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1. Introduction

The research in the topic of differential geometry of tangent bundles over Riemannian manifolds begun with Sasaki, who
constructed, in the original paper [1] of 1958, a Riemannian metric g on the tangent bundle TM of a Riemannian manifold
(M, g), which depends closely on the base metric g. Although the Sasaki metric is naturally defined, it has been shown
in many papers that the Sasaki metric presents a kind of rigidity. In [2], Kowalski proved that if the Sasaki metric Sg is
locally symmetric, then the base metric g is flat and hence g is also flat. In [3], Musso and Tricerri have demonstrated an
extreme rigidity of 5g in the following sense: if (TM, Sg) is of constant scalar curvature, then (M, g) is flat. Inspired by a
paper of Cheeger and Gromoll, they also defined a new g-natural metric ““g on the tangent bundle TM, which they called
the Cheeger Gromoll metric [4]. Sekizawa (see [5]) computed geometric objects related to this metric. Later, Gudmundson
and Kappos, in [6,7], have completed these results and shown that the scalar curvature of the Cheeger Gromoll metric is
never constant if the metric on the base manifold has constant sectional curvature. Furthermore, Abbassi and Sarih have
proved that the tangent bundle TM with the Cheeger Gromoll metric is never a space of constant sectional curvature (see [8]).
In [9], the first author and his collaborators studied the paraholomorphy property of the Sasaki and Cheeger Gromoll metrics
by using compatible paracomplex stuctures on the tangent bundle and showed that the Cheeger Gromoll metric is never
paraholomorphic with respect to the compatible paracomplex structure.

A more general metric is given by Anastasiei in [10] which generalizes both of the two metrics mentioned above in
the following sense: it preserves the orthogonality of the two distributions, on the horizontal distribution it is the same
as on the base manifold, and finally the Sasaki and the Cheeger Gromoll metric can be obtained as particular cases of
this metric. A compatible almost complex structure is also introduced and the tangent bundle TM becomes a locally
conformal almost Kdhlerian manifold. In [11], Munteanu studied another Riemannian metric on the tangent bundle TM
of a Riemannian manifold M which generalizes the Sasaki metric and Cheeger Gromoll metric and a compatible almost
complex structure which confers a structure of locally conformal almost K dhlerian manifold to TM together with the metric.
He found conditions under which the tangent bundle TM is almost Kdhlerian, locally conformal Kéhlerian or Kihlerian
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when the tangent bundle TM has constant sectional curvature or constant scalar curvature. On the other hand, Oproiu and
his collaborators constructed natural metrics on the tangent bundles of Riemannian manifolds which possess interesting
geometric properties [12-15]. All the preceding metrics belong to the wide class of the so-called g-natural metrics on the
tangent bundle, initially classified by Kowalski and Sekizawa [16] and fully characterized by Abbassi and Sarih [17-19] (see
also [20] for other presentation of the basic result from [16] and for more details about the concept of naturality).

The work is organized as follows: In Section 2, some introductory materials concerning with the tangent bundle TM
over an n-dimensional Riemannian manifold M are collected. In Section 3, we first introduce paraholomorphic Norden
manifolds (or para-Kdhler-Norden manifolds) and then investigate the paraholomorphy property of two Cheeger Gromoll
type Riemannian metrics g, and g, by using compatible paracomplex structures J, and J, , on the tangent bundle TM,
respectively. In Section 4, the adapted frame which allows the tensor calculus to be efficiently done is inserted in the tangent
bundle TM. Killing vector fields on (TM, g, ) are classified; that is, general forms of all Killing vector fields on (TM, g, ;) are
found. Also, it is shown that if (TM, g, ) is the tangent bundle with the Cheeger Gromoll type Riemannian metric g, of a
Riemannian, compact and orientable manifold (M, g) with vanishing first and second Betti numbers, then the Lie algebras
of Killing vector fields on (M, g) and on (TM, g ) are isomorphic. In Section 5, we study relations between geodesics on the
base manifold (M, g) and geodesics on the tangent bundle (TM, g, ;) by means of the adapted frame.

2. Preliminaries

Let M be an n-dimensional Riemannian manifold. Throughout this paper, all manifolds, tensor fields and connections are
always assumed to be differentiable of class C*°. Also, we denote by SZ (M) the set of all tensor fields of type (p, q) on M.
Basic formulas on tangent bundles: Let TM be the tangent bundle over an n-dimensional Riemannian manifold M, and &
the natural projection 7 : TM — M. Let the manifold M be covered by a system of coordinate neighborhoods (U, x'), where
(x), i=1,...,nisalocal coordinate system defined in the neighborhood U. Let (y') be the Cartesian coordinates in each
aaf
are (x'). Then we can introduce local coordinates (x', y') on ‘open set n‘1 (U) C TM. We call them induced coordinates on
*1(U) from (U, x'). The projection r is represented by (x, y') — (x). The indices I, J, ... run from 1 to 2 n, the indices
i,j,...runfromn 4+ 1 to 2n. Summation over repeated indices is always implied.
LetX = X"% be the local expression in U of a vector field X on M. Then the vertical lift VX, the horizontal lift "X and the

complete lift X of X are given, with respect to the induced coordinates, by

tangent space TpM at P € M with respect to the natural base { , P being an arbitrary point in U whose coordinates

X = X'g, (2.1)

X = X0 — y Ix"o;, (2.2)
and

X = X'y +ySa X'd, (2.3)
where 0; = 0; = and I, are the coefficients of the Levi-Civita connection V of g.

