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1. Introduction

Nonlinear backward stochastic differential equations (BSDEs) were firstly introduced by the seminal
paper of Pardoux and Peng [16]. Since then, many works have been done to weaken the existence conditions
of solutions. An important case is the study of quadratic BSDEs, i.e., the generators have a quadratic growth
in control variable z. Quadratic BSDEs have a wide range of applications in stochastic control and finance
(see El Karoui and Rouge [10], Hu, Imkeller and Miiller [12] and El Karoui, Hamadéne and Matoussi
[11]). Using an exponential transform and monotone stability, Kobylanski [14] derived the existence and
uniqueness of solutions of quadratic BSDEs with bounded terminal variables. A similar result was obtained
by Briand and Elie [1] using a different method based on Malliavin calculus. Using a localization method,
Briand and Hu [6], [7] obtained the existence and uniqueness of solutions for exponential integrable terminal
variables. Recently, Bahlali et al. [3] obtained the existence and uniqueness of solutions for L? integrable
terminal variables, but the quadratic term takes the form f(y)|z|?, where f is globally integrable on R. Yang
[18] further considered the LP (p > 1) solutions of such quadratic BSDEs, where f is globally integrable on
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R and bounded on any compact subset of R. A one to one transformation uy based on f and It6-Krylov’s
formula play a crucial role in the works of [3] and [18]. Then the following problems arise naturally:

o does the BSDE with generator f(y)|z|? have a solution? when f is defined on an open interval D and
locally integrable. If this BSDE has a solution, which space does the solution belong to?

The paper is devoted to exploring the above problems. Recently, the usual case that D = R was considered
by Bahlali [2] by a domination method, and a canonical singular case that f(y) = i was considered by Bahlali
and Tangpi [4]. In this paper, the function f is defined on an open interval D and locally integrable. As a
result, the corresponding BSDEs can be used to deal with some cases that are not covered by [2] and [4].
Some instances are given in Example 2.1. Following [3], we also use a one to one transformation uy based
on f and It6-Krylov’s formula. To deal with our problems, our transformation uy is defined on an open
interval D, while the uy in [2], [3] and [18] are defined on R with us(0) = 0. The main results of this paper

can be considered as a complementary to the corresponding results in [2], [3], [4] and [18]. For example,

o The bounded solutions of BSDE(f(y)|z|?,¢) are discussed (see Theorem 3.2(i)(ii)). For example, if
fly) = m, y € (1,6), then for any variable 1 < ¢ < 6, such that us(§) € LY(Fr),
BSDE(f(y)|2|,€) will have a solution (Y, Z;) such that 1 < Y; < 6. Moreover if 2 < ¢ < 3, then
2<Y, <3

o Some sufficient conditions are given to guarantee that BSDE(f(y)|z|?, £) will have LP(p > 1) solutions
(see Theorem 3.2(iii)(iv)(vi)(vii)). For example, if f(y) = y% + 1, y € (0,00), then for any positive
variable ¢ such that u(¢) € L' (Fr), BSDE(f(y)|2|?, €) will have a solution (Y3, Z;) € SP x H?P, (p > 1).
If f(y) = %, y € (0,00), then for any positive variable ¢ such that us(¢) € LP(Fr), BSDE(f(y)|z|?, &)
will have a solution such that Y; € 8P, (p > 1).

o Some (strict) comparison theorems are established for BSDE(f(y)|z|?, ¢) (see Proposition 4.1 and Propo-
sition 4.3). As an application, we obtain a converse comparison theorem, which shows that the generators
can be compared through comparing the solutions of BSDE(f(y)|z|%, &) (see Proposition 4.5).

o BSDE(f(y)|2]?,€) is used to give a probabilistic interpretation of viscosity solution of a quadratic PDE,
which contains a coefficient f locally integrable on D (see Theorem 5.1).

This paper is organized as follows. In section 2, we will present some assumptions and lemmas. In
Section 3, we will study the existence and uniqueness of bounded solutions and LP(p > 1) solutions. In
Section 4, we will establish some comparison theorems and a converse comparison theorem. In Section 5,
we will give a probabilistic interpretation of viscosity solution of singular quadratic PDEs.

2. Preliminaries

Let (€2, F, P) be a complete probability space, (B),~, be a d-dimensional standard Brownian motion on
(Q, F, P). Let (F;)¢>0 denote the natural filtration generated by (Bt);>0, augmented by the P-null sets of
F. Let |2| denote its Euclidean norm, for z € R%. Let T > 0 be a given real number and To,r be the set
of all stopping times 7 satisfying 0 < 7 < T. Let D C R be an open interval which may take one of the
following forms

(a, b)v (a‘7 +00), (—o0, b)v or (_007 +00),
where a and b are two real numbers such that a < b. We define the following usual spaces

Li40c(D)={f: f:D — R, is measurable and locally integrable};



S. Zheng et al. / J. Math. Anal. Appl. 500 (2021) 125102 3

Lp(Fr) ={§: Fr-measurable random variable whose range is included in D};

LP(Fr) = {¢: Fr-measurable R-valued random variable and E [|£|P] < oo}, p > 1;
L>*(Fr) ={¢: Fr-measurable R-valued random variable such that esssup,cq|{| < oo};
S = {¢: R-valued continuous predictable process};

8P = {4: process in S such that E [supy,<7|t|P] < oo}, p > 0;

8§ = {1: process in S and [|¢||oc = esssup,, 4eax o, ¥l < o0}

H? = {¢: R%-valued predictable process such that fOT [thi|Pdt < o0}, p > 1;

HP = {1p: R%valued predictable process such that F [(foT |¢t‘2dt) 2] < oo}, p>0;

HE o = {1: process in H? such that sup, 7, . E UTT |z/)t\2dt\]-}} < 00};
W2, (D) ={f: f:D — R, such that f and its generalized derivation f’ and f” are all locally

1,loc
integrable measurable functions}.

For f € Li0c(D), we will define a transformation u§(z), which plays an important role in this paper.
For a € D, we define

x Yy

uf () ::/exp Q/f(z)dz dy, € D.

e

Remark 2.1. For o, 8 € D, we have

uf(z) :jexp 2 yf(z)dz dy+iexp Q/yf(z)dz dy
ﬁz ay B ) : B Yy
—ﬁ/exp 2!f(z)dz+2(jf(z)dz dy+a/exp QQ/f(z)dz dy

[e3

= exp Q/Bf(z)dz ]exp Q/yf(z)dz der/Bexp Q/yf(z)dz dy,
o B B o

which means that for a, 5 € D, there exist two constants a > 0 and b such that
uf(z) = au?(x) +b, x€D.

