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1. Introduction

In this paper we are concerned with the existence of positive solutions for the second-order boundary value problem

—u"4+ru=¢u+ f(t,u), 0<t<1,

—¢" = pu, O<t<1, )
u0)=u(1) =0,
p0)=¢(1)=0,

where A > —2, j is a positive parameter, f € C[(0,1) x Rt, RT], that is, f is probably singular at t =0 and t = 1.

Problem (1) is related to the stationary version of the reaction-diffusion system

Uir — Auq =uquy — buq, xef2, t>0,
Uy — Aup =auq, xe 2, t>0, 2)
ui =up=0, xe€082, t>0,

ui(x,0) =ujo(x) >0, uz(x,0)=uzx) >0, xe£,

where 2 € RN is a smooth bounded domain, a, b > 0 are constants, u1g, Uz are continuous nonnegative functions on £2.
As a model to describe the neutron flux and temperature of the nuclear reactors, the system (2) is studied by the authors
in [3]. It is proved that there is at least one positive stationary solution if 2 <n < 6. In addition, it is also proved that every
positive stationary solution is a threshold when £2 is a ball.

Recently, boundary value problem of fourth-order ordinary differential equations has been extensively studied (see [6,8]
and references therein). Naturally, we can find that problem (1) is similar to the following fourth-order boundary prob-
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lem

{ o+ A" = f(t. —¢"), 0<t<1, )

P0)=¢(1)=¢"(0)=¢"(1)=0.

So, it is useful for us to study problem (1). In addition, there are many authors have studied the differential system, such as
[1,4,7,9-12], and they obtain fruitful results. Inspired by the above references, we will study problem (1) by the following
fixed point theorem of cone expansion and compression in [2]:

Lemma 1.1. Let E be a Banach space, and K C E be a cone in E. Assume £21, §2; are open subsets of E with 0 € £21, 21 C 25, and let
T:KN($£22\ $21) — K be a completely continuous operator such that either

1) NTull < lull,ue KNas2y and ||Tu|l > |lull, u € KN 3s2y; or
@) 1Tull = lul,ue KNas2y and ||Tull < |lul, u e KNas2,.

Then T has a fixed point in K N (23 \ £21).

The organization of this paper is as follows: In Section 2, we introduce some preliminaries. In Section 3, we state and
prove our main results. In Section 4, we give two examples to illustrate our main results.

2. Preliminaries
Let G(t,s) be the Green function of linear boundary value problem
—u”" +Au=0, u(0) =u(1) =0,
where the constant A > —2. Thus, from [5], we have the following lemmas.

Lemma 2.1. Let w = /||, then G(t, s) can be expressed by

sinh wt sinh w(1—s) 0
wsinhw ’
sinh ws sinhw(1—t) 0
wsinhw

(i) G(t,s) =

t(l—s), 0

(ii) CED=151_1. 0

sinwt sinw(1—s)
wsinw

0
sinws sinw(1—t) 0
wsinw ’

(iii) G(t,s) =

Lemma 2.2. The function G(t, s) has the following properties:

(i) G(t,s) >0,Vt,s€(0,1),
(ii) G(t,s) < CG(s,s), Vt,se][0,1],
(iii) G(t,s) = 8G(t, t)G(s,s), Vt, s €[0,1],

where C=1,8 = w/sinhw, ifA>0;C=1,8§=1,if»=0; C=1/sinw, § = wsinw, if —mw2 < A < 0.

Problem (1) can be easily transformed into a nonlinear second-order ordinary differential equation with a nonlocal term.
Briefly, the boundary value problem
—¢"=pu,  @0)=¢(1)=0,
is solved by Lemma 2.1, namely,
1
<P(t)=M/K(f,S)u(S)dS (4)
0

where K (t,s) denotes the Green function G(t,s) when A = 0. Then, inserting (4) into the first equation of (1), we have
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1
—u”—i—ku:uu/K(t,s)u(s)ds—i—f(t,u), 0<t<l1,

0
u(0) =u(1)=0.