a Fr
In particular, we have the vertical spray Vu and the horizontal spray "u on TM defined by

u=yV@) =yes  Hu=y"@e) =ys, (2.4)

where §; = 9; — y’Fﬂ? . Vu is also called the canonical or Liouville vector field on TM.
Now, let r be the norm of a vector u € TM. Then, for any smooth function f of R to R, we have

X (fa») =0 (2.5)

X (f0*) = 2f (r)g (X, u) (2.6)
and in particular, we get

Hx@? =o. (2.7)

YX(r*) = 2g(X, u). (2.8)
Let X, Y and Z be any vector fields on M, then we have

TX(g(Y,w) =g ((VxY), u), (2.9)

X u) =g X.Y), (2.10)

"X ("(g(Y.2)) =X (g(Y.2)) (2.11)

X (Y(g(Y,2))) =0[19]. (2.12)
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Suppose that a tensor field S € ;‘sg (M), g > 1, is given. We then define a tensor field yS € Sg-1(TM) on 7~ 1(U) by
yS =0/ ® 0o @d @ @ dd
with respect to the induced coordinates (x', y') [21, p. 12]. The tensor field yS defined on each 7! (U) determines global
tensor field on TM. We easily see that P has components, with respect to the induced coordinates (x', y'),

on=()
yr) = yiP]{

forany P € 31(M) and (yP)(f) = 0,f € I3(M), i.e. yP is a vertical vector field on TM.
Explicit expressions for the Lie bracket [, ] of the tangent bundle TM are given by Dombrowski in [22]. The bracket
operation of vertical and horizontal vector fields is given by the formulas

X Hy]="1X,Y1-Y RX, Y)u)
[Mx."v] =" (WxY) (2.13)
["x.YY]=0
for all vector fields X and Y on M, where R is the Riemannian curvature of g defined by
RX,Y) =[Vx, Vvy] — Vixy.

3. Almost paracomplex structures with Norden metrics

An almost paracomplex manifold is an almost product manifold (M, @), 9> = id, ¢ # =id such that the two
eigenbundles T My, and T~ M, associated with the two eigenvalues +1 and —1 of ¢, respectively, have the same rank.
Note that the dimension of an almost paracomplex manifold is necessarily even. This structure is said to be integrable if the
matrix ¢ = ((p}) is reduced to the constant form in a certain holonomic natural frame in a neighborhood U, of every point
X € Myy. On the other hand, an almost paracomplex structure is integrable if and only if one can introduce a torsion-free
linear connection such that V¢ = 0. A paracomplex manifold is an almost paracomplex manifold (My, ¢) such that the G-
structure defined by the affinor field ¢ is integrable. Also it can give another equivalent-definition of paracomplex manifold
in terms of local homeomorphisms in the space R¥(j) = {(Xl, LLXH/XPeRG), i=1,..., k} and paraholomorphic
changes of charts in a way similar to [23] (see also [24]), i.e. a manifold My, with an integrable paracomplex structure ¢
is a real realization of the paraholomorphic manifold My (R(j)) over the algebra R(j).

A tensor field w of type (0, q) is called a pure tensor field with respect to ¢ if

a)((le,Xz, . ,Xq) = a)(X], (/JXz, e ,Xq) == a)(X],Xz, ey <qu)
forany Xq,...,X; € :3(1,(M2,<). The real model of a paracomplex tensor field @ on My (R(j)) is a (0, g)-tensor field on My,

being pure with respect to ¢. Pure tensors have been studied by many authors (see, e.g., [9,15,24-32]). Consider an operator
D, : Sg(MZk) — SSH (Myy) applied to the pure tensor field w by (see [32])

(Ppw)(X, Y1, Yo, ..., Yy = (@X)(@(Yq, Y2, ..., Yy)) — X(w(pY1, Yo, ..., Yy))
to(Ly,)X, Y, ..., Y + -+ (Y1, Ya, ..., (Ly,9)X),

where Ly denotes the Lie differentiation with respect to Y. Let ¢ be a (an almost) paracomplex structure on My, and @, = 0,
the (almost) paracomplex tensor field @ on My (R(j)) is said to be (almost) paraholomorphic (see [25,32,33]). Thus a (an
almost) paraholomorphic tensor field @ on My (R(j)) is realized on My in the form of a pure tensor field w, such that

(Pyw)(X,Y1,Ys,...,Y) =0
forany X, Yy,...,Y; € Sé(MZk). Therefore, the tensor field w on My, is also called a (an almost) paraholomorphic tensor
field.

An almost paracomplex Norden manifold (M, ¢, g) is defined to be a real differentiable manifold M,, endowed with
an almost paracomplex structure ¢ and a Riemannian metric g satisfying the Nordenian property (or purity condition)

g(eX,Y) =gX, ¢Y)
forany X, Y € J;(My). Manifolds of this kind are referred to as anti-Hermitian and B-manifolds (see [15,24,28,31]). If ¢
is integrable, we say that (My, ¢, g) is a paracomplex Norden manifold. A paracomplex Norden manifold (My, ¢, g) is a

* * *
realization of the paraholomorphic manifold (M (R(j)), &), where 8= (¢ ),u, v = 1, ..., k is a paracomplex metric tensor
uv
field on M (R(j)).
In a paracomplex Norden manifold, a paracomplex Norden metric g is called paraholomorphic if
(Py8)(X,Y,Z) =0 (3.1)

forany X, Y, Z € J,(My). The paracomplex Norden manifold with paraholomorphic Norden metric (M, ¢, g) is called a
paraholomorphic Norden manifold.
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In [28], Salimov and his collaborators have proved that for an almost paracomplex manifold with Norden metric g, the
condition ®,g = 0 is equivalent to Vg = 0, where V is the Levi-Civita connection of g (for complex version see [26]).
By virtue of this point of view, paraholomorphic Norden manifolds are similar to Kdahler manifolds. Therefore, there exist a
one-to-one correspondence between para-Kdhler-Norden manifolds and paracomplex Norden manifolds with a paraholo-
morphic metric. Recall that in such a manifold, the Riemannian curvature tensor is pure and paraholomorphic, also the
curvature scalar is a locally paraholomorphic function (see [28]).

