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Abstract

This paper presents a variety of existence results for nonlinear multi-point boundary value problem on
the half-line. In particular, we consider

x" () = px' (1) — gx () + f(t. x(1)) =0, 1€]0,00),

wx(0) = pr'0) = Y kixE)=a, lim 0 _y,

—o0 el'f

[T
i=1 2
Existence results are established using fixed-point theorems on cone.
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1. Introduction

This paper is concerned with the existence of solutions to multi-point boundary value problem
x"(t) = px'(t) —qx(®) + f(t,.x(1)) =0, 1e€l=]0,00),

ax(0) — Bx'(0) = > kix(&) =a >0, lim * _p >0,

t—oo el't
i=1

(1.1)
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where p,o, B ki >0, o> + B2+ Y1 kK2 #0, ¢ >0, 0< & < o0, i =1,2,...,n,
P/ P2 t+4q
relo, T

Definition 1.1. A function x € C(/, I) is said to be a positive solution of boundary value prob-
lem (1.1), if x(#) > 0, and x satisfies (1.1) for ¢ € I.

By employing fixed-point theorems on cones, the existence of positive solutions to (1.1) will
be obtained.

The motivation for the present work stems from both practical and theoretical aspects. In
fact, boundary value problems (BVPs) on the half-line occur naturally in the study of radially
symmetric solutions of nonlinear elliptic equations, see [5,13], and various physical phenomena
[3,11], such as unsteady flow of gas through a semi-infinite porous media, the theory of drain
flows, plasma physics, in determining the electrical potential in an isolated neutral atom. In all
these applications, it is frequent that only solutions that are positive are useful. Recently there
have been many papers investigated the positive solutions of boundary value problem on the
half-line, see [1,2,4,15-17]. Zima [17] studied the existence of at least one positive solution to
boundary value problem on the half-line for the following second-order differential equation:
x"(t) —k2x(®) + f(t,x(1) =0, te€[0,00),

{x(O) =0,  lim x(t) =0, (1.2)
—>0o0

where k > 0 and f is a continuous, nonnegative function. Yan [15] considered the following
two-point boundary value problem:

ﬁ(l’(t)x/(r))’ + f(t,x) =0, 1€0,00),
X =a>0,  lim p()x'()=b>0.

By the Leray—Schauder theorem, the existence of unbounded solutions was proved. Bai and Fang
[4] applied the fixed-point theorem on cone to obtain the positive solutions for the following
boundary value problem on infinite interval for second-order functional differential equations:

x"(t) — px'(t) —qx (@) + f(t,x,) =0, 1€[0,00),
ax(0) — Bx'(0)=£&(@), te[-t,0], ll_i)rgox(t)=0,

here x, € C([—1, 0], I).

However, in [1,2,4,15-17], the authors only studied two-point boundary value problem on the
half-line. By so far, very few results are obtained for multi-point boundary value problem on the
half-line. It is well known that the study of multi-point BVPs is very important. For finite interval,
there are many results, see [8—10,12]. So it is necessary to discuss the existence of the multi-point
boundary value problem on the half-line. As a result, the goal of this paper is to fill the gap in this
area. In particular, the corresponding Green’s function and some useful inequalities are obtained
in Section 3. Indeed our results extend and complement many results in the literature, see [1,2,4,
15-17] and references therein.
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2. Preliminary

For convenience, let

L _PHVPtdg L _P=VPt4g
1= 2=,
It is easy to know that r{ > 0, r, <O0.

The following conditions will be used in this paper:

(H1) f:[0,00) x C([0,00),[0,00)) — [b(r> — pr — q)e’*,00) is continuous such that
f(t,x) <c(t)+d(t)x for (¢, x) € [0, 00) x C([0, 00), [0,0)), and ¢, d : [0, c0) — [0, 00)
are continuous functions,

o0 0
c* = /c(s)ds < 00, d* =/d(s)e"sds < 00.
0 0

n
(H2) o —pBri — Zkie”s" > 0.
i=1

Let
(10, 00), R) = {x e C((0,00), R): lim x(1) exists}.

