16]. The novelty here is that no symmetry
assumptions of any kind are made on the kernel. We also assume that the kernel can vanish on a substantial
set, specifically outside of a double cone whose apex is at the origin. The work in this paper may begin the
mathematical analysis for a system of equations that potentially model anisotropic interactions in materials,
generalizing the model equations in [6].

The LP theory, on the other hand, for equilibrium systems of equations of the type (1.7) is relatively
unstudied. In a recent work, the Dirichlet problem for equations resembling (1.4) has been studied in
[15] where the authors used Hilbert space techniques to prove existence and uniqueness of weak solutions
satisfying a complementary condition (a “volume constraint problem” in peridynamics). In the current work,
in place of weak solutions, we consider strong solutions solving an equation almost everywhere. The equation
is also posed on all of R? rather than on a bounded domain. The Fourier matrix symbol associated to the
operator L is

M(©) = [ (yﬁy) (F e —1—2m& -y X 3)) ply) dy, (2.3)
Rd

which in general lacks the differentiability necessary to apply classical multiplier theorems. The LP results

obtained in this work are for the specific kernel |y|~9=2¢. This choice of kernel allows for the use of Fourier

multiplier theorems, specifically the Marcinkiewicz multiplier theorem. The following theorem states the

second result of the paper.
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Theorem 2.3 (L? Solvability for specific kernels). For 1 < p < oo and corresponding to any £ € LP and for
any A > 0 the equation

o

(-Autiu=f inR? (2.4)
has a unique strong solution u € [st’p(Rd)]d satisfying the estimate
Iall o < ClIEll Lo (2.5)
where C = C(d, s,p, A) > 0.

We finally remark on the case of scalar operators related to L, for example

Lutx) =PV, [ (u(x-+3) ~ ux) = V() 3O (3)) oly) dy
R4

The operator £ is a nonlocal elliptic operator associated to a stochastic process called a Markov jump
process, or specifically a Lévy process. For instance, see [1] for some earlier work. The solvability in Sobolev
and Holder spaces for parabolic equations associated to the elliptic problem Lu + Au has been considered in
[20] via a probabilistic approach. Lévy processes were studied using Fourier multipliers in [1]. The Fourier
multipliers studied in [1] are quotients of symbols consisting of integrals. Because of their particular form,
a priori estimates for solutions to scalar-valued equations are easily obtained as a corollary. However, the
results of [1] do not directly apply to the matrix symbols necessary for the analogous a priori estimates of
solutions to (1.7), as matrix inverses take the place of quotients in the symbols.

Our work is inspired by the paper [5] where it was shown that the equation Lu+ Au = f — with p merely
measurable and satisfying a certain cancellation condition — is LP-solvable. The paper applies maximum
principle techniques to obtain important estimates. For the system (1.7) an analogous LP solvability result
remains unclear. The maximum principle techniques in [5] do not apply to systems of the type (1.7).

With Theorem 2.1 and Theorem 2.2, we show the well posedness of the nonlocal hyperbolic system of
wave equations

Opu+Lu+du="1, (x,t) in R x [0,7],
u(x,0) = up(x), x in R?, (2.6)
dru(x,0) = vo(x), x in R?.

The main existence and uniqueness result we prove is the following.

Theorem 2.4. Let T > 0, and let £ € C* ([O,T}; [L2(Rd)]d), wy € [H22(R)]?, and vo € [H*2(RD)]".
Suppose that p is an even function that is in Class B. Suppose that \ is a nonnegative constant satisfying
A > Ao — 1, where \g is the constant appearing in Theorem 2.1. Then there exists a unique solution

ueC ([o, T]; [H22(R%)] d) not ([0, T); [H*2(R%)] d) nC2 ([o, T; [L2(Rd)]d)

0 (2.6). In the case that £(x,t) = fo(x), then the solution u additionally satisfies the conservation law

|Ora(t)|[7 2 gy + / / p(x—y) ((u(x, B —uly,1) ) dy dx

x —yl
R4 R4

MO oy +2 [ (o ult)) dx 2.)
R4
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= ool + [ [ otx ) ((UO(X) ~uoly)) u) dy dx

x—y|
Rd R4

M By 2 | (f) e
R4

If Ao < 1, then A can be taken to be 0, that is, solving the system of equation given in (1.1).