Let (M, g) be an n-dimensional Riemannian manifold and denote by r, the norm, a vector u = ('), i.e.r? = giyiy". The
Cheeger Gromoll metric g on the tangent bundle TM is given by

“Cgx,"y) ="(@X, ),
“gx."y) =0,
1
“eX. ") = — "X, V) + g X, we(Y, ]
for all vector fields X, Y € I} (M), where " (g(X,Y)) = (g(X,Y)) owr anda = 1+ 1%

In [9], we defined an almost paracomplex structure Jcc on TM by the formulas
1

Hyy _ Vy 4
Joc("X) = Vo X 1+ﬁg(X,u) u,
J ("X)z—1 g oL g(X,u) Hu
« Ja Jad+ Ja)° ’

and we have proved that the almost paracomplex Norden manifold (TM Jeg ¢ g) is never a para-Kahler-Norden manifold
(or a paraholomorphic Norden manifold).
Consider a Riemannian metric g, of Cheeger Gromoll type defined by the following formulas (see also, [10,34])

g("X, 1Y) ="V (g X, ),
2("x,"Y) =0, (3.2)
2("X.'Y) = a?) [V(gX, Y)) + gX, wg(Y, u)]

for all vector fields X, Y € i‘sg(M), where a : [0, c0) —> (0, 00). This metric is a generalization of the Cheeger Gromoll
metric.
We define an almost paracomplex structure J, on TM by

1
Jo"'X) = —

P
ﬁ(x NN

1
"4 H H
X)=~a| X+ ———gX,u) "u),
]a()f< 1+Jo7g()>
forall X, Y € 3{(M). Note that J,(Mu) = ﬁvu and J,(Yu) = /a - a "u. By using (3.2) and (3.3), one can easily check
that the Riemannian metric g, is pure with respect to the almost paracomplex structure J,. Hence we state the following
theorem.

gX, u) Vu) ,
(3.3)

Theorem 1. Let (M, g) be a Riemannian manifold and TM be its tangent bundle equipped with the Riemannian metric g, defined
by (3.2) and the paracomplex structure J, defined by (3.3). The triple (TM, J,, g,) is an almost paracomplex Norden manifold.

We now are interested in the paraholomorphy property of the Riemannian metric g, with respect to the almost
paracomplex structure J,. Therefore, we shall need the following proposition.

Proposition 1 ([34]). Let (M, g) be a Riemannian manifold and equip its tangent bundle TM with the Riemannian metric g,.
Then the corresponding Levi-Civita connection V? satisfies the following

1

Vi iy ="(Vxy) — EV(R(X, Y)u),
a

Vi Y =Y (VyY) + EH(R(u, Y)X),

i (3.4)
v Y = > (R(u, X)Y),

1-L 1
Vi'Y = g w"Y + (Y, "X} + ——e X, V) u— —g X, we (¥, w"u,

a/(rZ

where L = - =

))anda:1+r2.
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The covariant derivative
(VY)Y = VE(aY) — Jo(VEY)

of the almost paracomplex structure J, computed taking into account (3.4) is

(i) (Vi)"Y = [”<R<x Y)u+ R, Y)X),
3 f Va
a v v v
(i) (ViyJa) Yl— (RX, Y)u 4+ R(u, Y)X) + 2(1+\/&)g(Y, w)" (R(u, X)u)
NG
(i) (V2 JoMY = _—Lg(x w'y + L g(Y, w'x
X N VaJa©
4! +2ye —La J”/a)g(x, V) u+gX, wgY,uw'u (3.5)

Vaoe(1+ a)

\[V(R(u X)Y) + zf(ﬁ f) gRu, X)Y, u)u,
(iv) (ViyJo)"Y = Z/Ig(x w"y — ﬁg(v w'"X
‘/[”(R(u X)Y) + 2(10;/%”/@(% X)u)
T %g(x, Vytu+ (;jafi _ng\/a £, WY, wu,

From (3.5), we certainly say that V%], # 0. In this case &;,g, # 0. Hence we have the theorem below.

Theorem 2. Let (M, g) be a Riemannian manifold and let TM be its tangent bundle with the Riemannian metric g, and the
paracomplex structure J,. The Riemannian metric g, is never paraholomorphic with respect to the paracomplex structure Jg, i.e.
the triple (TM, ],, g4) is never a para-Kdhler-Norden manifold.

