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1. Introduction and main results

Consider the second-order Hamiltonian systems

—ii(t) + L(Hu®) = VW (t, u()) — f(t), (1)

where L:R — RN is a matrix valued function, W : R x RN — R is a C'-map and f:R — RN. As usual, we say that a
solution u(t) of problem (1) is nontrivial homoclinic (to 0) if u % 0, u(t) — 0 and u(t) — 0 as t — £oo. Subsequently,
VW ((t, x) denotes the gradient with respect to the x variable, (-,-) : RN x RN — R denotes the standard inner product in RV
and |- | is the induced norm.

Homoclinic orbits of dynamical systems are important in applications. Recently the existence and multiplicity of ho-
moclinic orbits for problem (1) have been studied in many papers via critical point theory. In particular, the second-order
systems were considered in [1,2,4-14] and that of the first-order in [3]. In 1990, Rabinowitz in [11] obtained the existence
of homoclinic orbits of problem (1) for the superquadratic case as the limit of the 2kT-periodic solutions of problem (1)
when f =0, which is the following theorem.

Theorem A. (See [11].) Assume that f = 0 and the following conditions hold

(A1) Lis a continuous T -periodic matrix valued function and W € C1(R x RN, R) is T-periodic with respect to t, T > 0,
(Ay) L(t) is positive definite symmetric for all t € [0, T},
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(A3) thereis a constant 6 > 2 such that
0 <OW(t,x) < (x, VW(t, X)) (2)

forevery t € [0, T] and x € RN \ {0},
(Ag) VW(t, x) =o(|x|) as |x| — O uniformly with respect to t.

Then system (1) possesses a nontrivial homoclinic solution.

When L(t) and W (t, x) are not periodic in t, the problem becomes much complicated, because of the lack of compactness
of the Sobolev’s embedding. Rabinowitz and Tanaka in [12] proved that problem (1) possesses a homoclinic orbit under
the condition that the smallest eigenvalue of L(t) tends to +oco as |t| — oo without the periodicity assumptions, using a
variant of the Mountain Pass theorem without the Palais-Smale condition. In 1994, Korman and Lazer in [7] proved that
problem (1) possesses a nontrivial homoclinic solution on an even case still when f =0 without periodicity conditions in
L(t) and W (t, x). They proved the following theorem.

Theorem B. (See [7].) Suppose (A3) holds uniformly in t € R and L satisfies the following conditions

(B1) L e C'(R, RN?) is a positive definite matrix and L(—t) = L(t) for all t,
(B2) (L'(t)x,x) — Wi (t,x) >0 forallxe RN andt > 0.

Then problem (1) possesses an even nontrivial homoclinic orbits.

In 2007, for L=0, f =0 and W (t,x) even in t, Lv and Tang in [8] showed the existence of the even homoclinic orbits
for (1) as the limit of the solutions of nil-boundary-value problems, which are obtained by using the Mountain Pass theorem
and appropriate estimates for passing to a nontrivial limit, which is the following theorem.

Theorem C. (See [8].) Assume that L =0, f =0 and W e C'(R x RN, R) satisfies

(C1) W(t,0)=0and W(—t,x) = W(t,x) forallt € R and x € RV,
(C2) We(t,x)<O0forallt >0andxeRN,
(C3) there exist constants a; > 0, q > 2 such that

W(t, x) <aqlx|?

forall (t,x) € R x RN,
(Cq) VW(t,x) — 0as |x| — O uniformlyint € R,
(Cs) there exist constants ay > 0, T > q — 2 and a functiond € L'(R, R™) such that

(x, VW (£, %)) — 2W (t,x) > az|x|" —d(t), ¥(t,x)eR x RY,

(Ce) limsupjy_,q % < Ouniformlyint € R,
(C7) there exists Tg > 0 such that

L Wi(t,x)  2m?
liminf > —
|x|— 00 |X|2 Tg

uniformly int € [—Tg, To].
Then system (1) possesses one even homoclinic solution.

Motivated by these papers, in this paper, we will obtain the existence of homoclinic solution for problem (1)
when L(t) and W(t,x) are not periodic and W (t,x) is not even in t. Set A = inf{W(t,x): teR, |x|=1}, B =
sup{W (t,x): t € R, |x| =1}, then we have the following theorems.

