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for a restricted range of «. As an application, we prove that several fundamental operators
in harmonic analysis of the Laguerre expansions, including maximal operators related to
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1. Introduction and preliminaries

Letd>1and o = (a1, ..., dq) € (—1, 00)L. We shall work on the space R4 = (0, 00)? equipped with the measure
Mo (dX) =xf"“+1 . -xj“"“ dx
and with the Euclidean norm | - |. Since u, satisfies the doubling condition, the triple (]R‘i, ditg, |- |) forms the space of
homogeneous type in the sense of Coifman and Weiss [2]. The Laguerre operator
d
20 +1 0
Ly =—A+|x]* — _—
o DY P

i=1

is symmetric and positive in L?(duy), and it has a natural self-adjoint extension £, whose spectral decomposition is
discrete and is given by the Laguerre functions of convolution type ¢¢, see [5]. The associated heat semigroup {exp(—tLy)}
has an integral representation, and the Laguerre heat kernel is known explicitly, see [5, Section 2], to be

d
. _ 1 s Xiyi
Gf (x,y) = (sinh 2t) dexp(—i coth(2t)(|x|2 + |y|2)) E(X:’J/i) ¥l <sinlr31112t>’
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with I, denoting the modified Bessel function of the first kind and order v; as a function on R, I, is real, positive and
smooth for any v > —1, cf. [12].

The main objective of this paper is to develop, for arbitrary a € (—1, 00)?, a technique of proving standard estimates,
see (3.1)-(3.4) below, for various kernels expressible via G (x, y). Typical and important examples here are kernels associ-
ated with the Laguerre heat and Poisson maximal operators, Riesz-Laguerre transforms, Littlewood-Paley-Stein type square
functions and multipliers of Laplace and Laplace-Stieltjes transforms type. The multiplier operators just mentioned cover as
special cases imaginary powers of £, and the related fractional integrals.

For the restricted range of o € [—1/2, 00)?, the problem was treated by Nowak and Stempak [5]. The idea standing
behind the method presented in [5] has roots in Sasso’s paper [8] and it is based on Schlifli’s Poisson type representation
for the Bessel function (see [12, Chapter VI, Section 6-15] and [5, Section 5])

Iy(2) =2" / exp(—zs)IT,(ds), largz| <m, v>=-1/2, (1.1)
[-1.1]
where the measure I7, is given by the density
(1 —sH)v=1/24s
JT2'T (v +1/2)°
and in the limit case IT_1,2 becomes the atomic measure defined as the sum of unit point masses at —1 and 1 divided
by +/27. Assuming that o € [—1/2, 00)?, Schlifli’s formula allows to write the heat kernel in the following symmetric way:
_ {2
2¢

,(ds) = V> —1/2,

d+|o| 1 c
) / exp<_§q+(xs y,S) - Zq—(xv yvs))HOt(dS)7 (12)

[-1,1

GY(x,y) = (

where || =a1 + -+ + &y, [T, stands for the product measure ®?=1 My,

d
Qe y. ) = X2 +IyP+£2) xiyisi, xyeR}, se[-1,1],
i=1

and t is related to ¢ by ¢ =tanht; equivalently,

1 1+
tzr@):ilog]_i

, ¢€(0,1). (1.3)

This representation of the heat kernel turned out to be particularly well suited for considerations connected with applica-
tions of the Calderén-Zygmund theory. The essence and convenience of the technique derived in [5] lies in the fact that
the integral against [1,(ds) occurring in kernels defined via G (x, y) can be handled independently of the integrand. Then
expressions one has to estimate are relatively simple and contain no transcendental functions. Unfortunately, the restriction
o € [—1/2, 00)? resulting from Schlifli’s formula cannot be released in a straightforward manner.

To solve the problem and cover in a unified way all « € (—1, co)? we combine (1.1) with the recurrence relation (cf. [12,
Chapter III, Section 3-71])

2 1
I(2) = #m @) + Iy 12(2), (14)

as suggested vaguely in [5, p. 666]. This leads to a representation of G (x, y) as a sum of 24 components, all of them being
similar to the expression in (1.2), see Section 2. Then each component is analyzed by means of a suitable generalization
of the strategy employed in [5]. However, the technical side of the present paper is considerably more involved than that
of [5] and also some essentially new arguments are required.

As an application of the presented technique, we prove that the maximal operators of the heat and Poisson semigroups,
Riesz-Laguerre transforms, Littlewood-Paley-Stein type square functions and multipliers of Laplace and Laplace-Stieltjes
transforms type are, or can be viewed as, Calder6n-Zygmund operators in the sense of the space (R‘i, dity,|-1]), see Theo-
rem 4.1. This recovers and extends to all & € (—1, c0)d known results for « € [—1/2, o0)d obtained in [5] for the maximal
operators and Riesz transforms, in [9] for vertical and horizontal g-functions of order one, and in [11] for Laplace type
multipliers of both types. Moreover, here we also deal with g-functions of arbitrary orders and mixed vertical and horizon-
tal components, which were not investigated earlier in the Laguerre context. Noteworthy, our technique is well suited to
a wider variety of operators, including more general forms of the g-functions and Lusin’s area type integrals.

It is remarkable that recently, in a similar spirit, analogous techniques have been developed in the Bessel setting (the
context of the Hankel transform) by Betancor, Castro and Nowak [1], and in the more complex Jacobi setting by Nowak
and Sjogren [4]. However, in [1], as well as in [4], ranges of admissible type indices are restricted, as it took place in the
Laguerre situation in [5,9,11]. The results of this paper show how to remove the restriction in the Bessel setting, and give an
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intuition how it could be done in the Jacobi situation. Furthermore, they also suggest that various results obtained recently
in the context of the Dunkl harmonic oscillator and the associated group of reflections isomorphic to Z4, see [6,7,10,11],
hold for more general (not necessarily positive) multiplicity functions.

