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1. Introduction and preliminaries

In two recent papers [1,2], we have investigated the role of derivations of quasi *x-algebras and the possibility of finding
a certain symmetric operator which implements the derivation, in the sense that in a suitable representation the derivation
can be written as a commutator with an operator which in the physical literature is usually called the effective hamiltonian.
This is useful for physical applications and produces an algebraic framework in which the time evolution of some physical
model can be analyzed [3].

Here we continue our analysis, taking inspiration again from physical motivations: it is known [4] that in a physical
context local modifications do not affect much the main physical results. Our interest here is to understand this statement more
in detail, mainly in the framework of quasi *-algebras [5,6], which, as we have discussed in several other places, see [6,3,7],
in our opinion play an important role in the mathematical description of quantum mechanical systems with infinite degrees
of freedom.

Just as an introductory example, let us consider a C*-algebra A with unit e, and let w and @’ be two (different) positive
linear functionals on A. Let further (7, £, He) and (., &, Hyy) be their associated GNS-representations. An interesting
problem is the following: under which conditions on w and @’ are the representations 7, and 7, unitarily equivalent?

It is somehow more convenient to consider first the following preliminary problem: how must w and ' be related for 7,y
to be unitarily equivalent to a sub-x-representation of i,,? An easy proof shows that

T,y is unitarily equivalent to a sub-x-representation of 1, if, and only if, there exists a sequence {b,} of elements of A such that
'(a) =lim,_, o w(bjiaby), Va € A, and the sequence {7, (bn)&,} converges in H,,.
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We refer to [4] for the physical implications of this result. Here we observe that, in particular, if w is a positive linear
functional on 4, and b € A a fixed element such that w(b*b) # 0, then the GNS-representation associated to wy(-) = w(b*-b)
is unitarily equivalent to a sub-x-representation of m,. This means that there exists a subspace Hz) of H, and a unitary
operator U : Hy, — HE, such that 7, (a) = U*nE (@)U for all a € A, where 2 (a) := 7, (a) -

Going back to our original question, i.e. to the unitary equivalence of m,, and m,/, we will postpone this analysis to the
next section, where the more relevant case of quasi x-algebras is discussed.

Let now § be a x-derivation on A and let us define 87{3 (a) = 715)(8 (a)) and 5nwb (@) = T, (8(a)), a € A. The first obvious

remark is that, under our assumptions,
S72, (@) = T, (6@) = U*nf, (@)U = U*(Sng (@)U.

Secondly, if § b (a) is spatial, i.e. there exists an element H xb € B(Hb) such that § b (a) = i[Hﬂg,nf,(a)], ae A, then Sﬂmb
is also spatlal and the implementing operator is Hﬂw =U* H b U, which belongs to B(Hwb)

From a physical point of view we can interpret thls result as follows: it is well known that no hamiltonian operator
exists in general which implements the dynamics of an infinitely extended system [4]. For this reason one has to consider
a finite-volume approximation of the system, for which a self-adjoint energy operator Hy can be defined. Associated to Hy
we can introduce a finite-volume derivation 8y (X) = i[Hy, X], for each observable X localized in V, and a time evolution
a{,(X) = efHvt Xe—iHvt However, usually, neither 8y (X) nor oz{,(X) converge in the uniform, strong or weak topology. One
usually has to consider some representation of the abstract algebra and, as in [1], the corresponding family of effective
derivations, i.e. derivations in the given representation. This net of derivations may now be converging and, under suitable
conditions, it still defines a derivation whose implementing operator is the effective hamiltonian. Therefore the choice of
the representations in this procedure is crucial. Our results show that, in fact, there is no essential difference between the
effective hamiltonians that we obtain starting from two different representations, at least if they are GNS generated by a
fixed positive linear functional w and by a different positive linear functional o’ = wy, for each possible choice of b € A. In
particular this implies that, if b is a local observable (meaning by this that it belongs to some of the .4y 's which produce the
quasi-local C*-algebra [4,3]), then the two related derivations are unitarily equivalent and, consequently, the two effective
hamiltonians are unitarily equivalent as well. Hence their physical content is essentially the same, as claimed before.