An analogous result when p is radial and integrable can be found in [6].
3. L2 solvability

In this section we will use the method of continuity to prove the solvability of the coupled system of
nonlocal equations. The general result of the method of continuity is stated as follows.

Proposition 3.1 (The method of continuity [14]). Suppose that X is a Banach space and V is a normed
space. Suppose also Ty, Ty : X — V are bounded linear operators. Assume that there exists C > 0 such that
for Ty = (1 — t)Ty + tTy we have

lz|lx < C||Tyz|lv, Vtel0,1],Vz € X.
Then Ty is onto if and only if Ty is onto.

In our case, we take the operator 77 to be L+ I, where L is as defined in (1.2). In the case of nonintegrable
kernels, Ty will be al(—A)s + A for some appropriately chosen A > 0, since the solvability of the system
o1(—A)*u+ Au = f in [HQS*Q(]Rd)]d is well-known, see [6] or Theorem 2.3 for p = 2. For the case of
integrable kernels, we take the operator Ty to be the same operator I + Al but one with radial kernel where
invertibility of the operator will be proved. In both cases, in order to apply the method of continuity we

need to show boundedness of the operators and obtain a priori estimates for the corresponding operator T;.
3.1. The nonintegrable case

Let us introduce the parametrized linear operators

ly]?

L) = PV. [ (Y5F) (utx3) — u6x) — ey 1)) i)y
Rd

and the kernel p; is defined as

Py = 1py) + (1= )G

Notice that —ILg = al(—ﬁ)s and L; = L. In order to use the method of continuity, we need to show that
the operators Ly, and L; are bounded from [HQS’Q(Rd)]d to [L? (]Rd)]d and establish the a priori estimate
for solutions of Liu + Au = f for ¢ € [0, 1]. First let us prove that the operators are continuous.

Lemma 3.2 (Continuity of the parametrized operator: nonintegrable case). Suppose that p is in Class B.
Then for each t € [0,1] the operator Ly : [HQS’Z(Rd)]d — [LQ(]R{d)]d is continuous. More precisely, there

exists a constant C' > 0 such that for allt € [0,1], and for allu € [S(Rd)]d we have the estimate

ILoul 2 < Cuf s - (3.1)
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Proof. Recalling that the symbol of L is the matrix symbol M(&) given by (2.3), to prove continuity it
suffices to show that there exists a constant C' = C(d, s, a2) such that

M (€)] < C(2x[€])**, (3.2)
where M, (€) is the matrix symbol associated to L;. To that end, if s € (0, %), by definition M;(&) =
Jra (Tﬁg’) (62’”3"5 —1)pi(y) dy. By using the upper bound p;(y) < as|y|~*~2, we obtain

1 v
|Mt<£)| SO[Q/W 62 7'yg—l‘dy
Rd

Now a simple calculation shows that [e?™¥€ — 1| = /2(1 — cos(27y - €)). Using this and by making the
substitution h = 27|£|y, we obtain

IM,(€)] < as / W%wza ~cos(2ry - £)) dy
Rd

L[ V2
< a2(2775>2(R[|h|dﬁ\/1 — cos (h- é_|) dh.

Notice that the last integral is uniformly bounded in &, since 1 — cos(a) & |a|? for a near 0 and s < 1/2.

When s = 1/2, we have by the cancellation condition (1.6) on p that

M, (&) = / <y|f,§|2Y) <627”)"€ —1-2m&- yﬂ‘Bl/(27r$|)(y)> pe(y)dy .

R4

Then by the same substitution h = 27|€|y we have

IM¢(§)] < a2 / M%H <|1 — cos(2my - )| + [ sin(2my - §) — 27E - yﬂBu(w\s\)(Y”) dy
Rd

< a2(27r§)25R[ 7|h|‘11+1 (‘1 — cos (h- é)‘ + [sin <h~ él) — |§| . h]lBl(h)D dh

< C(2rlg))*.

The integral is again uniformly bounded in & since |sin(a) — a| ~ |a|> for a near 0 and since the term

% -hlp, (h) vanishes for |h| > 1.

When s € (,1), again by using the upper bound on p and then making the substitution h = 2x|¢|y,
B g g P g

M@ <o [ i (;1 ~ cos(2my - €)] + [sin(2ry - €) — 2y a) dy
R¢

1
:a2(2w|£|)25/m(‘1_ws(h.é_|>’+ Sin(h.éﬁ)_h.%’)dh

Rd

< C(2nlg])*,

since the integral is once again uniformly bounded in §&. O
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The next theorem gives us a priori estimates for solutions of the system that imply uniqueness of strong
solutions. It is also the key estimate to implement the method of continuity to prove existence of a solution.