The paper is organized as follows. In Section 2 we gather various facts and preparatory results needed for kernel esti-
mates. In Section 3 we demonstrate our technique by proving standard estimates for kernels associated with the operators
mentioned above. Then, in Section 4, we conclude that the operators in question can be interpreted as Calder6n-Zygmund
operators. Finally, Appendix A contains a somewhat lengthy proof of one of the auxiliary technical results from Section 2.

Notation. Throughout the paper we use a fairly standard notation with essentially all symbols referring to the space of
homogeneous type (Ri,d,ua, | - |). For the sake of clarity, we now explain all symbols and relations that might lead to a

confusion. Given x, y e RY, 8 € RY and a multi-index n e N¢, N={0, 1,2, ...}, we denote
ej = jth coordinate vector in RY ,
1=(1,...,1) e N,
[n|=nq+---+ng (lengthofn),
Bx,r={ye Ri: Ix—yl<r}, r>0 (balls inR‘i),
Xy =X1Y1, - XdYd),

xP :x’f1 -xg",

x<y=xi<y, i=1,...,d,

xV y=(max{x, y1}, ..., max{xq, yq}),

Oy, =0/0x;, i=1,...,d (ordinary partial derivatives),
W =03y 00y,

8y, =0y +%;, i=1,...,d (Laguerre partial derivatives),

n__ ¢Mm ng
8y =0x, 0--- 08y,

(kF)" =9k F)" ... (K )", k=1.2,...,

where in the last identity F is a suitable function on R‘J'r defined in a moment.
Further, we also introduce the following notation and abbreviations:

q+ =q+(x,¥,5),

1 ¢

Exp(¢,q+) = ——qy —>q_ ),
Xp(¢, q+) em( 4§q+ 4q>
F=F(,q+) =InExp(¢, q+),

1+¢
L =1
0g(¢) 81 ¢
wl=wlxy.s)=xjtyjs;, j=1,....d,
Wy = (w),..., ),

@i:¢i(x,y,s):yjj:xjsj, ji=1,....d,

where x,y € R?, se[—1,1]¢ and ¢ € (0, 1).
While writing estimates, we will use the notation X <Y to indicate that X < CY with a positive constant C independent
of significant quantities. We shall write X ~Y when simultaneously X <Y and Y < X.

2. Preparatory facts and results

Let o € (—1, 00)?. By means of (1.4) and (1.1) the Laguerre heat kernel can be written as

1— 2
G?(X’Y): Z Ca.s( £

d+]al+2|e|
2 >
ee{0,1}d ¢

1
(xy)* eXp<—Eq+ - %‘I—>Ha+1+s (ds), (2.1)

where Cy ¢ =[2(0 + 1)]'¢ and t and ¢ are related as in (1.3). Here and later on, for the sake of brevity, we omit the set of
integration [—1, 1]¢ in integrals against Hy1+14¢(dS).
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The following generalization of [5, Proposition 5.9] is a crucial point in our method of estimating kernels. It establishes
a relation between expressions involving certain integrals with respect to I1,+1+:(ds) and the standard estimates for the

space (RL, dpg, |- D).

Lemma 2.1. Let o € (—1, 00)d. Assume that &, k € [0, 00) are fixed and such that & + & + k € [—1/2, 00)d. Then, uniformly in
X,y € RY, x +Y,

2 1 d+|o|+|&|
(L Mapinds) S — 1
*+) /<q+> @) S B = 7))

o [ 1\ e 1
x+y) /(—) I, ds) < .
q+ kb X — ylita (BX, X — y])

To prove this we need two auxiliary results. The first one is a natural extension of [5, Proposition 3.2].

Lemma 2.2. Let o € (—1, 00)%. Then

d
o (B(x, 1)) =14 l_[(xi +r2tl xeRY, r>o0.
i=1

Proof. Let x R‘i and r > 0. Given ¢ € {0, 1}¢, we consider the cube Q. (x,r) being a product of the intervals [x; + &;r,
Xi+r+er], i=1,...,d. Since py possesses the doubling property, for each ¢ € {0, 1}¢ we have
ta(Qe(®, 1) = o (B, 1), xeRL, r>0.

Now for a fixed « we choose € such that & =1 when o; < —1/2 and ¢; =0 if o; > —1/2. By the mean value theorem for
integration,

Pa(Qe(x, 1) =102t xeRY, r>0,
where 6 = (x, r) is a point in Qg (x,r). But the right-hand side here is, by the choice of &, dominated by r¢ H?:] (%; +1)2it1,
A similar argument shows that

d
Ha(Qoc@.n) 2 [ + 1?4, xeRy, r>o.

i=1

The conclusion follows. O
The second result we need is a slightly more general version of [5, Lemma 5.8].

Lemma 2.3. Leta > —1/2,b > 0 and A > 0 be fixed. Then

Ig1p(ds) < 1

(A— Bs)a+1/2+k ~ Aa+1/2(A _ B)’\’
[-1,1]

A>B>0.

Proof. When b = 0 this is precisely [5, Lemma 5.8]. Using this special case we can write

Mgypds)  _  (A+B)
(A— BS)G'H"H/Z'H“ ~ Aa+b+1/2(A _ B))“.

