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Abstract

We consider the initial value problem (IVP) of the Camassa—Holm equation with viscosity. We estab-
lished global solution for the IVP with ug € L%(R). This result improves the previous results.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this note, we are interested in the global well-posedness of the initial value problem (IVP)
associated to the viscous version of the one-dimensional shallow water equation

1 1 _ _
-t 50 (2) 501 —2)7 (12) (1 - 2) 7 (1) =0, (1.

where u = u(x,1), (x,t) e R x R.

Equation (1.1) was derived by Camassa and Holm [1] as a nonlinear model for water wave
motion in shallow channels by using an asymptotic expansion directly in the Hamiltonian for
Euler’s equations. Together with Hyman [2], they have studied some basic properties including
some explicit formulas for special solutions. They also studied the nonlinear peakon—antipeakon
interaction. The immediate discovery is that the equation is bi-Hamiltonian and completely inte-
grable which possesses infinitely many conserved quantities. Although possess such properties,
yet it exhibits remarkable finite-time breakdown (for large class of initial data) [3].

E-mail address: wklim@mmu.edu.my.

0022-247X/$ — see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2006.01.095



W.K. Lim/J. Math. Anal. Appl. 326 (2007) 432—442 433

In [7], Li and Olver established local well-posedness in Sobolev space H®, s > %, for the
following equation:

Up — VUxxr = Uy + Blxxx + 3yusy — yvUlxxy + 2Uxlxy), (1.2)

where o, 8, y, v are constants, with v > 0, by regularizing the equation and obtained a solu-
tion as the limit of the solutions to the regularized problem. Equation (1.2) can be transformed
to the Camassa—Holm equation by just performing the following transformation u(x,t) —

_Bt
al \/;“ , ﬁ). They also proved local existence of weak solution in H*(R) for 1 < s < %,

— % u(
provided that uo, € H* —-lis essentially bounded. Later, Constantin and Molinet [4] showed the
weak results in H1 (R). Based on the idea by Constantin and Escher [3], which established that
odd initial data in H> has blow-up solution, they were able to provide several blow-up scenarios
even for small data. In particular, they showed that development of singularity in finite time for
solutions corresponding to data ug € H*, 2 < s < 00, in the H?-norm, % < g < s, is inevitable.
Later Constantin and Strauss [5] were able to sharpen the result to s > % They also showed the
stability of peakons under certain perturbations of initial data.

We should notice that for general data in H®, s < %, Himonas and Misiolek [6] proved that
the map data-solution fails to be uniformly continuous. In other words, if we require uniformly
continuous for the data in the definition of local well-posedness, then the IVP will be ill-posed.
Thus3, under the condition above, it is unlikely to construct a strong solution with data in H?,
s <3.

Irf [8], Stanislavova and Stefanov showed the global existence of the solution for the viscous
version of (1.1) with ug € H'(R). Using the “frequency localized” version of (1.1) together with
the result for the viscous version, they established existence of weak solution for (1.1) but for
a certain data with slow energy transfer property. They were also concerned with the blow-up
result.

Here, we intend to sharpen the global result to less regular initial data. We consider Eq. (1.1)
with an additional viscosity term

| B _ 1
B = 93 — S0 (1= 37) H@a?) — o (1—-92) " (u?) — 5 e, } (13)
u(x,0) =up(x),

where ¢ > 0, u = u(x, 1), (x,t) € RZ. We intend to show global existence and uniqueness of
(1.3) for ug € L2(R). The main result is as follow.

Theorem 1. For any € > 0 and ug € L*(R), the IVP (1.3) has solution in
X = C([O, 00) : Li (R)) N C((O, o0) : Hx1 (]R)). (1.4)

To show Theorem 1, we will first establish local well-posedness (critical version) for uq € L*(R),
ie.,

Theorem 2. For any ¢ > 0 and ug € LZ(R), there exista T = T (ug, €) > 0 and a unique solution
ug of (1.3) such that

ue(x, 1) € C([0,T]: L2R)) N C((0, T]: H!(R)).
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Note that the local existence depends on up and not on ||ugl| ;2. The proof of Theorem 1 is the
combination of Theorem 2, the energy estimate and the usual extension theory. We believe that
Theorem 2 is optimal in the way that the IVP (1.3) is not locally well-posed in H*(R) for s < 0.