Lemma 3.3 (A priori estimates for parametrized operator: nonintegrable case). Suppose that p is in Class B.
Let A > 0 be a constant and let f € [L? (Rd)]d. Suppose u € [H?*2 (]Rd)]d satisfies the equation Lyu+Au = f
in R, Then there exist constants Ny = Ny(d, s, A,a1) >0 and Ny = No(ay,A,7) > 0 such that

l=2)"ull e + VA (=2)"2u]| |+l e < Ny (1] 2 + Ve il ) - (3.3)

As a consequence,

I=2) a2 + VA |[(=A) 20| | + (A= N N2) full e < N £ - (3.4)

Proof. Using the continuity of L;, Lemma 3.2 and the fact that [C’go(Rd)]d is dense in [HQS’Q(Rd)]d, it
suffices to show (3.3) for u € [C2°(RY)] 4 To accomplish this, we introduce the modified kernel

- tan o+ p(y)  yeAnCB,,
n(y) == pe(y) + —raras XANCB, (y) = [y[d+2 |
|yl pe(y) otherwise,,

and the associated operator it; i.e. Ly with p; in place of p;. Note that

a1 a2

pe(y) >0on R?, Wﬁﬁt(}")ﬁ [y

forye A,te|0,1]. (3.5)
Then we have that

Bt = Lon) + [ (Y52 ) (utx )~ ux) - ) oy ) 82 gy
R4

= Lyu(x) + / (%) (u(x +y) - u(x)) lmi;\;%(y) dy
R4
= Liu(x) + L{u(x).

The second equality follows from the definition of the function x*(y), the cancellation condition (1.6), and
the fact that the function 1,~gp (y) is an even function. It follows by the triangle inequality that

H]Ltu+/\uHL2 < |ILyu+ Aul| o + [LSulf o - (3.6)

The operator L§u(x) has a Fourier matrix symbol that belongs to [L“(Rd)]dXd

from [L2(]R{d)]d to [LQ(]Rd)]d. To be precise,

, and is therefore bounded

on yoy)ere -1
‘Ltu(s)‘:tal / < ) |y|dt2s dy u(§)

ly[?
ANCB,.
< 201 / da(u)/Tflfzs dr |u(¢)|
(Tu-T) r

= No[u(g)l,
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where do is the surface measure on S%~1. Thus, ||L§ul|;. < N3|lu||z2. Next we need to show that
N[t x|, = =a) g + VA (=2)72u]| |+ Al - (3.7)
Note that

~ 2 ~ ~
Bt = [ B ax-sx [ (o) axos 22l
R R4

and thus to show (3.7) it suffices to estimate the first two terms. To that end, we begin writing p; as a sum
of its even and odd parts:

=T B = ) Ay B = 5 ()~ Aly).

p; satisfies the same assumptlons as pg. Let Le and ]LO be the operators with kernels p§ and p? respectively.
Observe that L; = L¢ + L¢ and that for any u € [C’OO (Rd)] we have

/ <]I~qu,]I~4tou> dx =0.

R4

/\]Ltu\de>/|]L |2dx—/|L (&)>d¢ = /|Me £)u(g)|? d¢,

Thus,

where

ly|?

M (€) := y®y —cos(2my - £))pf .
ME(§) : R[( )(1 (2my - €)) 75 (y) dy

For every £ € R?, the matrix Mf (&) is symmetric with real entries, and therefore, the least of the eigenvalues
of M¢(€) is given by min,cga—1 vIM§(€)v. We will estimate the smallest eigenvalue from below as a function
of £. By making the substitution h = 27|€|y, we see that

