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1. INTRODUCTION

This paper is concerned with a reaction-diffusion competitor-competitor-
mutualist system,

u aru
uy — djAuy = g1u1<1 - a—l - 1+2—azu>
1 3U3

uy, — drAu, = g2u2<1 —byuy — %) in O x RT (1.1)
2
u
uz, — dzAuz = g3u3 (1 - c1+—3(:2u1)’

with Dirichlet boundary conditions

u(x,6)=0 ondQ xR, i=1,2,3, (1.2)
and the initial conditions

u;(x,0) = uy(x) on{), i=1,2,3, (1.3)

where u;(x,t), u)(x,t), and wus(x,t) represent the populations of a
mutualist-competitor, a competitor, and a mutualist, respectively, ) C
RY (N > 1) is a bounded domain with C?>**-smooth (0 < a < 1) bound-
ary, d; = d;(t)(i = 1,2, 3) are strictly positive smooth T-periodic (7 > 0)
functions, and a; = a;(x,t), b; = bi(x,1), ¢; = ci(x,t), g = gi(x, 1)
(i = 1,2, 3) are positive smooth functions on  x R which are T-periodic
in t. The periodicity of coefficients models seasonal fluctuations. We
are interested in the existence of positive 7-periodic solutions of system
(1.1)-(1.2) and the asymptotic behavior of positive solutions of system
(1.1)-(1.3).

The O. D. E. problem associated with (1.1)-(1.3) was proposed and stud-
ied by Rai et al. in [11]. In [16] Zheng studied problem (1.1)-(1.3) as well
as the Neumann problem in the case where all coefficients are constant.
He proved the existence of semitrivial nonnegative equilibrium solutions
and discussed the asymptotic stability of both such solutions and the triv-
ial equilibrium solutions. For the system (1.1) with T-periodic coefficients,
Tineo [13] studied the homogeneous Neumann problem and considered the
asymptotic behavior of positive solutions. Recently, Du [6] investigated the
existence of positive T-periodic solutions of the Dirichlet problem by using
degree and bifurcation theories, and Pao [8] proved the existence of max-
imal and minimal T-periodic solutions of the Dirichlet problem by using
the method of upper and lower solutions. However, these authors did not
consider the asymptotic behavior of general positive solutions of system

(1.1)~(1.3).
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Asymptotic behavior of solutions of a population dynamical system is
intimately connected, in a certain sense, to equilibrium solutions of the
system. In recent developments in mathematical ecology, in addition to
the classical Liapunov stability, some Lagrange stability concepts, such as
persistence and extinction, have been drawing increasingly wide attention
of investigators (cf. [7, 12]). Recall that a species with density u(x, ¢)(x €
Q, t > 0) is said to be persistent if u(x, ) > 0 for all x € Q, ¢ > 0 and
liminf, ,  u(x,¢) > 0 for all x € (), and a system of several species is
said to be persistent if all species are persistent; a species with density
u(x,t) (x € Q, t > 0) is said to be extinct if lim,_, ., u(x,¢) = 0 for all
x € , and a system of several species is said to exhibit extinction if at least
one species is extinct.

In this paper, following some ideas of Ahmad and Lazer [1], we study
the asymptotic behavior of solutions of system (1.1)—(1.3). We shall prove
that under certain conditions this system is persistent and under some other
conditions it exhibits extinction or, more exactly, the species of mutualist
extincts.

For i =1, 2, 3, let A(d;, g;) be the principal eigenvalue of the periodic
eigenvalue problem

i —diAp; — g0, = Xiop; in QxR
;=0 on JQ) x R (1.4)
¢:i(x,0) = ¢;(x, T) inQ, i=1,2,3

Then A;; = A(d;, g;) is real and its corresponding eigenfunction ¢; is either
positive or negative in () x R (see, e.g., [3]). We always choose positive ¢;
and normalize it so that max¢; = 1 in Q@ x R. And, for a given bounded
function f: O x R — R, we denote by f,(resp., f; ) the supremum (resp.,
infimum) of f on Q x R.

Our main results are the following Theorems 1 and 2.