Let us consider a more general metric of Cheeger Gromoll type, which is a family of Riemannian metrics depending on
two parameters. This metric is defined in [11] by the following formulas

g (X, 1Y) ="V (g(X, V), (3.6)
2 ("X, Y) =0,
8ap("X,VY) = a(r®)"(g(X, Y)) + b(r*)g (X, wg(Y, u)

for all vector field X, Y € J,(M), where a, b : [0, 00) —> (0, 00), a > 0 and also called it g, ». The Sasaki metric and the
Cheeger Gromoll metric are particular cases of this metric. Really, fora = 1 and b = 0, the Sasaki metric is obtained, while
the Cheeger Gromoll metric fora =b = 1

An almost paracomplex structure on TM, for which the Riemannian metric g,  is pure with respect to the structure, is
defined by

Hoy _ Ly 1 1 1 v
Ja,b(X)—ﬁX a—1<f m)g(&u) u,

(3.7)

Jap("X) = Va'x — —(f+\/a+b(a—1 Ne X, u) Hu.

forallX, Y € Jj(M) and we call it J, . Also note that J,(*u) = —mvu and J,(Yu) = —v/a + b(e — 1) Hu. Hence,
we have the result as follows.

Theorem 3. Let (M, g) be a Riemannian manifold and TM be its tangent bundle equipped with the Riemannian metric g,
defined by (3.6) and the paracomplex structure J, , defined by (3.7). The triple (TM, J4 b, 84.p) is an almost paracomplex Norden
manifold.

Now we give the next proposition.
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Proposition 2 ([11]). Let (M, g) be a Riemannian manifold and let TM be its tangent bundle equipped with the Riemannian
metric g, 5. Then the corresponding Levi-Civita connection VP satisfies the following relations

1
Vi Y ="(ViY) = SV R ),
VY =Y (V) + 21 R@, VX0,

(3.8)
a,bH at
Vil =5 R X)Y),

ViYY =L{gX, w"Y +g(¥Y, )X} + Rg(X, V) u + Ng(X, wg(¥, ) u,

_dedH p_ _ 2eH-de?) _ b ?)—2d' (?)b(r?)
where L = 2a(r2)” 7 T 2(a(r?)+(a—1)b(r2)) and N = 2a(r?)(a(r?)+(@—1)b(r?))"

Having determined Levi-Civita connection V®?, we can compute the covariant derivative of Jap- By direct computation,
we obtain the following relations

M) (ViJan)'Y f“(R(X Y)u + R(u, Y)X),

(i) (Viioap)'Y = f Y(RIX, Y)u + R(u, Y)X) — (

f(f+«/a+b(oz 1)
2(a — 1)«/a+b(a )
gX, )Y Y+ ——g(Y,u)'X

(iii) (ViieJan)'Y = r f 207a
, —le—1a —2(—a+ /@ + ab(a — 1))
2/a(e — )@@+ b@ — 1))
[ab’ —2a'b + (2d ——)(a—l—b(oe—l))]./a—}—b(a—l +[d + b +3b+ 24 ]2a/a
* 2af(a +b(a — 1))«/a +b(@—1) (3.9)

«[ W gRu, X)Y, wu,
_a H
2[g(X wfy 2\[g(Y u)'X
+ Y, ) - 1 R e " R 0w
N —a’(a — 1) —2(—a+ a2 +ab(a — 1))
2 — Jatba—1)
a® — 4a/a® + ab(a — 1)) — (4d'/a+ b(a — 1) + 4 /ad’ + 3/ab’ (@ — 1) — 2/ab)J/a(a — 1)
20( — 1)2/a+b(a—1)

Ja+ Ja+bla—1)
2 — 1)

)g(v, w) (R(u, X)u)

gRw, V)X, w)'u,

/

gX, V) u— \/j V(R(u, X)Y)

xg(X, wg(Y, w" UtooTn

(V) (Van)'Y =

gX, V)u

x g(X, wg (Y, wu.

If ais a positive constant and b vanishes, from (3.9), we write V*?J, , = 0 if and only if the Riemannian manifold (M, g)
is flat. Otherwise, V*?J,, # 0, i.e. (TM, Jo., £0.5) is never a paraholomorphic Norden manifold (or a para-Kihler-Norden
manifold). Thus, we have the next theorem.

Theorem 4. Let (M, g) be a Riemannian manifold and TM be its tangent bundle equipped with the Riemannian metric g, , defined
by (3.6) and the paracomplex structure J, , defined by (3.7). The triple (TM, Jq.b, a.b) is a paraholomorphic Norden manifold if
and only if a = C(positive const.), b = 0 and the Riemannian manifold (M, g) is flat.

Remark 1. Let (M, g) be a Riemannian manifold and TM its tangent bundle. f a = 1and b = 0 in (3.6) and (3.7), the
Riemannian metric g, is the Sasaki metric g and the paracomplex structure J, , is the paracomplex structure Js being
compatible with the Sasaki metric. In [9], it is proved that the triple (TM, Js, Sg) is a paraholomorphic Norden manifold if
and only if (M, g) is flat.

If a = C(positive const.) and b = 0 in (3.6), the Riemannian metric g, 5 is a Sasaki type metric. By virtue of Theorem 3.6
in [9] and Theorems 2 and 4 in the present paper, we have the following result.

Corollary 1. There is no Cheeger Gromoll type structure on TM such that TM is a paraholomorphic Norden manifold (or a para-
Kdhler-Norden manifold).
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4. Killing vector fields with respect to the Riemannian metric g

With a torsion-free affine connection V given on M, we can introduce on each induced coordinate neighborhood 7 ~1(U)
of TM a frame field which is very useful in our computation. In each local chart U C M, we put X = %,j =1,...,n.Then
from (2.1) and (2.2), we see that these vector fields have, respectively, local expressions

HX(j) = 8]-"8,1 + (—FS?XS aF
“Xo = 805

with respect to the natural frame {Bh, 85}, where (th—l(ronecker delta. These 2n vector fields are linear independent
and generate, respectively, the horizontal distribution of V and the vertical distribution of TM. We have called the set
{”Xg), VX(D} the frame adapted to the affine connection V in 7 ~(U) C TM. On putting

Ei = "X,
14
E="Xg).

we write the adapted frame as {E;} = {E;, E;}. {dx", 8y"} is the dual frame of {E;, E;}, where 8y" = dy" + y" I} dx". By
straightforward calculation, we have the following lemma.