By Remark 2.1, we will find that the different choices of o € D in the definition of u$(x) do not change
the solution of BSDE(f(y)|2]*,€) (see Remark 3.1(i)). Thus, in the following, let v € D be given and u§ ()
be denoted by us(x). Let V := {y : y = uy(z),z € D}. The following Lemma 2.1 contains some important
properties of uy(x).

Lemma 2.1. For f € L1 j,.(D), the following properties of uy(x) hold true.

(i) us(z) € WE,,.(D), in particular, us(z) € C*(D);

(it) uy(x) is strictly increasing;

(i1i) u'(x) — 2f(x)u’s(z) =0, a.e. on D;

() If g € L1 10c(D) and g(z) < f(x), a.e. on D, then for every x € D, uy(z) < up(z) and for every
z € a,00), 0 <ug(x) < ufp(x);
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' (v) V is an open interval and u;l(ac) € W2 1,.(V), in particular, u;l(ac) € CY(V) and is strictly increas-
ing.

Proof. (i), (iii) and (v) can be derived from Lemma A.1 in [3], where the case that D = R is considered. (ii)
is clear. Now we prove (iv). Since g(x) < f(z), a.e. on D, by the monotonicity of integral and exponential
function, we can complete this proof. O

For f € Ly j0c(D) and € € Lp(Fr), this paper considers the following one-dimensional BSDE

T T
Yi—¢+ / F(Y2)|Zs[2ds — / Z.dB., te0,T), (1)
t t

where € is the terminal variable and T is the terminal time. (1) is denoted by BSDE(f(y)|z|?, ), has been
studied by [3] and [18] in the case that f is globally integrable on R, and by [2] in the case that f is locally
integrable on R. In this note, f is assumed to be locally integrable on the open interval D.

Definition 2.1. For f € Li,.(D) and & € Lp(Fr), the solution of BSDE(f(y)|2|%,¢) is a pair (V;,7Z;) €
S x H? satisfying (1) and fOT |f(Ys)||Zs|?ds < oo, and the range of Y; is included in D.

The following Example 2.1 shows some common cases contained in our setting, not covered by [2], [3]
and [18].

Example 2'1 (1) f(y) = “rlng7 y S D = (Oa OO),
(i) (4) = Gorgy ¥ € D = (1,6);
(iif) f(y) = 5z + L,y € D = (0,00).

Using a probabilistic method, the Proposition 2.1 in [3] established the Krylov’s estimate for the solution
of BSDE(f(y)|2|%,&), where f € L1 10.(R). By a slightly modified proof, we obtain the following Krylov’s
estimate for the case that f € Ly o.(D).

Lemma 2.2. For f € Ly 1,.(D) and & € Lp(Fr), let (Yy, Z;) be a solution of BSDE(f(y)|z|%, ), and K > 0

be a constant such that [Yo — K, Yy + K| C D. Then there exists a positive constant vy depending on K and
Yo+K

YooK |f(z)|dz such that for any nonnegative measurable function ¢ € L j,.(D),

TATK Yo+ K

E / DY)\ Z2ds < / (a)d,
0 Yoo K

where T == inf{t > 0,Y; ¢ (Yo — K, Yy + K)}.
Proof. In fact, if we replace the stopping time 7 in the Proposition 2.1 in [3] by
T = inf{t >0,Y; ¢ (Yo — K, Yy + K)},
then by the same method, we can complete this proof. O
Using Lemma 2.2 and the same method of Theorem 2.1 in [3], we obtain the following It6-Krylov’s

formula, which is an extension of It&’s formula and can be used to deal with BSDE(f(y)|z|?, &), where f is
measurable.
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Lemma 2.3. For f € L10.(D) and & € Lp(Fr), let (Yy, Z:) be a solution of BSDE(f(y)|z|?,£). Then for
any u € W2, (D), we have

Jloc

t t
1
uV) =u(Ve) + [w vy, + 5 [ (Vlzfds, te .1
0 0

Proof. Let K > 0 be a constant such that [Yo — K, Yy + K| C D. If we replace the stopping time 7r and
the interval [—R, R] in the proof of Theorem 2.1 in [3] by

T =inf{t >0,Y: ¢ (Yo — K, Yo+ K)}
and [Yy — K, Yy + K], respectively, then by the same method, we can complete this proof. O
3. Existence and uniqueness of BSDE(f(y)|z|2, &)

In this section, we will explore the bounded solutions and LP(p > 1) solutions of BSDE(f(y)|z|?,¢),
where f is defined on an open interval D and locally integrable. For convenience, we note that all the
closed subintervals of D or V mentioned in the following will be finite intervals. We firstly give a necessary
condition.

Proposition 3.1. Let f € Ly 0.(D) and ¢ € Lp(Fr). If BSDE(f(y)|2|?,€) has a solution (Y;, Z;) and there
exists a constant 5 such that for every x € D, ug(z) > B or for every x € D, us(x) < [3, then we have
ug(§) € LH(Fr).

Proof. Applying Lemma 2.3 to us(Y?), and then by Lemma 2.1(iii), we have

T
u (V) = us(@) + [ uj(¥)Z.dB., te 0.7). 2)

For n > 1, we define the following stopping time
t
T, =inf { t > 0,/ s (Y| Zs[Pds > n p AT,
0

which implies that | At

o uw;(Ys)ZsdBs is a martingale. Then by (2), we have

up(Yo) = Elus(Yr,)]. 3)

Since 7, — T, as n — oo, by the continuity of ¥; and uy (see Lemma 2.1(i)), we have

lim wup(Yr,) = us(§). (4)

n—oo

If there exists a constant § such that for every o € D, us(x) > (3, then by (4), Fatou’s lemma and (3),
we deduce

0 < Elug(§) — f] = Elliminf(us(Yr,) — B)] < liminf Efus(Yz,) — 8] = us(Yo) — B,

n—roo n—roo
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which implies u(§) € L (Fr).
Similarly, if there exists a constant 3 such that for every € D, uy(xz) < 3, then by (4), Fatou’s lemma
and (3), we have

0 < E[B —up(¢)] = Ellimint(8 — up(¥;,))] < limint B[3 — uy(¥;,)] = B — uy(Yo),

n—oo n—oo
which implies us(£) € L'(Fr). O

By the definition of uy and Lemma 2.1(iv), it is not hard to check that the following examples satisfy
the conditions in Proposition 3.1.