2. The case of quasi =-algebras

We begin this section with recalling briefly the definitions of quasi x-algebras and their x-representations and sub-
x-representations. More details can be found in [5,6].

Let A be a complex vector space and A a *-algebra contained in A. We say that A is a quasi *-algebra with distin-
guished x-algebra A (or, simply, over Ap) if

(i) the left multiplication ax and the right multiplication xa of an element a of A and an element x of .49 which extend
the multiplication of Ag are always defined and bilinear;
(ii) x1(x2a) = (x1x2)a and x1(axy) = (x1a)x2, for each x1,x; € Ap and a € A;
(iii) an involution * which extends the involution of Ag is defined in A with the property (ax)* = x*a* and (xa)* = a*x*
for each x € Ap and a € A.

Let now D be a dense subspace of a Hilbert space . We denote by £T(D, H) the set of all (closable) linear operators
X such that D(X) =D, D(X*) 2 D.

The set £T(D, H) is a partial %-algebra with respect to the following operations: the usual sum X; + X3, the scalar multi-
plication A X, the involution X +— Xt = x* [ D and the (weak) partial multiplication X1 O X, = XlT*Xz, defined whenever X;
is a weak right multiplier of X; (we shall write X, € RW(X7) or X1 € LW (X>2)), that is, iff XoD C D(XlT*) and X]D C D(X3).

Let £7(D) be the subspace of £T(D,H) consisting of all its elements which leave, together with their adjoints, the
domain D invariant. Then £7(D) is a x-algebra with respect to the usual operations.

Let (A, Ap) be a quasi x-algebra with identity e and D, a dense domain in a certain Hilbert space H. A linear map m
from A into £7(Dy, Hy) such that:

() @) =n (@', Vae A,
(ii) if a € A, x € Ap, then 7 (a) Om (x) is well defined and 7 (ax) = 7t (a) O (x), is called a x-representation of 4. Moreover,
(iii) if 7w (Ag) C LT(Dy), then 7 is said to be a x-representation of the quasi x-algebra (A, Ao).

If 77 is a *-representation of (A, Ap), then the closure 77 of 7 is defined, for each x € A, as the restriction of 7 (x) to the
domain Dy, which is the completion of D, under the graph topology t; [5] defined by the seminorms & € D, — || (@)&]|,
a € A. If m =7 the representation is said to be closed.

The adjoint of a x-representation 7 of a quasi x-algebra (A, Ap) is defined as follows:

D+ = ﬂ D(r(x)*) and 7*(x)=m(x")* | Dy+, x€A
xe A
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The representation 7 is said to be self-adjoint if m = m*.
The representation 7 is said to be ultra-cyclic if there exists & € Dy such that D, = (Ap)&y, while is said to be cyclic
if there exists & € D, such that 7w (Ap)&p is dense in Dy W.L.L. ty.

Definition 1. Let 7 be a *-representation of A. A subspace M C Dy is said to be quasi-invariant for 7 if 7 (Ag)M C M
and 7 (A)M C M, the closure of M in the Hilbert norm of H,. Moreover the quasi-invariant subspace M is called ultra-
cyclic if there exists & € M such that M = 7w (Ag)&y. M is called cyclic if there exists & € M such that 7 (Ag)&p is dense
in M wrt. ty.

Proposition 2. Let i be a x-representation of A and M a quasi-invariant subspace of Dy for . We put

Dn’[./\/l :ZM,
T IME):=ax) M, xecA

Then 7t | M is a s-representation of A with domain M in M. Let 7w n4 denote the closure of 7w [ M. Then

(i) if M is ultra-cyclic then 7w [ M is ultra-cyclic and 7 p4 is cyclic;
(ii) if M is cyclic then w | M and 1 o4 are cyclic.

In the sequel we will also need the following definitions:

Definition 3. Let p and 7 be x-representations of A respectively on D, C H, and D C Hyz. Then p and 7 are unitarily
equivalent if there exists a unitary operator U : H, — Hy such that UD, =Dy and p(x) = U*m (x)U, for all x € A.