THEOREM 1 (Coexistence). Assume that

Ay < —&im%mboy (1.5)
Ay < —&omA1mbim- (1.6)

Assume further that Ay; < 0. Then system (1.1)-(1.2) admits two positive
T-periodic solutions (uy,, uy, us,) and (uy, u,,, u3) such that for any positive
T-periodic solution (u,r, Uyr, usr) of system (1.1)—(1.2),

w, <wgr<uf, onQxR, i=1,23. (1.7)
Moreover, if (uy, u,, us) is a solution of system (1.1)-(1.3) and

up(x) =0 (£0) inQ and up loo=0, i=1, 2,3,
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then for any € > 0, there exists corresponding t. > 0 such that
up(x, 1) —ep; < uy(x, t) <ui(x,t) +ep; (i=1,2,3) (1.8)
forall x e Qand t > t..

COROLLARY 1. Under the assumptions of Theorem 1, any trivial and
semitrivial equilibrium solutions of system (1.1)-(1.2) are unstable.

THEOREM 2 (Extinction of u3). Assume that (1.5), (1.6) hold. Assume
further that A3y > 0. Then problem (1.1)-(1.2) has semitrivial equilibrium
solutions (uy,, u5,0) and (u3, u,,, 0) such that

0<uy <uf on ) x R.
Moreover, if (uy, u,, uy) is a solution of system (1.1)-(1.3), and
ujp(x) >0 (£0) inQ and Up lso=0, i=1,2,3,
then for any € > 0, there exists corresponding t. > 0, such that
up (X, 1) — €9; < u(x, 1) < u7(x, 1) + €, (i=1,2)
uz(x, 1) < €g3
forall x e Qand t > t..

Remark 1. When a3 = 0, the system (1.1) reduces to the classical Lotka—
Volterra competition model which has been investigated by many authors
(see [1, 8]).

2. PRELIMINARIES

For 0 < a < 1, denote
E — C2+a,l+a/2(§ x R+),
F={we C**"2(Q x R): w = w(x, 1)
is T-periodic in ¢ and w |9, g= 0}.

By a classical solution of system (1.1)-(1.3) we mean a vector function
(uy, Uy, uz): Q x RT — E3 satisfying (1.1), (1.2), and (1.3), and by a clas-
sical T-periodic solution of system (1.1)-(1.2) we mean a vector function
(uy, uy, uz): O x R— F? satisfying (1.1) and (1.2).
Consider the logistic problem
u, —dAu=u(a—bu) inQxR" (2.1)
u(x, 1) =0 on 9Q x R* (2.2)

u(x,0) = uy(x) on (, (2.3)
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where d is a strictly positive smooth T-periodic function, and a and b are
positive smooth T-periodic functions on ) x R. The following result is
more or less well known [1,15], and we omit its proof.

Lemma 1. (1) If A(d, a) < 0, then problem (2.1), (2.2) has exactly one
positive classical T-periodic solution 0[d, a, b] = 0[a, b] such that

0 < 6[a,b] <(a/b)y in O x R. (2.4)
Furthermore, if u(x, t) is a solution of (2.1)-(2.3), then

tlim | 6[a, b] — u(x,t) |=0

uniformly for x € Q, where u |, g+= 0 and u(x,0) >0 (% 0) in Q.

(2) The problem (2.1), (2.2) has no nontrivial solutions, if and only if
M(d, —a) = 0.

To derive the global asymptotic behavior of solutions of (1.1)—(1.3), the
following result will play an essential role [5, 14].

LEMMA 2. If u(x), v(x) € C'(Q), u |;0= v |;0=0, v(x) > 0 for x € Q
and 2 |,0< 0, where - represents the outward normal derivative on ), then
there exists a positive constant K such that u(x) < K v(x) for all x € Q.

LemmA 3. IfA(d,a) <0,a < A,and 0 < B < b, then 0[a, b] < 6[ A4, B].

Proof. By Lemma 2.2 of [3], we have A(d, A) < 0. By Lemma 1, we
can choose a number y > 0 such that (£ — dA + y)6[A4, B] > 0. Since
0[A, B] = 0 on dQ) x R, by the extended parabolic maximum principle [10],
’79[;1’3 ! lsaxr < 0. Thus, by Lemma 2, there exists a sufficiently small & > 0
such that 6¢(0, x) < 6[A4, B] |,—o and 6by, < —A(d, a), where ¢ is the
principal eigenfunction of ¢, — dA — a with Dirichlet boundary condition for
the space variable and 7-periodic condition for the time variable satisfying
maxg,g $(x, 1) = 1.