(5)

Now we consider the existence of positive solutions of (5). the function u € C2(0, 1) N C[0, 1] is a positive solution of (5),
if u satisfies (5), and u >0, t € [0, 1], u # 0. Then by Lemma 2.1, the solution of (5) can be expressed as following

11 1
u=u//G(t,s)u(s)K(s,r)u(r)dtds+[G(t,s)f(s, u)ds.
00 0
We now define a mapping T : C[0, 1] — CJ[0, 1] by
11 1
Tu(t)=u//6(t,s)u(s)l((s, r)u(r)drds—i—/G(t,s)f(s,u)ds.
00 0

It is clear that T : C[0,1] — C[O0, 1] is completely continuous.
Set

13
P=3ueC[0,1]: ut)=o|ul, te|-,- |,
{ [0, 1]z u(®) flull [4 4”
where o = 2 € (0, 1) and

sinh  sinh %a)

wsinhw if >0,
m=_ min Gtn={2%, ifA=0,
te[1/4,3/4]
sin 7 sin 7w . 2
e if—m- <A <0.

It is well known that P is a cone in C[O0, 1].
Lemma 2.3. (See [5].) T(P) C P and T : P — P is completely continuous.
3. Main result
Theorem 3.1. Assume that the following conditions hold:
(H1) A > —m2;
(H2) f €C[(0,1) x R*, R*], and

ft,w) <pt)yg), te(0,1), ueR™,

where p(t) € C[(0,1), RT], q(u) € C[RT, R*], and
1
/G(s, s)p(s)ds < 4o0;

0
— qu t,u
(H3) im 9% 0 im omin LOW 4
u—0t U u—>+ool1/4,3/41 U
1 . .
If u € (0, T CeaRGDdds ], then problem (1) has at least one positive solution.

Proof. By condition (H3), there exist c; >0, 0 <r < 1 such that

qw) <cau, uel0,r],
and satisfying
1

C-cq -/G(s, s)p(s)ds <
0

N =
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Thus, by Lemma 2.2, (H2) and (H3), we have

1

11
(Tu)(t):u//G(t,s)u(s)K(s, Tu(t)dr ds—i—/G(t,s)f(s,u)ds
00

0
11 1
<MC//G(S,S)K(S,t)drdsllullz+C/G(s,s)p(s)q(u)ds
00 0
11 1
g,uC/[G(s,s)K(s,t)drds||u||2+C-c1 ~/G(s,s)p(s)ds||u||
00

0
< Dz 4 Ly
X 2 2
<Jull, YuedB-NP, tel0,1].
Consequently,
ITull <|lull, YuedB NP.

On the other hand, by condition (H3), there exist c; > 0, Ry > 0 such that

f(t,u) >cou, Yu>Rq, te[l/4,3/4],
and satisfying

3/4

1
cz-a-/G(i,s>ds>l

1/4
Set R > 71, it is easy to know that

mlnu olull=0R>R;, YueBrNP.
3
tel4.3]

Then, from conditions (H3) and Lemma 2.2, we have

1 1

(Tu)(%) ,u/ G( )u(s)K(s r)u(r)drds—i—/G(%, ) (s,u)ds
0 0

o (

2 no

G(%,s)u(s)l((s,t)u(r)drds—i—/G % )f(s u)ds

A

Al N—‘\Nw N—‘\Nw o\_

3
2

1
/G(Z,S)K(S, r)drds||u||2+acz
1
2062/G<§,s>ds||u||
1

for all u € 9B N P.
Consequently,

1
G(—,s)ds [l
2

INEN

INEN \
Al

ITull > llull, YuedBrNP.

Then by Lemma 1.1, problem (1) has at least one positive solution. O

373
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Theorem 3.2. Assume that (H1) and (H2) hold. In addition, also assume that the following conditions hold:

(H4) lim min f(t’”)=+oo, lim  min feuy _
u—o+[1/43/41 U ustool1/4.3/41 U

(H5) There exists 0 < p < 1 such that

o
sup q(u) <
uel0,1] 2Cf0 G(s,$)p(s) ds
1 . .
If € (0, 2T CE KGO ds], then problem (1) has at least two positive solutions.

Proof. By conditions (H1) and (H5), for Yu € 9B, N P and t € [0, 1], we have

1

11
(Tu)(t):,u//G(t,s)u(s)K(s, u(r)dr ds+/G(t,s)f(s,u)ds
0 0

1

0
11
,uC//G(s,s)K(s,t)drdsllullz+C/G(s,s)p(s)q(u)ds
0 0 0
1

,uC//G(s S)K (s, ‘L’)d‘L’dS||u|| +C- 7 P -fG(s,s)p(s)ds
2C [y G(s,s)p(s)ds

1 1
<zp'+zp<p.
D) ,0 B PP
Consequently, we get
ITull < llull, YuedB,NP.
On the other hand, by (H4), there exist c3 >0, 0 <1 < p such that