Definition 4. Let 7 be a x-representation of .A. Then 7’ is a sub-x-representation of 7 if and only if 7’ = | M, for a
certain quasi-invariant subspace M of Dy . Furthermore 7’ is a closed sub-s-representation of 7 if and only if 7/ = 74,
for a certain quasi-invariant subspace M of Dy.

The following proposition, proved by one of us in [8], extends the GNS construction to quasi *-algebras.
Proposition 5. Let w be a linear functional on A satisfying the following requirements:
(L1) w(a*a) >0 foralla € Ayp;

(L2) w(b*x*a) = w(a*xb),Ya,b € Ag, x € A,
(L3) Vx € A there exists yx > 0 such that |w(x*a)| < yxw(@*a)'/%.

Then there exists a triple (7, Ay, He) such that

e 71, is an ultra-cyclic x-representation of A with ultra-cyclic vector &;
e Ay is alinear map of A into H, With 1, (Ao) = Dx,,, Ew = e (e) and 7, (X)Ae (@) = Ay (xa), for every x € A, a € Ap;
o W(X) = (Ty(X)&y|&w), for every x € A.

The representation 7, satisfies the properties: (1) 7w, = Twl 4, (2) TeX)Ae(@) = ru(xa), x € A, a € Ay, and
(3) i (@Arw(X) = Ao(ax), x € A, a € Ag. Here 7 denotes the adjoint representation of 7, see [5,6].

For shortness, a linear functional w on A satisfying (L1)-(L3) will be called a representable functional on A. If w is
representable, (7, Ay, He) will be called, as usual, the GNS construction for w.

It is possible to check that conditions (L1)-(L3) are stable under the map w — wy, with b € Ap. This means that, if w is
representable, then wy is representable, for every b € 4y. We only prove (L3) since (L1) and (L2) are trivial. We have

|wp (x*a)| = |o((xb)*)ab| < )/Xba)((ab)*ab)l/2 = ywwp @ a)l/?.

Hence wp produces a GNS representation as well, so that it is worth comparing the two representations arising from w
and wy, in view of extending to quasi *-algebras what we discussed in the first section for C*-algebras.

We start with considering the following question: when a representable linear functional ' can be written as o’ = wy, for
some b € Ap? To answer this question we give the following

Proposition 6. Let @’ and w be representable linear functionals on A. Then o’ = wy, for some b € Ay if and only if 7,y is unitarily
equivalent to a sub-x-representation of 7.

Proof. Suppose first that @’ = wj for some b € Ag. For every x € A and a, c € Ay, we have

Wy (C*Xa) = (T, (X) Aoy (@) [ Ay (©)). (21)
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On the other hand,
wp(c*xa) = w(b*c*xab) = (e (X) T (@) Ao (b) |76 () Aoy (D)) (2.2)

Now put HZ) 1= 7, (Ao)Aw(b). Then, from equality (2.1), it follows that there exists a unitary operator U :HZ, — He,
such that

Uy (@Ae(b) = Ay, (@), Yae Ag.

From (2.2) we deduce that, for every a € A and a, c € Ay,

(70 ()T (@) Ao () |0 () A (b)) = (o, (%) A, (@) | Ay ()
= (o, U (@A (b) |UT (€)oo (D))
= (U0, U T (@) A (b) |1 (€) 2o (D))
This implies that

T2 (X) := 76 (%) 11 (A9 (b) = U™ T, (OU | 7 (A0) A (b).

Hence, 7, (Ag)Ay(b) is a quasi-invariant subspace for 7, that is, 7, (A)7T,(Ag)re(b) C T, (Ap)re(b) and so n(’j) is a

sub-x-representation of 7, with ultra-cyclic vector A, (b), and it is unitarily equivalent to 77, .

Conversely, suppose that 7,y is unitarily equivalent to a sub-x-representation of 7. Then there exists a quasi-invariant
subspace M of Dy, and a unitary operator U : H,y — M C H,, such that Ui, (Ag) = M C A4 (Ao) =Dy, and 7w,y (x) =
U*(m | M)(x)U, Vx € A. Since UL,y (e) € M C Ay(Ap), then there exists b € Ag such that Ui,/ (e) = A, (b). Thus, for every
xe A,

@' (%) = (T (D10 ()| Ao () = (T XUy () [ Uy (0))
= (Tw®ro®)|ro®)=op®). O

We now consider a slightly generalized problem, looking for conditions under which a representable linear functional '
on A can be written as @’ =limy wp, for some net {by} in Ay.

