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properties only. To understand the contrast between distinct choices of an isotropic
Gauss map, here we study surfaces with a Gauss map whose coordinates are

gg;ﬁ(;r;isitropic space eigenfunctions of the surface Laplace-Beltrami operator. We take into account two
Gauss map choices, the so-called minimal and parabolic normals, and show that when applied
Helicoidal surface to simply isotropic invariant surfaces the condition that the coordinates of the
Parabolic revolution surface corresponding Gauss map are eigenfunctions leads to planes, certain cylinders, or
Invariant surface surfaces with constant isotropic mean curvature. Finally, we also investigate (non-
Cayley-Klein geometry necessarily invariant) surfaces with harmonic Gauss map and show this characterizes

constant mean curvature surfaces.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Let M™ be a connected n-dimensional submanifold in the m-dimensional Euclidean space E™. We say
that M is of k-type if its position vector x can be expressed as a sum of eigenvectors of the Laplace-Beltrami
operator, A, corresponding to k distinct eigenvalues, i.e., x = xg + X1 + - - - + Xy, for a constant vector xg
and smooth non-constant functions x, (¢ = 1,...,k) such that Ax; = \;x;, \; € R, [12]. Several results
concerning this subject can be found, e.g., in [3,13,17,23,25]. (See [14,15] for a survey in E™.)

In [42], Takahashi proved that a submanifold M™ in E™ is of 1-type, i.e., —Ax = Ax, if and only if it
is either a minimal submanifold of E™ (A = 0) or a minimal submanifold of the hypersphere S™~! C E™
(X # 0). As a generalization, in [26], Garay proved that if a hypersurface M™ of E"*! satisfies

—Ax = Ax, (1)
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where A is a diagonal matrix A = diag(Aq, ..., A\p41), i.e., the coordinate functions of M™ are eigenfunctions
of A with possibly distinct eigenvalues, then it is a minimal hypersurface or an open piece of either round
spheres or generalized right spherical cylinders. If an immersion satisfies Eq. (1), the submanifold is said
to be of coordinate finite-type [28]. Very recently, Senoussi and Bekkar studied helicoidal surfaces in E3
of coordinate finite-type [39]. Furthermore, coordinate finite-type submanifolds in pseudo-Euclidean spaces
have been studied in [1,8,27].

On the other hand, coordinate finite-type submanifolds in Cayley-Klein spaces equipped with a degenerate
metric have taken attention of many geometers. For example, in Galilean and simply isotropic spaces, see
[44,45] and [4,9-11,30-33], respectively. In particular, we mention the classification of revolution [31] and
helicoidal [32] surfaces in isotropic 3-space.

The notion of finite-type submanifolds were generalized by studying the so-called submanifolds with
finite-type Gauss map in [16,17]. In particular, a submanifold of (pseudo-)Euclidean space has 1-type Gauss
map if and only if its Gauss map G satisfies —AG = AG for A € R. In Euclidean 3-space, a surface with
1-type Gauss map must necessarily be a plane, a circular cylinder, or a sphere [16,29]. As a generalization
of this condition, Dillen et al. [24], Baikoussis and Blair [6], and Baikoussis and Verstraelen [7] respectively
studied revolution, ruled, and helicoidal surfaces in Euclidean space which satisfy

~AG = AG, (2)

where A = diag(A1, A2, A3). The surface is then said to have coordinate finite-type Gauss map. The theory
of Gauss map of finite-type was also extended to Lorentzian [2,18,19] and (pseudo-) Galilean spaces [45,46].

Our goal is to investigate surfaces with coordinate finite-type Gauss map in simply isotropic space I3.
However, unlike surfaces in E3, an isotropic surface normal cannot be unequivocally defined based on metric
properties only. Indeed, the most natural choice would be to define the normal with respect to the ambient
degenerate metric, which leads to the constant vector field N = (0,0, 1) pointing in the isotropic direction.
Instead, we shall consider two alternatives, either by mimicking the Euclidean approach in defining a normal
N,,, using a cross-like product or by imposing that the normal G takes values on a unit sphere of parabolic
type, see Eqgs. (8) and (11), respectively. Here, we characterize simply isotropic invariant surfaces with
coordinate finite-type parabolic G and minimal N,,, Gauss maps.

The remaining of this work is divided as follows. After preliminaries results on isotropic geometry, Sect. 2,
and on isotropic invariant surfaces, Sect. 3, we characterize helicoidal and parabolic revolution surfaces with
coordinate finite-type Gauss maps in Sects. 4 and 5, respectively. In Sect. 6, we address the problem of
characterizing (non-necessarily invariant) isotropic surfaces with harmonic Gauss maps. Finally, in the last
section, we present our concluding remarks along with suggestions for further lines of investigation.

2. Preliminaries: differential geometry in simply isotropic space

First, we would like to give a brief summary of basic definitions, facts, and equations in the theory of
surfaces in simply isotropic 3-space (see for detail Sach’s book [37]).

The simply isotropic 3-space I? arises as a Cayley-Klein geometry whose absolute figure in the 3-
dimensional real projective space P3(R) is given by {w,dy,ds, F'}. Here, homogeneous coordinates [x( :
x1 : x9 : x3] are introduced such that w : £y = 0 is a plane in ]P’3(R), dy : xg = 0 = 21 + izo and
dy : xg = 0 = x1 — iz are two complex-conjugate straight lines in w, and F =[0:0:0: 1] is a point in the
intersection d; N ds.

The group of rigid motions of I3 comes from the projectivies of P3(R) that leave the absolute figure
invariant. Introducing affine coordinates, it is given by a six-parameter group Bg of affine transformations
(2,9,2) — (Z,7,Z) in R3 given by

T =a+xcos¢p— ysin e,
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y=0b+ xsin ¢+ ycos ¢, (3)
z=c+cxr+cy+z,

where ¢,a,b,c,c1,co € R. Regarding this group of isotropic motions, they appear as Euclidean motions
onto the xy-plane. The projection of a point P(z,y,z) on the xy-plane, ﬁ(x,y, 0), is called the top-view
projection of P. Let X = (z1,22,73) be a vector in I3. If 21 = x5 = 0, then X is said to be isotropic,
otherwise it is non-isotropic. A line with an isotropic director is an isotropic line and a plane containing an
isotropic line is an isotropic plane.

Given two vectors X = (z1,x2,z3) and Y = (y1,y2,y3), the isotropic inner product is calculated by

(X,Y) = 2191 + 2y (4)
The isotropic distance between two points P; = (x4,y;,2;) with ¢ € {1,2} is defined by d(Pi, P2) =

V/(z2 —21)2 + (y2 — y1)%. If two points have the same top views, then they are said to be parallel. The
isotropic inner product between parallel points vanishes identically. In this case, we introduce the isotropic

co-distance cd((a,b,x3), (a,b,y3)) = lys — x3].