Hg4p(ds) b
(A— BS)‘H']/Z'H‘ < (A + B)
[-1,1] [-1,1]
Since (A + B) >~ A, the desired bound follows. O

Proof of Lemma 2.1. It suffices to verify the first estimate of the lemma. Then the second one follows immediately by
observing that q; > |x — y|?. Further, our task can be reduced to showing that

1 d+|o| - 1 .
/(a) HOH_K(dS)Nm’ X, yeR, x#y, (2.2)

provided that o 4+ k € [—1/2, c0)?. Indeed, replacing in (2.2) @ by o + & and using Lemma 2.2 we get
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(e ¥ / (_)d““*énaﬁ% (ds) S (x+y)* !
q+ ~ Ma+e (B, [x = yI))
- x+y*
= YT (i + Ix — yp2eiténtt
1 1

< ~ ,
T x— YT, (0 + x— yD2eit T e (B, X = yD)

where the third relation follows from the bound x; + y; < x; + |x — y|.
It remains to verify (2.2). Let Z, = {j: «; < —1/2}. Taking into account Lemma 2.2, the symmetry of 1y, and the
estimate

Ix — yl|2aj+1 < o |x—1y|)2°‘j+1 , o< —1/2,
we see that it is enough to show the bound
1 d+|o| 1 |
/(q__) o (ds) S X = Y19 TTicz, 1% — Y22+ T g, (x5 + x — y2o T x, yeRL, x#y, (2.3)

with the usual convention concerning empty products. Here, without any loss of generality, we may assume that Z, =

{1,...,k} for some k=0,1,...,d (by convention, k =0 corresponds to Z, = ). Then proving (2.3) consists of two steps.
Step 1. If Z, ={1,...,d}, we go immediately to Step 2. Otherwise we proceed as in the proof of [5, Proposition 5.9],

using Lemma 2.3 instead of [5, Lemma 5.8]. This either produces directly (2.3) in case Z, =@, or leads to the estimate

1 d+la|
/(q_) My (ds)

1 / 1 .

< g1 7 (ds)

~ d K k i o+K s
[Tk &+ 1x = y|)2itt - (X2 +1y12 =255 xiyisi — 2 Z?:k-ﬂ,-l xjy jdtXiz di—d=l/2

where  indicates the restriction to the first k axes.
Step 2. Taking into account the last estimate, the fact that the measure I75 ¢ is finite and the bounds

k
d+Y ai—(d—k/2>d-k/2>0,
i=1

X2+ 117 =2 xiyisi—2 ) xjyj = x—yI%,
I€ly JELa

we conclude that

d+|o|
1 (ds) < | |
1- o gz, &%)+ Ix = yD24TT |x _ ki 20

This implies (2.3). The proof is finished. O

The remaining part of this section contains lemmas that are needed to control the relevant kernels and their gradients
by means of the estimates from Lemma 2.1.

Lemma24.letd>1,a e (—1,00%, neN, meN, e e {0, 1} Then
1= g2\ a2l

BZ"SQK : ) (xy)**Exp(¢, Q:I:):|

< (] - 42)d+|a\+2|8Iyzg Z XZs—naé.—d—la\—Z\s|—m7\n|/2+|ns|/2 /7Exp(§,qi) (2.4)

n€{0,1,2)

and
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RN
Vx,yagﬂfsg[( 3 ) (X}’)ZEEXIJ({,%)]‘

d 2 _ —d—lo|— —m— _ 1/4
5(]_§2) +lor|+ EI{yzg Z x2€ r/sé_ d—|a|—2|e]—m—|n|/2+|ne|/2 Uz(IExp(;,qi))/

ne{0,1,2)4
d
e e e —delal—2lel—m— 1/4
F Ky Y a2l mnl 24 nel 2 (B, ) (2.5)
j=1 nef{0,1,2)d

uniformly in ¢ € (0,1), s € [—1,11% and x, y € R4 ; here ¢ = £ (t) = tanht.

The proof of Lemma 2.4 is lengthy and purely technical. We postpone it to a final Appendix A to avoid possible confusion
with the main line of thought of the paper.

Lemma 2.5.Leta > 1,b > 0 and M € R be fixed. Then
1
M b—1__q_ _ _
/(]Log(;)) (1-¢2) ¢ Mexp(-T¢")de ST, T>o.
0

Proof. We split the region of integration onto (0,1/2) and (1/2,1), denoting the resulting integrals by Jo and Ji, re-
spectively. We first analyze Jo. For ¢ € (0,1/2) we have 1 —¢2~1 and Log(¢) ~ ¢. Using this and changing the variable
Tc— 1 u gives

172 oo 00
Jo~ / ¢ "exp(—-T¢ ") de :T"”]/u“’2 exp(—u)du < T’c’“/u"’2 exp(—u)du.
0 2T 0

Since the last integral is finite, we get the required bound for Jg.
We next focus on Jq. Since ¢ ~1 for ¢ € (1/2,1) and sup,>q u? e~ < 00, we see that

¢ Mexp(-T¢ ) ST (T;_])a_l exp(-T¢ ) ST re/2,1), T>0.

This implies the desired estimate for J; because f11/2(L0g(§))M(1 — )14 <0, O

The next lemma will be applied in Section 3 with p =1, p =2 and p = oco. Other values of p are of interest in con-
nection with operators not considered in this paper, for instance more general forms of Littlewood-Paley-Stein type square
functions.

Lemma 2.6. letd > 1, @ € (-1, oo)d, 1< p<oo WeRandC > 0. Assume that € € {0, l}d and 9, 0 € {0, 1, 2}d are such that
¥ < 2¢ and o < 2¢. Given u > 0, we consider the function Hy: R‘i X ]Ri x (0,1) — R defined by

dlerl+2le] , —d—ja|— W/ _o .26 c
Hu(x,y.0) = (1 - ¢2) o4 20e] —d—la-2lel+191/2+I01/2-W [p=u/2, 26~ | 26 Q/(Exp(;,qi)) Mo inse(ds).

where W /p = 0 for p = oco. Then H,, satisfies the integral estimate

1 1
X — y[¥ o (B, |y —x[))’

[Hu(x.y.¢®) ”LP(tW*1 dn S
uniformly inx, y € R4, x  y, and here t and ¢ are related as in (1.3).

Proof. We will show the estimate when p < co. The case p = co can be treated in a similar way, using in the reasoning
below instead of Lemma 2.5 the estimate

(Aqs)? exp(—cAqq) <1, (2.6)

which holds uniformly in x,y e R%, se[—1,1]¢ and A > 0, for each b >0 and ¢ > 0 fixed (see Lemma A.3 (a) below).