Lemma 1 ([21,35]). The Lie brackets of the adapted frame of TM satisfy the following identities
[E. E:] = 'Ry Ee
[Ei. Ef] = T}iEa
[E Ei] =0

where Riﬂ‘j denote the components of the curvature tensor of M.

Using (2.1)-(2.3), we have

xish [ sh .
H

X = ] =X = X'E;
(—X’Fs? ) (—Fs?y‘ '

0 0 (0 .
o 0) =) ()0
J J

Vo X!

/sh (0 ) )

and

with respect to the adapted frame {E, }.
We shall need a new vector field on TM. For any vector field Y € J,(M) with the components (Y™), let Y, be a vector
field on TM defined by
(@ = D@@?) —b(r) +2a(?) ;¢
2a(r?) a(r?)
with respect to the adapted frame {E; }, where & = 1+ r? and r? = g;y'y/. Clearly the lift Y, is a smooth vector field on TM.
Let Ly be the Lie derivation with respect to the vector field X, then we have the following lemma.

Ya = {(—a(rd)y V'Y, }E + { gksv"ySy"} E;,

Lemma 2 (See [36]). The Lie derivations of the adapted frame and its dual basis with respect to X = VE, + vEEE are given as
follows

(1) LyEy = — (Eyv®)Eq + [yvaRhcg —brye, — Eh(va)} E:

(2) LgEy = —(Epv")Eq + {v" 1), — Epv”} Eg

(3) Lydx" = (Equ™)dx® + (Eqv™)8y*

(4) Lyoy" = {yfvabaﬁ +obrt + Eazﬁ} dx* — {vbrbha - Eazﬁ} 5y°.
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Ifg = gijdxidxj is the expression of the Riemannian metric g, the metric g, 5 is expressed in the adapted local frame by
o = gidX'd¥’ + hy8y'sy,
where hy; is the function on 7 ~1(U) defined by hy = a(r?)g; + b(r?)gisgsy*y".
We shall first state the following lemma, which is needed later on.
Lemma 3. The Lie derivatives Ly g, , with respect to the vector field X = vE, + vEEg are given as follows
L38as = (v°9ag; + guEiv® + gaEjv®)dxidy + l2haj(ycvab‘}c + 0P I8+ E®) + Zga,-E]fv“} dxisy
+ {vEahy + v Eghy — 2ha (W Iy, — E®) } 8y'8Y.

Proof. Proof of Lemma 3 is similar to the proof of Proposition 2.3 of Yamauchi [35]. O

The general forms of Killing vector fields on (TM, g, ) are given by

Theorem 5. Let (TM, g, ) be the tangent bundle with the Riemannian metric g, of a Riemannian manifold (M, g). Let

(i) X be a Killing vector field on (M, g);
(ii) P bea (1, 1) tensor field on M which satisfies the following
(ii-1) parallel with respect to g, i.e. VkPji =0, and
(ii-2) skew-symmetric with respect to g; P{'gqj + P{gia = 0,
(iii) Y be a vector field on M which satisfies the following
(iii-1) V;V;Y* + V;V,Y* = 0, and

/12y 2 ! (42N _ (12
(iii-2) a?) Ry VPYs + Rigy VPYp) = = (VYD) (A2 gy gy, — 20000 (g8 + g )).

Then the vector field on TM defined by
) X=X+yP+Y,

is a Killing vector field on (TM, gq.p).
Conversely, every Killing vector field on (TM, g, ) is of the form ().

We shall employ the natural method proposed by Tanno in [37] and prove the above result. Let TM be the tangent bundle
over M with the Riemannian metric g, 5, and let X be a Killing vector field on (TM, g, ) such that L;g,, = 0. By means of
Lemma 3, we obtain the following three relations

v*0agij + guiEiv + GiaEjv* =0 (4.1)
2hg (Y VR + 0PI + Ev®) + 2gqiEv® = 0 (42)
v'Eqhy + v'Eghyj — 2hqi (0" I} — E®) = 0. (4.3)

First all, we shall study the particular cases “X, yA and Y,. Using (4.1)-(4.3) and the local expressions of *X, y P, Y, with
respect to the adapted frame, one can easily prove, by direct computation, the following lemmas.

Lemma 4. In order that a complete lift °X to TM of a vector field X on M be a Killing vector field of (TM, 8a.p), it is necessary and
sufficient that X itself is a Killing vector field of (M, g).

Lemma 5. Let P be a (1, 1)-tensor field on (M, g) satisfying the conditions (ii — 1) and (ii — 2) in Theorem 5. Then y P is a Killing
vector field on (TM, gq.p).

Lemma 6. Let Y be a vector field on (M, g) satisfying the conditions (iii — 1) and (iii — 2) in Theorem 5. Then Y, is a Killing
vector field on (TM, gq.p).