When dealing with surfaces M? in isotropic geometry we must distinguish between two cases depending
on whether the induced metric is degenerate or not. We say that M? is an admissible surface when the
metric in M? induced by the isotropic scalar product has rank 2. If M? is parameterized by a C? map
x(u',u?) = (2! (u',u?), 2%(u?, u?), 23 (u', u?)), then it is admissible if and only if X = z{23 — ziz} # 0,
where 2t = 02%/0u” and

i 2

Xijj=det| 1 "1, 5

] (sz xé ( )

As a consequence, every admissible C? surface M? can be locally parameterized as x(ul,u?) =
(u', u?, f(u',u?)): we say that M is in its normal form.

The isotropic first fundamental form I and the coeflicients of the isotropic metric tensor g;; are given by

I= gijduiduj and g;; = (xi,X;), (6)

where we are adopting the convention of summing on repeated indexes. In the normal form, the first
fundamental form becomes I = (du!)? + (du?)?.

2.1. Ezxtrinsic geometry in simply isotropic space

Unlike surfaces in Euclidean space, where we may define curvatures through the behavior of the Gauss
map defined as the unit normal of the surface, in simply isotropic space this is not possible since the normal
with respect to the isotropic metric is the constant vector field N = (0,0,1). However, the concept of
Christoffel symbols T'}; and the second fundamental form IT = h;;du‘du? are still meaningful. Indeed, for
an admissible surface it is valid det(x;,x2, N) # 0 and then, we write

Xij = I‘fjxk + hUN (7)

To write the coefficients h;; in terms of an inner product, we may take two paths. On the one hand, we may
use the Euclidean inner - and vector x products and write

X; X X2 Xoz Xgi

hi; = x;; - Ny, where N,,, = =g v 1) 8
J J X12 (X12 X12 ) ( )
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We shall call N, the minimal normal since the trace of the Weingarten-like operator —dN,, vanishes
identically. Indeed, introducing a; = x; x N, N,,, satisfies the Weingarten-like equation (as given in [37], p.
160),

8Nm hi2 hli
a] —

N AN

where g = det(g;;). It is easy to see that tr(—dN,,) = 0. (Its determinant, however, is non-trivial and gives

ag, (9)

the Gaussian curvature to be defined below.)
On the other hand, we may impose that the isotropic Gauss map should take values on a unit sphere of
parabolic type. More precisely, we first take
1 .'172 + y2

22:{(x7y,z)€]l3:z:§— 5 } (10)

as the reference sphere. (In simply isotropic space, we may have spheres of parabolic and cylindrical types
[21,37], but only spheres of parabolic type are admissible.) Then, we define the isotropic Gauss map as [20]

ot = (2 203l G ) &

from which we also define an isotropic shape operator S = —dG [20]. We shall also refer to G as the parabolic
normal. Finally, the coefficients of the first and second fundamental forms can be written as

9ij = <Xi,Xj> and hij = II(Xi,Xj) = I(S(Xi),Xj). (12)

The isotropic Gaussian and mean curvatures, K and H, are respectively defined as the determinant and
trace of the shape operator —(dG): = g™ hy;:

_ hi1hay — hi, and H — 1 g11haa — 2g12h12 + g22hny

K 2 2
911922 — 912 2 911922 — g9

(13)

In order to understand the contrast between different choices of an isotropic Gauss map and to build
some intuition, here we will study surfaces with coordinate finite-type Gauss map using both G and N,,,
i.e., surfaces whose coordinates of the corresponding Gauss map are eigenfunctions of the Laplace operator.
In terms of a local coordinate system, the Laplacian A is defined as usual by

0; 70, 1 01 — g120 Oy — g120
A (\/59 J) L {81(%2 1 — 912 2) +82(911 2 — g12 1)], (14)

R AR NG

where 9; = 0/0u’ and g% is the inverse of the metric, i.e., gikgkj = 5;
Remark 2.1. The construction of the isotropic Gauss map employed above may be properly understood
in the framework of the affine differential geometry. Indeed, many properties usually associated with the
behavior of the unit normal of surfaces in Euclidean space can be extended to other contexts with the help
of the notion of relative normal [35,40]. Such construction requires the introduction of a vector field £ along
a surface M2 which is both (i) transversal to M?, i.e., £ is not tangent, and (ii) equiaffine, i.e., d¢ is tangent.
The parabolic Gauss map G is a relative normal, but the same is not true for the minimal normal N,,
since it is not equiaffine. In this latter case, we may see the introduction of the vector fields a; = x; x N as
an attempt to remedy this since N, is transversal and equiaffine with respect to the distribution of planes
span{aj,as}.
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3. Simply isotropic invariant surfaces

In this work, we will be mainly interested in invariant surfaces. Here, geometric quantities, such as the
Gaussian and mean curvatures, only depend on their values assumed along the generating curve. In addition,
the study of surfaces with coordinate finite-type Gauss map reduces to the analysis of ordinary differential
equations. (The interested reader is referred to [22] for more details on isotropic invariant surfaces.)

A 1-parameter subgroup H of the group Bg of isotropic isometries is given by a surjective continuous group
homomorphism ¢ : (R, +) — (Bs,0), i.e., ¥(0) = Id is the identity rigid motion and (s +t) = ¥(s) o (t).
(It is common to denote 1; = (t) and, despite that ¢ is not unique, we may identify H with 1 since
P(R) = H.) A surface M? is said to be invariant if there exists a 1-parameter subgroup H such that
M = (M) for all t € R. By intersecting an invariant surface with a plane, usually the zz- or the zy-plane,
we obtain a curve «, the generating curve of M, and we can then see M? as the result of continuously
moving « under the action of ;. In addition, we may parameterize M? as x(u,t) = 1 (a(u)).

For simply isotropic rigid motions what happens in the top view plane is independent from what happens
in the isotropic z-direction. Then, we may classify the 1-parameter subgroups based on their action on the
top view plane and on the isotropic direction separately [22,37]. The 1-parameter subgroups of simply
isotropic isometries can be distributed along 7 types, which are divided into two main categories:

(a) helicoidal motions, which in the isotropic direction act either as a pure translation or as the identity
map:

cos(tg) —sin(tg) 0 x1 0
teR— (x) =] sin(tg) cos(tey) O 2 |+ | 0 |; (15)
0 0 1 T3 ct

(b) limit motions (Grenzbewegungen [37]), which in the top view plane act either as a pure translation
or as the identity map:

1 0 O
T at
teR—y(x)=| 0 1 0 2o | + bt . (16)
2
cit cot 1 3 ct+ (acy + bCQ)%

The constants ¢, a, b, ¢, ¢, and ¢y are the same as those appearing in Eq. (3).

Invariant surfaces obtained from helicoidal motions will be called helicoidal surfaces while those obtained
from limit motions will be called parabolic revolution surfaces. Notice that helicoidal surfaces are foliated by
helices while parabolic revolution surfaces are foliated by isotropic circles, i.e., parabolas whose symmetry
axis is an isotropic line. In addition, we shall restrict ourselves to invariant surfaces of i-type [22], i.e., the
generating curve « comes from an intersection of the surface with the isotropic xzz-plane.