Proposition 7. Let w’ and w be representable linear functionals on A. Then «’ = limy wp, for some net {by} in Ao such that
{1t (ba)éw} converges w.rt. t, if, and only if, 7,y is unitarily equivalent to a sub-x-representation of 7.

Proof. Suppose that o’ = limy wp,,, for some net {by} in A such that {m,(by)és} converges w.r.t. ty, . Then, it is easily
shown that M := 7, (Ao)&o is a quasi-invariant subspace of Dy , where &y :=ty, — limy 7 (by)Ew. For every x € A and
every a,c € Ag, we have

(Tor ) hey (@) |1y (©)) = @' (c*xa)
=lim w(bjc*xaby)
= li&“(”w(xa))\w(ba)|7Tw(c))¥w(ba)>
= <ﬁa)(xa)§0|7~7w(c)'§0)
=((tw | M)(X)To(@0| 7w (C)E0)- (2.3)
Here we put
Uity (@)é0 = Ay (@), ae Ag.

Then U extends to a unitary operator of M onto H,,, which we denote with the same symbol, such that UM = A, (Ag) =
Dr . Furthermore, by (2.3), we have

(o Orer (@ |1y (©)) = (T | M)(X)TT0 (@E0| 7w (C)E0)
= (o | MYROU*Aey (@) |U* Ay (0))
=({U(Fw | MYRU* Aoy (@) ey (©)).

for each a, c € Ap and x € A, which implies that

T (X) =U(T, | M)(X)U*, Vxe A
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Thus 7,y is unitarily equivalent to a sub-x-representation 77, | M of 7. Conversely, suppose 7, is unitarily equivalent to a
sub-s-representation of 7,,. Then, there exists a quasi-invariant subspace of Dz , M, and a unitary operator U : H, — M
such that Ux,y (Ag) = M C D5, and 7y (x) = U* (e | M)(X)U, Vx € A. Since UL, (e) € M C D3, there exists {by} C Ag
such that Ay (by) = 7y (be)éw — Ul (e), in the topology tr,. Hence,

@' (%) = oy (X) Ay ()] e (€))
= (T ®Ukw ()|Ury ()
= litgn(”w (®) e (bar) |)\w (by ))

=limwp, (x),
o
for every xe A. O

The previous propositions, and in particular Proposition 6, show that, for every b € Ay such that w(b*b) # 0, @ and wy
produce close GNS representations and the same physical considerations given in Section 1 can also be repeated here, with
no major change. In particular we consider now some consequences of our results on the theory of spatial derivations in the
quasi *-algebraic setting discussed in [1,2]. To keep the paper self-contained, let us first recall few definitions. Let (A, Ap)
be a quasi *-algebra. A x-derivation of Ap is a map § : Ag — A with the following properties:

(i) 8(a*) =48(a)*, Va € Ayp;
(ii) §(aa + Bb) = ad(a) + BS(b), Ya,b € Ay, Yo, B € C,;
(iii) 8(ab) = ad(b) + 8(a)b, Va,b € Ay.

Further, let w be a *-representation of (A, Ap). As in [1] we will always assume that whenever a € Ay is such that 7w (a) =0,
then 7 (§(a)) = 0 as well. Under this assumption, the linear map 8, (7t (a)) = 7w (8(a)), a € Ap, is well defined on 7 (Ag) with
values in m(A) and it is a x-derivation of 7 (Ap). We call 8, the x-derivation induced by m. Given such a representa-
tion 7 and its dense domain D;, we consider the usual graph topology t; generated by the seminorms & € D, — ||A£|,
A LT(Dy).