Theorem 1.1. Suppose 0 < A < B < +00, (C4) and the following conditions hold
(L) L(t) is a positive definite symmetric matrix for all t € R and satisfies

sup|Li;(t)| < oo, (3)
teRr
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(W1) thereis a constant A > 2 such that
0 <AW(t,x) < (x, VW(t,x)) (4)

forevery t € R and x € RN \ {0},
(W3) forevery M > 0 the following inequality holds

sup  |[VW (t,x)| < oo.
teR, x|<M

Then there is a constant § > 0 such that, for any f # 0 satisfying

, 1/2
</|f(t)| dt) <3, (5)
R

system (1) possesses at least one nontrivial homoclinic solution u € W1-2(R, RV).

Theorem 1.2. Suppose L = 0, W satisfies (C4), (Cg), (W2) and the following conditions
(W) W(t,0)=0and there exist constants dy > 0, 8 > 2 such that

W (t, x) <dq|x|?

forall (t,x) € R x RN,
(WY) thereis a constant T > 0 such that

N (S N
liminf > —
Koo |x|2 272

uniformlyint € [T, T],
(W3) there are constants dy > 0, it > max{p — 2, 1} and a function g € L'(R, R") such that

(x. VW (t, %)) —2W (t. x) > da|x|* — g(t)

forall (t,x) € R x RN,
(f) f # 0is abounded function and [, | f(t)|*/“=D dt < oo.

Then there is a constant § > 0 such that, for any f satisfying (5), system (1) possesses at least one nontrivial homoclinic solution
ue WL2(R, RN,
Corollary 1.1. Assume that W satisfies (C4), (Ce), (W2), (W3), (W}), (f) and the following conditions

W (%)
|x[2

(WY) liminfix— oo > O uniformly int € R.

Then there is a constant § > 0 such that, for any f satisfying (5), system (1) possesses at least one nontrivial homoclinic solution
ue WHL2(R, RV,

Remark 1. Compared with Theorem A, L(t) and W (t, x) are not periodic in t in Theorem 1.1. Moreover, conditions (L), (W3)
can be easily obtained from (A7) and (A3). And condition (C4) is weaker than (Ay4). Since W (t, x) is not periodic in t, we
assume that condition (A3) holds for all t € R and x € RN \ {0}, which is condition (W>).

Remark 2. In Theorem 1.2, W (t, x) is not supposed to be even in t, and we obtain the same result without condition (C3)
when f #0.

Similar to the method used by Lv and Tang in [8], we obtain the existence of the homoclinic solutions as the limit of the
solutions of nil-boundary-value problems. We consider a sequence of systems of differential equations

{ —ii(t) + L(tyu(t) = VW (t,u(t)) — f(t) forte (—kT,kT), (6)

u(—kT) =ukkT)=0

for all k € N, where T comes from (W) for convenience. We will prove the existence of at least one homoclinic solution
of (1) as the limit of the solutions of (6) as k — oc.
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2. Proof of theorems
For each ke N, p > 1, let
p Ny _ [, - N
Lyr (R, RY) = {u: [=KT .KT]— R | ||ullp g gny < 00},

where

kT 1/p
o p
mm%HKwr—<‘/andQ

—kT

and L3, (R, RN) be a space of essentially bounded and measurable functions from R into R¥ under the norm

lull,

(R.RNy = esssup{|u(t)|: t € [-kT kT]}.
For each k € N, set

Ex = {u:[—kT,kT]— RN | u is absolutely continuous, u(—kT) = u(kT) = 0},

172
\u(t)\zdt> :

with the norm
kT kT
lullg, == ( / o) | de + f
—kT —kT

Let ny : Ex — [0, +00) be given by
kT

nWD=</

—kT

1/2
qmof+aamJ»m> . (7)

By (L), there are constants b1, b, > 0 such that

brllullg, <mip@) <ballull,. (8)
Moreover, let I : Ex — R be the corresponding functional of (6) defined by
kT
Ix(u) = / (%|u(t)|2 + %(L(t)u(t), u(t)) — W(t, u@®) + (@, u(t))) dt. 9)
—kT

Then one can easily check that I, € C'(Eg, R) and
kT
(L), v)= / (@@®), v®) + (LOu®), ve)) — (YW (£, u®), v(©)) + (f©), v(©)))dt.
—kT
It follows from (7) that

kT kT
1
Ik(u)zin,f(u)— f W (t,u(t) + /(f(t),u(t))dt. (10)
—kT —kT

Furthermore, the critical points of I are classical solutions of (6). From (4) we can obtain the following properties of the
function W (t, x).