8.1. Helicoidal surfaces

Let the generating curve « be parameterized by arc-length, a(u) = (u,0,2(u)). A helicoidal surface M2
is then parameterized as

M? : R(u,t) = (ucost,usint, z(u) + ct), u > 0, (17)

c

where for simplicity we set ¢ = 1. The first and second fundamental forms of a helicoidal surface are given
by [22]
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2c dudt

I=du?+4%d¢? and 11 = 2"du? — + uz'dt?, (18)

from which follows that the Gaussian and mean curvatures are

o 62 ! + uz
K= —— and H="""", 19
u ut 2u (19)
When ¢ = 0, we say that Mg is a revolution surface.
In addition, the minimal normal is
Cc . / C /.
N,, = (—sint — 2’ cost,—— cost — z'sin ¢, 1), (20)
u u
while the parabolic normal is
G (CS' t— 2 cost,— < cost — 2’ sint 1(1 < /2)) (21)
= (—sint — z —— —z'sint,=(1——= —2")).
u u 2 u?
Finally, the Laplace-Beltrami operator of a helicoidal surface is given by
10 0? 1 9%
= (22)

T wdu ' ou? w2 ot

In particular, the Laplacian is the same for all helicoidal surfaces.
8.2. Parabolic revolution surfaces

Let the generating curve a be parameterized by arc-length, a(u) = (u,0, z(u)). A parabolic revolution

surface M?

(abyescrca) 1S parameterized as

acy + bes

M(Qa,b&ch P(u,t) = (at + u, bt, ct + th + crut + z(w)), u,b > 0. (23)

c2) :
The corresponding first and second fundamental forms are given by [22]
I = du? + 2adudt + (a® + b?)dt? and 11 = 2" du? 4 2¢;dudt + (ac; + beg)dt?, (24)

from which it follows that the Gaussian and mean curvatures are

b " 2 beo — 2 b2 "
K:(acl—i— o)z A ag e acl+(a + )z

b? b? 2b2 2b?

(25)

When ¢ = acy +beg = 0, but (a,b), (c1,c2) # (0,0), we say that M?

(a,b,0,c1,c2)
Moreover, when ¢ = ¢; = ¢o = 0, but (a, b) # (0,0), we say that M(2a,b,0,0,0) is a translation surface.

is a warped translation surface.

In addition, the minimal normal of a parabolic revolution surface is

N, = (—eit — 2/, 0z ¢ _:C2t —az

1), (26)

while the parabolic normal is

beit + b2 az —c— beot — ciu

G = (- ; .G, (27)

where
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2

t t
+ E (GCQ — bCl)Z/ _ CQ(C + Clu):| — 5 (C% + C%) . (28)

1
2 2h2 b2 252

o3 (c+cu)?  alc+cu) , ad? +b2z’2

Finally, the Laplace-Beltrami operator of a parabolic revolution surface is given by

N Y Y
b2 duZ b2 Oudt b2 o

(29)
4. Helicoidal surfaces with coordinate finite-type Gauss map

Since the top view projection of both parabolic and minimal Gauss maps coincide, we may start investi-
gating the eigenvalue problem for the first two coordinates of the minimal Gauss map N,,. Since N2, = 1,
the eigenvalue problem associated with the third coordinate of N, is trivial. On the other hand, this is not
the case for the last coordinate of the parabolic normal G. Thus, after characterizing the surfaces whose
minimal normal is of coordinate finite-type, we will also know the solutions for the first two coordinates of
the parabolic Gauss map G. After that, the strategy to complete the study of G will consist in checking
the compatibility of the eigensolutions of the first coordinates {G', G} with the eigenvalue problem for the
last coordinate G3.

4.1. Helicoidal surfaces with coordinate finite-type minimal normal

The Laplacian of the minimal Gauss map N,,, of a helicoidal surface is

7 " 2. 1m

/ 2 /
Z —UuU"zZ N —ux Zz —Uu-z
AN,, = cost
m 2 ? 2
u u

"
Y2 sint, 0) . (30)

Now, we would like to classify helicoidal surfaces given by Eq. (17) in I? satisfying the coordinate finite-
type equation (2):

The corresponding eigenvalue problems become

UQZ/// + uz! — z/)

5 :Al(gsintfz’cost)

cost(
U

u

and

w22 4oy — Z’)

5 :Ag(—fcost—z’sint).

sint(
u

u

Now, using that {cost,sint} is a set of linearly independent functions, we have the following equations for
)\1 and )\22

>\ ¢ 5 == 1,2 (32)
1=
’U,2Zl” + uz e (1 - )\Zu2>zl - O

Analyzing all possibilities, we have the following classification of helicoidal surfaces whose minimal normal
N, is of coordinate finite-type.

Theorem 4.1. Let M2 be a helicoidal surface with coordinate finite-type minimal Gauss map N,,,. Then, M?
belongs to one of the following families:
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0.0 0.5 1.0 1.5
u

Fig. 1. Helicoidal surfaces with harmonic minimal Gauss map N,, according to Theorem 4.1. These surfaces have constant mean
curvature. (Left) Plot of z(u) = zo + z1u? + z2 Inu; (Right) Plot of the corresponding helicoidal surface. (In the figure, u € (0, %)7
te(0,4m),c=1,20=0,2 =1,and z0 = 1.)

Yo

1.0f =<
0.5 y 3

0.0 \\\‘ ',/”_X\ J

-0.5 it

-1.0

0 2 4 6 8 10 0.0 0.5 1.0 1.5 2.0
N1Alu 1/ [Alu

Fig. 2. Curves leading to revolution surfaces with coordinate finite-type minimal normal N,, according to Theorem 4.1. (Left) Zero
order Bessel functions of the first and second type, Jo and Yo, respectively, whose corresponding revolution surfaces have A > 0;
(Right) Zero order Bessel functions of the third and fourth type, Ip and Ky, respectively, whose corresponding revolution surfaces
have A < 0.

(1) If c#0, then \y = A2 =0 and
2(u) = 20 + 21u% + 23 Inw, (33)

where z; is a constant (i =0,1,2). (See Fig. 1.)
(2) If ¢ =0, we have one of the following three cases below

(a) If \y = Ao =0, then
2(u) = 20 + 210 + 22 Inw, (34)

where z; is a constant (i = 0,1,2).
(b) If \1 = Ao = X #0, then
( ) 20 + leo(ﬁu) + ZQYO(\/XU) if A>0 (35)
zZ\u) = )
Zo+21]0(\/ —)\u) +ZQK()(\/ —)VU,) Zf A<O0
where z; is a constant (i = 0,1,2) and Jy, Yo, Iy, and Ko are the zero order Bessel functions of the

first, second, third, and fourth type, respectively. (See Fig. 2.)
(c) If \1 # As, then z(u) is a constant function.