If D}, denotes the conjugate dual of Dy, we get the usual rigged Hilbert space Dy [t;] C Hy C D}, [t{h], where t% is the
strong dual topology of DJ. As usual, we denote by £(Dy, D)) the space of all continuous linear maps from Dy [t;] into
D} [tﬁr]. In this case, £LT(Dy) c L(Dy, D/,). Each operator A € LT(Dy) can be extended to the whole D], by putting

(Ag' ) =(&',ATn), V&' €Dl, n€ Dy,

where (-,-) denotes the form which puts D, and D}, in conjugate duality. Hence the multiplication of X € £(D5, D)) and
A € LT(Dy) can always be defined. Indeed [1], (X o A)§ = X(A£), and (A o X)& = A(XE), V& € Dy . With these definitions,
however, (E(DH,D;),[,T(DH)) may fail to be a quasi *-algebra, since the operator X o A need not be continuous from
Drlt;] into D}, [tﬁr], unless some additional condition, like the reflexivity of Dy[t;], is fulfilled. From now on, we will
assume that Dy [t;] is a reflexive space. This assumption (which was missing in [1]) even though restrictive, is fulfilled in
most of the physical models considered so far [3].

Given a derivation § of (A, Ap) and a x-representation 7 of (A, Ag), that we suppose to be cyclic with cyclic vector &g,
the induced derivation &, is spatial if there exists H; = H}; € L(Dy, D) such that Hy & € H; and

Sx(m(®) =i{Hz om(x) —m(x) o Hyr}, VxeAo.

Let (A, Ap) be a locally convex quasi *-algebra with locally convex topology 7. In [1] we have found necessary and
sufficient conditions for an induced derivation to be spatial. One of these conditions is the following:

there exists a positive linear functional f on Ag such that:

f@a) < p@? Vae A, (2.4)

for some continuous seminorm p of T and, denoting with f the continuous extension of f to A, the following inequality holds:

|f(3@)| < C(Vf@a)++/flaa®)), Vae Ay, (2.55)

for some positive constant C.

Suppose now that @y is a positive linear representable functional on A( satisfying condition (2.4). Let w := &g be the
continuous extension of wg to A, that is

w(x) = liortna)o(aa), xe A,
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where a,, is a net in Ay which converges to x w.r.t. 7. Then w automatically satisfies conditions (L1), (L2) and (L3). Indeed,
(L1) is clear since wyq is positive by assumption. As for (L2), let x € A and {x,} C A be a net T-converging to x. Since wg
is hermitian we have wq(b*x},a) = wo(a*xyb), for all a, b € Ag. Because of (2.4), taking the limit on « of this equality we
get (L2). To prove (L3) we first use the Schwarz inequality on Ag: |wo(xq@)| < wo(X}xa)2wo(a*a)l/2. But wo(xixy)/? <
p(xe)? = p(x)? so that

|w(xa)| = lim|wo (xea)| < pR)e(@*a)!/?

which is (L3).

Suppose that @y is a positive linear representable functional on Ag satisfying both conditions (2.4) and (2.5). Then we
consider the question as to whether (wp), satisfies these same conditions. This is important for the following reason. If
both wy and (wp)p satisfy (2.4) and (2.5), then they have continuous extensions w and (wq), respectively to A and it turns
out that (703)7;: wp. Thus wy satisfies conditions (L1), (L2) and (L3) and both 4, and Sﬂwb are spatial. Hence a relation
between the effective hamiltonians can be found.

First we notice that, because of the continuity of the multiplication, we have

(wo)p(a*a) = wo((ab)*ab) < p(ab)® < q(@)?, ae Ao
for some continuous seminorm q of t.

Thus we have the following

Proposition 8. Let (A, Ag) be a locally convex quasi x-algebra with locally convex topology t, § a x-derivation of (A, Ag) and wg a
positive linear functional on Ay.
(1) Suppose that wy satisfies the condition

wo(@*a) < p@)?®, YaeAg

for some continuous seminorm p of T. Then the continuous extension w := &g of wg to A and every wp, b € Ag, produce the ultra-
cyclic GNS-representations 7w, and 7t.,.
(2) Furthermore, suppose that

lo(8@)| < C(Vw(a*a) + Vw(aa*)), Vae Ay
for some positive constant C. Then the x-derivation 85, induced by 7, is spatial. If w,, [ Ao is bounded, in particular in the case where

Ao is a C*-algebra, then the x-derivation Sﬂmb induced by 7, is also spatial for every b € Ao.