Our result is sharper than those in [8] regarding the viscous version of the Camassa—Holm
equation (1.3) in the sense that we merely need data in L% (R) with immediate effect in
Hx1 (R). Our result for global extension is just a simple argument using the energy dissipation
in H(R).

The rest of the paper is organized as follow: In Section 2, we will set up and introduce a useful
estimate concerning the operator dy (1 — 33)_1. In Section 3, we will consider some estimates for
the nonlinear part of the equation. Together with the crucial estimate in Lemma 4, we also obtain
some estimates for dyu. In Section 4, we will prove Theorem 2 and show the local existence of
(1.3) using the contraction argument. The last section is a sketch of the proof of Theorem 1.

2. Preliminaries

Consider the IVP
8,u:88§u+f(u,8xu), x,t eR, @)
u(x,0) =up(x), '
where f(u, dyu) = =33, (1 — 32~ ((3x)%) — 8 (1 — 3D 71 w?) — S0, (u?).
The integral equivalent form of the equation is as follow:
t
u(x, 1) = €%y + / R gy dr (2.2)

0

where ¢f/% 1o = (e 7471 i (£)) .
We will list some lemmas needed in the proof of Theorem 2. First, we state the following
lemma which consists of the crucial inequality involving the operator 9, (1 — 8)%)’1 .

Lemma 1. For g, h € L*>(R),

(1= 82) " @m]| 2 <cllgl2linl 2.3)
or more general

e (1= 93) ™ @M 2 < cliglz2 Al 2.4)
forall s < %

Proof. Let 3(£) denotes the Fourier transform of g(x). Note that for g, € L>(R), we have
|(0:(1=02) " (gm) | = |6 (1 +4n7€%) ' gh)|
<|(1+47%€2) " (gh)|. 2.5)

From Plancherel’s identity, Young’s inequality, the fact that (1 +472£2)~1/2 € L?(R) and (2.5),
we have
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(1 =33) " s 2 < (1 +4m%6%) @l 2

<N+ a2 g

<1446, [0 - onco|an
R

<cliglzzlibllzz-

(2.4) can be proved in a similar manner. O
The next two lemmas are regarding the nonlinear part of (1.3).

Lemma 2.

t

/ee(l—;/)af <_ax(1 _ 33)_1 (MZ) _ %8x (u2)>(x’ t/) dt’

0 L%L?

<C(lullfs 2 + 10el7; ). 2.6)
f e (=, (1= 92) 7 ((0)?)) (v, 1) e < Cldwullz, o 2.7
0 LPLY
Juee, 1) = e uol oy < C (Il o+ Nsls o)- (2.8)

Proof. By Lemma 1 and Sobolev Embedding Theorem Hxl (R) = L (R), we have

t
H/ es(tfﬂ)af <—3x(l _ a)%)71 (uz) _ %8)( (u2)>(x, t/) dt’
0

LyL2

< sup /”es(’ [)32 o (1—92)" 1( 2))(x,l‘/)”Lz dt’
1€[0,T] !

+— sup /”es(t LT ) (x, t)||L2dt
teOT]
T
</||—8X(1—a)%)*l(u2)||L%dt+C/||u8xu||L§dt
0 0

T T
</||u||i%dt+0f||u||L;o||axu||Lg dt
0

T
</||u||i%dt+6/||un,ﬂ layull, 2 de
0 0
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T T
sc(fmm@m+]]mwgd»
0 0

2 2
<C(lullyy , + 10sul}s ,)-

Similarly, (2.7) is as follow:
1

[ =) (@)

0

LL2

T
< [las(1-83) 7 (@a?)l  ar
0

T
2 2
<‘/WuuunLgdr=|uauuL%Lr
X
0

(2.8) is a consequence of (2.6) and (2.7). O

Lemma 3.

t

/ea(z—t’)af,f(x’t/)dt/

0

SCT2 (el 1z + 1975 )

2
LTL%

Proof.

t

/ga(z—z’)a}f(x’t/) dr’

<(/

0

2
L312
1

2
/(/es(t—;/)aff(x’t/)dt) dx

R ‘0
t

<2 [t pe i ar
0

172
dt)
Ly

LFLY

The result follows from Lemma 2. O

To investigate the estimates in H', we need the following lemma.