Example 3.1. Let § > 0 be a constant. We have
(i) if f(y) > B, a.e. on R, then for every x € R,

1

ur ()2 s = oL (20— )~ 1) > — o

(ii) if f(y) < —p, a.e. on R, then for every x € R,

up(z) <u_p = —%wxp(—w(x —a)-1)<

(iii) if f(y) = 2, a.e. on (0,00), then for every z € (0, 00),

@a
o B+l «
@) =155 ((a) - 1) Z 135

The following Theorem 3.2 is the main result of this section.

Theorem 3.2. Let f € Ly oc(D) and £ € Lp(Fr). If ug(§) € LY (Fr), then BSDE(f(y)|z|?,€) has a unique
solution (Y3, Z;) such that uy(Y:) = Elus(€)|Fi]. Moreover, we have

(i) If D is bounded, then Y; € §°°;

(i7) If the range of £ is included in a closed interval [a,b] C D, then (Yz, Z;) € 8™ x H% ;0 and the range
of Y is included in [a,b];

(iii) If € € LY(Fr), €& € LP(Fr) and there exists a constant B > 0 such that f > B, a.e. on D, then
(Yy, Z;) € 8P x H?P, when p > 1, and (Y;, Z;) € S" x H2,r € (0,1), when p=1;

(iv) If € € LY (Fr), ¢ € LP(Fr) and there exists a constant 3 > 0 such that f < —f3, a.e. on D, then
(Yy, Zy) € 8P x H?P, when p > 1, and (Y;, Z;) € 8" x H2,r € (0,1), when p = 1;

(v) If up(§) € LP(Fr), then (up(Yr),up(Yr)Z:) € SP x HP, when p > 1, and (up(Y),u}(Y1)Z:) €
S"x H",r €(0,1), when p=1;

(vi) If € € LY(Fr), €&~ € LP(Fr), up(€) € LP(Fr) and f >0, a.e. on D, then Y; € SP, when p > 1, and
Y, € S",re(0,1), whenp=1;

(vii) If € € LY (Fr), £ € LP(Fr), us(§) € LP(Fr) and f <0, a.e. on D, then Y; € SP, when p > 1, and
Y: € S",r€(0,1), whenp=1.

Proof. By Proposition 1.1(i) in [2], we get that the BSDE(0, u¢(§)) has a unique solution (y, z¢) such that
Y = Eluyg(§)|F:). This result can be proved by a general martingale representation theorem (see Corollary
3 in Protter [17], page 189) and a localization method. It follows that the range of y; is included in V. Thus
by Lemma 2.1(v), we can apply Lemma 2.3 to u;l(yt), and then, by setting
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(Y:, Zt) == <U; (yt), W) . (5)

and Lemma 2.1(iii), we get that the BSDE(f(y)|z|2, £) has a solution (Y;, Z;) such that u (V) = Elus(£)|F].
Conversely, for a solution (Y3, Z;) of BSDE(f(y)|z|?,€) such that us(Y;) = Elus(§)|F:], by Lemma 2.1(i),
we can apply Lemma 2.3 to us(Y};), and then by Lemma 2.1(iii), we have

T
uyp(Y:) =uf(§)+/u;(ys)zgd38, t€[0,T),

t

which means that (uy(Y;),us(Y:)Z:) is a solution of BSDE(0, uy(€)) such that uy(Y;) = Efuy(§)|F]. Then
the uniqueness of such solution of BSDE(f(y)|z|?,£) can be obtained from the uniqueness of the solution
to BSDE(0, uf(&)) and Lemma 2.1(ii).

Proof of (i). Since D is bounded and the range of Y; is included in D, we have Y; € S°°.

Proof of (ii). If the range of £ is included in a closed interval [a, b] C D, then by the fact y; = E[us(§)|F:] and
Lemma 2.1(ii), we get that the range of y; is included in [uy(a), us(b)] C V. This together with Proposition
2.1 in [1] implies z; € H%,;0- Then by (5) and Lemma 2.1(v)(i), we get that (Y3, Z;) € 8™ x H%,,0 and
the range of Y is included in [a, b].

Proof of (iii). Since f > 0, a.e. on D, by the definition of uy, we get that u’f is nondecreasing. In view

/

of (u;l)’(m) = W and u;l(x) is strictly increasing (see Lemma 2.1(v)), we get that (u;l) is not

increasing. This together with the fact D is a convex set implies that uj?l is concave. Then by (5), the
concavity of u;l and Jensen’s inequality, we have

Yo =y (ye) = up (Blug (OIF]) > Eluy (us(€))1F] = BE|F] > —E[6”|F). (6)

Since £~ € LP(Fr) and p > 1, M; := —E[£~|F:] is a continuous martingale. By Doob’s optional sampling
theorem and Jensen’s inequality, for 7 € 7o 7, we have for p > 1,

E[|M "] = E[|[E[¢”|F-]|P] < E[E[S™[P|F]] = E[IE 7). (7)

For n > 1, we define the following stopping time
t
T, =inf { t > O,/f(YS)|Zs|2ds >np AT.
0

By the assumption f > 3, a.e. on D, (1) and (6), we have

Tn

ﬂ/|Zs|2ds < /f(Ys)|Z5|2ds <Yy, M,, +/st35.
0 0 0

Then by Jensen’s inequality, (7) and BDG inequality, we deduce

p

2
gP | E /|Zs\2ds <F B/|Zs|2ds
0 0
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Tn P
<37 [ |YoP + E[|M,, || + E /stBs
0
;
<c, | v+ Ejc P+ E /|ZS|2ds , (8)
0

where C, > 0 is a constant depending only on p. By solving the quadratic inequality (8) with

s S)z| as € unknown varilable, we deduce a ere exiIsts a constan > ependent only
E[(J" |Z,|2ds)?] as the unk iable, we deduce that there exist tant K > 0 dependent onl

on E[|¢7|?], Yo, p and B, such that F [( OT” |Z,|?ds) %] < K. Plugging this inequality into (8), we get that
there exists a constant K7 > 0 dependent only on E[|£|P], Yy, p and S, such that

Tn p
E /|ZS|2ds < Kj. (9)
0

Since 1, — T, as n — o0, by (9) and Fatou’s lemma, we have

T p Tn p Tn p
E /|Zs|2ds = E |liminf /|Zs|2ds < liminf E /|Zs|2ds < K;. (10)
n—oo n—oo
0 0 0