Proof. We need only to prove the last statement in (2). For this we notice that if b € Ag is such that m(b) is bounded,
then wy, satisfies (2.5). Indeed, taking into account that, for every a € Ay, the equality b*§(a)b = §(b*ab) — §(b*)ab — b*as(b)
holds, we have

|wp (8(@))| = |w(b*8(a)b)| < |w(8(b*ab))| + |w(5(b*)ab)| + |w(b*as(b))|.
Using (2.5) for the first and introducing ., for the second and the third contributions above, we find that, for every a € Ay,
|wp (8(@))| < C(w(b*a*bb*ab)!/? + w(b*abb*a*b)'/?) + |(rew(@b) [ae (8()))] + | (2o (1)) [Aew(@*D))|

C(|70®)* 1o @)] + | 7o 1) * o @ b)|) + |(Aw@b) |2 (81)))] + | (2o (8®)) |2 (@*b))|
<(C|ma®] + |10 (8®))|) (wb@*a)/? + wp(@a®)/?). o

The conclusion is therefore that, under mild conditions on 7, and therefore on w, both §;, and 87’% turn out to be
spatial so that two different effective hamiltonians H,, and H,, do exist, and they are related as in Section 1. Once again,
the physical contents of the two representations is essentially the same.

We end this section with some further results on the GNS representations of a quasi *-algebra (A, Ap).

Let (A, Ap) be a locally convex quasi *-algebra, wp a positive linear functional on 4¢ satisfying (2.4) and w = @y its
continuous extension on .A. As we have shown, both @ and wyp, b € Ay, satisfy conditions (L1), (L2) and (L3), and so
the GNS-constructions (7w, Aw, He) and (7w, rw,» He,) are defined. Let 7, and 7., be the closures of m, and 7y,
respectively. In this section we find conditions which imply that 77, is unitarily equivalent to the direct sum of a family of
ﬁ'wb, be Ao.

Lemma 9. Let x € A and {xo} C Ao such that T — limg Xy = X, then Ay (Xe) = ey (Xa) = Ap (X).
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Proof. We begin with proving that {1, (xy)} is a Cauchy net in the Hilbert space H,,:

o () = o (x8) || > = (e — X8)* (Xer — X8)) < P(Xer — X5)* — O.

Therefore there exists a vector & € H,, such that Ay,(xy) — £. We now prove that & = A, (x). Indeed we have, for every
ce Ap, (Ao(Xe) Ao (€)) — (E]Ae(c)) and, on the other hand, (Ay,(Xe)|Ae(€)) = @w(C*Xy) — @(C*X) = (A (X)|Ae(C)), due to
the definition of @. Therefore & = A, (x). O

We recall that the weak commutant 9%, of a x-invariant subset 9t of L1(D, H) is defined as
M, = {C e B(H): (X£|C*n) =(C&|XTn), ¥X e M, & neD).
Then we can prove the following

Proposition 10. 7, (A),, = 74, (Ao),,-

Proof. The inclusion m,(A)/, C 7, (Ap)), is clear. To prove the converse inclusion we take C € 7, (Ap),, and x€ A, c1,c2 €
Ap. Then we have, using the previous lemma,

(CT0 R0 (€1) [ Ao (€2)) = HM(CTTo (Xa ) Ao (€1) [ (€2))

= lim(Cho (1) 710 (%) oo (€2)) = (Choo (€1) [T (XD (c2)). O

Let b € Ag. We denote by PL the projection of H,, onto H2 = 7, (Ag)ie(b). By Lemma 9 we deduce the following
Lemma 11. Suppose that 1, (a) is bounded for every a € Ag. Then 14, (A)), is a von Neumann algebra and PZ) € Ty (A),.
Even if 7, 4, is bounded, PZ)D(ﬁw) # D(7,,) in general. Hence we introduce the following notion:
Definition 12. Let b € Ag. We say that b is a self-adjoint element for 7, if 7, is a self-adjoint x-representation of A.
By [6, Theorem 7.4.4] we have the following
Lemma 13. Let b be a self-adjoint element for 7,,. Then

(1) Pb e 7y (Ao)y = T (A),;
(2) P2 D(fy) = D(7L);
(3) 7 = (Fw)pp = POyt ()P,

By Proposition 6, ﬁf) is unitarily equivalent to 7, and by the above lemma we have the following result, which answer
our original question.

