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1. Introduction and statement of the results

Kamowitz and Scheinberg [1] studied compact composition operators on Lip(X, d), the Banach space of all bounded
Lipschitz functions f from a metric space (X, d) into the field of real or complex numbers K, endowed with the norm

Iflla = max {lIf o » La(F)}

where ||f || o is the supremum norm of f and

f&x) —f»l
dx,y)

They proved that if (X, d) is a compact metric space and ¢: X — X is a Lipschitz mapping, then the composition operator
Cy: Lip(X, d) — Lip(X, d), defined by Cy(f) = f o ¢, is compact if and only if ¢ is supercontractive. This means that for each
& > 0, there exists § > 0 such that d(¢(x), ¢(¥))/d(x,y) < & whenever 0 < d(x,y) < §. Really, they stated this result for
the space of complex-valued Lipschitz functions f on X with the norm ||f|| o, + Ls(f); but the same proof works also in the
real-valued case and with the norm ||f|| .

Our first aim in this paper is to give a more complete characterization of compact composition operators on Lip(X, d)
without assuming compactness on X. Namely we prove the following result.

Ld(f):sup: :x,yeX,x;ﬁy}.

Theorem 1.1. Let (X, d) be a metric space and let ¢:X — X be a Lipschitz mapping. Then the operator Cy:Lip(X,d) —
Lip(X, d) is compact if and only if ¢ is supercontractive and ¢(X) is totally bounded in X.

The purpose of removing the compactness hypothesis on the metric space (X, d) is not new when one studies a linear
preserver problem in the context of Lipschitz spaces. We can cite in this direction the papers by Araujo and Dubarbie [2]
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and Weaver [3] in their studies of the representation of surjective linear isometries of Lip(X, d) by means of weighted
composition operators, and those of Araujo and Dubarbie [4] and Leung [5] on biseparating maps of Lipschitz spaces.

Our approach lies in tackling the problem for pointed Lipschitz spaces Lip, that generalize the Lipschitz spaces Lip.

Let (X, d) be a pointed metric space, that is, a metric space with a base point e € X. Then Lip,(X, d) is the Banach space
of all Lipschitz functions f: X — K such that f(e) = 0 with the norm Ly(f). If X is bounded, diam(X) denotes the diameter
of X.

Our main result is the following characterization of compact composition operators on Lip, spaces.

Theorem 1.2. Let (X, d) be a bounded pointed metric space and let ¢: X — X be a base point-preserving Lipschitz mapping.
Then the operator Cy: Lipy(X, d) — Lipy(X, d) is compact if and only if ¢ is supercontractive and ¢ (X) is totally bounded in X.

Moreover, we obtain the analogous result for compact composition operators on little Lipschitz spaces lip(X, d) that
satisfy a kind of uniform point separation property.

Given a metric space (X, d), lip(X, d) is the closed subspace of Lip(X, d) formed by all those functions f in Lip(X, d) which
are supercontractive, that is,

&) —fol

lim sup ——— =0
t=00<dry<t A, ¥)

We refer the reader to the book [6] for a complete study on all these spaces of Lipschitz functions. Following Weaver [6,
Definition 3.2.1], we introduce the following property.

Definition 1.1. Let (X, d) be a metric space, not assumed to be compact. It is said that a linear subspace M of Lip(X, d)
separates points uniformly on bounded subsets of X if for each bounded set K C X, there exists a constant a > 1 (which
may depend on K) such that for every x, y € K, some f € M satisfies ||f|l; < aand [f(x) — f(y)| = d(x, ).

Note that Lip(X, d) separates points uniformly on bounded subsets K C X with a = max {1, diam(K)} by taking, for
each x € K, the function f(z) = min {diam(K), d(x, z)} defined on X. On the other hand, if X is a connected and complete
Riemannian manifold, then lip(X, d) does not separate points because it contains only constant functions [6, Example
3.1.5]. However, lip(X, d) satisfies the aforementioned uniform separation property when X is uniformly discrete (that is,
inf{d(x,y):x # y} > 0) since lip(X, d) = Lip(X, d), or when X is a totally disconnected compact metric space [6, Example
3.1.6].

Moreover, replacing the metric d by a metric d* where 0 < o < 1, the spaces lip(X, d*) have the uniform separation
property on bounded subsets K C X with a = 279 max {1, diam(K)}. It suffices to notice that Lip(X, d) C lip(X, d*) and
Ifllge < 27 |If ll4 for all f € Lip(X, d).

Theorem 1.3. Let (X, d) be a metric space and ¢: X — X a bounded Lipschitz mapping. Assume that lip(X, d) separates points
uniformly on bounded subsets of X. Then the operator C4:lip(X, d) — lip(X, d) is compact if and only if ¢ is supercontractive
and ¢ (X) is totally bounded in X.