Changing the variable according to (1.3) and then using sequently Minkowski’s integral inequality, Lemma 2.5 (specified
toM=W—-1,b=pd+|a|+2|¢]),a=pd+|a|+2]e|—|P|/2—]o|/2+u/2)+1, T = Cp%) and the inequality |x— y|*> < q.,
we obtain
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” Hy (X’ Y é'(t)) ”LP(tW’l dt)
1
=x25—z9yzs—g</(Log(;)/z)W—l(l . 4_2)P(d+\01|+2|8\)—1é_—p(d+\a|+2|8\—|z9|/2—|Q|/2+W/p+u/2)

0

) by VP
X (/(EXP(C’Qi)) Ha+1+s(ds)> dC)

1
< X260 2= Q/(/ Log({) {Z)P(d+\a|+2|8\)—1é_—p(d+|a|+2\8\—|zﬁ‘|/2—|Q|/2+u/2)—W
0

1/p
x (Exp(¢, Qi))cp dC) Iy 1+46(ds)

< 2o y2e-0 /(q+)—d—|a|—2\€\+\z9|/2+|Q|/2—u/2Ha+1+8(ds)

<yt / (q) 4 lIm R0 (d).

Now an application of Lemma 2.1 (taken with & =2¢ — /2 — /2 and k =1 — €&+ ¥/2 + ¢/2) leads directly to the desired
bound. O

We end this section with two lemmas that will come into play when proving the smoothness estimates (3.2) and (3.3)
(see Section 3) in cases when B # C. They will enable us to reduce the difference conditions to certain gradient estimates,
which are easier to verify.

Lemma 2.7. (See [9, Lemma 4.5], [10, Lemma 4.3].) Let x, y, z € RY and s € [—1, 119. Then
1
Zqi(x, Y,8) <qx(z,y,5) <49z (%, ¥,5),
provided that |x — y| > 2|x — z|. Similarly, if |x — y| > 2|y — z| then
1
ZQi(X, ¥,8) <q+(X,2,5) <49+ (%, ¥, ).

Lemma 2.8. (See [10, Lemma 4.5].) We have

1 1
1z—ylna(B(z,1z—y))  IX—yla(BX, |x—y])

ontheset {(x,y,2) e RL x R x RY: [x — y| > 2|x — z[}.
3. Kernel estimates

Let B be a Banach space and let K(x, y) be a kernel defined on ]R‘i X R‘i \ {(x,y): x=y} and taking values in B. We

say that K(x, y) is a standard kernel in the sense of the space of homogeneous type (]Ri, dug, |- ) if it satisfies so-called
standard estimates, i.e. the growth estimate

1
K (x, < 31
ke nle s o ga =y G1)

and the smoothness estimates

|x — x| 1
Kxy)— K&, )| < . x—yl>2 32
[ =KW e S G oy Y2 G-2)
/
— 1
[Kx, ) — K(xy) |, < 2= R (33)

|x =yl na (B, |x—y])
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When K(x, y) is scalar-valued, i.e. B = C, the difference bounds (3.2) and (3.3) are implied by the more convenient gradient
estimate

1
X—Yylpa(Bx, [x—yD)

Notice that in these formulas, the ball B(x, |y —x|) can be replaced by B(y, |x— y|), in view of the doubling property of jty.
We will show that the following kernels, valued in suitably chosen Banach spaces B, satisfy the standard estimates.

[VayKx, )| S I (3.4)

(1) The kernel associated to the Laguerre heat semigroup maximal operator,
G ={GE M}y  B=L®0).

(2) The kernels associated with Riesz-Laguerre transforms,
] o
R, y) = ——— [ 8"G%(x, p)t"/2=1at, B=cC,
0 = g | ot
0

where n € N? is such that |n| > 0.
(3) The kernels associated with mixed square functions,

Ml = (A6 D), B = L2 ),

where n € N? and m € N are such that |n| +m > 0.
(4) The kernels associated to Laplace transform type multipliers,

Ky (x, y)=—/w(t)8tG?‘(x, y)ydt, B=C,
0

where i € L*°(dt).
(5) The kernels associated to Laplace-Stieltjes transform type multipliers,
Ky (x,y) = f G (x, y)dv(®), B=C,
Ry

where v is a signed or complex Borel measure on (0, co) with total variation |v| satisfying

/e’t<2d+2‘“|)d|v|(t) < c0. (3.5)
Ry

The result below extends to all o € (—1, 00)? analogous estimates obtained in [5,9,11] for & € [—1/2, c0)? (to be precise,
Hy m(x, y) was estimated in [9] only in the special cases when either [n| =1 and m =0 or [n| =0 and m = 1; here we
obtain a more general result).

Theorem 3.1. Let o € (—1, 00)%. Then the kernels (1)-(5) satisfy the standard estimates (3.1), (3.2) and (3.3) with B as indicated
above.

The Laguerre-Poisson semigroup is given by the Laguerre-Poisson kernel P{(x, y), which is linked to the heat kernel by
the subordination formula,

o0

P (x,y) —/ & o X y)—eldu
t ) - t2/(4u) ’ Tu .
0

Our technique, presented in a moment in the proof of Theorem 3.1, works perfectly also for kernels emerging from P{(x, y),
and only slightly more effort is needed (see for instance [9, Section 4.3]). In particular, it can be proved that the kernels in
(1) and (4) with G (x, y) replaced by Pf(x, y) satisfy the standard estimates. The same is true about the kernel in (3) if B
corresponding to {387 P¥(x, y)} is chosen as L2(t2"+2m=1d¢), and about the kernel in (5) if we replace 2d + 2|«| in (3.5)
by /2d + 2|a|. We leave details to interested readers.