Lemma 2.1. For every t € R the following inequalities hold

X
W(t,x)gw(t, W)'Xlk for0 < x| <1 (11)
and

X
W(t,x) > W(t, 7|)|x|A for x| > 1.
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From the condition (W{) we can obtain that s — W (t,s~'u)s* is a nonincreasing function, which suffices to prove this
lemma.

Lemma 2.2. (See [5].) For every r € R \ {0} and u € Ej \ {0} the following inequality holds

kT kT
/W(r,ru(t))dt>A|r|*/\u(t)ﬁdr—zkm. (12)
—kT —kT

By the Sobolev's embedding theorem, H'(R) is continuous embedded into L°°(R). Then there is a constant Cg > 0 such
that

lullzee < Collull g

for all u € H'(R). Since Ey C Exy1 C H! for all k € N, when u € Ej, we can extend it by zero in R\ [—kT, kT]. Then we have
the following lemma.

Lemma 2.3. There is a positive constant C > 0 which is independent of k such that the following inequality holds

llullse

o (R,RM) S CllullE, (13)

foreachk € N and u € Ey.

The proof of Theorem 1.1 is divided into a sequence of lemmas. Firstly, we prove that I, possesses at least one point via
the Mountain Pass theorem which is the classical solution of (6).

Lemma 2.4. Suppose the conditions of Theorem 1.1 hold, then there is a constant § > 0 such that, for any f satisfying (5), system (6)
possesses one solution uy € Ey, for every k € N.

Proof. It is known that a deformation lemma can be proved when the usual (PS) condition is replaced by condition (C)
which means the Mountain Pass theorem holds under condition (C). Then we apply the Mountain Pass theorem to obtain
the critical point of I; under condition (C).

Our proof involves three steps.

Step 1: Iy satisfies condition (C). From (W), we can see I;(0) = 0. Then we show that I} satisfies (C) condition. Suppose
that {u;}jen C E is a sequence such that {I;(uj)};en is bounded and ||I,’<(uj)||(1 +llujllg,) — 0 as j — oo. Then there exists
a constant Cy > 0 such that

I (uj) < Cy, ||I,’<(uj)|}(1+||uj||5,() < Cy. (14)
It follows from (14), (10), (8) and (W) that

O+ DG = M) + [ 1w | (1 + lujlle,)
> My (uj) — (T (u)), uj)

kT
A
> (5 _1>n,f(uj)+(x—1) / (f©),uj®)dt

—kT
A 2
2 by 5 =1 )llujlig, — G =DIfll2llujllg-

Since A > 2, then {u;}jen is bounded in Ej. By a standard argument, we see that {u;};jen has a convergent subsequence
in Ej. Hence I satisfies (C) condition.
Step 2: Now we show that there exist constants 01,7 > 0 independent of k such that I,<|33‘_71 (0) = @1. We choose § <
2
min{(3L)2, (21)72, 1), then set
st a=ll_shog
= s = — — > U.
01 1= 5

It follows from (13) that 0 < ||u||ngT <87 <1if llullg, = o1. By (10), (11), (5), (8) and (13) we obtain
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kT kT
1
Ik(u)zir],f(u)— f W(t,u(t))dH-/(f(t),u(t))dt
—kT —kT
b kT (t) kT
otz - u >
> 5 lullz, fw(r, |u(t)|)|u(t)y dt+/(f(t),u(t))dt
—kT —kT
kT kT
>b—1||u||2 —B/|u(t)|'\dt+/(f(t) u(t))dt
= ) Ex s
—kT —kT
b kT
>?l||u||,25k—B||u||’L\§7c(i/|u(t)|2dt—6||u||5k
—kT

b 2 r=2 A
> - lullg, — BC2ulg, — 8lul,

b1 _ by
= <Z||u||%k — BC* 2||u||§k> + (leullﬁk —5||u||5k>- (15)