Proof. Case (1): From Eq. (32), it is immediate to see that if ¢ # 0, then A\; = Ay = 0. Therefore, the
corresponding solution for z is
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2(u) = 20 + 21u* + 22 Inw (36)
for some constants zg, z1, 22. (See Fig. 1.)
Now, let us assume that ¢ = 0. We have to consider the three possibilities for the values of A; and As as
follows:

Case (2.a): If Ay = Ay = 0, then the solution is the same as in case (1).
Case (2.b): If A1, Ay = X\ # 0, then the eigenvalue problems become

u? 2" 4 u2 — (1= ?)z =0. (37)
Now, by defining f = 2/, the above equation turns into the following ODE

W +uf — (1 - ?)f =0. (38)
Now, to solve this equation we consider on two cases according to the sign of A\ as follows:

o First case, let A > 0. Then, by taking v(u) = v Au in Eq. (38), we are led to the Bessel ODE of first
order

whose solution is [36]
f(v) =c1J1(v) + c2Y1(v). (39)

By integrating the first and the second kind Bessel functions of order 1 and by also considering v(u) =
VAu and 2 = f, we get the solution of Eq. (37) as

2(u) = 20 + 21Jo(VAu) + 22Yo (VAw),
where z; = constant.

e Now, let A < 0. As in the previous case, by taking v(u) = v/—Au in (38), we are led to the modified
Bessel ODE of first order

V1 () +uf' () = (1+0%) f(v) =0,
whose solution is [36]
f) =calhi(v) + ca K (v).

By considering f = 2/, v(u) = v—Au and the Bessel functions, we get the solution of Eq. (37) as
z(u) = 2o + z21lo(V=Au) + 22 Ko(vV/—Au), where z; = constant.

Case (2.c): If A\; # \a, then subtracting u?2"" +uz" — (1—X\u?)2’ = 0 from v?2" +uz"” — (1= Xu?)z’ =0
gives

(A — A)u?z’ =0. (40)

Hence, since A\; — Ay # 0, we get z(u) = zp constant. O
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4.2. Helicoidal surfaces with coordinate finite-type minimal normal with prescribed boundary conditions

Notice that if the minimal normal is harmonic, AN,, = 0, then it follows from Eq. (19) that the
corresponding helicoidal surface has constant mean curvature H = 2z;, while the Gaussian curvature is
K =423~ #(02—1—23). Then, by approaching the screw axis, i.e., u — 0, we have K ~ —# — —oo while away
from it, i.e., u > 1, K ~ 422. Asymptotically, we have H? — K ~ 0 for u > 1 and consequently, M2 should
behave as a totally umbilical surface: as a plane if M2 is minimal, i.e., if z; = 0, or as a sphere of parabolic
type if otherwise. In fact, in terms of the position vector R(u,t) = (ucost,usint, zg + z1u? + z2 Inu + ct),

1 1
u>1,te(0,2m) = M? ~ {(x,y,2): 2 = 2—p(I2 +4%)}, where p = I

On the other hand, assuming A\; = Ao = X # 0, i.e., N,, is not harmonic, we must have ¢ = 0 and we
may use the known expressions for the asymptotic behavior of Bessel functions [36] to deduce that near the
revolution axis, 0 < u < 1, we have z(u) ~ wp + wy ln(\/Wu) for some constants wg, wi: wy = 22y /7 if
A >0 and w; = —z if A < 0. Finally, far from the revolution axis, u > 1, we have (see Fig. 2)

zo—i—zl,/ﬁcos(\/}u—§)+zg1/ﬁsin(\/xu— T if A>0

1 V= T —v/—u : '
Zo+21—me +z24/—2\/7—)\ue if A<O

From the expressions above, we conclude that

z(u) ~

Proposition 4.1. Let M2 be a helicoidal surface with coordinate finite-type minimal Gauss map N,,,. Assume
that M2 is not a plane. We have

(1) If M? is bounded near the screw azis, 0 < u < 1, then A\; = A2 = \ and

Zo+2’1=]0(\f>\u) if A>0
z(u) = 20 + 21 u? if A=0, (41)
Zo—l—zllo(\/ —)\u) if A<O0
where z; is a constant (i = 0,1) and Jy and Iy are the zero order Bessel functions of the first and third

type, respectively. (If X # 0, then ¢ =10.)
(2) If M2 is bounded at infinity, u > 1, then \; = Ay = \ and

(42)

( ) - ZO+21JO(\/XU>+ZQYO(\/XU> if A>0
A= zo+z2Ko(ﬂu) if A<O0 ’

where z; is a constant (i = 0,1,2) and Jy, Yo, and Ky are the zero order Bessel functions of the first,
second, and fourth type, respectively.
(3) If M? is bounded near the axis and at infinity, then A\1 = Ay = X\ > 0 and

2(u) = 2o + 21 Jo(VAu), (43)
where z; is a constant (i = 0,1) and Jy is the zero order Bessel function of the first type.

Other common boundary conditions to impose are homogeneous or periodic conditions, i.e., z(a) =0 =
z(a+ L) or z(a) = z(a +nL), Vn € N, for given parameters a > 0 and L > 0, respectively. We are not
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going to exactly solve these boundary conditions problems here, but notice that from the general solutions
in terms of {1,u?,Inu} when A = 0 or in terms of Bessel functions Jy, Yy, I, and Ky, when X # 0, we can
see that in order for z(u) to satisfy the given boundary conditions mentioned above we should necessarily
have A > 0. This also implies that ¢ = 0 and, consequently, the associated surface is a surface of (Euclidean)
revolution around the z-axis.

To finish the analysis of helicoidal surfaces with coordinate finite-type minimal normal, let us impose
mixed boundary conditions.

Proposition 4.2. Let M? be a helicoidal surface with coordinate finite-type minimal Gauss map N,, and
generating curve a(u) = (u,0, 2(u)). Assume that M? is not a plane. If M? is bounded near the screw azis,
0<u<1,and z(L) =0 for a given L > 0, then up to translations along the z-direction

7.L2
2(u) = 21Jo (VA 1), Ap = 75 (44)

where z1 is a constant, Jy is the zero order Bessel function of the first kind, and 0 = ug < up < -+ < Uy, — 00
are the zeros of Jy.

Proof. Since we are demanding the solution z(u) to be bounded near v = 0, the function z(u) has the
form given in Eq. (41). For simplicity, we may set zyp = 0 and, therefore, we should also assume that
21 # 0. (Geometrically, zg is associated with a translation of M2 along the z-direction.) Since we should
have z(L) = 0, we see that A > 0. Finally, this boundary condition leads to

2(L) = 21 Jo(VAL) = 0 & VAL = u,,, (45)
where 0 = ug < u3 < --- < u, — oo are the zeros of Jy, see [36]. O
4.8. Helicoidal surfaces with coordinate finite-type parabolic Gauss map

On Theorem 4.1, we investigated the eigenvalue problem for N,,. The problem for the third coordinate
of N, is trivial, but the solutions for the first two coordinates can be applied to the parabolic Gauss map
G. The strategy now consists in checking the compatibility of the solution for the first two coordinates G*
and G? with the last one G3.

The Laplacian of a helicoidal surface given in Eq. (22), when applied to G2, in the last coordinate in
Eq. (21), gives

202 Z/Z//
3 _
AQG = —? - w — (ZIZ//)/. (46)

Notice that for A\; = 0 or A2 = 0, but not A\; = A2 = 0, from (32) we necessarily have ¢ = 0 and z(u) = 2o
constant. Then, the parabolic Gauss map (21) is G = (0,0, 3) and it follows that in order to satisfy
—A(GY G?%,G?) = (MG X\aG? \3G3) we must have A\3 = 0. (Here, the arbitrariness of A\; or Ay comes
from the fact that the corresponding coordinates of G vanish identically.) In the following theorem we shall
only consider the cases where A\ = As.