The remaining part of this section is devoted to the proof of Theorem 3.1. In the proof we tacitly assume that passing
with the differentiation in t, xj or y; under integrals against [Ty 1. (ds), dt or dv(t) is legitimate. This is indeed always the
case, as can be easily justified with the aid of the estimates obtained in Lemma 2.4 and in the proof of Theorem 3.1; see [5,
Section 5] and [9, Section 4], where the details are given in the contexts of Riesz transforms and g-functions, respectively.
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Proof of Theorem 3.1; the case of G%(x, y). In view of (2.1), the growth condition for G¥(x, y) is a direct consequence of
Lemma 2.6 (specified to u =0, p=o0o, W=C=1, 9 =0=0).
To prove the smoothness estimates it is enough, by symmetry reasons, to show (3.2). By the Mean Value Theorem

GE(x, y) — GE(X, y)| < |x = X||VAGE (%, )|,y
where 6 is a convex combination of x, x' that depends also on t. Thus it suffices to verify that
1
vt e 3 :
= X — ylpa(BX, [x — yD)

Observe that 6 <xVv X, |x—0| <|x—x'| and |x —x Vv x| < |x — x'|. Applying (2.5) of Lemma 2.4 (taken with n = (0,...,0)
and m = 0) and Lemma 2.7 (first with z=6 and then with z=x Vv x’) we obtain

’VXG‘t’(x, y)|x:0’ < Z (1 _ §2)d+\al+2ls\y23 Z (XVx/)2€—'7€C—d—la\—2\8|+\ne\/2—1/2
£e{0,1)d nef{0,1,2)4

x / (Exp(z. g2 (xV X, y.5))) " Mas110 ds)

[|VxGE (x, )| Ix—yl>2]x—x|.

d
+ Z (-1 _ ;.2)d+|01\+2|€| ZX[Sj:1]y28—ej Z (X \/x’)zg_neg—d—la\—2\€|+\n€\/2

£e{0,1}d j=1 nef(0,1,2)4
x / (Exp(z. g2 (xV X, 3. 5))) ® Mas110(d5),

provided that |x — y| > 2|x — X'|. Now the conclusion follows with the aid of Lemma 2.6 (applied with u =1, p=o00, W =1,
C=1/64, ¥ =ne and either 0 =0 or 90 =e;) and Lemma 2.8 specified to z=xVvx'. O

Proof of Theorem 3.1; the case of R (x, y). The growth estimate (3.1) follows immediately from (2.4) of Lemma 2.4 taken
with m =0 and Lemma 2.6 (applied with u=0, p=1, W =n|/2, C=1/2, ¥ =ne and 0 =0).
To prove the gradient condition (3.4), it suffices to check that

1
X — ylpa(B(x, Ix =y’

This estimate, however, follows readily by combining (2.5) of Lemma 2.4 (specified to m = 0) with Lemma 2.6 (taken with
u=1,p=1 W=|n|/2, C=1/4, 9 =n¢ and either p=0o0r g =e¢;). O

” !vX’J/‘SQG(tx (%, .V)| ”]_1 (tnl/2=1dp) S XF£ Y.

Proof of Theorem 3.1; the case of ’H‘,’,‘,m(x, y). The growth condition follows by using (2.4) of Lemma 2.4 and then
Lemma 2.6 (specified tou=0, p=2, W =|n|+2m, C=1/2, ¥ =ne, 0 =0).

Next, we verify the smoothness bound (3.2). Proving the other smoothness estimate relies on essentially the same argu-
ments and is left to the reader.

By the Mean Value Theorem it suffices to show that

< 1
o lizmeon-ran Ix — ylpa (Bx, [x — 1)’

where 6 is a convex combination of x and X’ that depends also on t. Using (2.5) of Lemma 2.4, the inequalities 6 <xV X/,
x—0]<|x—X|, |x—xVvx'|<|x—x'| and Lemma 2.7 twice (with z=0 and z=x Vv x') we get

|| Vxo" 85 G (x, y)| Ix—yl>2[x—x],

|VX8{H(SQC?()(, J’)|x:9|
< Z (l_gz)d+la\+2\slyze Z (XvX/)ZE*U*?(—d—\al—2|£|—m—|n\/2+\ne\/2—1/2

~

£e{0,1)4 nef0,1,2)4
, 1/64
< [ Exo(c.aslev . 5.5)) " Masaiet@
d
+ Z (1—52)d+|m+2|£|ZX{sFl}yzafej Z (X\/x’)k*”g;*dfla\*Z\SI*m*\nI/2+|n8|/2
ee{0,1)¢ j=1 ne{0,1,2)¢
x [ Exple.qu(ev . 3.9) s @),

provided that |x — y| > 2|x — x'|. This, together with Lemma 2.6 (specified tou=1, p=2, W = |n| +2m, C =1/64, ¥ = ne
and either o =0 or ¢ =e;) and Lemma 2.8 (applied with z=x Vv x’), produces the desired bound. O
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Proof of Theorem 3.1; the case of K";f (x, ¥). The growth condition is a straightforward consequence of (2.4) of Lemma 2.4
(taken with n = (0,...,0) and m = 1), the fact that ¢ € L°°(dt) and Lemma 2.6 (specified tou=0,p=1, W=1,C=1/2,
U =ne, 0=0).

To prove the gradient condition, in view of the boundedness of v, it suffices to verify that

1
X — Yo (B(X, X —y])’

This, however, follows immediately from (2.5) of Lemma 2.4 (with n=(0,...,0) and m =1) and Lemma 2.6 (applied with
u=1,p=1W=1,C=1/4, 9 =ne and either g=0o0r g =e¢j). O

|||Vx,y8tG‘t"(x,y)|||L1(dt),<V XF#Y.