By the definition of ¢ and oy, (15) implies Ik|33g] ) = ai.
Step 3: Now we only need to prove that for each k € N there is e, € E such that [egllg, > 01 and Ii(ex) < 0. By (12),
(10), (8) for every r € R \ {0}, the following inequality holds

kT kT
1
Ik(ru)zin,%(ru)— / W (t, ru(t)) + /(f(t),ru(t))dt
—kT —kT
b | |2 kT
.
<% IIUII%k—AITI’\/!u(t)IAdH—|r|5||u||Ek—|—2kTA. (16)
—kT

Fix Q1 € Cg°(=T,T)\ {0} C Ey. Since A> 0 and A > 2, then (16) implies that there exists r; € R\ {0} such that |r1Q1llg, >
01 and I11(r1Qq) < 0. Set e1(t) =r1Q1(t) and ey (t) = e1(t). Then ey € Ey, |lexllg, = lle1llg; > 01 and Ix(ex) = I1(ey) < O for
each k € N. By the Mountain Pass theorem, Iy possesses a critical value ¢, > o1 given by

¢y = inf max I s)), 17
k ool sHoX, k(g( )) (17)

where

No={geC(10. 11, E) | g0 =0, g(1) = e).

Hence, for each k € N, there exists uy € Ey such that

T (ug) = ck, I (uy) = 0. (18)

Then the function uy is a desired classical solution of system (6). O

Lemma 2.5. Let uy, € Ey, be the solution of system (6) which satisfies (18) for all k € N. Then there is a constant My > 0 independent
of k such that

lukllg, <M (19)
forallk € N.

Proof. For each k € N, let g :[0,1] — Ej be a curve given by gi(s) = sey where ey is defined in Lemma 2.4. Then gy € I';
and I (gr(s)) =11(g1(s)) for all ke N and s € [0, 1]. Therefore, by (17) we have

Ccr < max I s)) = Mo,
kS max 1(81(9)) 0

where M is independent of k € N, then from (18) we obtain
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Ie(u) < Mo, I, | (1 + llugllg,) =0.
The following proof is the same to Step 1 in Lemma 2.4; then we see that there exists M > 0 independent of k such that

lugllg, < My

for all k € N, which completes the proof. O

Lemma 2.6. Let uy € Ey be the solution of system (6) which satisfies (18) for k € N. Then there exists a subsequence {u;} of {ur}ken

convergent to ug in C} (R, R™).

Proof. By Lemma 2.5, we know that {uy}xen is uniformly bounded in E,. Now we show that {ii;}xeny and {ii}rcn are also
uniformly bounded sequences. By Lemma 2.3 and (19), we have

luellge, < Clitellg, < CM. (20)
Since uy is a solution of system (6), it follows that

—iik(t) + LU (t) = VW (£, e (6)) — f ()
for every t € (—kT,kT). By (20) and the boundedness of f, we obtain

k(@] < [VW (£, up®)] + [LOu ] + | F(©)]
< sup |[VW (t,x)|+CMy  sup |Lij(®)|+ sup|f ()|
(t,x)e[—KT kT]x[—CM1,CM;1] te[—kT,kT] teR

for k € N. It follows from (W;) and (3) that there is My > 0 independent of k such that

ikl 5o, < Ma. (21)
We can suppose that u () = (uy, (t), ug, (t), ..., ug, (t)) for each t € R. By the Mean Value theorem, there exits ty, € [t —1,t],
for all t € R, such that
t
ilki (tki) = / l.lk,' (S) ds = ukl‘ (t) - uki (t - 1)
t—1
for any i € {1,2, ..., N}. Then by (21) we have
t
f ilki (S) dS + uk,‘ (tk,')

tk,-

}uki (t) ‘ =

t

< /|ﬁki(5)|d5+|ﬁ]<i(tki)|
21
t

< /|ﬁk(5)|d5+|uki(t)—uk,~(t—1)|
t—1
<My +2CMq = Ms3.

Consequently, there exists a constant M4 > 0 such that
lltgellse, < M.