2

. v . Y| ~
T e _ _ . LY (<]
Juin vIM(§)v = min, / (1 —cos(2my - €)) |v ]| AW dy
R4
1 — cos(2my - 2
> min al/( §+7;y 6)) ‘V'l dy
vesda—1 |y |d+2s ly|
A
1 — cos (27rh ) 2
_ . 2s |§‘ h
—vglsldgla1(27r|5|) / |2 ‘v~ m dh
A
. 2s 3
= min o1 (27 U|—=,v],
i, e ri) v ()
where U : §71 x §4-1 — R defined by W(n,v) := [, = jﬁj&‘i’;ﬁ‘ m) ‘v- % dh. The lower bound §¢(y) > oy
can be used since the integrand is nonnegatlve. Since A is a double cone with apex at the origin, ¥ is a
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positive function. ¥ is also clearly continuous on the compact set S4~1 x S4=1 so there exists a positive

constant C' = C(d, s, A) such that miS% ) U(n,v) = C > 0. We use this to estimate the least eigenvalue
mn,vesSe—

VTM?(&)V > C’(Qw\ﬁ\)%. We also use this

of the matrix. We conclude that for any & # 0, we have néidn )
veseT

lower bound to estimate the smallest eigenvalue of (M?)T(é) Mf (&) from below. Since Mf(&) is symmetric,

min vT (Mf)T(E) Mf(&)v = min{#? : § is an eigenvalue of Mf 3N

veSd—1
> C(d, 5, A, ar)| (2ml€]) [
Therefore,

[ 1B ax = [ (5. M €)a) e

Rd R4

> ¢ [ |erig) a@)] de=cl-auli
R

Similarly, by applying Plancherel’s theorem and noting that the matrix M, (£) := Jra (Tﬁg) (cos(27€-y) —

]}é{<]Ltu,u> dx :R{ <]Ltu,ﬁ> dg
= /%<f;1,ﬁ> d¢

1)ﬁt(y) dy is symmetric,

Rd
- [ (@) ae) o
R4
> [[8©F min vL(vae
Rd
> C [ (2rle))fae) de.
Rd
It then follows that
/<]I~4tu,u> dx > C/ |(—A)*?u|? dx. (3.9)
]Rd ]Rd

The result (3.7) follows from the equality
~ 2
/ ‘]Ltu—k )\u’ dx = / I£]2 dx
R4 Rd

and the estimates (3.8) and (3.9) above. Then (3.3) follows from (3.6) and (3.7). O

Remark 3.4. Constants Ny and N» satisfying (3.3) can be found explicitly. For example, the constant No
can be chosen to be
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1+

Ny = o(TU-T)r 2, (3.10)

It is clear that No — 0 as r — oo.
The proof of Theorem 2.1 now follows.

Proof of Theorem 2.1. We will apply Proposition 3.1. Pick Ay = N1N5. Then for any A > Ag, take Ty =
al(—A) + A, Ty = L 4 A, and therefore for ¢t € [0,1], T; = (1 — t)Tp + tT1 = L; + A, where L; is
as defined at the beginning of this subsection. Now the continuity and a priori estimates assumptions of
Proposition 3.1 are satisfied by Lemma 3.2 and Lemma 3.3. As a consequence L 4+ Al is onto if and only if
a1(—A) + AL is onto. The latter is proved to be the case in Theorem 2.3 for p = 2 or see [6]. O

3.2. The integrable case

For integrable kernels, we begin with a special case by assuming that p is radially symmetric.
Theorem 3.5. Suppose p is a nonnegative, integrable and radially symmetric function that is not identically
0. For every A > 0 and for any f € [LQ(Rd)]d there exists a unique strong solution u € [LQ(Rd)]d
Lu + Au = f satisfying the estimate

g2 < ATV IE]l e - (3.11)

Proof. To show existence, we prove that the Fourier matrix multiplier M(&) + Al is invertible, with inverse
bounded in L*°. Since p is radially symmetric, the Fourier matrix associated to L is

ME

€)= [ (Yo ) (1 costomy - )ollyay
J

Let R(&) be a rotation such that R(§)Te; = é—‘ Then setting h = |£|R(§)y,

€1 b2

(R/ |£||§d‘ h;ﬁf) (1 —cos(2mhy)) dh | R(&).

Using rotations, we see that the off-diagonal terms of RMRT are equal to 0 for every & € R%. Thus,

{8l T T
M(¢) = / ! <|$‘> R(E)Th® R(E) h(l — cos(2mhy)) dh
Rd

M(€) = R(§)T diag(€1(£), £2(£), - .-, La(§)) R(E) ,

where £;( fRd ( d) ? (1 — c05(27rh1)) dh. Again using rotations, fo = f3 = ... = £4. Thus,
M(€) + AL = R(€)T diag (£1(&) + X, £2(&) + A, ..., £2(€) + A)R(§) .
Therefore,

1 1 1
AGENAGEESAT +X) R(g).