Lemma 4. For any ug € L>(R), ¢ > 0 and § > 0, there exists T = T (ug, €) > 0 such that

T 12
H Bxe”a«guo ”LZ 2= (f/‘axe”a%udzdx dt) <.
T™x
0 R

2 .
L%L2

(2.9)

(2.10)
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Proof. Let {ul} C H'(R) such that

ug L2> ug, 1.e., ||u8 - u0||L2—> 0, asn— oo.
X

Then
” B¢ ug ”L%Lg

<| et (ug — uo) ”L%L% + o egtazu() ”LZ L2

L /2
= (f/|3xegta I/l —MO)| dxdt) (//|8 e Xu | d.xdt)
12
S 2o (28)1/2 g —uol . + ( / e 1 df)
< (28)1_/2 [ —uoll 2 + T2 [3xug ] 2- @.11)

The estimate for the second term on the right-hand side is due to the group property of e &

and the estimate for the first term is due to the following linear problem argument: Consider the
linear equation

orw :83311).

Perform the standard energy estimate: Multiply w to the equation and integrate with respect to x
over R,

d
aTt/wzdx=28/w(8§w)dx=—28/(8xw)2dx.
R R

R

Next, integrate the above equation with respect to ¢ from O to 7', we have

T
/(w(x,T))zdx—/(w(x,O))zdx=—28/f(8xw)2dxdt.
R 0 R

R

Thus we have the following estimate:

T
1
f/(axw)2dxdt <5 / widx. (2.12)
£
0 R R
Continue our discussion from (2.11), given § > 0, we first fix N € N such that for any n > N,

1, 8
oyl ol <3,

then choose T > 0 such that forn > N,

8

T2 < 2.
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Thus we have

“ axegtaxzuo ”LZTL; <8 o

. . . 2 . .
Next we consider the nonlinear part of (2.2). When written as v = u — e®’ % up, v is the solution
of the IVP

3,1) == 58)%1) + f(u7 ax“)’
b(x. 0) 0. (2.13)
ie.,
t
v(x,1) = f = £ du) (x, ) dr (2.14)
0

First, we have the following basic estimate.

Lemma 5.

[FAFSNERS C(IIMII 12t 10x MIILsz) (2.15)

Proof.

1 - - 1
bz = | 5ol = 827 (@) +0,(1 - 87 02) + 0, ()

1
LTLE,

dt

f H 301 =007 (@) (l—ai)_l(u2)+%ax(u2)

L3

T
1 - -
< E/||ax(1 —82) 1((8""‘)2)HL% dt+/||8x(1 —3?2) I(MZ)HL; dt
0 0

T
+/|Iu8xu||L§dt
0
T T
<%/naxun dr+/||u|| dt+f||u||L;c||axu||L;dt

T
1
5/||3xu||det+C/IIMIIdet+/||M||H1 ll9xuell 2 dt
0
C(IlulleLz + 119y ulleLz) u] (2.16)

Then we have some estimates for v.
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Lemma 6.
Iollzgerz < C Il o + N0cull7s o), (2.17)
_ 2
l0vllzgera < Ce™ 2 (lullyy o +10aull g )" (2.18)

Proof. We have that

t

/ = £ du) (x, ) di!

0

Vil pger2 =

LPL2
T

< [ Ul de=171,5 2.19)
0

By Lemma 5, (2.17) follows.
Next, we will perform the standard energy estimate on (2.13), i.e., multiply v to (2.13) and
integrate with respect to x over R. After integration by parts, we have

d/”2d+/(a )zd—/fd
T 5 x+e v) dx = [ vfdx,
R R

R
T T
%/UZ(T)dx—%/vz(O)dx—i—e//(axv)zdxdt://vfdxdt (2.20)
R R 0 R 0 R
for any ¢ > 0. This gives
T T
8//(3xv)2dxdt<//vfdxdt,
0 R 0 R
T
ERTE é/ Il 211 £l 2 de < %nan;oLgufuLlTL%. 2.21)
0

Together with (2.19), we have that

1
10911212 < Sz 117 1o (2.22)

By Lemma 5, (2.18) follows. O
We are now ready to consider an estimate for o, u.

Lemma 7.