By (1), (6) and the assumption f > 3, a.e., D, we have

t

t
M, <Y, <Y, — /B|ZS|2ds+/ZSdBS. (11)
0 0

Clearly, | M;| is a submartingale. Then by Doob’s maximal inequality (see Karatzas and Shreve [13], page
14), we have for p > 1,

p —
B | sw (]| < (S20) EllEP) (12)
t€[0,T] p—1
Then by (11), (12), BDG inequality and (10), we deduce that, when p > 1,
t p t P
E| sup |V;|P| <E sup [4P7' || M + |Yo|P + /ﬂ|ZS|2ds + /stBs
t€(0,T] t€[0,T] 0 5
T p t p
<47 Y B | sup [[M|P]| + |YolP + E ﬁ/|ZS|2ds +E | sup /stBS
t€[0,T t€[0,T]
0 0
T P T 5
<o | Bl PP+ £ || [12Pds| (4B || 1z
0 0
< o0, (13)

where Ky > 0 is a constant dependent only on p and 3. Then by (10) and (13), we have (Y;, Z;) € SP x H?P,
when p > 1.
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Now, we consider the case: p = 1. By Lemma 6.1 in Briand et al. [5], we have for r € (0,1),

E

1
ElE™]". 14
. —[Fl¢ (14

sup Mtr] <

When p =1, by (11), (14), BDG inequality and (10), we deduce for r € (0, 1),

T ™

t
E | sup |Y}|T] < E sup |M|" + |Yo|" + /ﬁ|ZS\2ds + /ZSdBS
t€[0,T
0

t€[0,T]
T

sup ZS dB,

LY+ B /ﬂ\ZslzdS
telo, T]

< E | sup [M["
t€[0,T]

T
<K | (Bl + Yol + E / Z.2ds | |+ E || [ 12,2

< 00, (15)

where K3 > 0 is a constant depending only on r and 3. Then by (10) and (15), we have (Y;, Z;) € S"xH?,r €
(0,1), when p = 1.

Proof of (iv). The proof is similar as (iii). Since f < 0, a.e. on D, by the definition of us, we get that u/;

is not increasing. In view of (u}?l)’ (z) = and u;l(x) is strictly increasing, we get that (u;l)’ is

1
W (uy ()
not decreasing. This together with the fact D is a convex set implies that u;l is convex. Then by (5), the
convexity of u;l and Jensen’s inequality, we have

Yy =uyt(ye) = uy H(Elug (§)IF]) < Bluy ' (up ()| F] = E[E|F] < BEY|F]. (16)

Since ¢t € LP(Fr) and p > 1, we get that N; := E[{T|F;] is a continuous martingale. Then by Doob’s
optional sampling theorem and Jensen’s inequality, for 7 € 7 7, we have for p > 1

E(|N-|"] = E[|E[§"|F:]I"] < EIE[I€"P|F-]] = E[l€* ). (17)

For n > 1, we define the following stopping time
t
7, =inf { t > 0,/—f(YS)|ZS|2ds >n s AT.
0

By the assumption f < —f, a.e. on D, (1) and (16), we have

Tn

—ﬂ/|Zs|2ds > /f(YS)|ZS\2ds >Yy— N, +/ZSdBS.
0 0

0

Then by Jensen’s inequality, (17) and BDG inequality, we deduce
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Tn 2 Tn P
g | E /|ZS|2ds <E B/|ZS|2ds
0 0

Tn p
<371 | |Yo|P + E[|N,,[P] + E /stBS
0

p

Tn 2
<o | Yol + BG4 B t/wﬁw , (18)
0

where ¢, > 0 is a constant depending only on p. Then by solving the quadratic inequality (18) with
El(J5" |Z,|?ds) %] as the unknown variable, we deduce that there exists a constant K, > 0 dependent only
on E[|¢F[P],Yy,p and B, such that E[( ] |Z|?ds)%] < K4. Then by a similar argument as (10), we deduce

p

T
E /|ZS|2ds < o0. (19)
0

By the assumption f < —f, a.e. on D, (1) and (16), we have

t t
N >2Y: > Y, +/ﬁ|Zs|2ds+/stBs. (20)
0 0

In view of (16)—(20), then by similar arguments as (13) and (15), we can complete this proof.

Proof of (v). By Theorem 4.2 and Theorem 6.3 in [5], we have (y:,2:) € SP X HP, when p > 1 and
(ye,2e) € S" x H",r € (0,1), when p = 1. Then by (5), we can complete this proof.

Proof of (vi). Since f > 0, a.e. on D, then by a similar argument as (6), we have
Y, > ~E[¢"|F). (21)

By Lemma 2.1(iv), we have uy(z) > uo(x) = & — a. In view of us(x) and ug(z) are both increasing in x,
we have u;l(x) < uy'(z) = 2 + a. This together with (5) implies

Yi—ur () < v+ o (22)
Since £~ € LP(Fr), by (12) and (14), we get —E[{~|F] € SP, when p > 1 and —E[{|F] € §",r € (0,1),
when p = 1. On the other hand, from the proof of (v), we get (y¢ 2¢) € SP X HP, when p > 1 and
(yt,zt) € 8" x H",r € (0,1), when p = 1. Then by (21) and (22), we obtain (vi).

Proof of (vii). The proof is similar as (vi). Since f < 0, a.e. on D, then by a similar argument as (16), we
have

Y, < E[gT|F. (23)

By Lemma 2.1(iv), we have uy(z) < ug(x) = x — a. In view of us(x) and uo(z) are both increasing in x,
we have u;l(x) > uy ' (z) = 2 + a. This together with (5) implies
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Y, = u}l(yt) >y +a. (24)
Then by (23), (24), and similar arguments as (vi), we obtain (vii). O

Remark 3.1.

e (i) In Theorem 3.2, in view of the fact that us(Y;) = Efus(£)|F:] and Remark 2.1, we can check that
the solution (Y, Z;) will not change for a different choice of & € D in the definition of uy(z).

o (ii) In Theorem 3.2, if us(&) € L*™(Fr), does ¥; € S>7 In fact, the result is not always true. For
example, let D = R, f = % and ¢ be an unbounded negative random variable. We choose o« = 0.
Clearly, us(§) = exp(§) — 1 is bounded. But if ¥; € S, then ¢ will be bounded. This induces a
contradiction.