-1

(M(&) + AI) ~ = R(&)T diag <
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-1 )}dxd

Now, it is clear that 0 < £;(€) < 2||p|l; 1 ray for almost every & € R?. Thus, (M(&)+ Al L> (R4
L' (R4)

so the linear operator T : [LQ(Rd)]d - [LQ(Rd)]d defined by Tf := ((M(é) + )\H)il?) is bounded, with
|TE|| 2 < A7 |[f]| 2. Further, u := T solves the equation (1.7).

For uniqueness, we show that any solution u € L? of (1.7) with data f = 0 is identically 0. This follows
from the fact that if Lu+ Au = 0, then (Lu + Au, u>L2(Rd) = 0 and as proved earlier (Lu, u)LQ(Rd) >0. O

Lemma 3.6 (Continuity of the operator: integrable case). Suppose that p is in Class A. Let 1 < p < oco. The
operator L : [L”(Rd)}d — [L”(Rd)}d is continuous. More precisely, we have for every u € [Lp(Rd)}d the

estimate
[Lull,, < Clull, , (3.12)
where C = C(p) >0

Proof. Since p € L'(R%),

/ (75) av ) uto - R/ ply) (Yo ) uix - vyay

= Au(x) + K xu(x),

where

am [ (YD) av, wm) = o) (V).
J

Using the bound |A| < ||p]|;: and Young’s inequality for integrals,
Ll < [lAully, + K ull, <2(pllpllull, - O

Lemma 3.7 (A priori estimate: integrable case) Suppose that p is in Class A. Let A > 0 be a constant and
let f € [LQ(]Rd)]d. Suppose u € [LQ(Rd)] satisfies the equation (1.7) in RY. Then there exists a constant
C = C(X) > 0 such that

lull2 < A £ e - (3.13)

Proof. Since [C° (]Rd)]d is dense in [Lz(]Rd)]d, by Lemma 3.6 it suffices to show (3.13) for u € [C° (Rd)]d.
Since

/|f|2dx:/|]Lu+)\u|2 dx = /|]Lu|2 dx+2)\/(]Lu,u) dx+>\2/|u|2 dx, (3.14)
Rd Rd Rd Rd Rd

it suffices to show only that
/(]Lu,u) dx >0. (3.15)
Rd

Then (3.13) follows by dropping the first two terms on the right-hand side of (3.14). To prove (3.15), note
that
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[ uw ax= [ (Cad) g = [ (o). q@) ae

R4 R4 R@

. ue¢) uE
_ R/ G(¢)| <M<5>|a(s)|’|ﬁ<s)>d£'

Notice that (M(&)) is in general a matrix with complex entries. However, for every v € C¢ with |v| =1, a
simple computation shows that

(%V-y)2+(%v-y)2> dy.

(M(§)v,v) = /P(Y)(l - ezmy-g) ( ly|2

R4
Since [pa (Lu,u) dx is real-valued, it follows that

[ tuw ax= [ <M(£) a(e) a) > e
R4

Rd

where

mi(e) = wvi(e) = [ (ﬂfy) (1= cos(2ry - €))p(y) dy .

which is (3.15). O

The proof of Theorem 2.2 for general p in Class A now follows by applying the method of continuity,
treating the operator L;u := t(Lou+ Au) + (1 — t)(Lu+ Au). Here, Lu denotes the operator with a general
kernel p belonging to Class A, and Lyu denotes an operator with a kernel py of the type considered in
Theorem 3.5, i.e. belonging to Class A and radially symmetric. Thus the kernel of the operator L; has the
expression tp(y)+ (1—1t)po(|y|), and satisfies the criteria of Class A with bounds independent of t. Therefore
the a priori estimates of Theorem 3.7 can be leveraged for the operator L; + A in the method of continuity
program, and the results of Theorem 2.2 follow.