In order to finish the proof via the Arzela-Ascoli theorem, we need to prove that {u}ren and {il}ken are equicontinuous.
Actually, by (21) we have
5]

/ iig(s)ds

o

t
< /}u‘k(s)|ds < Mzt — 1]

%)

|tk (t1) — te(t2)] <

for each k € N and t1, t; € R, which shows that {ii;}xen is equicontinuous, and {uy}xey remains in the same way. Then there

is a subsequence {uk;}jen convergent to ug in C}OC(R, RN) by the Arzela-Ascoli theorem. 0O

To prove that ug is a desired solution of problem (1), we need to state an estimation made by Tang and Xiao in [13].
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Lemma 2.7. (See [13].) Let u : R — RN be a continuous mapping such that i € Lﬁ)C(R, RN). For every t € R the following inequality
holds
t+1/2 1/2
2 .2
Mt)\gﬁ( / (Ju)|” +ucs)| )ds) . (22)
t—1/2

Lemma 2.8. Let ug : R — RN be a function determined by Lemma 2.6. Then ug is a nontrivial homoclinic solution of problem (1).

Proof. Step 1: We will show that ug(t) satisfies (1) and ug(t) — 0 as t — £o0o. By Lemmas 2.4 and 2.6, we have Ug; — Uo

in ! (R,RN) as j — o0, and

—i; () 4+ L(t)ug; () = VW (£, ug; () = f(©)
for each je N and t € (—k;T, k;T). Take a,b € R such that a < b. There exists jo € N such that

—i; () + L(t)ug; () = VW (£, ug; () = f(©)
for all j > jo and t € [a, b]. Since, for j > jo, iik}. (t) is continuous in [a, b] and iikj t) > —=VW (t,up(t)) + Lt)up(t) + f(t)
uniformly on [a, b]. So it follows that iikj is a classical derivative of ilkj in (a, b) for each j > jg. Moreover, since ﬂkj — g
uniformly on [a, b], we get

—iig(t) + L(t)uo(t) = VW (t, ug(t)) — f(t)

for all t € [a, b]. Since a and b are arbitrary, we conclude that ug satisfies (1).
Subsequently, we will show that ug(t) — 0 as t — Foc. Then for every | € N there exists jo € N such that

IT
2 . 2
/ (Ju; O + [i; O ) de < ug I, < M7
—IT
for any j > jo. From this and Lemma 2.6 it follows that

IT
/(|uo(t)|2+|uo(t)\2)dt<M%
—IT
for each | € N. Letting | — +o00, we have

+00

/ (|luo®)|? + |0 (®)|?) dt < M2,
then
/ (luo®)|* + [0 |*)dt — 0 23)
[t|=>r

as r — 4o0. Then by (22), we obtain ug(t) — 0 as t — Fo0.
Step 2: We will prove that ilg(t) — 0 as t — +o00. Observe that

t
|ao<t>|2<z/(}ao<s>|2+|ao<s>}2)ds
t—1

for each t € R. From (23), one has

t
/|ilo(s)|2ds—> 0
t—1

as t — +o0o. And since ug is a solution of problem (1), by Hélder inequality we have
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/|u0(s)| ds = /|—VW (t, uo(t))+L(t)u0(t)+f(s)| ds

t—1 t—

t
/ (|=YW (£, uo®) + LOuo®| + | £(5)]) ds
1

t—

t
2f (|-VW (t, up(®) + LYo O] + | £ 5)|) ds
t—1

It follows from (C4) and (L) that for every ¢ > 0, there is a constant p > 0 such that

|[-VW (s, %)+ L(s)x| <¢

for all |x|] < p and uniformly in s € R. Since ug(s) — 0 as s — *o00, there exists a constant p > 0 such that |ug(s)| < p for
Is| > p. Hence, when |t| > p + 1,

¢
/ |—=VW (s, uo(s)) + L(s)uo(s)|2ds < &2,
21

It follows from ff_l | f(s)|>ds — 0 as t — +oo that

t
/|uo(s)yzds—> 0,
t—1

then we obtain our conclusion.
Since f # 0 and by (4), it can easily check that VW (t, 0) = 0 uniformly in t € R, we can conclude that u =0 is not a
solution for system (1), hence ug # 0. The proof of Theorem 1.1 is completed. O

Proof of Theorem 1.2. It is standard to prove that I satisfies the geometric conditions of the Mountain Pass theorem. Some
details are different from Theorem 1.1.
It follows from (Cg) that, there exist &g € (0, %] and o > 0 such that

W (t, %) < —eolx|? (24)

for all |x| <o and t € R.