o (iii) In Theorem 3.2(ii), if the range of ¢ is included in [a,b] U [¢,d] C D, where d > ¢ > b > a,
does the range of Y is included in [a,b] U [¢,d]? In fact, the result is not always true. For example, let
fly) = %, y € (0,10),a = 1,b =3,c=4,d = 6, and P({ =2) = P({ =5) = % We choose a = 1,
then uy(z) = %2 — 3. Clearly, the BSDE(0, uy()) has a unique solution (y;,2;) € S* x H%,,o such
that yo = Elus(€)] = 2I. But if the range of Y is included in [1,3] U [4,6], then by (5), we will have
yo = uys(Yp) € [0,4] U[22, 33]. This induces a contradiction.

e (iv) In Theorem 3.2(iii), if f(z) = 0,2 € D, then u¢(x) = x—a, and the corresponding BSDE(f(y)|z|2, €)
becomes

T
Y—tsz/stBs
t

with ¢ € LY(Fr) and ¢~ € LP(Fr). Clearly, if £ ¢ LP(Fr), then we will not have Y; € SP. Similarly,
in Theorem 3.2(iv), if f(z) = 0,z € D, then we will also not always have Y; € SP. As a result, we
must assume 3 > 0 in Theorem 3.2(iii)(iv). This strengthens the integrability of terminal variables.
By Example 3.1(i), in Theorem 3.2(iii), we have us(x) > ﬁ(exp(Qﬁ(x — a)) — 1), which implies that
the integrability of £ is not weaker than Elexp(28¢)] < co. By Example 3.1(ii), in Theorem 3.2(iv), we
have uy(z) < —%(exp(—Qﬂ (r — «)) — 1), which implies that the integrability of £ is not weaker than
Elexp(—25¢)] < cc.

e (v) Comparing with 3.2(iii)-(vii), Theorem 4 in [18] considered LP-solutions when ¢ € LP(Fr) and f is
integrable on R. Proposition 2.2 in [2] gave a condition which guarantees Z; € H?, when us(§) € L*(Fr)
and f is locally integrable on R. Proposition 3.2 in [2] gave a condition which guarantees us(Y;) € S?
and Z; € H?, when uf(§) € LP(Fr) and f is locally integrable on R. Proposition 3.4 in [4] gave a
condition which guarantees (V;, Z;) € S? x H?, when ¢ € L2+ (Fr) and f(y) = g, §# 1

In the following Proposition 3.3, we consider a slight generalization of BSDE(f(y)|z|?, €).

Proposition 3.3. Let f € L1 j0c(D) and K € R. If € € Lp(Fr) and us(&) € LP(Fr),p > 1, then the
BSDE(f(y)|z|> + K|z|,€) has a unique solution (Y, Z;) such that (ur(Ye),uy(Ye)Ze) € SP x HP. Moreover,
if the range of £ is included in a closed interval [a,b] C D, then (Yi, Z) is unique in 8™ x H% 0, and the
range of Y is included in [a, b].

Proof. Since us(§) € LP(Fr),p > 1, by Theorem 4.2 in [5], we get that the following BSDE

T T
yo = ug(€) + / K|zlds - / 2dB,, te[0,T), (25)
t t
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has a unique solution (y;, z;) € SP X HP. Set 6, := = Lot |z51{|z |0}, 8 € [0,T]. Then BSDE(25) can be rewritten
as

T T
Yt =§+/9325d8—/z5d35, t€[0,7].
t t

Since |0;| < K, by Theorem 4.2 in [5] again, we get that (y¢, 2¢) is the unique LP solution of the above linear
BSDE. By Theorem 4.4 on page 61 and Lemma 2.3 on page 93 in Mao [15], we get that the following linear
SDE

X =1 +/98XSdBS, t €10,T],

has a unique solution X; € S7T with

t t

X; =exp /HdB ——/|9|d8 , s€tT). (26)

0 0

Applying It6’s formula to X;y;, we can show that Xy, is a local martingale. Since y; € SP and X; € Sﬁ,
by Holder’s inequality, we have E [SUPte[o,T] | Xty:|] < oo, which implies that X;y; is a uniformly integrable
martingale. Then for ¢t € [0, T], we have

Xyyr = E[Xrus(§)|Fel.

Then by (26) and Girsanov’s theorem, we get

y=E [f(—juf@)m} — Eolus(6)|F. (27)

where () is the probability measure satisfying Z—g = Xp. By (27), we get that the range of y; is included in
V. Thus by Lemma 2.1(v), we can apply Lemma 2.3 to u?l(yt), then by setting

(}/tazt) = <u;1(yt)7 ,(+> ’ (28)
Uf u

and Lemma 2.1(iii), we have

T T
Yt=s+/<( D2 + K|Zd)ds /stB7 € [0.7],
t t

which means that BSDE(f(y)|2|* + K|2|, &) has a solution (Y3, Z;) such that (us(Y:),u};(Y:)Z:) € SP x HP.
Conversely, for a solution (Y, Z;) of BSDE(f(y)|2|> + K|z|, &) such that (us(Y;),u}(Y;)Z:) € S x HP, by
Lemma 2.1(i), we can apply Lemma 2.3 to us(Y}), and then by Lemma 2.1(iii), we get that (uy(Y;), u’s(Y3)Z:)
is a solution of BSDE(K|z|,u¢(€)). Then the uniqueness of solution of BSDE(f(y)|z|> + K|z|,£) can be
obtained from the uniqueness of solution of BSDE(K |z|, uf(£)) and Lemma 2.1(ii).

Moreover, if the range of £ is included in a closed interval [a,b] C D, then by Lemma 2.1(ii), we get that
the range of uy(§) is included in [uys(a),us(b)]. Then by Theorem 2.1 and Proposition 2.1 in [1], we have



S. Zheng et al. / J. Math. Anal. Appl. 500 (2021) 125102 13

(yt, 2t) € 8 X H% 0 Moreover, by (27), we get that the range of y; is included in [uf(a),us(b)]. Then by
(28) and Lemma 2.1(v), we get that the range of Y is included in [a,b]. O

4. Comparison and converse comparison of BSDE(f(y)|z|?, &)

In this section, we will study the comparison and converse comparison theorems for BSDEs of type
BSDE(f(y)|z|?, &), and give some applications. The following Proposition 4.1 is a (strict) comparison theo-
rem, whose proof follows the method of Proposition 3.2 in [3].