4. LP solvability

We use traditional Fourier multiplier techniques. The analogous result for the fractional Laplacian in the
scalar case can be found [13] that uses methods from pseudodifferential theory. See also the survey [12].
In an effort to make it transparent, we provide a proof of Theorem 2.3 using the Marcinkiewicz multiplier
theorem [11].
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Let s € (0,1). Consider the operator

A u(x) = ! Yoy u(x —u(x
_(_A) ( ) J ‘y|d+2s ( |y|2 )( ( +Y) ( ))dy

In the following calculation, we assume that u € [S (Rd)]d. Using the Fourier transform we can write

o —

—(=A)su as follows:

27th £ h ®h
— h | G(¢) := —M2(&)u(é).
() (R/ b () b 606 = M2
From the proof of [18, Theorem 4.2],

M (o) = (rle)” (ar+ (55 ) )

where /1 and /5 are two positive constants depending only on d and s.
Theorem 2.3 hinges on the following lemma concerning Fourier multipliers.

Lemma 4.1. For s € (0,1), 1 < p < 0o and A > 0. Define the matriz of symbols
M(E) = (1+4n2€?) " (M (&) + Al).

Then both M(€) and M~1(&) LP-multipliers; that is, there exists a constant C = C(d, s, p, \) such that for
every u € [S(Rd)]d

<Clul,, and (M9 <Clul,, . (4.1)

| m” -

We postpone the proof of the lemma for the moment, and prove Theorem 2.3.

Proof of Theorem 2.3. First we show that the a priori estimate (2.5) holds for every u € [H%’p(Rd)}d
solving (2.4). By Lemma 4.1 the operator (—A)S +A: [HQS’p(Rd)]d — [Lp(Rd)]d is continuous. Therefore,
we need only show that (2.5) holds for u € [S(Rd)]d. Then by definition and by Lemma 4.1 we have that

S \%
Iulleescay = [ (1+ 47°16P) )

L»(RY)
= [t (2 + oy
L (R)
A R \Y
gCH((Ms +1)@) Lp(Rd)ch(— u—i—)\uH pocany = CIEloms

which is (2.5). Uniqueness clearly follows from the a priori estimate as well.
To see that a solution to (2.4) exists, simply note that for every f € [L? (]Rd)]d the distribution

u(x) = (M2 + Aﬂ)‘l?)v (%)

belongs to [S’(Rd)]d, and that
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21 ¢12v85) v 13\VY FRT
(1 +4x2(¢)"a)" = (zm f) e [LP(RY)] (4.2)
by Lemma 4.1. Thus u is a function in [HQs’p(]Rd)]d that solves (2.4). The proof is complete. O

We use the Marcinkiewicz multiplier theorem to prove the lemma; see [11].

Proof of Lemma 4.1. We begin by showing that 9(€) is an LP multiplier. By a direct computation, the
function M (&) has the explicit expression

ALY Ex¢ A
M) = <1+4w2|£|2) (“”2( e )) Ty

The symbol fﬁg’ is a matrix symbol whose ij-th entry is the symbol of the composition of Riesz transforms

—R;R;. Thus the matrix symbol is an LP-multiplier. The second expression in the sum defining 90 is the
Bessel potential of order —2s, and is also an LP-multiplier; see [23, Chapter 5, Section 3.3]. Finally, it is

S
established in [23, Chapter V, Section 3.2., Lemma 2] that the symbol (%) is a finite measure.
Putting all this together gives us the result.
Next, we show that 91~1(¢) an LP multiplier. Again by direct computation, the inverse 9t=1(¢) has the

expression

e (T+anlgR)’ B 05 (472(€?)° <£®£>
> (@_61(4w2|£|2)5+k ' (4m2€2) (L + L)+ A \ 612 ) )

It suffices to show that the symbols

03 (4m2(€?)°

_ (+am?eP)”
ma(€) : (472(€[2)" (€1 + £2) + A

TR

are LP-multipliers. Using this, we then observe that 91~! is a matrix whose entries consist of sums and
products of LP-multipliers, and the lemma is proved.