Proof of Theorem 3.1; the case of K (x, y). In order to show the growth bound it is enough, by the assumption (3.5)
concerning v, to check that

et(2d+2|°‘|)Gf‘(x, ¥ < x#y, t>0.

pa(B(x,1x = yD)’
Taking into account (2.1), an application of (2.6) (specified to b=d + |a| + 2|e|, c=1/4, A=¢"1) gives

el 2R2eDGE (x y) < Y e ()2 [ Exp(Z, ) a1 (ds)
ge{0,1}4

S ) x+n® / ()12 Ty a4 (ds).
ee{0,1}¢

This, in view of Lemma 2.1 (applied with & =2¢, k =1 — &), leads to the desired conclusion.
To justify the gradient estimate (3.4), it suffices to verify that
1
X — yla (Bx, |x = yI))’

Proceeding in a similar way as in the case of the growth condition, using this time (2.5) of Lemma 2.4 (applied with
n=(0,...,0) and m =0) and (2.6) (specified to c =1/16, A=¢~" and either b=d + |&| + 2|g| — |n€|/2 +1/2 or b=
d+ |a| +2|e| — |ne|/2) we see that

el 242D |y G (x, )| <

xXz#£y, t>0.

ot 2d+2/a]) |Vx.yGf‘ (x, Y)|

< DD e yeEER / (qp)~dleImRemne 22 7, g (ds)
£€{0,1}4 nef0,1,2}d

d
DL D ety (e y)P@meRe? / (qq) "0 1ImRemne 22 21712 T, g e (ds).
£e{0,1)d j=1 ne{0,1,2)4

Finally, in view of Lemma 2.1 (taken with £ =26 —ne/2, k =1—¢+ne/2 and £ =2¢—ne/2—ej/2, k =1—c+ne/2+ej/2),
we arrive at the required bound. O

The proof of Theorem 3.1 is complete.
4. Conclusions

Let B be a Banach space and suppose that T is a linear operator assigning to each f € L®(duy) a strongly measurable
B-valued function Tf on R‘i. Then T is said to be a (vector-valued) Calderén-Zygmund operator in the sense of the space

(R, dpg, | - 1) associated with B if

(A) T is bounded from L?(d/iy) to L2 (dpta),
(B) there exists a standard B-valued kernel K(x, y) such that

Tf(x)= / Kx, ) f(y)dua(y), ae.x¢suppf,
R}

for every f € L2°(dug), where L2°(duy) is the subspace of L*°(due) of bounded measurable functions with compact
supports.



A. Nowak, T.Z. Szarek / J. Math. Anal. Appl. 388 (2012) 801-816 811

Here integration of B-valued functions is understood in Bochner’s sense, and L%B(d,ua) is the Bochner-Lebesgue space of all
B-valued duq-square integrable functions on }R‘i.

It is well known that a large part of the classical theory of Calderén-Zygmund operators remains valid, with appro-
priate adjustments, when the underlying space is of homogeneous type and the associated kernels are vector-valued, see
for instance [5, p. 649] and references given there. In particular, if T is a Calderén-Zygmund operator in the sense of
(]R‘i, dig, | -|) associated with a Banach space B, then its mapping properties in weighted LP spaces follow from the gen-
eral theory; see [1, Section 2].

Let

£ = [ GE I daty). €20, xeRL.
RS
For o € (—1, 00)? consider the following operators defined initially in L2(dug).

(1) The Laguerre heat semigroup maximal operator
T f= ”fofHLoc(dr)'

(2) Riesz-Laguerre transforms of order |n| >0

REF =" (4lkl+2ler| +2d)"2(f, 0 g0, 0"
keNd

where n e N and (f, €% )dy, are the Fourier-Laguerre coefficients of f.
(3) Littlewood-Paley-Stein type mixed square functions

Sm(f) = ”8}“8"Tf{f”L2(ﬂm+2m_1 dry’

where ne N4, meN, |n| +m > 0.
(4) Multipliers of Laplace transform type

o

M3 f = D" m(4kl +2lal +2d)(f, ), b
keNd

where m(z) = z [~ e~y (t) dt with ¥ € L(dt).
(5) Multipliers of Laplace-Stieltjes transform type

M f =Y w(4lk|+ 2lal +2d)(f, €f),,_ €,

keNd

where m(z) = f]RJr e 2dv(t) with v being a signed or complex Borel measure on (0, c0), with its total variation |v|
satisfying (3.5.)

We remark that the formulas defining T¢ f and gff,,(f) are valid (the integral defining T{ f(x) converges and produces
a smooth function of (x,t) € Ri x Ry ) for general functions f from weighted LP spaces and Muckenhoupt weights; see [5,
p. 648] and [9, Section 2] for the relevant arguments.

As a consequence of Theorem 3.1 we get the following result.

Theorem 4.1. Let o € (—1, 00). The Riesz-Laguerre transforms and the multipliers of Laplace and Laplace-Stieltjes transforms type
are scalar-valued Calderén-Zygmund operators in the sense of the space (Ri, dity, | - |). Furthermore, the Laguerre heat semigroup
maximal operator and the mixed square functions can be viewed as vector-valued Calderén-Zygmund operators in the sense of
(R4, dug, | - |) associated with Banach spaces B = Co and B = L%(t"+2m=1dt), respectively, where Cq is a separable subspace of
L°°(dt) consisting of all continuous functions f on R, which have finite limits as t — 0" and vanish as t — oo.

Proof. The standard estimates are provided in all the cases by Theorem 3.1. Thus it suffices to verify L?-boundedness
and kernel associations (conditions (A) and (B) above). This, however, was essentially done already in [5,9,11] since the
arguments given there are actually valid for all & € (—1, 00)? provided that the same is true about the standard estimates.
To be precise, an exception here are the mixed square functions because the arguments from [9] cover only some special
cases. Proving the desired properties in the general case requires in addition the decomposition from [5, Proposition 3.5];
see [1, Section 4.2] where the relevant arguments were given in the setting of continuous Bessel expansions. 0O

Denote by A‘;,‘,

1 < p < o0, the Muckenhoupt classes of weights related to (Ri,dua,l - |) (for the definition, see for
instance [5, p. 645]).
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Corollary 4.2. Let o € (—1, 00)?. The Riesz-Laguerre transforms and the multipliers of Laplace and Laplace-Stieltjes types extend to
bounded linear operators on LP (wdy), w € Ag, 1 < p < 00, and from L1 (wdiy) to weak L1 (wdiiy), w € AS. Furthermore, the
Laguerre heat semigroup maximal operator and the mixed square functions, viewed as scalar-valued sublinear operators, are bounded
on LP(wdpte), w € A%, 1 < p < oo, and from L' (wdpi) to weak L' (wdpte), w € AY.