Proof. Since sufficiency is shown by Lemmas 4-6, we now show necessity. We consider the 0-section (y' = 0) in the
coordinate neighborhood 7 = (U) in TM and its neighborhood W. For a vector field X = v'E;+v'E;on TM, and (x, y) = (x', y')
in W, we can write, by Taylor’s theorem,

, , , 1 , ,
v'(x,y) = v'(x,0) + (Grv) (x, 0)y" + 5(5%351)')(& 0’y + - + [, (4.4)

v'(x,y) = v'(x,0) + (30" (x, 0)y" + 5(&851)1)(& 0)y'y + -+ [x]}, (4.5)
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where [>i<]’A (I=1,2,...,2n)is of the form:

1 . . . L .
Ll = 5 @' /yay? oy (7, 006 Y YY1 < s
The following lemma is valid.

Lemma 7. In the above situation, the following

X =(X'@®)=x0),

Y = (Y(x) = (v'(x, 0)),

K = (K;(x) = ((3r0") (x, 0)),

E = (E,(®) = ((3;3:0) (x, 0)),

P = (PL(x)) = ((3rv)(x, 0) — (Bv")(x, 0))
are tensor fields on M [37].

For a Killing vector field X = v'E; + v’TE; on TM, with the notations of Lemma 7, we can write:
V(X y) =X+ Ky + EYY + -+ %], (46)
i i | pigr 1 ir.s i
vy =Y APy + oQuyy e [ (4.7)
where P! and Q. are given by P! = (8:v)(x, 0) and Q. = (3-95v')(x, 0). Then we have

@)X y) =K +Ey 44 < x>} ;. (4.8)

@) Y) = B+ Q" + -+ (1)) ;. .. ete. (49)

When we apply Taylor’s theorem to the left hand sides of (4.1)-(4.3) to some order A, the results are the same as one
obtains by substituting (4.6)-(4.9), etc. into (4.1)-(4.3) up to order A — 1. Furthermore the vanishing of the right hand sides
of the Eqgs. (4.1)-(4.3) implies the vanishing of each coefficient (up to order A — 1).

Substituting (4.6) into (4.1) and taking the part which does not contain y", we have

X“0gij + (0iX)gqj + (3;X")gia = 0. (4.10)

Hence, the vector field X with the components (X 1) is aKilling vector on (M, g). Since, by Lemma 4, X = XEq+ (" VXY Ez
isa I(lllmg vector on (TM, g4.5), X — X is also a Killing vector. Therefore, in the following, denoting X — ¢X by the same

letterX one may assume that X' = 0 in (4.6). Then (Pr) = (P]) is a tensor field on M by Lemma 7.
Putting (4.6) and (4.7) into (4.2) (from now on, we omit this statement) and taking the part which does not contain y’,
we get:

2K = —a(r*)gzViY* = —a(r*)VyY; (4.11)
which gives
Ki = —a()V'y, (4.12)
Taking the coefficient of y" in (4.1), we get
K7 0agij + 84j (0iKT") — 8qi I Ky + 8ia (9K7) — &ia 13Ky = 0.
Using the equality d,8; = Fu’Jf’gjm + I)'gm; and (4.11), we see that the last equation can be simplified to
ViVjY, + V;ViY, = 0. (4.13)
Taking the part which does not contain y" in (4.3), we have
Pfgy + Pigis = 0. (4.14)
Taking the coefficient of y" in (4.2), we get
a(r®)gg (TP + 3iPY — PP} + gaiEjf = 0,
8aiEjr + a(r®)gq ViP® = 0.
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By (4.14), the last equation is simplified to
ga,-Ej“r + a(rZ)ViP,j =0,

where P;j = P/gg.
Since Eﬂ is symmetric inj and r, and (V;P])g,; = V;P, is skew-symmetric in j and r by (4.14), we have

E.=0 and ViP’=0. (4.15)

Taking the coefficient of y" in (4.3), we get

. . 2d'(r%) b(r?)
ergia + Q.8 +Y ar?) ——8ar8ij + — ¢ ar?) (gmgr} + gxrga}) (4.16)
We put Q. = %Yﬂgrs - ‘Z;((r’z)) (Ykgi 8! + Ykgis8l) + TL. By a simple calculation, using (4.16), we can verify that
8iaTy; + 84Ty = 0.1f we put Tyyj = gq;Ty;, then T is symmetric in i and r, and skew-symmetric i and j. Hence Ty;; = 0. That is
L _d@) b  d?) - '
Qs = Ty’ 5T a0 (VgL + Y¥gis8Y). (4.17)
Finally, we consider the coefficient of y"y* in (4.2), we get by virtue of (4.17)
/(2 2 2 /(12 /(12
b b a(r®) — b(r*) 2b(re) — d'(r%) a'(re)
K7 Ryisi + K Rejpi + (ViY?) (Tgrsgaj + Trz)gargsj - Wgasgrj
+ 284 (359-9:0") (%, 0) = 0. (4.18)
Taking the skew-symmetric part s and j of (4.18), we get
2d (r?) — b(r?) 2d' (r?) — b(r?)
2K! Ry -+ K Ryjpi — K Reshi = —(ViY?) ( IR e 0sij (4.19)
Taking the symmetric part s and r of (4.19), we get
1 4d' (r?) — 2b(r?) 2d (r?) — b(r?)
K?Rijvi + K} Roisj = —g(ViYa) ( ) &rs&aj — ) (8as&rj + 8ar&sj) | - (4.20)

Now, by (4.14) and (4.15), we see that y P is a Killing vector field on (TM, g, ) by Lemma 5. By (4.12), (4.13), (4.20) and
Lemma 6, Yy is a Killing vector field on (TM, gq5).