We use the Marcinkiewicz multiplier theorem; specifically, we show that m; and ms verify condition
(6.2.9) in [11, Corollary 6.2.5]. We introduce the auxiliary function F : R¥*2 — R defined by

(Il +In'1*)"

F =
)= e+ a2

, M= (77177]27---777d+1777d+2)7 T’/ = (77377747~--777d+1777d+2>-

By inspection it is clear that F is bounded on R4*? and belongs to the class C%*+? away from the coordinate
axes on R%*2. Also by inspection, for any 7; # 0 and 72 # 0 the function F(ny,7s,-) is bounded on R¢ and
belongs to the class C% on R?\ {0}. The function F is invariant under weighted dilation: for any p > 0,
and s >0

F(pn1, w'ne, pm') = F(m,m2,m").
As a consequence, for any multi-index 8 = (81, fa, ..., Bd+1, Ba+2) differentiation yields
pl =082 (9 F) (i, p*n2, pm') = 9 F (1, m2,m') - (4.3)

Now for fixed 71 # 0 and 1o # 0 and every vector of the form n = (n1,m2,1’) € R?, we will choose y = pi,y
such that (uny, *n9, pm’) has unit length in R%*2, Such a u > 0 satisfies the equation
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g+ g + i n’? =1,

and its existence can be shown as an intersection point of the quadratic function p + p?(n? + |n’|?) and
the curve p — 1 — u?*n3. Note that as || — 0, uy, — po > 0, the intersection of the quadratic function
p s p?ni and the curve p— 1 — p?$n3. Also as |n’| = 0o, uy — 1. Moreover, for any 0’ # 0, u, < |n'|7*.
As a consequence the set of unit vectors

V = {(nm, 52, pam’) : 0’ € R} € S4H!

avoids all points of singularity of F' and its derivatives. Now, if £ is a multi-index with £; = 0 = 5, then
by construction ,ugj <|nj|7% for j € {3,4,...,d+1,d+2}. Plugging this s, in (4.3), we have that for any
n' #0,

105F (1,m2,m")| < sup |05 F (v)| s tPatHbBare < Clpa| =P . . gy o ~Pa+2
ve

for some constant C' that depends on 1y, 72, 8 and s. Therefore, for any multi-index v = (y1,...,7%4),
v €41,2,---,d}, we set 8 =(0,0,71,...,74) and obtain

1 _ _ _
o (©)] = 5- o7 (1. aer . 2alel)| < clal ™ e .

Thus the hypotheses of [11, Corollary 6.2.5] are satisfied for mq(£).

A similar strategy fails for mq(€) because the numerator fails to be bounded away from zero. Specifically,
ma(€) is C? on RY away from the coordinate axes. We must check the derivatives directly. Introduce the
auxiliary function G, : (0,00) — R defined by

_ono 1
S ns+a  1l+ans’

a>0.

Ga(n) :
Then it is clear that for every n € N the function G, satisfies

‘GS”) (n)‘ <Cn™m.

Let a = m, and let S be a multi-index with §; € {0,1}. Then
¢ & 5
p) — "2 08D (1¢12) 28l | I 3
ﬂm2(€) él ¥ 62 a (|E| ) = fj
and so

d d
|0sma(&)] < ClEIPPITTIG1 < CTT 1617

j=1 j=1
Thus mq also satisfies the hypotheses of [11, Corollary 6.2.5], and the proof is complete. O

Remark 4.2. Tt is also possible to prove that mo(€) is an LP-multiplier without using the Marcinkiewicz
multiplier theorem. In fact, one can show using the proof of [23, Chapter 5, Section 3.2, Lemma 2| that
mo (&) is in fact the Fourier transform of a finite measure, hence an LP-multiplier.
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5. The peridynamic-type wave equation

In this section we turn our attention to the system of time dependent equations given in (2.6) and prove
Theorem 2.4. We recall that we are interested in the system

Opu+Lu+du="1, (x,t) in R x [0,7],
u(x,0) = up(x), x in RY, (5.1)
dru(x,0) = vo(x), x in RY,

where f € C! ([O,T]; [L2(]Rd)]d), up € [H22(RY)]* and vy € [H*2(R%)]".
We use the semigroup approach described in [2, Chapter 10]. To this end, we assume for the rest of this
section that p is in Class B and that m(y) is an even function. In this case I becomes

—Lu(x) = P.V./ (y @ y> (u(x+y) —u(x))ply)dy. (5.2)
R4

ME

Let A9 be the quantity defined in Theorem 2.1, and for A > Ag — 1 define the operator