Proof. The part concerning Ry and MY, is a direct consequence of Theorem 4.1 and the general theory. The remaining part
requires some additional, but standard arguments, see the proof of [5, Theorem 2.1] and [9, Corollary 2.5]. We leave details
to interested readers. 0O

Finally, we remark that results parallel to Theorem 4.1 and Corollary 4.2 are in force for the Poisson semigroup based
analogues of TY, gy, and My, see the comment following the statement of Theorem 3.1. This follows by quite obvious
adjustments of the arguments for the heat semigroup based objects and hence the details are omitted.

Appendix A. Proof of Lemma 2.4

To prove Lemma 2.4 we need some preparatory results. An important tool we shall use below is Faa di Bruno’s formula
for the Nth derivative, N > 1, of the composition of two functions (see [3] for the related references and interesting historical

remarks),
N! 3 f N fx)\PN
R(goNHR=) ————— 1Tt PNgo f(X)< - , (A1)
X Zpﬂ-...-pN ! N!
where the summation runs over all p1,..., py >0 such that p; +2py+---+ Npy=N

LemmaA.l Letd >1,neN% ¢ € {0, 1} Then

_ 1
S ExpC,q0)]=y* D XT3 Xinzne) Prenii (0 @F) (95 F) EXp(C, 41),

ne{0,1,2)4 k,leN?
k+2I<n—ne

where

d

Pn,e,n,k,l(x) = 1_[ Pnivgiwnivkivli (%)
i=1

is a product of one-dimensional polynomials of degrees n; — n;e; — ki — 21;, respectively.
Proof. By the product structure of the expression (xy)*Exp(¢,q<) it is enough to prove the result in the one-dimensional

case. Thus we assume that d =1.
Proceeding inductively it is easy to see that

5f =Y PumXdyf,

m=0
where P, ; is a polynomial of degree n — m. Further, we observe that by Leibniz’ rule
W[x*F] =220 f + 2 xm>1ymxd) ' f + Xmzzym(m — 1Dy 2f.
Finally, taking into account that 33F = 9JF = ... =0, we deduce from (A.1) that
1
OYEXP(Z, qx) = 0y exp(F) =exp(F) Y cmi(0xF)*(37F)’,

k>0
k+2l=m

where ¢, x € R are constants.
These facts altogether imply that for ¢ =0,

SIXExp(C,q0)] = Y. Pt (@F)*(92F) Exp(¢, qu).

k,1>0
k+21<n

and when € =1,
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n
SHXPEXp(2.q2)] =D Pam(® Y Crpximzmx* "0 "EXP(.q+)
m=0 n=0,1,2

_ l
= > X " XwenPungki®@xF)* (07F) Exp(¢. q=),

n=0,1,2 k=0
k+21<n—n

813

where Py and Py, are polynomials of degrees n —k — 2l and n — n — k — 2I, respectively. Combining together the

formulas for £ =0 and € =1 produces

_ 1
SXTEXp(Z.qu)] = Y XT3 Ynse) Pre. it ) (0xF) (07 F) Exp(£. q)
n=0,1,2 k,1>0
k+2I1<n—ne

with Py ¢, k,; being a polynomial of degree n — ne —k — 2I. The conclusion follows. O

LemmaAz2.letd >1,a e (—1,00)%, meN\{0},ne N ¢ e{0,1}% Then

1_— {'2 d+lal+2le|
" 53[( ) (X)’)ZEEXP@,%:)}

¢
2 26—
=y* Y Q@ Y XY Xz Preqka®)
weN™ ne{0,1,2)4 k,leNd
Wi +Mwn=m k+21<n—ne

2\d+lal+2lelHIWl=]  —d—|a|-2|e|+i—|w|+2j
X Z Z Z Cm,w.j,p,r,d,oz,s,i,v,k,l(1_§ ) ¢ o =2lelH=lwi+2)

i=—|ll ven?  Jj.p,reN
v<k j+p+r<|w]

qa+\" 1 k
X <?> (qu)r<z‘1’+> (Y ) VEXp(Z, q+),

where ¢ = ¢ (t) = tanht, Q are polynomials, Coy w,j p.r.d,c.e.i,v,k,| are constants and Py, ¢ y, k1 are the polynomials from Lemma A.1.

Proof. For the sake of lucidity we denote
Ta(x, ¥, (), )

1= g2\ 2l
=< : ) $U[(xy)*Exp(¢, q+)]

1_§2 d+|a|+2]e| 5 5 PN
=< ) YE Y XN Xinzae) Preaa (0 (0xF) (95 F) EXp(Z, q),

¢ 1n€{0,1,2)¢ k,leNd
k+21<n—ne

where the second identity is a consequence of Lemma A.1. Applying Faa di Bruno’s formula (A.1) we obtain

M(x.y.c®.5)= > Wiy .90l c®)" - ().
Wl+'yvfnl\1]$m=m

We first analyze the expression in square brackets above. By induction it follows that
ROy = (1= E)Ru(®), u=1,2,...,
where R, are polynomials. Thus we get

Bre@)" . ()" = (1-2)™Qu@),

where Q. are polynomials.
Next we deal with ag Tn(x,y,¢,s) for u € N. Proceeding inductively one checks that for any M, W e R