Step 1: Iy satisfies condition (C). From (W), we can see I;(0) = 0. Then we show that I} satisfies (C) condition. Suppose
that {u;}jen C Eg is a sequence such that {I;(uj)}jen is bounded and ||I,’<(uj)||(1 +llujllg,) — 0 as j — oo. Then there exists
a constant Cy > 0 such that

Le(uj) < Cy, e | (1 + llujllg,) < Ck. (25)
By (25), (9), (W3) and (f) we have
3Ck = 20 (up) + | L @) [ (1+ llujlig,)
> 20 (uj) — (L)), uj)

kT kT
> /((VW(t,uj),uj)—2W(t,uj))dt+ /(f(t),uj(t))dt
—kT —kT
kT kT kT (u—=1)/u kT 1/
>d2/|uj(r)|“dt—/g(t)dt—< /|f(t)|“/(”“dt> </|uj(t)|“dt> ,
—kT —kT —kT —kT

which implies that

kT

1/
3Ck > dz/\u]a)!“ dt — || f | s 1>< f|u,(t)\“dt> — gl

—kT —kT
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Since p > 1, there exists Dy > 0 such that
kT
f|uj(r)|“dtgnk. (26)
—kT

Moreover, from (W) and (W3) we can conclude 8 > u, then from (9), (25), (W}), (24), (26) and Lemma 2.3 we obtain

kT kT
1.
§||u,-||f§”=1k(uj)+/W(t,uj(t))dt— /(f(t),uj(t))dt
—kT —kT
<Cr+di / |“J‘(t)|ﬂdt

{te[—kT kT1||uj|>0}

kT 1/u
2 ©
— &0 / |Uj(t)| dt+||f||ul/(ul)< / |Uj(t)| dt) ,
[te[—kT,kT]Huj\g(r] —kT

which implies that

kT 1/u
112 (1P (]2 (M
£ollujllg, < di |uj®]" dt +e ;O de+ 1 fllgwan| | |u©]dt)  +C
{te[—KkT kT]||uj|>0} {te[—KT kT]||uj|>0} —kT
kT 1/u
< (di +e0?27P) / |Uj(f)|ﬁdt+ ||f||Lu/<u1>< / |u]~(t)|“dt) + Gk
{te[—kT kT]||uj|>0} —kT
kT
_ 1
< (di +e027P) / |uj(t)|ﬂdf+ ||f||Lu/m—1>Dk/M + Gk
—kT
_ — - 1
< (dr + 02 ) DCP u 15 4 1 Fll sy DM + G
Since B — u < 2, then {uj}jen is bounded in Ej. By a standard argument, we see that {u;};jey has a convergent subse-

quence in Ej. Hence I} satisfies (C) condition.
Step 2: Now we choose § > 0 such that

5 < 80<%>. 27)

With this, we prove that there exist constants g;, &z > 0 independent of k such that 1k|33Q2 (0) = a2. By (27), we can set

=— oy =&l = 2—8 — 0
= — -
02 c 2 0 C C s

which implies 0 < ”“”L% <o if |lullg, = 2. Then it follows from (9), (24) and (5) that

kT kT kT
Ik(u)=%/|i1(t)|2dt— / W (t, u(t))dt + /(f(t),u(t))dt
—kT —kT —kT
kT kT
>3 [laoPde+eo [ fuof de - siul,
—kT —kT
> eollullf, — 8llulk,- (28)

By the definition of o and «y, (28) implies Ik|;)322 ©) = 02.
Step 3: Now we only need to prove that for each k € N there is yx € E such that ||yk|lg, > 02 and I (k) < 0. It follows
from (W)) that there exist £ > 0 and &1 > 0 such that
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2
W(t.x) > (o= +e1 ) Ix?
’ 2T2
forall t e [-T,T] and |x| > &. Set ¢ = max{|W (t,x)| |t € [-T, T], |x| <&}, hence we have

2

W(t,x) > (% ~|—81>(|X|2 _52) -,

Set
__ | sin(wt)e, te[-T,T],
Q0 = { 0 t € [—kT,kT]\ [-T, T]
where w = % e=(1,0,...,0). It can easily check that (% + &1)m > M, where

T T
1 .