Ly := L4l : [B*2(RY]? = [L2RY)]?. (5.3)
Note that by the symmetry assumption on L,
x—y |?
(L) gy = [ [ ol =3 |(00) —uy) - = dy x>0
Rd R4
for every u € [H?52 (Rd)]d. Therefore for any A > 0 we have
(Lu+Au, ) 2gay >0 Vue [H*RY). (5.4)
Further, Theorem 2.1 implies that:
for every g € [L? (Rd)]d there exists a unique u € [H2S’Q(Rd)]d (5.5)

satisfying Lyu +u = g in R?,

since A > Ao — 1. Equations (5.4) and (5.5) define L as a maximal monotone operator for any nonnegative
A satisfying A > Ay — 1. Since the unbounded operator Ly is symmetric, by (5.4) and (5.5) it is self-adjoint

on [HQS’2 (]Rd)] ¢ as well, see [2, Proposition 7.6]. Therefore the positive square root of Ly, denoted by ]L}\/Q,

is well-defined. Therefore, by the estimate in Theorem 2.1 we have that for every u € [H 2572(]Rd)]d the

norm

<L;/zu,]L§/zu = (Lu,u) 2 gy + A Jule (5.6)

>L2(Rd)

is equivalent to the norm H(—A)SﬂuHiz(Rd) + ||u\|iz(Rd). Thus <IL§\/2( : ),]Li\/Z( : )> defines an equivalent

inner product on [HS’Q(Rd)]d.
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Now, we rewrite the system (5.1) as a larger system of equations

v =0, (x,t) in R x [0,7],
8tV+Lu+>\u:f, (X,t) iHRdX[O,T% (57>
u(x,0) = ug(x). x in RY, '
ou(x,0) = vo(x), x in R?,
or equivalently
OU+AU=F, (x,t) in R? x [0,7], (5.8)
Ux,0)=Up(x),  xinR?, '

where U = (u,v)T, F = (0,f)7, Uy = (ug, vo)T and the operator A is defined as

(0 I

ae (2 0).
We consider the Hilbert space H := [HS’Q (]Rd)] 4 [LQ(]Rd)} d, and we define the domain of the operator 2,

by D(2,) := [H2372(Rd)]d X [H‘*Q(Rd)}d C H. By (5.6), the inner product on H can be defined by
(U, V), = / (L0 L ) dx + / (uy,v1) dx + / (15, v5) dx (5.9)

R R R
where U = (ul,ug), V= (V17V2).

Denoting the identity operator on H by J, we note that the operator 2, + J is nonnegative. Indeed, for

any U = (u,v)T € D(2)) we have using (5.9) that

<(Ql>\ + j)U7 U>H
= (LU, U),, + (U, U),,

= _/<L}\/2u’L§\/2V> dx—/(u,v) dx—i—/(]LAu,V} dx
R4 R4 R4
—|—/|1L§\/2u|2dx+/|u\2dx—|—/|V\2dx
R4 Rd Rd

:—/(]LAu,v> dx—f—/(IL,\u,v) dx+/|IL§\/2u\2dx

R4 Rd R4
+/|u|2dxf/<u,v> dx+/|v\2dx
Rd Rd

R4

(5.10)

1 1
= /|]L;/2u|2dx+ 5/(|u|2+ [v|?) dx + §/|u—v|2dx20.
R4 R4 R4

In addition, the operator %Ay + 27 is invertible. To see this, note that inverting %A is equivalent to solving

the system

{—v+2u:g1, Lu+Au+2v=g,, x € R?, (5.11)
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for any (g1,82)T € H, which is equivalent to solving
Lu+ (A +4)u=2g +g, xecR?, (5.12)

Since A +4 > Ao and since 2g; + g € [LQ(Rd)]d, (5.12) has a unique solution u € [H25>2(]Rd)]d. Then
v=2u—g € [H“(]Rd)]d and so U = (u,v)T € D(2,) solves (5.11).
Therefore, since Ay + J is mazimal monotone for A > Ag — 1 nonnegative, by the Hille-Yosida theorem

[4, Theorem 1, Chapter XVII, section 3], there is a continuous contraction semigroup Sy, +5(t) : L? — L?
such that for any G € [L?(R%)]?? the solution U of

U+ U+TJu=G, (x,t) in R4 x [0,T],

U(x,0) = Uo(x), x in R4, (5.13)

can be given by the formula [2, Theorem 7.10]

U(x,t) = So,+3(t)Up(x) + /SQLAH;(t —3)G(x,5)ds.

Taking G = e'F and making the substitution W = e'U, we see that W is the unique solution to (5.8) with
source data F. Thus the first component of W is the unique solution to (5.1).
The conservation law (2.7) follows from multiplying the equation by d;u and integrating by parts.
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