From [10], we know that C; is a Banach space with the norm [|x||; = sup; ¢ 4o [*(7)]. Let
o x(@)
X = Cos([0, 00), R) = {x € C([0, 00), R): tlggo yory exists
with the norm |x|loo = sup,c(g.o0) le " x ().
Lemma 2.1. X = C is a Banach space.

Proof. Itiseasy to see that C is a normed and linear space. If {x,,} € C is a Cauchy sequence,
then {y,, | yin(t) = e "'x,,(¢)} € C; is a Cauchy sequence, too. So there exists a yg € C; such
that limy;, — o0 || ym — Yoll; = 0. Let xo(¢) = €' yo(¢). Then x¢ € Coo and lim,;—s o0 |1 X — X0lloo =
limy, o0 [|vm — Yolli =0. So C is a Banach space. O

Lemma 2.2. [6,14] Let M C C;([0, 00), R), then M is precompact if the following conditions
hold:

(a) M is bounded in Cy;

(b) the functions belonging to M are locally equicontinuous on any interval of [0, 00);

(¢c) the functions from M are equiconvergent, that is, given & > 0, there corresponds T (¢) > 0
such that |x(t) — x(co)| < e foranyt > T (¢) and x € M.

Lemma 2.3. Let M C Cx ([0, 00), R). Then M is relatively compact in C if the following
conditions hold:

(i) M is bounded in Cso;
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“Nix(t), x € M} are locally equicontinuous on

(ii) the functions belonging to {y | y(t) = e
[0, 00);

(iii) the functions from {y | y(t) = e~ """

x(t), x € M} are equiconvergent, at oo.

Proof. Let M’ ={y | y(t) = e "!x(t)}. Itis easy to know that M" C C; satisfies the conditions of
Lemma 2.2. So there exists a sequence {y,} € M’ and yg € C; such that lim,_ o ||y, — yoll; = 0.
Let x,(t) ="'y, (t),n=1,2,..., and xg = e"!" yy. Obviously that {x,} € M and xo € C and
limy,— 00 [ X7 — X0lloo = limy— 00 [ yn — Yol =0. O

Remark 2.1. Lemma 2.3 is a simple improvement of Corduneanu theorem in [6].

Lemma 2.4. [7] Let X be a bounded open set in real Banach space E, P be a cone of E, 6 € §2
and A: 2 N P — P be completely continuous. Suppose

Mx #x, Vxed2NP, re[0,1],

then
i(A,2NP,P)=1.

Lemma 2.5 (Krasnosel’skii fixed-point theorem). Let E be a Banach space and K C E be a cone
in E. Assume _that §21 and $§2, are two bounded open sets in E such that 0 € 21 and §21 C §2;.
Let F:K N (822 \ $£21) = K be a completely continuous operator such that either

) |Fx|| < ||lx|| for x € K N a2y and ||Fx|| = ||x]|| for x € K N 382, or
Q) |Fx|| = ||lx|| for x € K N93S§21 and ||Fx|| < ||x]|| forx € K N3§2;

is satisfied. Then F has at least one fixed point in K N (2, \ £21).

3. Related lemmas

Lemma 3.1. Assume that (H2) holds. Then x € C(1I) is a solution of the BVP (1.1) if and only if
y=x —Xx € C(1) is a solution of the following BVP:
Y'=py —qy+gt,y)=0, tel,
n
. (@)
(O = By O =Y k&),  lim 2 =0,

—o0 !t
i=1

3.1

a—b(a—ﬂr—Z?zl kier'g")erzt
a—Bra—3 i kie'2% ’

where g(t, y) =b(r®> — pr —q)e’ + f(t, y +X), X(t) = be'" +

Proof. Clearly, x satisfies boundary condition of BVP (1.1). Let y = x — X, then y is a solution
of BVP (3.1) is equivalent to x is a solution of BVP (1.1). O