Summing up we find that X e Jp(TM) is a Killing vector field with respect to the Riemannian metric g, of Cheeger
Gromoll type iff

— '(12) — 2 2 /(12
b {Xi—a(rz)erin}Ei+[yS(VSXi+PSi)+(a D@) =BG #2000 i 20 iy ']

Y
2 (TZ) (TZ) Sks Y'Yy
= CX + ]/P + YA

for each local coordinate systems (x'), i = 1,...,n on M. This proves the assertion and the conditions (i), (ii-1), (ii-2),
(iii-1), (iii-2) are direct consequences of (4.10), (4.12)-(4.15) and (4.20). O

Let X be a vector field on TM with components (v", vﬁ) with respect to the adapted frame {Eh, Eg}. Then X is a fibre-
preserving vector field on TM if and only if v" depend only on the variables (xh). In the case, the vector field X in Theorem 5

~ / / _ 2 2 : (N . .
reducesZ = X +yP+"'Y,where "'y = {e=DC 2)a(rb(r D200 yi_ (:1((:2)) 8ksY*y*y'}E:. Note that V'Y is a vertical vector field

on TM. In fact, f € I5(M); 'y (Yf) = 0. Also, note that X and y P are fibre-preserving vector fields on TM, respectively. By
virtue of Theorem 5 and its proof, we have the following result.

Theorem 6. Let (TM, g, ) be the tangent bundle with the Riemannian metric g, of a Riemannian manifold (M, g). Let

(i) X be a Killing vector field on (M, g);
(ii) P be a (1, 1) tensor field on M which satisfies the following
(ii-1) parallel with respect to g, i.e. VkPJ? =0, and
(ii-2) skew-symmetric with respect to g; P{'gqj + Pjagia =0,
(iii) Y be a vector field on M which is parallel with respect to g.



A. Gezer, M. Altunbas / J. Math. Anal. Appl. 396 (2012) 119-132 129

Then the fibre-preserving vector field on TM defined by
0Z=X+yP+"Y

is a fibre-preserving Killing vector field on (TM, g4 p).
Conversely, every fibre-preserving Killing vector field on (TM, g, p) is of the form (x).

In Theorem 5, if we consider the manifold (M, g) is compact and if necessary, orientable, then Y satisfying (iii-1 and 2)
is parallel [8,37]. Hence we have the following theorem.

Theorem 7. In Theorem 5, if (M, g) is compact, then (£) isX = <X + yP + V'Y.

Theorem 8. In Theorem 5, if (M, g) is an Einstein with non-zero scalar curvature with the condition 2a(r2)% + (n —

1)% # 0, then Y satisfying (iii — 1 and 2) vanishes, in which case (f) isX =X + yP.

Proof. Contracting (iii-2) with respect to [ and j, we obtain
1 (4a’(r2) —2b(r?)

/(2 2
3 (beb)grs _ M

2 b b
a(r)(RpV'Ys + Ry VYY) = —
( )( rb s + Rp r) a(rz) a(rz)

(VrYs + VsYr)>

where R;; denotes the Ricci curvature tensor of (M, g). Since (M, g) satisfies Ry, = %g,b for non-zero scalar curvature S, we
have

2d (r?) — b(r?)

/(r2Y 2
a(r?) <§grbvbys + Egsbvbyr) - (wa’vb)gm - (Y, + vsm) ,
n n 3 a(r?) a(r?)
from which
25 2d (r?) — b(rz)} _ _4a/(r2) —2b(? _,
{a(r )n 3a(2) (V:Ys + VY, ) = 3a(2) (V°Yp)grs.

Multiplying both sides of the last equation by g”¥, and summing over r and s, we get
4d'(r?) — 2b(r?)

25
2a(r )B +Mn-1) 3007)

} V¥Y; = 0.

Since 2a(r?)2 + (n — 1)% # 0, we have V°Y; = 0, which means that V,Y" = 0.

Now, by virtue of (iii-1) and the Ricci identity
ViViY' — V;ViY" = RU;YS,
we get

1
ViViY' = —ERﬁerS.
Contracting with respect to r and j, and applying V,Y" = 0, we have R;;Y* = 0, thatis %giSYS = %Ys = 0.Hence Y = 0, since
S#0. O
We at last come to the following result.
Theorem 9. Let (TM, g,,») be the tangent bundle with the Riemannian metric g, of Cheeger Gromoll type of a Riemannian

manifold (M, g). If (M, g) is compact and orientable, and if the first and second Betti numbers vanish, then the Lie algebra of
Killing vectors on (M, g) and the Lie algebra of Killing vectors on (TM, g,.5) are isomorphic, via the correspondence X — X.

Proof. M being compact, Y satisfying (iii-1 and 2) is parallel. Applying Hodge’s theorem [38], by virtue of b;(M) = 0, we
have Y = 0. Furthermore, if the (1, 1)-tensor field P is parallel then, by b,(M) = 0 and Hodge’s theorem, we have P = 0.
Hence every Killing vector field on (TM, g, ) is of the form “X for some Killing vector field X on (M, g). On the other hand,
for any vector fields X and Y on M, it is known that © [X, Y] = [€X ,€ Y]. This proves the theorem. O

If a Riemannian manifold M is isometrically immersed in the Euclidean E, ., then there exist on M, r symmetric tensors
bi(jp), p =1,2,...,r,such that the curvature tensor on M has the represantation

r
Riju = Z(bf,f)bf,p) - b;f))bi(lf))
p=1

Now, let us consider that for the Riemannian manifold M, the curvature tensor has such a representation in the
neighborhood of every point, with tensors bfjp ) defined in each neighborhood only. The Riemannian manifold M is called

intrinsically semi-convex if all bfjp ) are positive semi-definite, and the Riemannian manifold is called intrinsically convex if



130 A. Gezer, M. Altunbas / J. Math. Anal. Appl. 396 (2012) 119-132

at least one tensor is positive definite. In [39, p. 172], it is proven that if a compact orientable Riemannian manifold M is
intrinsically convex, then the first two Betti numbers are zero, i.e. by(M) = b,(M) = 0. Using the result, we obtain, as a
corollary to Theorem 9, the following conclusion.