Proposition 14. Suppose that 7, is self-adjoint. If there exist a family {by}, < of self-adjoint elements for 7, such that {PZ)V}
consists of mutually orthogonal projections and Zyef PZ)V = I, then 7, is unitarily equivalent to @yer ﬁwby .

3. Local modifications of states

We consider now the particular case in which the C*-algebra A is endowed with a local structure. Following [9] we
construct the local C*-algebra as follows.

Let F be a set of indexes directed upward and with an orthonormality relation 1 such that (i) Yo € F there exists
BeF such that o L g; (ii) ifa<Band B Ly, o, B,y €F, then o L y; (iii) if, for o, 8,y € F, o L B and o L y, there
exists § € F such that « L § and § > 8, y.

Let now {Ay(||.|l¢), @ € F} be a family of C*-algebras with C*-norm |.||o, indexed by F, such that (a) if & > 8 then
Aq D Apg; (b) there exists a unique identity e for all Ay’s; (c) if o L B then xy = yx for all x € Ay, y € Ag. Let further
Ag :=J, Aa-. The uniform completion of Ay is, as it is well known, the quasi-local C*-algebra! with the norm ||.|| inherited
by the ||.|l’s. If we take instead the completion of .4g w.r.t. a locally convex topology T which makes the involution and the
multiplications continuous we get, in general, a locally convex quasi *-algebra .A which we call a quasi-local quasi x-algebra.

1 This terminology is due to the fact that, in concrete applications, « is quite often a given bounded open region in a d-dimensional space.
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Given x € Ay, there will be some g € F such that x € Ag. But of course, x also belongs to many other Ag, for instance
to all those algebras which contains Ag as a sub-algebra. For this reason we introduce a set J, related to x € Ag, which
is defined as follows: Jx = {o € F such that x € Ay}. If we now define Ay = (,cr Aw, then we will work here under
the assumption, which is verified for very general discrete and continuous models [4], that Vx € Ag, x ¢ Ao, there exists
oy € F such that ﬂﬁejx Ag = Aqg,. We call ay the support of x.

The following definition selects states on .4 with a reasonable asymptotic behavior. These states, indeed, factorize on
regions far enough from the support of a given element.

Definition 15. A state w over A is said to be almost clustering (AC) if, Vb € Ay and Ve > 0, there exists op € F, @ > ap,
such that, Vy L« we have |w(ab) — w(@w((b)| < €llall, Ya e A, .

Similar definitions are given in many textbooks, like [4,9,10], where the physical motivations are discussed in detail.
Related to the notion of factorization is also that of local modification of a given state. Of course, several definitions of local
modifications can be introduced. The most natural one is perhaps the following: «’ is a local modification of w if there
exists a € F such that Vy € F, y L, o/(a) = w(a) for all a € A,. This simply implies that, outside a fixed region «,
the two states coincide. However this condition is rather strong and has no counterpart in the existing literature on this
subject and for this reason will not be considered here. To stay in touch with the existing literature, we rather consider the
following definitions.

Definition 16. Given two states w and @’ over A, @’ is said to be a local modification of type 1 (1LM) of w if, calling 7,
and 7, their associated GNS-representations, 7,y is unitarily equivalent to a sub-x-representation of 7.

Also, @’ is said to be a local modification of type 2 (2LM) of w if Ve > 0, there exists o € F such that, Vy € F, y L .,
|’ (x) — w(X)| < €llx]l, Vx € A, .

These definitions are physically motivated essentially from what is discussed in [4]. Just to clarify the situation if, for
instance, @’ is a 2LM of w then they coincide, but for an error of order €, outside a region whose size is, in general,
proportional to 1/€.

There is an apparent difference between the conditions 1LM and 2LM: if «’ is a 2LM of w, then w is a 2LM of «’. This
symmetry is not shared by 1LM. We argue that 2LM could be used for the mathematical description of reversible local
operations on a given state while 1LM seems to be more appropriate for describing the action of irreversible operations
(like a quantum mechanical measurement).