It is easy to verify that 6] A, B] and ¢ are B-related upper and lower
solutions [2, Remark 5.5] of the following problem:

u, — dAu = u(a — bu)
U lp0xr=0, u(x, t+T) = u(x,t).

Thus by Lemma 1.2 of [2] we have §¢(x) < 0[a, b] < 0[ A, B].

From Lemma 1 and Lemma 3 we can easily obtain the following result.
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LEMMA 4. Assume that Ay < 0 and
Ay < —Aits (2.5)
aipbim8om < =y (2.6)

If (uy, uy, u3) is a classical positive T-periodic solution of (1.1), (1.2), then
for (x,t) € Q xR,

0<6 d1>g1(1_a202)>& <up < O[dl,gl,&] =0,
L a]_ (ll
[ g ] & | _

0<0|dy, g&(1 —by6,), b, U = 9[d2,g2a b_] =0, (2.7)
L i 2

[ 83 [ 83
0<0|d;, g5, >=| < <0|d;, g3, ————— | = 65.
= L 383 C1:|_u3_ L 383 (Cl+0291):| :

Remark.  Assume that (1.5) and (1.6) hold. Then (2.5) and (2.6) hold.

By Theorem 5.3 of [14] or, equivalently, the main results of [9], we have
the following existence-comparison result.

LEMMA 5. Assume that U; > 0, V; > 0 (i = 1, 2, 3) are smooth functions
on Q x [0, 00) such that (U, V5, Us;) satisfies the inequalities

a,V;
Uy, > d,AU; +e‘>’1U1<1 —U/a; — L)

1+Q3U3
|12

Vi <oV + gob3(1- 6,0, - ) 28)
2

U, > d;AU; + U(l— Us >

3t = a3AU3 T §3U3 o+ oU,

in Q x (0, 00) and (V;, U,, V3) satisfies the corresponding reversed inequali-
ties. Assume further that U; =V, = 0 on Q) x (0, 00) and Vi(x, 0) < u;p(x) <
U.(x, 0) on Q. Then for any positive smooth initial functions u, > 0( 0)(i =
1,2, 3), the problem (1.1)—(1.3) has exactly one classical solution (u,, u,, us)
and

Vi<u; < U, in Q x (0, 00). (2.9)

(U, Uy, Us)(resp. (V1, Vi, V3)) is called an upper (resp. a lower) solution of
the problem (1.1)-(1.3).
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3. PROOFS OF THEOREMS

Proof of Theorem 1. In this section, we always assume that 6 > 0, r > 1,
and

8¢;(x,0) < 6; |, (3.1)

S¢1/ay + ayroy/(1+ azd¢3) < —Ay1/81, (32)
bir6; + 8¢y /by < =231/, (3:3)

S¢3/(c1 + ¢20@1) = —A31/83, (3:4)

where ¢; is the principal eigenfunction of (1.4) satisfying maxg. g ¢(x, t) =
1. Such choices are obviously possible because A3;; < 0 and (1.5), (1.6) hold.
To prove Theorem 1, we proceed in several steps.

Step 1. First we consider the solution of system (1.1)-(1.3) with the
following initial conditions:

8
uyo(x) =r0|:d1,g1, 1] li=0>

a
Uy (x) = 8¢y(x, 0),

uz(x) = "9|:d3, 835 ﬁ}

From (3.1)—(3.4) we know that 8(¢,(t, x), @,(t, x), ¢3(¢, x)) (resp. (6, 6,,
63)) is a subsolution (resp. supersolution) of problem (1.1)-(1.3). There-
fore, by Lemma 5, there exists a unique global classical solution (u,, u,, u3)
of problem (1.1)—(1.3) such that

8di(x,t) <uy(x,t) <rhi(x,t) onQx[0,00), i=1,2,3.
Let u;;(x, t) = u;(x,t+ T). Then
8¢1(x,0) < uyy(x,0) = uy(x, T) <10y |,—o= uy(x, 0),
8¢2(x,0) = up(x,0) < uy(x,0) = uy(x, T) < 16 |-,
8@3(x, 0) < uz(x,0) = us(x, T) < r3 |,—o= us(x, 0).