M=5/|Qz(t)}2dt, m=/|Q2(f)|2df-
-T =T

By (9), for every r € R\ {0}, the following inequality holds

T T T
1 .
11(er)=5/Ier(r)|2dt—/W(r,er(r))dtJr/(f(t),er(t))dt
-T -T —-T

T T
2 2 2
< % /}szfdt— (2% +el>|r|2/!Qz(t>|2dt+ Ir|sm'/2 +2T(<2% +s1)sz +c)
-T =T

n? 2 1/2 n? 2
=—(|=—=+&1Im—-—M)|r r|ém 2T | — + ¢ s
(g o i 21 (5 02

which implies that there exists r, € R\ {0} such that [|rQ2]lg, > ¢ and I1(r2Q2) < 0. Set ex(t) =12 Q2(t) and pi(t) = ex(t).
Then yy € E, lIvkllg, = lle2lle; > 02 and I (y) = I1(e2) < 0 for each k € N. By the Mountain Pass theorem, I, possesses a
critical value di > oy given by

d, = inf I , 29
k= Inf max k(g() (29)

where

Ie=1{geC([0,1], Ex) | g(0) =0, g(1) = n}.

Hence, for each k € N, there exists uj € E such that
L(up) =dg, I (up) =0. (30)

Then the function uy is a desired classical solution of system (6).

Lemma 2.9. Let uy € Ej be the solution of system (6) which satisfies (30) for all k € N. Then there is a constant Mg > 0 independent
of k such that

llugllg, < Mg (31)
forallk € N.

Proof. Similar to Lemma 2.5, it follows from (29) that
d, < max [ s)) = Ms,
kS max 1(g1(9) 5
where M is independent of k € N, then from (18) we obtain

I (ug) < Ms, [ e || (1 + llugllg,) =0. (32)
It follows from (30), (9), (W3) and (f) that
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2Ms > 20k (u)) + || Twp | (1 + llujlg,)
> 20(uj) — (1} (). uj)
kT kT
S
—kT T
kT kT

>d2/|uj(t)|"dt—/g(t)dt

—kT —kT

kT (u—=1)/1 kT 1/n
_< /|f(t)|u/(u1)dt) </|u]~(t)|"dt> ’

—kT —kT

which implies that

kT kT 1/u
2Ms >d, f Juj©" de - ||f||1_u/(#1)< / |u,-<t>|“dt) —lighy-
—kT —kT
Since w > 1, there exists D > 0 independent of k such that
kT
/ luj®)|"dt < D.
—kT

Then from (9), (32), (W), (24) and Lemma 2.3 we obtain

kT kT
1 .
S, =nap+ [ wewo)d— [ (fo.u0)d
—kT —kT
< Ms +dy / ’u]'(t)|'3dt

{te[—kT kT]||uj|>0}

kT 1/u
— &0 / |Uj(t)’2dt+||f||ut/(u—1)< /‘uj(t)’l‘dl) ,

{te[—kT kT]|luj|<o} —kT
which implies that
eollujllﬁkéd] / |uj(t)|’3dt+g / |uj(r)|2dt
{te[—KkT kT1lluj|>0} {te[—kT kT]|luj|>0}
kT 1/n
+ ||f||1_u/(ul)< / |u]-(t)|p‘dt> + M5
—kT
kT 1/p
< (d] +80’2—ﬁ) / |Uj(t)|ﬁdl'~|— ||f||L/L/(;L1)< / }Uj(t)w dt) + Ms
{te[—kT,kT]|uj|>0} _kT
kT
< (di+e0?7F) f i d + 1 I s DV + Ms
—kT

< (d1 +eo?P)DCPH ||uj||§k‘“ + 11 f ll e/ DV/# + Ms.

Since 8 — < 2, uy is uniformly bounded in Ey. We obtain our conclusion.
The following proof is the same to Lemmas 2.6 and 2.8. We complete the proof. O
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Proof of Corollary 1.1. It follows from (W) that there exists a T > 0 such that

 W(t,x) w2
reY
Xl—>oo  |x|2 2T2

uniformly in t € [T, T], which implies the condition (W) in Theorem 1.2. Similar to the proof of Theorem 1.2, Corollary 1.1
holds. The proof is completed. O
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