One immediate consequence of the results of Section 2 and of these definitions is that if b € A, for some « € F then the
state wy(+) is a 1LM of w. Less trivial is the proof of the following statement: let the state @ be AC and b € Ay with w(b'b) = 1.
Then wy, is a 2LM of w. This is not the end of the story. Indeed, let us suppose that w is AC and that «’ is a 1LM of w.
Therefore there exists a sequence {b,} of elements of Ay such that w'(a) = limy_, w(bjaby), Ya € A, and the sequence
{me(bn)é,} converges in H,. We suppose now that there exists ng € N and A € F such that, for all n > ng, b, € A;,. Then
' is also a 2LM of w. The proof of these statements are easy and will be omitted here.

We end this section, and the paper, with the following example of what a concrete local modification of a state could be.

Discrete System. Let V be a finite region of a d-dimensional lattice A and |V| the number of points in V. The local
C*-algebra Ay is generated by the Pauli operators 6, = (GI}, 05, g) and by the unit 2 x 2 matrix e, at every point p € V.
The 6,’s are copies of the Pauli matrices localized in p.

IfVcV and Ay € Ay, then Ay — Ay =Ay ® (®p€‘,/\v ep) defines the natural imbedding of Ay into Ay .

Let fi = (n1, ny, n3) be a unit vector in R3, and put (¢ -n) =n10 ' +ny0% +n303. Then, denoting as Sp( 1) the spectrum
of & - 11, we have Sp( - 1) = {1, —1}. Let |fi) € C2 be a unit eigenvector associated with 1.

Let now denote by n:= {ﬁp}pe/\ an infinite sequence of unit vectors in R? and |n) = ®p |ﬁp) the corresponding unit
vector in the infinite tensor product Heo = ®p (C%,. We put Ag =Jy Av and DY = Ap|n) and we denote the closure of
Dg in Heo by Hn. As we saw above, to any sequence n of three-vectors there corresponds a state |n) of the system. Such
a state defines a realization 7y of Ap in the Hilbert space Hy,. This representation is faithful, since the norm completion
As of Ag is a simple C*-algebra. A special basis for Hy, is obtained from the ground state |m) by flipping a finite number of
spins using the following strategy:

Let 7 be a unit vector in R3, as above, and |i) the corresponding vector of C2. Let us choose two other unit vectors ', 7
so that (i, 7', 71%) form an orthonormal basis of R®. We put fiyx = $(i' £ in?) and define |m,7i) := (6 -i-)™|i1) (m =0, 1).
Then we have

2

(G -n)jm,n) = (=)™ m,A) (M=0,1).
Thus the set {jm, n) = ®p Imp,np); mp=0,1, mep < oo} forms an orthonormal basis in Hy [11].
The representation 7y, is defined on the basis vectors {jm, n)} by

an(O';)|m, l'l> =G£|mp,ﬁp) ® ( 1_[ ®|mp’, ﬁp’)) (l =1, 2a3)
p'#p
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This definition is then extended in obvious way to the whole space Hjy. It turns out that my is a bounded representation of
Ap into Hy. More details on this construction, particularly in connection with quasi *-algebras, can be found in [7,12].
Let now ¢ = ®j€A @; be a fixed normalized vector in My and w the related vector state: if a € 4p then w(a) =

(¢, Tn(@)@). Let now x = Hpek ®xp, for some bounded subset A in A. Here x, acts on C% and A is the support of x. Let
furthermore y be another bounded subset of A, orthogonal to X: this means that the sets A and y have empty intersection.
Then, we fix b = ]_[pey ®by, where as before b, acts on (Cf,. We further assume that (mn(b)@, mn(b)@) = 1. Then we can
check that w(a) coincides with wy(a) = (ra(b), mn(a)ma (b)), and this is true for all possible choices of a and b which are
supported in separated regions. So wy, is a local modification of w in the strongest sense and, in particular, is a 2LM of w.

This example shows that the definitions of local modification given here are really physically motivated. States sharing
the same properties in the case of continuous physical systems [4] could also be constructed with no major difficulty. To [4]
we also refer for a more physically-minded discussion on 1LM of states.
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