Theorem 4.2. Let M? be a helicoidal surface given by Eq. (17) whose top-view projection of the parabolic
Gauss map G is of coordinate finite-type as described in Theorem 4.1 with \y = Xo. In addition, if the third
coordinate of G is an eigenfunction of the Laplacian, —A G = X\3G3, then M? is a piece of a plane.
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Proof. Now, notice that from (46), we have

_AGS _ Z/Z// + (Z//)2 + Z/Z/” + ﬁ _ Z/Z// + UZ//Q + UZ/Z”/ g
ut u ut
(uz'2")  2c? 1 yon | 207

By considering this in (21), the eigenvalue problem for G2, i.e., —AG® = \3G3, can be rewritten in a more
convenient form as follows

1 2¢2 A 2 2
S + 5 = 73(1 _ ) (48)

Now, defining g = %(z’2 — 1), we can rewrite this eigenvalue problem as

" / 2 2 2 2
ug” +q¢°  2c c Asc 2c
T Ta T Mg dag = mugl — g —dug = S+

(49)

We now divide the proof in two main cases: (1) when A = A1 = Ao = 0; and (2) A=A = A2 #0.
Case (1): If \; = Ay = 0, then the solution of the second equation in Eq. (32) is z(u) = 20+ 21u® + 22 In u.
By considering this solution and g = $(2'? — 1) in Eq. (49) yields

A A3z3 222
ug” + g +udzg = 2 3uz} —u <73 — 827 — 2)\32122) + ;uz u_?’Q (50)
Comparison with the right-hand side of Eq. (49) leads to
)\32’% =0
’\—23 — 827 —2X\32129 =0 . (51)
A+22=0

From the last expression, we deduce that we must have zo = ¢ = 0. Using this in the first and second
expressions leads to A\3zf = 0 = A3 — 1627, from which we conclude that A3 = 2; = 0. In conclusion, the
eigenproblems for G and G? described in Cases (1) and (2.a) of Theorem 4.1 put together with the problem
G3 lead to A3 = 0 and z(u) = z.

Case (2): If Ay = Ay = A # 0, then from (32) we have ¢ = 0. By considering this result in (49), we get

ug” + g + A3ug = 0. (52)

If A3 = 0, then we must have ug” + ¢’ = (ug’)’ = 0 whose solution is g = a2 In u+ay. This solution, however,
is only compatible with a general solution in terms of Bessel functions as in Case (2.b) of Theorem 4.1 if
z1 = z2 = 0 and a; = az = 0. In other words, z(u) = 2.

Now, if A3 # 0, we must solve Eq. (52), where g = %(z’ 2 — 1), and compare the corresponding solution
for z(u) with that of Case (2.b) of Theorem 4.1. Adopting the coordinate change v = v(u) = \/|As]u, the
differential equation for g = g(v) is

v?g" (v) + vg' (v) + v?g(v) = 0. (53)

Therefore, g is a combination of the Bessel functions {Jy(vAzu),Yo(v/Azu)} if A3 > 0 or {Ip(v/—A3u),
Ko(vV/—=Aszu)} if A3 < 0. Notice, in addition, that A = Ay = A9 and Az should have the same sign, otherwise
we would have solutions for z(u) involving functions of distinct types.
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First, let us assume that A\, A3 > 0. From the solution for z(u) given in (35) in terms of A > 0, we deduce
212 = 2Z2NT2(V ) + 2212 M (VAW Y (V) + 220V (V). (54)

If there were values for A\ and A3 leading to compatible solutions, then we would be able to write the
above expression in terms of the Bessel functions Jy and Yj since we need that g = (2'? — 1)/2. However,
this is not possible. For example, J? necessarily involves Bessel functions of other orders in addition to
Jo. Indeed, from 1 = JZ(u) + 2307 J2(u) and Jo(2u) = JZ(u) + 2> 0, (—1)"J2(u) [36], we can write
JE(w) = 1 — 1Jo(2u) — 3207, J3, 1 (u). (The corresponding expressions for Vi (u)Ji(u) and Y (u) involve
products J,, Y,, of higher order Bessel functions in addition to Jy and Yy.) An alternative way to establish the

incompatibility of solutions is by investigating their asymptotic behavior: from Jy (u) ~ 4/ % cos(u—5 —7%)

and Yy (u) ~ (/-2 sin(u— 5 — F), we conclude that Eq. (54) decays to zero as 1/u, while the expression for
2’2 from the solution for the equation in g decays as 1//u.

Finally, a similar reasoning also applies for the case where A, A3 < 0 by using the corresponding identities
and properties for I,, and K,,. 0O

5. Parabolic revolution surfaces with coordinate finite-type Gauss map

Since the top view projections of the parabolic and minimal Gauss maps given in Sect. 3.2 are the same,
we will proceed as in the study of helicoidal surfaces. In other words, we first investigate the eigenvalue
problem for the minimal normal. Later, these solutions can be used to fix the first two coordinates of the
parabolic normal. Finally, it remains to analyze the last coordinate of G. The strategy then consists in
checking the compatibility of the known solutions for the first and second coordinates with the eigenvalue
problem of the last one.

5.1. Parabolic revolution surfaces with coordinate finite-type minimal normal

Since the Laplacian of the minimal normal from (26) and (29) is

2 b2
T (=, 2, 0), (53)

AN, = -

the corresponding eigenvalue problems, ngan = \;N},, become

a® + b?
-

2 b2 ! L
= (et + o) and — QD) p(E oot

b3 — Cgt) . (56)

Now, using that {1,t} is a set of linearly independent functions, we have the following sets of equations for
A1 and Ag:

)\161 =0
(57)
(a2 + b2)z/// + /\1[)22/ =0

and

)\202 =0 (58)
a(a® +b2)2" + Mgb* (a2’ — ¢ —ciu) =0

Analyzing all possibilities, we have the following classification of parabolic revolution surfaces whose minimal
normal N,, is of coordinate finite type.
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Fig. 3. Parabolic revolution surfaces with harmonic minimal Gauss map N,,, according to Theorem 5.1. These surfaces have constant
mean curvature and have an implicit equation z 4 zo = zox? + 2azy + By> + 212+ vy, where a = (¢1 —2az2)/2b, B = (2a%z2 —ac1 +
bez)/2b%, and v = (¢ — az1)/b. The surfaces are (Left) Elliptic paraboloids if z28 > a?; (Center) Parabolic cylinders if 228 = o?;
and (Right) Hyperbolic paraboloids if z28 < 2.

Theorem 5.1. Let M(Qa beer,cn) D€ @ parabolic revolution surface with generating curve a(u) = (u,0,z(u))

and such that the minimal normal Ny, is of coordinate finite-type, —AgN,, = (AN}, AaN2,0). Then,

M(Qa,b,c,cl,CQ) belongs to one of the following families:

(1) If \y = Ay = 0, then z(u) = 29u® + z1u+ 29, where z; is constant and (a,b,c,c1,ca) € {c1 #0 or z(u) #
const.} N{2aze # ¢1 or azy # c}. (See Fig. 3.)