Proposition 4.1. Let f1 € L1 0.(D),K > 0, g(t) € H, & € Lp(Fr) and uyp (&) € LY(Fr), i = 1,2.
If & < &, and BSDE(f1(y)|z]? — K|z|,&1) and BSDE(g(t), &) have the solutions (Y, Z}) and (Y2, Z}),
respectively, such that (fot w' (Y{)ZLdBs)epo,r) is a martingale, and for each t € 0,T], uys, (Yy) € L' (Fr)
and f1(Y2)|Z21? < g(t), i = 1,2, then for each t € [0,T], we have Y;! < Y2 Moreover, if P(& < &) > 0,
then for each t € [0,T], we have P(Y} < Y?) > 0, or if X\®@ P (f1(Y?)|Z}* < g(t)) > 0, then we have
Yy < Y§.

Proof. Applying Lemma 2.3 to uy, (V;'), and then by Lemma 2.1(iii), we have

T T
up, (V') = up, (&) - / K|Z}|ds — / uy (Y{)Z1dB,. (29)
t

t
Applying Lemma 2.3 to uy, (Y;?), and by the assumption f1(Y;?)|Z?| < g(t) and Lemma 2.1(iii), we have

T T T
1
on02) = un(@) + [ 0ot = [ 5ty NP [ 02,

t t

T T
1
> g (@) + [ O, (VDNZ s — [ Guf (212 Pds — [, (v ZEds,
t t

= uy, (&) — [ u}, (Y?)Z2dB;. (30)

Tt~ Tt 7

By the assumptions of the proposition, (29), (30) and Lemma 2.1(ii), we get for each ¢ € [0, 77,

up (V) 2 Blug, (©)IF] > Blup, (6)1F] = ug, (V). (31)
Taking the inverse transformation uJTll to (31), we have Y} < Y;2. Moveover, if P(£; < &) > 0, then by (31)
and the fact that uy, and u;ll are both strictly increasing, we have for each t € [0,7], P(Y,! <Y?) > 0. If
A®@ P (f1(Y?)|Z}E < g(t)) > 0, then by (30) and Lemma 2.1(ii), we get that uy, (Y$) > Eluy, (§)]. By this
inequality and (31), we have uy, (Y¢) > uy, (Yg). Hence, by the fact that u;ll is strictly increasing, we have
Yy <YE O

By a similar argument, we have

1 X is the Lebesgue measure and A ® P is the product measure of A\ and P.
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Corollary 4.2. Let fo € L1 0c(D),K > 0, g(t) € H', & € Lp(Fr) and uy, (&) € LY Fr), i = 1,2. If
& < &, and BSDE(g(t),&1) and BSDE(fo(y)|z|? + K|z|,&) have the solutions (Y', Z}) and (Y72, Z?),
respectively, such that (f(f u'y, (Y{)ZLdBs)epo,r) is a martingale, and for each t € [0,T], uy, (YY) € L' (Fr)
and g(t) < f2(Y)|ZL2,i = 1,2, then for each t € [0,T], we have Y} < Y. Moreover, if P(& < &) > 0,
then for each t € [0,T], we have P(Y}) < Y?) > 0, or if A®@ P (g(t) < f2(Y})|Z}]?) > 0, then we have
Y) < Y.

Proposition 4.3. Let f; € L1 10.(D), & € Lp(Fr) and uy, (&) € LP(Fr),p > 1,i = 1,2. Let (Y}, Z}) be the
solution of BSDE(f;(y)|z|%,&), such that uy, (Y}) = Eluy, (&) F],i = 1,2, If & < &, fi < fa, and one of
the following two conditions holds

(al) there exists a constant ( € D such that & > (,

(a2) there exists a constant B such that uy, (z) > 3,
then for each t € [0,T)], we have Y+ < Y. Moreover, if P(& < &) > 0, then for each t € [0,T], we have
P(Y}! <Y?) > 0. In particular, Yyt < Y§.

Proof. We only consider the case that D = (a,00). The arguments of the other cases are similar. For n > 1,
let a,, = a+ = and uy, , (+) be the transformation uy, (-) defined with uy, (a,) = 0, ¢ = 1, 2. By Theorem 3.2(v)
and Remark 3.1(i), we have (uy, , (Y/), u}m(Y;Z)ZZ) € SP x HP.

(al) By Proposition 4.1, it is enough to prove that (f(;E u’f1 (Y2)Z2dBg)iep,r) is a martingale and
uy, , (Y?) € SP. In fact, if there exists a constant ( € D such that & > ¢, then by Lemma 2.1(ii)(v),
we have

Y? = up (Blug, (&)IF]) = up (Blug, (OF]) = ¢

Thus, there exists a constant K > 0 such that for any n > K, Y;> > a,,. Let n > K. By Lemma 2.1(iv), we
have

T T
/ Wy, (V2)[222[2ds < / [y, (V2)[222[2ds,
0 0

which, together with the fact u}, (V;?)Z? € H?, implies that ( fg uy (Y2)Z3dBs)iepo r) is a uniformly
integrable martingale. By Lemma 2.1(iv), we have uy, ,(¢) < uy, , (Y?) < uy, , (Y}?), which together with
the fact uy, , (Y;?) € SP implies uy, , (Y?) € SP. The proof is complete.

(a2) We define the following stopping time

Tn = inf{t > 0,Y? < a,} AT.

Then there exists a constant K > 0 such that for any n > K, we have 7,, > 0. Let n > K. By Lemma 2.1(iv),
we have

/ [y, (V)12 ds < / 5, (VP22 ds,
0 0

which, together with the fact v/, (Y;?)Z7 € H?, implies that (fOT"/\t uy, (Y2)Z2dB)iepo,1) is a martingale.
Since uy, (z) > B,x € D, we have 8 < uy, , (Y?) < uy,, (Y}?), which together with the fact uy, , (V;?) € SP
implies uy, , (Y?) € SP. Then by a similar argument as (30) (replace uy, and g(t) in (30) by uy, , () and

f2(Y2)|Z2|?, respectively), we deduce
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ufl,n (Y7'2”/\t) Z E[ufl,n (YTQ,L ) “Ft]'

Thanks to Remark 2.1, we have
Ufy (an/\t) > Eluy, (Yfzn)|]:t]~
Since 7, — T, as n — 0o, passing to the limit in the inequality above, we have
up, (V) > liminf Blug, (V2)|F].
Since uy, (z) > B,z € D, then by Fatou’s Lemma, we deduce

up, (V7) = B = liminf Bluy, (V7)) — 817 2 Eluy, (§2) — B1F] = Eluyp, (&) — BIF] = up, (V) — B,

n—o0

which means that
up, (Y7) = Elug, (&2)IF] = Elug, (&1)|F] = ug, (V7).
Then by similar arguments as in the proof of Proposition 4.1 above, we can complete this proof. O

Now, we will present two applications of comparison theorems. One is Proposition 4.4 which is an existence
result of bounded solutions, the other is Proposition 4.5 which is a converse comparison theorem.