C
vl 2 12 <O+ 7 (lull g o+ Noull g o)- (2.23)
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Proof. From Lemmas 4-6, we have

||3xu||L2TL§ <| 8)66”3%”0”@@ +

t
ax/es(t—;/)aff(x’t/)dt/
0

LL3
t
<8+ ax/\eé‘(lft’)a)%f(x’l/)d[/
0 L7L3
1
<8+ m”f”LlTL%
<5+ -C 2 deul|?
<8+ 7 (Ml o +10kul}y ). O
3. Local result: Proof of Theorem 2
Let
XI'={uec(0,T): L*(R)NC((0,T): H' (R)):
G.1)
llulll = flu = e uol| oo 2 + Norttll 2 12 + lull 2 2 <}
and define the mapping @ : XI' — XTI by
t
D) = €td? e(t—1")? 1 2\—1 2
(w)=e"%ug+ [ e x —§8x(1—3x) ((axu))
_ 1
— o (1—-02) " (u?) - S (u2)>(x, i'ydr'. (3.2)

Theorem 3. For any € > 0, there exist T = T, > 0 and a > 0 such that ® (XaT) - XaT In addition,
D XZ — XHT is a contraction mapping.

Proof. We first need to show that the map is well defined for some appropriate a and T'. Let
ue X! We have

1 @ull = | Du — % ug |Lerz +1Pully2 12+ [ox (@) 12 - 3.3)

Consider the terms in (3.3) one by one: From Lemma 2, the first term in (3.3) can be estimated
as follow:

t

/ SR £ 9u)(x, 1) di!

[ — e g, =

0 LPLE
<C(lullg 1z + 107, o)
< C |l|ull*s (3.4)

from Lemma 3, the second term in (3.3) can be estimated as follow:
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t

6”8*2'140 —i—/ee(t*’,)agf(u, dcu)(x,t)dt’
0

||¢u||L2TL)2c =
L1}
t

a2
/es(’_')BXf(u, deu)(x, 1’y dt’

0

<| e ug ” 22t

2
1312

< T2 luoll 2 +CT1/2(|IMI| 22 107, o)
< T uoll 2 +CT'? (3.5)
from Lemma 7, the third term in (3.3) can be estimated as follow:
t
[8c(@w)] 2,2 = | 3ee™Pug + b / % £, ) (x, 1) !
TX 0 L3713
t
< e uo] 2 2 + | / O f(u, deu)(x, 1) di!
T™x g LZTL%
C
<8+ (lullyz o + 19kullz )
C
<8+ 5 llull. (3.6)

Combine (3.4)—(3.6), we have that
lloull = | @u— e uo o + I Pull 2 12 + ||3x(d>u)||Lz 12

<8+ T uoll 2 +C(1+ T‘/2)<|||u|||2 +—7 |||u|||>

1
1/2 1/2 2
<s+T1Y ””0”L§+C(1+7 / )<1+W> .
With appropriate values of §, a and T', we are able to have that

| Pull <a

ie, @:XI' — XTI'is well defined.
With a similar argument, we can show that @ : X! — X7 is a contraction mapping:

[|[®@) — @@ <C |Ju— vl (3.7)
Where C' = C’(T,a,s, ||u||L2TL%, ”U||L2TL§’ ||8xu||L2TL§, ||8xv||LzTL§) canbe chosenas 0 < C’' < 1
with appropriate values of 7 anda. O

Theorem 2 is merely Theorem 3 with a standard uniqueness argument.
4. Proof of Theorem 1

To prove Theorem 1, we need only to establish some “a priori” estimates. To do so, we apply
the operator 1 — 8)% to (1.3):

(1—a§)a,u—g(1—a§)a§u=——a ((@xu)?) — 8y (u 2)—(1—83)%8x(u2). @.1)
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Perform the standard energy estimate on (4.1): Multiply u to the equation and integrate with
respect to x over R, we have that

/u(l —Bf)atudx —8/u(1 —8f)afudx

1

=—E/uax((8xu)2)dx—/uax(uz)dx—fu(l —8)%)%8x(u2)dx

— %%(/ u2+<axu)2d">+8 / (@)* + (3u)” dx

=—/u8xu8§udx+f8x(u3)dx+/u8f(u8xu)dx

1d

— 24 (/ u?+ (axu)zdx) S / (@)” + (97)" dx <. “.2)
Thus we have an a priori estimate. Together with the local theory and the standard extension
argument, we have a global solution for (1.3).
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