ft,w)>csu, Vuel0,r], te[1/4,3/4],
and satisfying

3/4

1
C3~0-/G<§,S)d521

1/4

Then, from conditions (H4) and Lemma 2.2, we have

1 1
(Tu)(%) ,u/ G(— s)u(s)K(s r)u(r)dtds—i—/G %,s)f(s, u)ds
o 0

G(% s)u(s)K(s, Tu(r)drds + / G

(
(

a
> uo // (— s)K(s T)drds||u|? +0C3/G(%,s>ds||u||

1 1

4 4 4
3
)
1
>oc3 | G 5’3 ds||ul|
1
1

for all u € 9B, N P.

WV
=
.m—“\
NI e \Nw e \.. —

%,s)f(s,u)ds

3
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Consequently,

ITull > |lull, YuedB,NP.

From the proof of Theorem 3.1, for sufficiently large R > 1, we also have

ITul| > |lul, YuedBgNP,

by (H4) and Lemma 2.2. B 3
Then by Lemma 1.1, we know that T has at least two fixed points in (Bg\B,) NP and (B,\B;) N P, namely, problem (1)
has at least two positive solutions. O

4. Examples

In this section, we will give two examples to illustrate Theorem 3.1 and Theorem 3.2 when A =0.

Example 1. In problem (1), let f(t,u) = % we can choose p(t) = t(]]j and q(u) = u. It is easy to see that (H1) is
satisfied. In addition, we can verify that

1 1

/G(s,s)p(s)ds:/s(l —s)#ds=1 < 400.
s(1—y5)

0 0

Then (H2) and (H3) are satisfied. Therefore, by Theorem 3.1, problem (1) has at least one positive solution when u € (0, 61—0].

1
Example 2. In problem (1), let f(t,u) = %, we choose p(t) = m, q(u) = u? + u?. Then (H1), (H2) and (H4) are

obviously hold. In addition, let p =1, then
1 1

1 1 2
ZC/G(s,s)p(s)ds sup q(u)=2-1 -/5(1—5)7 sup Vvrun)=<1= ,
J uel0,1] J 6s(1 —s) ue[o,l]( ) 3 P

namely, (H5) is satisfied. Therefore, by Theorem 3.2, problem (1) has at least two positive solutions when u € (0, 61—0].

References

[1] D.R. Dunninger, H. Wang, Existence and multiplicity of positive solutions for elliptic systems, Nonlinear Anal. 39 (1997) 1051-1060.
[2] D. Guo, V. Lakshmikantham, Nonlinear Problems in Abstract Cones, Academic Press, New York, 1988.
[3] Y. Gu, M. Wang, Existence of positive stationary solutions and threshold results for reaction-diffusion system, J. Differential Equations 130 (1996)
277-291.
[4] Y. Lee, Multiplicity of positive radial solutions for multiparameter semilinear elliptic systems on an annulus, ]. Differential Equations 174 (2001) 420-
441,
[5] Y. Li, Positive solutions of fourth-order boundary value problems with two parameters, . Math. Anal. Appl. 281 (2003) 477-484.
[6] Y. Li, Multiply sign-changing solutions for fourth-order nonlinear boundary value problems, Nonlinear Anal. 67 (2007) 601-608.
[7] R. Ma, Multiple nonnegative solutions of second-order systems of boundary value problems, Nonlinear Anal. 42 (2000) 1003-1010.
[8] D. O’'Regan, Solvability of some fourth (and higher) order singular boundary problems, ]. Math. Anal. Appl. 161 (1991) 78-116.
[9] JM. do O, S. Lorca, P. Ubilla, Local superlinearity for elliptic systems involving parameters, ]. Differential Equations 211 (2005) 1-19.
[10] J.M. do O, S. Lorca, J. Sanchez, P. Ubilla, Positive solutions for a class of multiparameter ordinary elliptic systems, J. Math. Anal. Appl. 332 (2007)
1249-1266.
[11] F. Wang, Y. An, Nonnegative doubly periodic solutions for nonlinear telegraph system, J. Math. Anal. Appl. 338 (2008) 91-100.
[12] X. Yang, Existence of positive solutions for 2m-order nonlinear differential systems, Nonlinear Anal. 61 (2005) 77-95.



	Positive solutions for a second-order differential system
	Introduction
	Preliminaries
	Main result
	Examples
	References