Corollary 2. Let the Riemannian manifold (M, g) be compact, orientable and intrinsically convex, and TM its tangent bundle with
the Riemannian metric g, p. Then the Lie algebra of Killing vectors on (M, g) and the Lie algebra of Killing vectors on (TM, gq.,)
are isomorphic, via the correspondence X — ©X.

5. Geodesics in the tangent bundle (TM, g, ;)

Animportant geometric problem is to find the geodesics on the smooth manifolds with respect to the Riemannian metrics
(see [21,40-44]). In [21], Yano and Ishihara proved that the curves on the tangent bundles of Riemannian manifolds are
geodesics with respect to certain lifts of the metric from the base manifold, if and only if the curves are obtained as certain
types of lifts of the geodesics from the base manifold. In [44], Salimov and his collaborators studied the analogous problem
for the tensor bundles.

LetC : [0, 1] — TM be a curve on TM and suppose that Cis expressed locally by x* = xA(t), i.e., x" = x/(¢), X =x (t) =
y"(t) with respect to induced coordinates (xh, x") in 71*] (U) C T™, t being a parameter Then the curve C = 77 o C on M is
called the projection of the curve C and denoted by nC which is expressed locally by x" = x"(t). Let X" (t) be a vector field
along C. Then, on TM we define a curve c by

X = xh(t)
B A (5.1)
x' = X"(¢t).
If the curve (5.1) satisfies at all points the relation
sX" dx" L ¥ Xi—o0,
de — dt I dt
then the curve C is said to be a horizontal lift of the curve C and denoted by #C [21, p. 172]. If X" is the tangent vector field
d"h to C, then the curve C defined by (5.1) is called the natural lift of the curve C and denoted by C*.
We write vE E,g = bFV E, with respect to the adapted frame {E; } of TM, where ¢ bl“y denote the Christoffel symbols

constructed by g ». The partlcular values of bFa’/ for different indices, on taking account of (3.8), are found to be

1
b h h b kp h
‘ 1—}1’ = 1_;1 s ‘ 1—‘11 - _Ey R]zk
a
abph _ 9 kp h abph _ ph
I =3V R I =1Tj
a = 5.2
abph _ O n bl _ g (5.2)
Jji 2 Ji Jji
a,bI-h —
Ju
“Ory = L} + yid]) + Rgiy" + Ny
i S| _d0® p_  2b@H)-d _a@' (r?)—2d (r})b(r?)
with respect to the adapted frame, where y; = g;;' and L = 2002)° R= 50011500 N T 20D @ T @1ty
The geodesics of the connection “?V is given by the differential equations
82xh d*x! dxC dx®
— a,b A =0 (53)

d2 ~ de? EBdr de

with respect to the induced coordinates (x", xﬁ), where t is the arc length of a curve on TM.
We write down the form equivalent to (5.3), namely,

d [6“ L abpa 67 67
dt \ dt vBdr dt

with respect to adapted frame {E; }, where
o"  dx"

dt  dt’

" _ Wyt Y

de  dt dt Ide
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along a curve x* = x*(t) on TM. Taking account of (5.2), then we have

) X OV
de2 27 Midr de T (5.4)
S2yh " 8y 8y’ '
()~ + [L;8! + yid]') + Rgy" +Nyjy1y]dt =0

Thus we have the following result.

Theorem 10. Let C be a curve on TM and locally expressed by x" = x"(t), X = yh(t) with respect to the induced coordinates
(", xM) in = (U) C TM. The curve C is a geodesic of g, if it satisfies Egs. (5.4).

If a curve C satisfying (5.4) lies on a fibre given by x" = const, then by virtue of %- d" = 0and 5y +rh d i =

i dr dt J
Egs. (5.4) reduce to

d2yh
dt?
Hence we have the result as follows.

dy' dy'
+ILOR} +yi5)) + Rgy" + Nyl —- = 0. (5.5)

Theorem 11. If a geodesic lies on a fibre of TM with metric g, », the geodesic is expressed by Eq. (5.5).

Let C = o C be a geodesic of V on M. Then 52—’; = 0. Using the condition ‘Sd— = 0 and the condition ‘Sy] =

sxh
dt =0,
we have the theorem below.

Tt

Theorem 12. The horizontal lift of a geodesic on M is always geodesic on TM with the metric gg p.

Let now C = 7 o C* be a geodesic of V on M, i.e. dch j[ (d;: ) = 0. On the other hand, from definition of the natural

lift of the curve, we obtain

Sy dx"
— ] =0. 5.6
T de ( dt ) (56)

By virtue of (5.4) and (5.6) we easily see that the natural lift of a curve on M defined x" = x"(t) is geodesic on TM with the
metric g, ». Thus we have the last theorem.

Theorem 13. The natural lift C* of any geodesic on M is a geodesic on TM with the metric g, p.
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