ChOOSG (Ul’ U2, U3) = (ul, uZl’ M3), (I/la 1/27 I/S) = (ull’u27 u31)‘ By
Lemma 5, we have

ull(xa t) = ul(x’ t)a
uy(x, 1) < uy (x, 1),

us(x,t) < us(x, t).
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If for each integer n, we define u;,(x, t) = u;(x,t +nT) (i =1, 2,3), then
a similar argument shows that

81 (X, 1) Suy,(x, 1) < uy (X, 1) <76,
8(,02()6, t) = u2,n—l(x’ t) = u2n(x’ t) = 7'02 (35)

6993()6, t) = u3n(x’ t) = u3,n71(x7 t) = }’03
on Q x [0, +00). It follows from (3.5) that there exist functions u7, u,,, and

u; defined on Q x [0, +00) such that

nli)ngo(ulm Uops u3n)(x7 t) = (l[{’ Upss u;)(x’ t) (36)
8oy < uj <rby, 8¢y < Uy, <10y, g3 <uj <rb;. (3.7)
Since d;, a;, b;, ¢;, and g; are smooth T-periodic functions, we can show,
by applying a bootstrap argument similar to that used in the proofs of

Theorems 2.1, 4.1 of Ahmad and Lazer [1], that (u}, u,,, u3) is a classical
positive T-periodic solution of the problem (1), (2), and

tlim(ui('x> t) - M?(X, t)) = 0> i= 17 3

lim (u(x, 1) = u,(x, 1)) = 0 (3.8)

uniformly for x in Q.

Step 2. Next we consider the solution of (1.1)—(1.3) with the initial
conditions

uyp(x)=208¢(x,0), Uy (x)=r0[d,, 82, 8>/b>11,0 uso(x)=38¢3(x,0).

Notice that r(6;, 6,, 05)(6(¢;, ¢,, ¢3)) is a supersolution (subsolution)
of (1.1)-(1.3). By Lemma 5, there exists a unique classical global solution
(vy, vy, v3) of (1.1)=(1.3) such that

Spi(x, 1) <vi(x,t) <roi(x,t) on Q x [0, 400), i=1,2,3.

A parallel argument shows that there exist smooth functions u,,, u3, and
us, defined on Q) x R such that (uy,, u3, us,) is a T-periodic solution of the
problem (1.1), (1.2), and

tlim (vi(x, 8) — uy(x, 1)) =0, i=1,3

. (3.9)
lim (v(x, 1) — u3(x, 1)) =0

uniformly for x in Q.
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Since u;(x,0) > v;(x,0) (i =1,3) and u,(x, 0) < v,(x,0), by Lemma 5
we have

u;(x, t) >v;(x, 1), i=1,2,

(3.10)
up(x, 1) <vy(x, 1)
on Q x [0, 400). Furthermore, we see from (3.8) and (3.9) that
up (x,t) < uj(x, t) (3.11)

for all (x, 1) € Q x R.
Let (u;, u,, uz) be a classical positive T-periodic solution of (1.1), (1.2).
Then, by (1.5), (1.6) and Lemma 4, we have

Ui (x, ) < u(x, t) <uj(x,t) on QxR, i=1,23. (3.12)

Hence, all sufficiently small values of 6 > 0 and r satisfying (3.1)—(3.4)
give the same T-periodic solutions (uy,,u3,us,) and (uj, u,,, u3) by
Steps 1 and 2.

Step 3. Now let us consider the solution of (1.1)—(1.3) with general
initial conditions, i.e., (¢415(x), Uy(x), us(x)) are nonnegtive smooth func-
tions on Q such that u;(x) # 0 in Q and u = v = 0 on Q. Let p,, p,, and
3 be the global solutions of the problems

u, —diAu=gu(l —uja;)
U ljoxr-=0 (3.13)
u(x, 0) = u(x),
v, — dyAv = g,v(1 — v/b,)
U poxre=0 (3.14)
v(x, 0) = uy(x),
and

w, — d3Aw = g3w[l — w/(¢; + ¢, py1)]

W |s0x r+=0 (3.15)

w(x, 0) = uzo(x),

respectively. Then, by the parabolic minimum principle [10], we have
pi(x, 1) > 0 for (x,1) € Q x [0, +00), so that (p;, p,, p3) (resp. (0,0, 0))
is a supersolution (resp. subsolution) of problem (1.1)—(1.3). Therefore,
there exists a unique global classical solution (u, u,, u3) such that

O<u;<p; onQx[0,00), i=1,23. (3.16)
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Since uy, — dyuy + (piy/a1r + aiy Pare)¥; = 0, by the extended parabolic
minimum principle [10], we have, for each integer m > 0, u;(x, mT) > 0
in Q, and du;/dn < 0 on 9Q x R*. By Lemma 2, for each m > 0, there
exists a sufficiently small &, > 0 such that §,¢;(x, mT) < u;(x, mT) in
Q). Similarly, there exists a sufficiently small & (still denoted by §;), such
that 8y, (x, mT) < u,(x, mT), 8yp3(mT, x) < uz(mT, x) in €. To proceed
further we need two claims.