Assumption (A). (i) Fp(s,w,y,2) : [0,T]xQx D x R% — R, is continuous in (y, z) for any (s,w) € [0, T] x §;
(ii) There exist a positive, locally bounded f € Lqj0.(D) and a constant K > 0, such that for any
(s,9,2) €[0,T] x D x R, |Fp(s,y,2)| < f(y)|z]> + K|z|.

Proposition 4.4. Let Fp(s,y,z) satisfy Assumption (A). If € € Lp(Fr) and the range of £ is included in
a closed interval [a,b] C D, then the BSDE(Fp(s,y,z2),£) has a solution (Yy, Z:) € 8 x H%,,10, and the
range of Y is included in [a, b].

Proof. Given § € D. Let § = &liecsy + 0lessy and & = Elyessy + 0lgecsy. By Proposition 3.3,
BSDE(—f(y)|z|? — K|z],&) and BSDE(f(y)|2|? + K|z|, &2) have unique solutions (Y1, Z1) € 8 x H%,,0
and (Y?2,2%) € 8 x H%,,0, respectively, such that the range of Y is included in [a,b],i = 1,2. Clearly,
we have & < ¢ < &. Since the BSDE(0, 0) has a unique solution (4, 0), by comparison theorems (see Propo-
sition 4.1 and Corollary 4.2), we get Y1 < § < Y2. Then by the method of Theorem 4.1 in [3], we can
prove that the BSDE(Fp(s,v,2),€) has at least one solution (Y;, Z;) € S x H? such that Y! <Y < Y?2
which implies that the range of Y is included in [a,b]. We sketch this proof. Firstly, one can show that
the reflected BSDE(Fp(s,y, 2),£) with lower obstacle Y! and upper obstacle Y2 has at least one solution
(Y, Zy, K, K, ) such that (Y3, Z;) € S x H?. Then we can further show K;" = K, = 0, which completes
this proof.
Now we prove Z;, € H% ). We define

Y

T Yy z
ug(x) ::/exp 2/f(z)dz /exp —Z/f(s)ds dz | dy, z € D.
« [e% @ «
By Lemma A.1(IT) in [3], we get that u () belong to W7,,.(D) N C*(D) and

%ﬂ;ﬁ(x) — flx)u(zx) = %, a.e. z € D. (32)
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For n > 1, we define the stopping time
t
T, =inf S ¢ > 0,/|ZS|2ds >noAT.
0

For T € Ty r, applying Lemma 2.3 to u;(Y;) on [r,7 V 7,] and by Assumption (A), we have

TVTh TV Tn
(Y0 = (Vo) + [ @ (VFD(s,Ye0 Z0) = guf(VIZ s = [ (v 2.db.
TV Tn
) ) 1
<uf(Yovr,) + / (@ (V) (K|Zs| + f(Y)1Z]%) = Sup (Vo) Zs[*)ds

TVTp

- / W} (Y,)ZsdB,

TVTp

1
<y (Vivn) + [ (PGP + 5120 )ds

TVTy TVTp

+ / (W (Vo) (V) — S} (V)| Z4[7)ds ~ / @)(Y,) ZudB,,

T T

which together with (32) gives

T™VTn TV Th
B| [ 12Pas\E | <4 [a(Vn)+ [ K0 Pds - a7

Since Y is bounded and u¢(x) € C*(D), by Fatou’s lemma, we have

T TN Tn
E /|ZS|2ds|]-'T < liminf £ /|Zs\2ds|fT <K,

T

where K is a constant independent of 7. Thus, Z; € H% 0. The proof is complete. O

Proposition 4.5. Let f1, fo € L1,10.(D), and let both be local Lipschitz continuous and satisfy a linear growth
condition. For ¢ € Lp(Fr) whose range is included in a closed subset of D, let (Y5, Z5%) € 8 x HE 0
be the solution of BSDE(f;(y)|z|?,€),i = 1,2. If for all such & and each t € [0,T], we have Yf’l > Yf’2,
then for each a € D, we have f1(a) > fa(a).

Proof. For each m > 1, set

O :={a€D: fi(a) < fala) — %}

Since f1 and fo are both continuous, if f; > f; does not hold true, then we will get that there exists a
integer n > 1, such that A\(6,,) > 0, where ) is the Lebesgue measure. For a € ©,, and § € R? (§ # 0), we
consider the following two SDEs
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t

i
Y;‘/i :a_/fz(ysz)|6|2ds+/6stv 1= 172 (33>
0 0

Since f1 and fy both are local Lipschitz continuous and satisfy a linear growth condition, the SDEs in (33)
both have unique solutions Y} € 8% and Y;? € §2, respectively. Clearly, ©,, is an open set, which means
that there exists a constant K > 0 such that [a — K,a + K] C 6,,. We define the stopping times

Tt ::inf{tz():Yti%(a—K,a—l—K)}/\T, i=1,2;
1
3= inf{tZO:fl(Ytl) ng(Yt2)2n}/\T;

=7 ATEATS

Then we have a — K <Y} <a+ K,i=1,2, P(r > 0) =1 and fo(Y?) — f1(Y}) > 5,5 € [0,7]. Thus by
(33), we have

T

1
Yl - v2= / (FoY2) =~ (Y2)I3Pds > o 1oPr >0 (34)
n
0
Set
i Y:, tel0,7] i 5, telo,7] .
= ) = =1.2.
Ye {Y;, te(rn1)] {0, te(rnr] '

We can find that BSDE(f;(y)|z|?,Y;) has a solution (y;, z{) € S x H%,,, and the range of y; is included
inla— K,a+ K], i =1,2. Let (y},2) € 8 x H%,,0 be the solution of BSDE(f2(y)|z|?,Y;}) such
that the range of y; is included in [a — K,a + K|. Then by Lemma 2.1(i), it is not hard to check that
(f(;f ', (y2)2LdBs) o, is a martingale and uy, (y;) € SP, i = 2,3. Then by (34) and the strict comparison
theorem in Proposition 4.1, we have

a=y2 <y
By the assumptions of the proposition, for any £ € Lp(Fr) whose range is included in a closed subset of

D, we have Yf’l > Yf’2. Thus we have y3 < yb = a, which together with the above inequality induces a
contradiction. The proof is complete. O

5. Application of BSDE(f(y)|z|?, ¢) to PDEs
In this section, we will give an application to the following quadratic PDE

{ Ow(t, ) + Lo(t,z) + f(v(t,z))|o*Ve(t,x)|> =0, (t,z)€[0,T) x R4, (35)

v(T,z) = g(x), =€ RY,

where f € L1 1o.(D), g(x) : R — D, and L is the infinitesimal generator of the solution X%* of SDE

Xb* = x—|—/b(7‘, Xf.’“")dr—!—/o(r, Xb*)dB,, » € R, s < [t,T),

t t
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where b: [0,T] x RY+— R4, o :[0,T] x R — R¥?. L is a second order differential generator given by

1 d 82 d 0
o= 5 ”2::1(00 )i,i(s, ) D0.0s, + ;bl(sygj)a

Assumption (B). (i) f(-) is continuous and nonnegative, and g(-) is measurable;
(ii) ur(g(-)) is continuous and has a polynomial growth;
(iii) b(t,-) and o(t,-) are uniformly Lipschitz continuous and have linear growth.