Now we consider the following boundary value problem for second-order differential equation
on the half-line:
x"(t) = px'() —qx() +o (1) =0, €l
n
t
ax(0) ~ px'©) = Y kix(@).  tim 2 g,

t—oo el'l

(3.2)

i=1

where o € C(I).
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Lemma 3.2. Let o € C(I) and 0 < [° e ™o (s)ds < 0o. Then x € C*(I) is a solution of (3.2)
if and only if x € C'(I) is a solution of the following integral equation:

o0
x(t) :fG(t,s)a(s)ds, tel, 3.3)
0
where
G(t,s) !
,8) = —
A
e [(a — Bra)e ™ — (a — Bri)e "],
s <t s <&
n n
er1(t=3) ((x — Bry — Zkierzéi) _ et |:(ot — Brpe™ — Zkierz(éi—S):|’
i=1 i=1
t<s <&y
J J
et |:e—rzx <a —Bry— Zkierzél) 18 <a — Br — Zkierl&)]’
i=1 i=1
i <s<é&jp1,s<t, j=1,2,...,n—-1;
n
o118 |:er1t (0{ — Bry — Zkl_erz&)
X i=1

J n

_ et (oz — Bri — Zkierléi _ Z kierz(Ei—S)-i-mS)]’
i=1 i=j+1

§i<s<&jn, t<s, j=12,...,n—1;

n n
o2t |:erzs <a —Bry— Zkierﬁi) 18 (a — Bri Zkierléi>:|’
i=1

i=1
£ <s<t

n n
e s |:er1t <a — Bry— Zkierzg’) — e (oe — Br1 — Zkier‘§f>:|,

i=1 i=1

t<s, § <,

A= (r —rz)(a — Bry —Zkie”s").

i=1

Proof. It is easy to know that the general solution for the equation in boundary value problem
(3.2) is as follows

t

|:Ae”’ 4 B! +/(er2(t—s) _ erl(r—s))a(s)ds:|, tel, (34
0

x(t) =

rn—nr
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where A, B are constants. Now we claim that

t

lim 277! / e g (s)ds =0. (3.5)

t—00

0

In fact, if [;° e "0 (s)ds < 0o, (3.5) holds clearly; if [;°e %0 (s)ds = oo, by —o0 <
0°° e g (s)ds < 0o, we have that limg_, o, e "*o (s) ds = 0. Then by the rule of 1’Hospital,

we obtain
t

L —rps —rat
. . e Po(s)ds e "ot
lim 27" [ ¢ (s5)ds = lim o = lim @)
t—00 t—00 e(ri—r)t t—>00 (r] — rp)elr1—rat

=0. (3.6)
0
Thus by (3.4), (3.5) and boundary condition we get

o0

A:/e_”sa(s)ds,
0
n —1( 5 &i
B = (a — Bry— Zkierzéi) { k; /‘(erz(éifs) _ erl(éi*x))o-(s) ds
i=1 i=1 0
n o
— (a — Br; — Zkie”g’) fe_r”o(s)ds}.
i=1

0

Substituting the expressions of A, B into (3.4), after tedious compute, (3.3) holds.
Conversely, if x € C (I is a solution of (3.3), it is easy to obtain x satisfies boundary value
problem (3.2). O

It is easy to prove that the following lemma holds, so we omit the proof here.
Lemma 3.3. Assume that (H2) holds and G(t, s) is given in Lemma 3.2, then we have

(a) G(t,s8) 20, for (t,s) el x I,
(b) e "IG(t,s) <e "5G(s,s), G(s,s) < %,for (t,s) el x I, where

A= (ri—rp) (Ol — Bry — ikierﬁ’) > 0;
i=1
(¢) G(t,s)=ye "5G(s,s), for (t,s) €[l1,l2] x I, where y = min{e’22, ¢"1li — ¢2h1},
We denote
C={yeX: y()>00n[0,00) and y(t) > yllyl. ¥ € [, 2]}
and

B0, R) = {y € X: |yl <R}.
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Let F:C N B(0, R) - X be defined by

oo
F(x)(t)=/G(t,s)g(s,x(s))ds for ¢ € [0, 00), (3.7)
0
where g is defined in Lemma 3.1.
Remark 3.1. It follows from Lemmas 3.1, 3.2 that x € C(/) is a fixed point of opera-

tor F if, and only if x + X € C2(I) is a solution of BVP (1.1) under the assumption that
0< [y e g(s, x(s))ds < o0,

Lemma 3.4. Suppose that (H1), (H2) hold, then F : CNB(0, R) — C is continuous and compact.