(A2)
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o' [(1- )M Expc.qn)] = Y. Cujopranw (1-¢2)MTeW- “*21( ;) (£q-)"Exp(Z, ), (A3)

j.p.reN
j+p+r<u

where Cy j prm,w € R are constants. Furthermore, since

1 1
aij_——tp+—511/’ BZF————E,
2 2 2% 2

by means of Newton’s formula we infer that

1_§2 d+|a|+2|e] | dtlale2 1 1 v
< ) (axF)k(a)%F) :(-1 _;—2) lal+2]e] Z Z Ci,v,k,lC_d_la‘_2‘€|+l<zlp+> (;.lll_)k—v7

¢ i=—|l] yeNd
vk

ji=1,....d,

where C; , x; € R are constants. Then using (A.3) specified to M =d + ||+ 2|¢], W = —d — |a| — 2|¢| +i—|v|+ |k — v| and
u = |w| produces

| 1-¢2 d+la|+2]e]| |
, [( ; ) (axF>"(aX2F)1Exp(¢,qi)]

11

_ Z Z Z Cw,j,p,r,d,a,g,i,v,k,l(l _;2)d+|a|+2\€\—j§—d—|a\—2\s|+i—|w|+2j

i=—|l| yeN? Jj.p.reN
v<k jHptr<iw]

] v
x ( ;) (¢q- )f( ) YO VExp(¢, q4),

where Cy j pr.da.ei vkl €R are constants.
Combining the last identity with (A.2) leads to the asserted formula. O

The following is a compilation of [9, Lemma 4.2] and [5, Corollary 5.2, Lemma 5.5 (a)].
Lemma A.3. Let b > 0 and c > 0 be fixed. Then forany j=1,...,d, we have

() (Aq+)’ exp(—cAgs) ST,

) (|| +|@L]) (Bxp(c, g)) S £,
(|%!] + |22 )" (Exp(z.q)° S22,

() ()" (Exp(¢,q)) S 772,

uniformly in x, y € ]R"+ and s € [-1,11%, and also in A > 0 if (a) is considered, and in ¢ € (0, 1) when items (b)-(d) are taken into
account.

Now we are in a position to prove Lemma 2.4.

Proof of Lemma 2.4. We will verify (2.4) and (2.5) for m > 0. Analogous arguments combined with Lemma A.1 rather than
Lemma A.2 in the reasoning below justify the case m =0.

The proof is based on the explicit formula established in Lemma A.2. In what follows we use the notation of that lemma
without further comments. We first show (2.4). Using Lemma A.3 (a)-(d) and the inequality ¢ < 1, we see that

1/6 _
Pkt | (BXp(Z, gu)) /8 < =Mz el /24 k7241
(-7 <1 o<i<iwl,
¢

Ew o elEm o << wl <m, — |l << I,

(%
(

-Q

) q-) (Exp(¢,q2))/° <1, 0<p,r<iwl,

(Exp(¢, qi))l/6 <¢ M2y <k<an,

N~ o= w

m) (kv
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where the relations < hold uniformly in ¢ € (0, 1), X,y € Ri and s € [—1, 1]%. Combining Lemma A.2 with these estimates
and using the fact that the polynomials Q,, are bounded on (0, 1) leads directly to the desired conclusion.

It remains to prove (2.5). We have
1— é_2 d+|a|+2|e| 1- {2 d+|o|+2e|
vx,yazﬂa';[( ) (xy)”Exp(:,qi)]‘ < Vi a?é,’}[( : ) (xy)zelExp(c,qi)”
1- é_2 d+|o|+2]e|
Vﬂé"él?[(—; ) (xy)ZEJExp(g,qﬂ”

¢
EHX+Hy.

+

We will analyze Hy and H, separately. Treatment of Hy is straightforward. We observe that Ox; = Sx; — Xj and since 3"
commutes with &; we get

ox, 08l = sy —xjoPsl,  j=1,....d.

Thus the required estimate of Hy follows easily from (2.4) and Lemma A.3 (d) applied with b=1 and c =1/4.
To deal with Hy, we first differentiate in y; the formula from Lemma A.2. The result is

1—{2 d+]o|+2]e]
ayja{"a,'z[( ; ) (xy)ZSExp(c,qg}

=X{€j=1}2y2€_ej Z Qw(2) Z xxe-ne Z X{n}ng}Pn,s,n,k,l(x)

weN™ ne{0,1,2)4 k.leN?
Wi+ +mwn=m k+2I<n—ne

Il
2\d+lel+2lel+Hwl—j  —d—|o|—2]e|+i—|w|+2]
x Z Z Z Cw,j.pr.dae.ivki(1=¢%) gl

i=—|ll yeN? _j.p.reN
v<k jH+p+r<|w]

q+ P rl Y k—v
() @ () @ EXR( g2
+y¥ Y @ Y XY Xz Preqra®)

weN™ ne{0,1,2}¢ k,leNd
Wi+ +mwn=m k+2i<n—ne

2\d+lee|+2le|+Wl—j | —d—|a|-2|e|+i—|w|+2]
X Z Z Z Cm,w,j,p,r,d,a,e,i,v,k,l(1 —-¢ ) ¢ lor|=2le |+ —wl+2]

i=—|ll ven? Jj.p,reN
v<k jH+p+r<|w]

y {2|: <q_+)191 q::i@ )r+r<_+> (€q-)~ 1 é.ds]):|(1 )"({lp )kfv
p c _C q- c q- c + —
a+ P r -1 1 e k—v ! k—v—e
+(?> ¢q-) |:Vj5j§ (Elp+) (4 —(kj—V])S]é'(; ) cw-) ’]

+(q—+)p(;q )f(lw )V@w >"—V<—la>f - 5¢1)}Exp<c 0s)
¢ A\t - 2 2 TS

Proceeding in a similar way as in the proof of (2.4), this time using also the fact that |s;| <1, j=1,...,d, and the estimates

o) ; .
‘—*(Exp(c,qi»”“s;—”z, ¢l |(Exp(z,q0))  SeV2 <2 =100,

which follow from (b) and (c) of Lemma A.3, we arrive at the desired bound for H,. O
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