(2) If \y =0 and My # 0, then either

(a) (a,b,c,c1,c2) = (0,b,0,0,0) and 2(u) = 29u® + 21u + 2o, or
(b) (a;b,c,c1,¢2) = (a#0,b,¢,¢1,0) and z(u) = Su? + Su+ z.

(3) If \1 #0 and Ay =0, then (a,b,c,c1,c2) = (a,b,¢,0,c2) and z(u) = zp.
(4) If A1, Ao # 0, then either

(a) (a,b,c,c1,c2) =(0,b,0,0,0) and

(w) 20 + 21 cos(v/ A1 u) + 2o sin(v/ A1 u), if A1 >0 (50)
z(u) = )
20 + z1 cosh(v/—A1 u) + zosinh(v/ =\ u), if A\ <0
or
(b) (a,b,e,c1,¢9) = (a#0,b,0,0,0), Ay = Aa = A, and
20 + 21 cos(VAu) 4 2z sin(vVAu), ifA>0
z(u) = . : ; (60)
20 + 21 cosh(vV—Au) + zzsinh(v—Aw), ifA<0
Ab?
where A = 5775
Proof. Case (1): If Ay = Ay = 0, then Eqgs. (57) and (58) lead to the same solution for z:
2(u) = 20 + 21u + zou>. (61)

In order to avoid a trivial coordinate eigenfunction, i.e., N, = 0 (otherwise, \; could be arbitrary), we have
to impose ¢; # 0 or z'(u) # 0, for the first coordinate, and 2azs # ¢ or az; # ¢, for the second coordinate.

Case (2): f Ay = 0 but A2 # 0, then from the first expression of Eq. (58), we have ¢z = 0 and from
the second expression of Eq. (57), we have z(u) = 2o + z1u + 29u?. Using this information in the second
expression of Eq. (58) gives
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(2azg — c1)u+ (az; —c¢) = 0. (62)

If a =0, then ¢ = ¢; = 0 ({1,u} is linearly independent) and z(u) can be any quadratic polynomial. On
the other hand, if a # 0, then

z(u) = zo + gu + ;_ZUQ' (63)
Case (8): If Ay = 0 but A\, # 0, then from the first expression of Eq. (57), we have ¢; = 0 and from the
second expression of Eq. (58), we have z(u) = 29 + z1u + zou?. Using this information in Eq. (57) gives
Z'=0= z(u) = 2.
Case (4): If A1, Mg # 0, then from the first expressions in both Eqgs. (57) and (58), we have ¢; = ¢a = 0.
The eigenvalue problems become

b> _

2 .
az'” + )\gazb—w(az' — C) =0

Now, we have 2 sub-cases to be analyzed: a = 0 or a # 0. If @ = 0, then Ayc¢ = 0 and, therefore, ¢ = 0.
Finally, the equation for A\, gives

20 + 21 cos(v/ A1 u) + 2o sin(v/ A1 u), A >0

24N =0=z(u) = .
! () { 20 + 21 cosh(v/—Aj u) + zgsinh(v/—A1u), A1 <O

On the other hand, if a # 0, then from the first expression of Eq. (64),

( ) 20+ 21 COS(\/ A u) + 29 sin(\/ A u), if A1 >0 (65)
z(u) = ,
20 + 21 cosh(v/—Aj u) + zosinh(v/—Aju), if A <O
where A1 = Alazb—ij. Using this in the second expression of Eq. (64), we have
, cC
()\2 — )\1)2’ = g/\g (66)

If it were A\ # Ag, then we would have z(u) linear, what contradicts the expression for z(u) as a linear
combination of (hyperbolic) trigonometric functions. Therefore, we conclude that A\; = Ay, from which it
follows from the expression above that c=0. 0O

Corollary 5.1. Let M(2a bec1.ca) be a parabolic revolution surface such that the minimal Gauss map N, is of
coordinate finite-type with eigenvalues A1, Ao. If N,,, is not harmonic, then M(Qa boc1,ca) is a non-isotropic
cylinder generated by

(1) a parabola if Ay =0 or Ay =0, but not both; or

(2) a linear combination of (hyperbolic) sine and cosine functions if A1 \a # 0.

Proof. All the surfaces from the cases (2.a), (4.a), and (4.b) in Theorem 5.1 are clearly cylinders parame-
terized as

P(u,t) = (u,0, z(u)) + t(a,b,0), (67)

where z(u) is either quadratic or a linear combination of (hyperbolic) trigonometric functions. In case (2.b),
after employing the coordinate change (v,t) = (u+at, t), the corresponding surface is the parabolic cylinder
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P(v,t) = (v,0, 20 + gv + %ﬁ) +(0,,0). (68)

Finally, for the remaining case (3), the corresponding surface is a parabolic cylinder
P(u,t) = (t) + «(1,0,0), (69)

where the generating curve is the parabola §(t) = t(a, b, c) + [b%t2 + 20](0,0,1). O

5.2. Parabolic revolution surfaces with coordinate finite-type minimal normal with prescribed boundary
conditions

Notice that the spectra are continuous for all the surfaces obtained in Theorem 5.1. In fact, it is possible
to find surfaces for any given value of (A1, \2) € R2. (Notice that in cases (2.a), (2.b), (3), and (4.a) the
solutions do not depend on one of the eigenvalues, what is explained by the fact that the corresponding
coordinate of the normal field vanishes identically.) To obtain a discrete spectrum, it is necessary to impose
some sort of boundary conditions on the generating curve a(u) = (u,0, z(u)).

Proposition 5.1. Let M(2a7b)070)0) be a parabolic revolution surface with generating curve a(u) = (u,0, z(u))
and with coordinate finite-type minimal Gauss map Ny, with Ay = Xo. Let a, L > 0 be constant, it follows
that, up to translations along the isotropic direction,

(1) if we assume homogeneous boundary conditions, z(a) =0 = z(a + L), then

z(u) = (o sin (VA,(u —a))
Ab? wPn? ; (70)
An = m = 7, n e {1,2,3,}
where (o is a constant.
(2) if we assume periodic boundary conditions, Vk € Z, z(a) = z(a + kL), then

z(u) = z1 cos(V A, u) + 2o sin(v/ Ay u)
Anb? 472n? . (71)
M= @ = oneioL2..}

Proof. Without loss of generality, we may set zo = 0 in the general solutions from Theorem 5.1. (Geomet-
rically, zo is associated with a translation of the corresponding surface along the isotropic direction.)
Case (1): From Theorem 5.1 we can see that we should have A > 0 and, therefore, z(u) = 21 cos(v/Au) +
2z sin(v/Au). Now, applying the boundary conditions, we are led to the following equations
{ 21Cq + 2284 = 0 (72)
(caCL, — SaSL)21 + (SaCL + CaSL)22 0’

where ¢, = cos(v/Az) and s, = sin(v/Az). Since (z1,22) # (0,0), the above system of equations is degen-
erate and, then, the following determinant vanishes