Proof. (1) We need to show that for all x e C N B(0, R), F(x) € C.
By Lemma 3.3 it is clear that F'(x)(z) > 0 for ¢ € [0, c0). Now by Lemma 3.3 implies that for
t €l 2],

F(x)(t):/G(t,s)g(s,x(s))ds> r[rllirll]/G(t,s)g(s,x(s))ds
telly,ly
0 0

2y/ef”sG(s,s)g(s,x(s))ds

0
o

> y/‘e*”yG(y, 5)g(s,x(s))ds forany y € [0, c0).
0

As aresult, we have F(x)(t) = y || F (x)|l for any ¢ € [I1, [3]. Then F(x) € C.

(2) We will show that F: C N B(0, R) — C is continuous.

In fact suppose {x,,} S C N B(0, R), xo € C N B(0, R) and lim,;,_, 5o X, = xo. By (H1) and
Lemma 3.3,

[ Ga.s)
f o g(s,xm(s)) ds
0
ooG(t,s) . _
=/ it [b(r2 — pr — q)e Ty f(s,xm(s) +x)]ds
0
< f Ge(fl’f) [e(s) + d(5)T + d($)x(s)] ds
0
_oz—,3r2 r —ris rs ”a—b(a—ﬂr—Z?:lkie’éi)
=" /e |:c(s) 4+ bd(s)e"” +d(s)e" prpy—
0
+d(s)xm(s)i| ds
<2TP g s arR), (3.8)

A
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where

a—bla—Br—3"_ ke
a—Bry— Y ' kierbi

Therefore by Lebesgue’s dominated convergence theorem one has

m sup e V| F(xp) (1) = F(x0)(0)]

li
m=>30 1e[0,00)

I'=b+ and mli_)moof(s,xm(s)) =f(s,x0(s)).

lim [|F(xm) — F(xo0) |, =

o0
< lim  sup /e*r”G(t,s)|g(s,xm(s)) — g(s. x0(s))|ds =0.
m—00 te[O,oo)O

Thus F:C N B(0, R) — C is continuous.
(3) We will show that F:C N B(0, R) — C is compact.
First we will show that F(C N B(0, R)) is bounded. For all x € C N B(0, R), by (3.8)

o
|Feo) = sup e /G(t,s)g(s,x(s))ds g%(cwd*rm*k)
t€[0,00) 4

independent of b,,. So F(C N B(0, R)) is bounded.

Second it is easy to show that {e~"1" F(C N B(0, R))} is locally equicontinuous by (H1).

It remains to show that {e="1* F(C N B(0, R))} is equiconvergent at co.

For x € C N B(0, R), it follows from the expression of Green’s function G (¢, s) in Lemma 3.2
that

. G(t,5)8(s,x(s)
m —— —

li 0 (3.9)
t—00 ert
for s € [0, 00). So
)e—mF(xm) — lim e—”sm)(s)] = e F)(0)] = / e MG (t.5)g(s. x(s)) ds|.
0
(3.10)
By (H1), Lemma 3.3 and (3.8) we have
/ G, s)g(s, x(s))ds < / G(s, ) [c(s) +d(s)X +d(s)x(s)]ds
ert ers
0 0
< a_Aﬂrz(c*+d*F+d*R). (3.11)

By (3.9)—(3.11) and Lebesgue’s dominated convergence theorem we have

lim ‘e*”fF(x)(t) _ lim e*’lSF(x)(s)‘
I—00 §—>00
oo

/e_r”G(t, )8 (s, x(s)) ds

0

o
=/ lim e G(t,5)g(s, x(s))ds =0,
11— 00
0

= lim
11— 00

which means that {e " F(C N B(0,R))} is equiconvergent at oo. By Lemma 2.3,
F(C N B(0, R)) is relatively compact. O
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4. Existence results

Theorem 4.1. Suppose that (H1), (H2) hold, and assume

(H3) W < 1, where A is given in Lemma 3.2.