Let Assumption (B) hold. By Theorem 4.4 on page 61 in [15], we have for each p > 1, X}’I € LP(Fr),
which implies for each p > 1, uf(g(X%")) € LP(Fr). Then by Theorem 3.2, the following Markovian BSDE

T T
yhe :g(Xfp’x)+/f(Y}’”3)|Zﬁ’I|2dr—/fo”dBr, s€t,T), (36)

S S

has a unique solution (Y%, Zb%) € S x H? such that us(Y5®) = Elup(g(X5"))|Fs]. Set v(t, x) := V"
Then we have the following Theorem 5.1.

Theorem 5.1. Under Assumption (B), v(t,x) is a viscosity solution of PDE(35).

Proof. By Assumption (B), (36) and Theorem 3.2(v), we get that the Markovian BSDE(0, us(g(X+"))) has a
unique solution (yo«, 20%) = (uy (V") wp (Y)*)Z5") € SP x HP,p > 1. Since uy(v(t, ) = up(Y0") = yp”,
by Theorem 3.2 in [11], we get that u;(v(¢,z)) is continuous in (¢,z) and grows at most polynomially at
infinity. Using the uniqueness of the solution to the Markovian BSDE(0, u(g(X%"))), we have

uf(Yst’x> = y?x = yg,Xs"’" = uf(v<s7X£’x>)’ S [th]'

Then by Lemma 2.1(v), we get that v(¢, ) is continuous in (¢, z) and for s € [t, T,
Vi =u(s, X0). (37)

We will show that v(t,z) is a viscosity subsolution of PDE(35). Let ¢(t,x) € C%2([0,7] x R%) and (t,z) be
a local maximum point of v — ¢. Without loss of generality, we assume v (¢, z) = ¢(¢,z). If

2 t) + L6(t) + T0(t, 2o Vet 2 <0,

then by continuity, there exist 8 € (0,7 —t], ¢ > 0 and K > 0, such that for s € [t,t+ 8] and y € [z —¢, z+¢],
we have

o(5,) < 6(s0), and 20 (s,9) + Lols,) + F(0(s, )" V(s ) < K. (35)

We define a stopping time 7 = inf{s > t; | X** —z| > ¢} A (t+ ), then t <7 <t+ fand z —c < X7 <
x+e s € [t,t+ 8]. By (36) and (37), we deduce that the following BSDE

t+8 t+
Y, = v(T, Xb*) 4+ / Lir<ry f(o(r, Xﬁ’m))|27.|2dr — / Z.B,, s¢€ [t,t + 5], (39)

S S
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has a solution (Y;, Z,) = (Yo%, 1is<,ry Z5%) € S® x H?. Applying Itd’s formula to ¢(s, X5%) on s €
[, (t + B) A 7], we deduce that the following BSDE

t+p t+p
Y, = o(r, XL¥) + / —1{r<r (g—f(r, X5%) 4 Lo(r, Xf;l’)) dr — / Z,B,, se€ [t,t+ f], (40)
t

has a solution (Y;, Zy) = (¢(s A T, X0 ), Lis<r 0¥ Vad(s, X07)) € S x H2. By (38), we have v(r, X1%) <
6(r, X1%) and

t+8

[ ey (=G50 = £0(6,XE7) = 0l XEDlo" 00 XE2)P) ) 2 K 1) >0,
t

By Assumption (B)(i), we get that 7. = 1< f(v(r,X}")) is nonnegative and bounded in [t,t + f].
Thus (39) is indeed a BSDE with generator ~,|z|?, which is convex in z. Then by (39), (40) and the strict
comparison theorem (see Theorem 5 in [7]), we have v(t, z) = Y; < Y; = ¢(t, ). This induces a contradiction.
Thus v(t,x) is a viscosity subsolution of PDE(35). Similarly, we can also show that v(¢,z) is a viscosity
supersolution of PDE(35). The proof is complete. O

Remark 5.1.

e The viscosity solution of PDE(35) with f(y) = i was considered using an approximating method in
Theorem 4.5 in [4]. The corresponding weak solution problems can be found in [8], where the initial
condition corresponding to the terminal condition g(z) in PDE(35), is assumed to be bounded. It is not
hard to find that if the range of g(x) is included in a closed subset of D, then Theorem 5.1 will hold
true for any continuous nonnegative function f € Ly joc(D).

o In Theorem 5.1, f(z) is assumed to be nonnegative in order to use the convexity in the strict compar-
ison theorem (see Theorem 5 in [7]). Correspondingly, when f(z) is nonpositive, the concavity will be
obtained. Then by the strict comparison theorem, Theorem 5.1 will also hold true.

e In Theorem 5.1, we only obtain the existence of a viscosity solution. The uniqueness of viscosity solutions
to PDEs is usually obtained by using a comparison theorem (see [9] and [14], etc), but we still cannot
establish a comparison result in our case. A uniqueness result for quadratic PDEs can be found in [9] or
the Remark on page 566 in [7]. In some cases, the viscosity solution in Theorem 5.1 has a polynomial
growth. We show an example. Let D = [a,00), a € R. Since f > 0, by Lemma 2.1(vi), we have
ug(z) >  — «, which together with Lemma 2.1(ii) gives u;l(x) < o+ a. Since ug(v(t,x)) = y;'", by
Theorem 3.2 in [11], we have |us(v(t, z))| < K(1 + |z|P), for some p > 1. Then by the fact that u;l is
strictly increasing, we deduce

a<v(t,z) < K1+ |z|P) + a
which implies that v(¢,z) has a polynomial growth.
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