Cq Sa

(cacr — 8aSL) (SacrL + CaSL) L (73)

Finally, since z(u) is a non-trivial solution, it follows that sin(v/AL) = 0 and that v/AL must assume the
discrete values vA,, L = nw for n =1,2,.... Now, writing (21, 22) = ({sin ¢, { cos ¢), ¢ # 0, we have
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0 =2(a) = ¢sin(v/Apa+ ¢) = ¢ = kr — /Ana, k € Z. (74)

Finally, we can rewrite the general solution as

2(u) = Csin(\/Eu + ¢r) = Csin(m(u —a)+kr)=( sin(\/ﬂ(u —a)), (75)

where (p = (—1)%¢.
Case (2): As in the previous case, here the eigenvalues should be also positive. Working with the solution

in its complex form, z(u) = coe'VA*, and applying the boundary conditions implies

oiVia _ eiﬂ(a+L) - ei\/KL -1 (76)
Then, VAL must assume the discrete values VA, L = 2nm, Vn=0,1,2,.... O

5.8. Parabolic revolution surfaces with parabolic Gauss map of coordinate finite-type

On Theorem 5.1, we investigated the eigenvalue problem for N,,. The problem for the third coordinate
of N,, is trivial, but the solutions for the first two coordinates can be applied to the parabolic Gauss map.
The strategy now consists in checking the compatibility of the solution for the first coordinates G* and G?
with the last one G3.

The Laplacian of a parabolic revolution surface, Eq. (29), when applied to G2, Eq. (28), gives

2
AGS — (a2 + b2) (Z//z + ZIZ"’) + a (a2 + b2) (C + ciu) e
N b4 X
2a[2b2 — _ 2 4 9p2,2
+ af2beq +Z4(ac1 bea)) 2" — (acy bczi 2071 + b% (a® + %) (aco — bey) 2. (77)

The analysis now will be divided into two instances. The first theorem below refers to A\; = Ay = 0
while the second refers to Ay = Ay # 0. Notice we must assume that A\; = Ao in order to avoid trivial
eigenproblems, i.e., G or G? identically zero.

Theorem 5.2. Let M?

(a,b,c,c1,c2)

be a parabolic revolution surface with generating curve o(u) = (u,0, z(u))
and whose top-view projection of the parabolic Gauss map G is of finite-type, as described in Theorem 5.1,
with A1 = Ay = 0. In addition, if the third coordinate of G is a non-zero eigenfunction, then A3 = 0,

(a,b,¢,c1,¢2) = (a,b,¢,0,0), and z(u) = zo + z1u.

Proof. Since \; and )y vanishes, we must have z(u) = 2o + z1u + zu?, which gives 2’ = 21 +229u, 2" = 225,
and 2" = 0. Noticing that the eigenvalue problem —AG? = A\3G?® can be written as a polynomial of degree
2 in t, we are led to three equations. The equations associated with ¢? and t are

%KGQ - bcl)(2’1 + 222u) — 02(0 + c1u)] -0 (78)

{ (3 +eg) =0
respectively. We have two sub-cases to consider, either A3 = 0 or A3 # 0. We are going to show that A3
must vanish.

If it were A3 # 0, then from the first expression in Eq. (78), we would have ¢; = ¢o = 0 (the second
expression would be trivially satisfied). Finally, the part of ngG‘g = A\3G3 depending on t° = 1 leads to
the equation
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(a2+b2)2 9 _ /\3

i 2T g

ac  a®+b? a2 +v 5,

b—2—b—221)u—2)\3 U (79)

2 9 2, 12
A (1_0 ac_ a +b

%) + 2 A1 02 Z%) + 2X329(

From the coefficient in w2

, we deduce that z; = 0 or a? + b = 0. Since b # 0, we conclude z; = 0 and, in
addition, it follows that the coefficient in u vanishes identically. In short, if it were A3 # 0, we would have

1 =c3 =0, z(u) = z0 + z1u, and the parabolic normal would be

azy—c 1 aczx  (a?+0%)22
G:(_zh_b 75_@"" b2 2h2 ), (80)

which is a constant vector and, consequently, it is not compatible with A3 # 0.
Now, let us assume that A3 = 0. We have to analyze the equation

_ dazz[2b%c1 + a(acy — bea)) B 423(a® + b?)? ~ (acr — bea)? + 20 c3 —0

3
AG bt bt bt

Seeing it as a degree 2 polynomial in ¢1, the corresponding discriminant D1 is

8
Dy =13 [e3 +2(a® +2b%)23] < 0.
To guarantee ¢; € R, we then have D; = 0 and, consequently, (a? 4+ 2b%)23 = 0 and c3 = 0. Since b # 0, we
conclude that ¢ = z3 = 0. Consequently, AG? becomes

a?c? + 2%

3 _
AG® = — m

=0.
Thus, a?c? = 0 and b?c? = 0 and, since b # 0, we conclude in addition that ¢; = 0. In short, Ay = Ay = 0
and A3 = 0 implies (a, b, ¢, c1,¢2) = (a,b,¢,0,0) and z(u) = zyu + 29. O

Theorem 5.3. Let M?

(a,b,c,c1,c2)
and whose top-view projection of the parabolic Gauss map G is of coordinate finite-type, as described in

be a parabolic revolution surface with generating curve a(u) = (u,0,z(u))

Theorem 5.1, with A = Ay = Ao # 0. In addition, if the third coordinate of G is a non-zero eigenfunction,
then M? M(2a,b,0,0,0) belongs to one of the following families:

(a,b,e,c1,e2) T

(1) If A3 =0, then z(u) = 2.
(2) If A3 #£ 0, then A3 = 4\ and

20 + 1/ 2 sin(vVAu+ ¢p), ifA>0
wwy={ Vi i , (81)
20+ 1/ —%sinh(vV—Au+ ¢o), fA<0

where zy and ¢o are constant and A = \b*/(a® + b?).

Proof. Since (a,b,c,c1,c2) = (a,b,0,0,0), the eigenvalue problem —A;G? = A\3G? becomes

2 2\ 2 2 2
(” al ) (2422 = 2 - S, (82)

Case (1): If A3 = 0, then 3(z'2)" = (2/2") = ("% + 2/2""") = 0, whose general solution has the form
2(u) = +52-(uou + u1)*? + uy. Unless z(u) = z, this contradicts the expression of z(u) as a linear

combination of (hyperbolic) trigonometric functions.
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Case (2): If A3 # 0, we have the equation

1 (a®+02\", 5, A, d>+b Y Agb?
i(T) ) =02 v =~
where w = azlj;bz — 1. Then, defining A3 = _3 i\b% we have

' { a2+b2 [ + wy cos(v/Az u) + wa sin(v/As u)] , if A3 >0 (3)
z =

a2+b2 [1+ w; cosh(v/—Azu) +wysinh(vV=Azu)|, ifA3<0 .