Then boundary value problem (1.1) has a positive solution.

Proof. Banach space X with the norm || - || has been defined in Section 2. The operator F is
defined as in (3.7). We apply Lemma 2.4 to prove the existence of fixed point of . Lemma 3.4

shows that F' is completely continuous. By (H1), Lemma 3.3 and (3.8), forall r € I, ||x||co = R
(R is a constant to be determined later),

o0 o
|F(x)(t)}e_r" =e ) /G(l,s)g(s,x(s))ds < /e_r'SG(s,s)g(s,x(s))ds
0 0
<Y _Aﬂ” (c* +d*T +d*R).
So by (H3) fix R > % and define

2= {x €X: Ix]loo < R}.
Therefore, || F(x)|lco < ||X |00, i-€., AF(x) # x for A € (0, 1], x € CN3S2. Applying Lemma 2.4,
F has a fixed point x in C N 2. Furthermore, we have from (H1) and (3.8) that

o0

fe_r”g(s, x(s)) ds <c*+d*I' +d*R < oo.

0

Therefore, Remark 3.1 implies that x 4 X is a solution of BVP (1.1). Condition (H1) implies that
x(t)=>0fortel.Sox(t)+x(t)=>0,tel. O

Theorem 4.2. Suppose that (H1), (H2) hold, and assume there exists O <r < R such that

o0
(H4) —ris rs ras@ b(a — Br — Z:'l:l kier&)
/e PG(s,s)|c(s) +bd(s)e™ +d(s)e" OB =S ker®
0
—i—d(s)e”SR] ds < R;
r
(H5) g(s,x) >

ye~2rih fll|2 G(s,s)ds 7
for (s,x) €[l1, 2] x [yr,r], where y, G(s, s) is given in Lemma 3.3.

Then boundary value problem (1.1) has a positive solution y with

suple " (y(s) —%(s))| <R, y(®)—x@®)=yr, fortell, bl 4.1)
tel
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Proof. Banach space X with the norm || - || have been defined in Section 2. The operator F is
defined as in (3.7). We apply Lemma 2.5 to prove the existence of fixed point of F.
Define

21 = {x € X: Ixloo < r} and 2, = {x €X: x]loo < R}.
By Lemma 3.4 we know that F is completely continuous on C N £25.
If x € C N 3£2,, we have by Lemma 3.3, (H1), (H4) and (3.8)
o
’F(x)(t)e_’"| = /e_r"G(t,s)g(s,x(s)) ds
0

a—b(a—Br—3"_ ki)
o —Bry— Y i kierbi

oo
< /e_r'sG(s, s) |:c(s) + bd(s)e" +d(s)e"™*
0
—I—d(s)e”sR] ds
<R,

which means that | F (x)]lco < ||X||oo fOor x € C N9 82;.
If x e CN 082y, by Lemma 3.3 and (HS5) we have

o0 I
@O > [ Gglaw)ds > min ¢ [ Geglsx)ds
r€l0,
0 : I
I
> min N+ G s, , d
ze[o,bl]y/e (s s)g(s x(s)) S

I
I
> ye_zrllz / G(s,s)dsmin{g(s,x): sell, ], x € [yr,r]}
i
zr, hLh<h=b,
ie., [F(X)|loo = l1X]loo for x € C N 0£21. Now, we apply Lemma 2.5 to deduce that F has a fixed

point x € C N (25 \ £21). Similar to Theorem 4.1 we have 0 < fooo e "Sg(s,x(s))ds < 00. So
Remark 3.1 implies that x 4 X is a solution of BVP (1.1). O

Corollary 4.3. Suppose that (H1), (H2), (H4) hold and

r
(H6) lim - =0
r—0 lnf(s,x)e[ll,lz]x[yr,r] g(s, x)

Then boundary value problem (1.1) has a positive solution.

Proof. Suppose * = ye 2112 flllz G(s,s)ds.
By (H6) there exists 0 < r < R such that

u *
g, VYu<r.

B <
inf(s ey o1xyu.u) §(55 X)
So (H5) holds. By Theorem 4.2, BVP (1.1) has a positive solution. O
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