Claim 1. For any r > 1, there exists M € N, such that p,(mT, x) <
r0(0,x) on Q if m > M.

Proof. By Lemma 1 (or an argument similar to that used in the proof
of Theorem 2.1 in [1]), we have

pi(x,mT) — 6(x,0)  in C**(Q) (m — o), (3.17)

so that

—"Pl(;;mT) - %G(x, 0) in C(9Q) (m — o). (3.18)

By (3.17), (3.18) and the facts that 2=6(x,0) |;o< 0, +p;(x,mT) < 0,
we see that for any r > 1 there exists M; € N such that if m > M then
Z(r6(x,0) — py(x,mT)) |,0< 0. Since r6(x,0) — py(x,mT) = 0 on 1,
there exists a domain €, CC ( such that r6(x, 0) — p,(x, mT) > 0 for all
x € (Q\ Q) U Q.. Therefore, we need only prove that Claim 1 is true for
x € Q.. If the conclusion is false, then there exists ry > 1, for each n € N,

and there exist k,(> n) and x; € Q. such that
pi(x, k,T) > ry0;(x, 0). (3.19)

Since there exists a subsequence {x; } C {x; } such that x;, — x,, by
(3.19), we have 6,(xy,0) > ry0,(xy, On) This is impossible. Hence, there
exists M, such that p,(x, mT) < r6;(x,0) in Q. if m > M,, and so the
proof is complete.

Consider the auxiliary system

uy, = diAuy + gyuy(1—uy/ay)

Us
=d;A 1-—
U3, 3AU3 +g3u3< ¢ +c2u1>

(3.20)
uy=u;=0 ondQ xR"
u;(0, x) = u;p(x) inQ, i=1,3.

If u;y(= 0, 0,i = 1, 3) are sufficiently smooth functions, u;;(x) = 0 for
x € Q and

Ai(dy, 1) <0, A31(d5, 83) <0, (3.21)
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then, by Lemma 1 and arguments similar to those in the proof of Corollary
3.4 in [13], the problem (3.20) has exactly one solution (u, u3) and

ui(x,t) — 6;(x,t) > 0 ast—>oo, i=1,3, (3.22)

uniformly on Q.
Analogously, we have Claim 2.

Claim 2. For any r > 1, there exists M € N such that p;(x, mT) <
r0;(x,0) on Q if m > M.

The proof of this claim is similar to that of Claim 1.

By the above claims we know that, for any » > 1 satisfying (3.2) and
(3.3), there exist a sufficiently large M and a sufficiently small § > 0 which
satisfies (3.1)—(3.4) such that

8¢;(x,0) < uj(x,mT) < p;(x,mT) < rb,(x,0). (3.23)

Let (u, iy, us) (resp. (ity, U,, i13)) be the unique solution of (1.1), (1.2)
with the function

(H] (x’ mT)’ L_‘Z(x’ MT)aHS)(xa mT)) = (6901 (x’ 0)’ I’HZ(X,O), 5903(x7 0))
(resp. (i, (x,mT), u,(x,mT), it3(x,mT)) = (r6,(x,0), 8¢, (x,0),r85(x,0)).

By Lemma 5, we have
Spi(x,t) <um(x,t) <uy(x,t) <u(x,t) <ri(x,t) (3.24)
on Q x [mT, o). By Steps 1 and 2, we still have

lim [u,(x, 1) = (v, 0] = 0= lim [a,(r, ) ~ui (v, 0] (3.29)

uniformly for x in Q. The foregoing conclusions show that the limits (3.25)
hold in C%%(Q). Hence, for any € > 0, there exists corresponding ¢, > 0
such that

ui*(x: t) —€Q; < ui(x’ t) < M?(x, t) +e€p; (326)
on Q x (t., o0), and the proof of Theorem 1 is completed.
Proof of Theorem 2. Using the method of upper and lower solutions

and bootstrap arguments, Theorem 2 can be proved in the same way as
Theorem 1.
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