As a first consequence, A3 should have the same sign as A since the signs of A and A3 determine whether
the solution involves {cos,sin} or {cosh,sinh}. Let us first assume that A > 0. Then, we can write

2(u) = 20 4 21 cos(VAu) + z sin(VA ) (84)
and

2'(u) = —z1VAsin(VA u) + zoVA cos(VAu). (85)

Using the identities cos? z = % + %cos 22 and sin? x = % — %cos 2z, we have

= AzZsin®(VAu) 4+ Az2 cos?(VAu) + 2z 20 A sin(vVAu) cos(VAu)
2., .2
_ At A

_ L2
== 2 A A cos(2VA u) + z1 zoAsin(2VA ).

Compatibility of the solutions demands the following relations between the parameters {w;, A3} and {z;, \},
A3 =4X and 2 = \(z] + 23), (86)

respectively. Finally, writing 2o = ¢ cos ¢y and z; = ( sin ¢y, we deduce from the second equation that (? =
2/, while ¢ is an arbitrary constant. The expression for z(u) follows from sin(z+y) = sin x cos y+cos z sin y.
For the case A < 0, we can write

2(u) = 29 + 2, cosh(vV/—Au) + z; sinh(vV—Au) (87)
and
2/ (u) = 21V =Asinh(vV—=Au) + z2v/—A cosh(vV—A ). (88)
Using that cosh? z = 1 —|— L cosh 2z and sinh? z = —1 —|— L cosh 2z, we have

2 = —A2Z2sinh?(V—Au) — Az2 cosh? (V= Au) — 221 23 A sinh(v/— Au) cosh(v/—Au)

22 _ 2 22 4+ 22
— _A 2 1 A 2 1
2 2

cosh(2vV—Au) — z129A sinh(2vV —A w).

Compatibility of the solutions demands the following relations between the set of parameters {w;, A3} and

{Zi7)‘}7

A3 =4X and 2 = \(z] — 23), (89)
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respectively. Finally, writing zo = ( cosh ¢g and z; = (sinh ¢, we deduce from the second equation that
(% = —2/), while ¢y is an arbitrary constant. The expression for z(u) follows from the identity sinh(z+y) =
sinh x coshy + coshx sinhy. O

6. Simply isotropic surfaces with harmonic Gauss map

From Theorems 4.1 and 5.1 we can deduce that those surfaces with harmonic minimal normal, AN,,, = 0,
have constant isotropic mean curvature, see Figs. 1 and 3. (See [22] for the characterization of invariant
surfaces with constant isotropic mean curvature.) In this final section we show that this is valid in general.
More precisely, now we address the problem of characterization those surfaces with harmonic minimal or
parabolic Gauss map without the assumption that they are invariant.

Any admissible surface can be parameterized in normal form as the graph of a smooth function f:

x(u',u?) = (u',u?, f(ul,u?)). (90)

Then, the vectors spanning the tangent planes are x; = (1,0, f1) and x5 = (0,1, fo), where f; = df/0u’.
The minimal and parabolic normals are

N = (—f1,— o)) and G = (= fu, —fo. 5 = 557+ 3), o1
respectively. Finally, the first and second fundamental forms are
I = (du')? + (du?)? and 1T = f;;du’du?, (92)
from which we compute the shape operator, mean and Gaussian curvatures as

Bl wd K= fifo— 1 (93)

S(p) = Hess, f, H =
where f;; = 0%f /OuiOul .
Proposition 6.1. The Laplacian of the minimal and parabolic normal vector fields are given by

AN,, = (—2H;,—2H>,0) and AG = —2VH — tr(S*)N, (94)

where H; = OH/0u', VH = Hyx; + Hoxs, tr(S?) = 4H? — 2K, and N = (0,0,1) is the metric isotropic
normal.

Proof. Since the metric in normal form is the identity, the Laplace-Beltrami operator of M? is just the
usual plane Laplacian operator A = 97 + 92. Then,

AN,, = (=Af1,=Af2,0) = (= fi11 — fi22, —fa11 — f222,0)
— (—OAf, —0aAf,0) = (—2H,, —2Hs,0). (95)

On the other hand, for the parabolic normal

1 413
5= ")

= —(01Af, A f, LOIAS + 202 Af + (f11 + f22)* — 2f11faz + 2/7s)

AG = (_Afla _Af27 A(
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= (01 Af)x1 — (Oa Af)xo — [(tr S)* — 2det S]N
= —2VH — tr(SH)N, (96)

where we used that tr(S?) = (tr §)? — 2det S = 4H% — 2K. O

In Euclidean space, the Laplacian of the surface normal Ngyc is

AyNeya = —2VH — tr(S%)Neya. (97)

Thus, the Laplacian of the parabolic normal can be seen as the isotropic analog of this expression, but in
I? we have to mix together two types of normal vector fields, G and N. (As a matter of fact, the isotropic
analog of the known expression for the position vector of a surface in E3, namely A,x = 2HNey, is given
by Agx = 2HN [38].) On the other hand, the minimal normal allows us to characterize constant mean
curvature isotropic surfaces.

Theorem 6.1. Let M? C 12 be an admissible surface, then

(1) The minimal normal N, is harmonic, AN,, = 0, if and only if M? has constant isotropic mean
curvature;

(2) The parabolic normal G is harmonic, AG = 0, if and only if M? is a piece of a plane.

Proof. Case (1): notice that AN,, =0« H; =0 and Hy = 0.

Case (2): here AG = 0 & VH = 0 and tr(S?) = 0. Since tr(S?) = (f11)? + 2(f12)? + (f22)?, then
tr(S%) = 0 if and only if f;; = 0. This last condition is equivalent to f(z,y) = Az + By + C, for some
constants A, B,C. 0O

7. Concluding remarks

In this work, we pointed to the fact that in I® there are more than one meaningful way to define a Gauss
map. To better understand this issue, we studied invariant surfaces with coordinate finite-type Gauss map
by choosing either the minimal N, or the parabolic G normal, Egs. (8) and (11). For N,,,, this generically
led us to (at least 4-parameters) families of invariant surfaces in Theorems 4.1 and 5.1. On the other hand,
for G, the same condition is much more restrictive: we only have planes and certain trigonometric cylinders
in Theorems 4.2, 5.2, and 5.3. It is worth comparing these results with their Euclidean counterparts. When
applied to invariant surfaces in E3, the coordinate finite-type condition leads to circular cylinder and spheres
[6,7,24] only, in contrast to what happens in isotropic space where we may have very distinct classes of
solutions depending on the choice of the Gauss map.

It remains to attack the same problem without the hypothesis of invariance. In this respect, it would be
interesting to look for examples in other classes of surfaces, such as translation [4,8-10,41] and factorable
[5] surfaces. Here, we were only able to characterize non-necessarily invariant surfaces with harmonic Gauss
map. This led us to constant mean curvature surfaces for N,,, and planes for G, Theorem 6.1. It is worth
mentioning that it is also possible to characterize constant mean curvature surfaces in E? by using their
Gauss map by relaxing the eigenvalue equation in allowing it to be satisfied pointwisely [34,43], see Eq.
(97). Thus, we may naturally ask how much can we enlarge the class of solutions by studying surfaces with
pointwise finite-type Gauss map in I3.
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