We must point out that Theorem 1.3 extends also the result obtained by Kamowitz and Scheinberg in [1] for lip(X, d*)
with X compact and 0 < « < 1. Furthermore, Theorems 1.1-1.3 hold for composition operators C4 from Lip(X, dx)
(Lipo(X, dx), lip(X, dx)) into Lip(Y, dy) (respectively, Lipy (Y, dy), lip(Y, dy)).

Our second aim is to study the spectrum of compact composition operators on Lipschitz spaces Lip(X, d) and lip(X, d).
In [1, Theorem 2], Kamowitz and Scheinberg claim that if (X, d) is a compact metric space and Cy: Lip(X, d) — Lip(X, d)
is a nonzero compact composition operator, then the spectrum o (Cy4) of Cy has only two points, 0 and 1. However, when
X is not connected, this need not be true as the following modification of an example due to Kamowitz and Scheinberg [1]
shows.

Example 1.1. Take the sets Z = [—1, —1/2] U [1/2,1]and Y = [-1/2, —1/4] U [1/4, 1/2] endowed, respectively, with
the metrics

dzx,y)=x—yl, Vx,yeZ; dy(x,y)=+Ix—yl, Vx,yeY.
LetX =Y UZandletd:X x X — R be the distance on X given by

dz(x,y) ifx,y e Z;
dy(x,y) ifx,yey,
dx.y) = dz(x, —1/2) +dy(—1/2,y) ifxe[-1,—-1/2], yeY;
T ) dz (v, —1/2) +dy(—1/2,x) ifye[-1,—-1/2], x€Y;
dz(x,1/2) +dy(1/2,y) ifxe[1/2,1], yeY;
dz(y, 1/2) +dy(1/2,x) ifye[1/2,1], x €Y.
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Notice that X is compact since the topology generated by d is the usual topology of X. Consider now the map ¢: X — X
defined by

—2x ifxey,

d(x) = {1 ifx e [—1,-1/2],
—1 ifxe[1/2,1].

Itis not hard to check that ¢ is Lipschitz and supercontractive, and thus Cy: Lip(X, d) — Lip(X, d) is compact by Theorem 1.1.
However, —1 is in the spectrum of Cy since the function f: X — R given by

-1 ifxe[-1,-1/4],
foo = {1 ifx € [1/4, 1],
belongs to Lip(X, d) and f o ¢ = —f.
Let us recall thatif X isa set,n € Nand ¢: X — X, then a point xy € X is called a fixed point of ¢ of order nif " (xg) = xo
and ¢*(xo) # xo forallk = 1, ..., n — 1. Using these points, we correct the flaw in [1, Theorem 2] as follows.
Theorem 1.4. Let (X, d) be a metric space, ¢: X — X a Lipschitz mapping, 5 its extension to the completion X of X and A the
set of natural numbers n such that ¢ has a fixed point of order n.

(i) If Cy: Lip(X, d) — Lip(X, d) is a compact operator, then A is finite and
o(C)\ {0} = Jir e K:a" =1}

neA

(ii) Assume further that ¢ is bounded and lip(X, d) separates points uniformly on bounded subsets of X. If Cy:lip(X,d) —
lip(X, d) is a compact operator, then A is finite and

o (C)\ {0} = Jir e K:a" =1}

neA

In both cases, if X is in addition infinite and connected, then o (C4) = {0, 1}.

The r-connectedness of a metric space provides a very useful tool for analysing the linear isometries of spaces Lip(X, d)
and lip(X, d) (see [6]). We use this type of connectedness in the proof of Theorem 1.4. The argument given in the proof of
Theorem 2 in [1] fails because, unlike the r-connected components, the number of connected components of a compact
metric space need not be finite.

2. Proofs

Before going into the proof of Theorem 1.2, we deduce Theorem 1.1 from Theorem 1.2. To do this, we recall that every
Lip space is isometrically isomorphic to a certain Lip, space.
Lemma 2.1. (See Proposition 1.7.1 and Theorem 1.7.2 in [6]). Let (X, d) be a metric space, e & X and Xy = X U {e}.
(i) The mapping dy: Xo X Xo — R given by
do(x,y) = min{d(x,y),2},  do(x,e) =do(e,y) =1 (x,y€X), do(e,e) =0,

is a distance on Xg.
(ii) The mapping @: Lip(X, d) — Lipy(Xo, do) defined by

() =fx) (xeX), @(f)e) =0,
is an isometric isomorphism.
We also will need the next easy result.
Lemma 2.2. Let (X, d) be ametric space andlet e & X. Let (Xy, dy) be the metric space given above. For each mapping ¢: X — X,
define ¢o: Xo — Xo by
Pox) =@p(x) (x€X),  ¢ole) =e.
Then the following hold.

(i) If ¢ is Lipschitz, then ¢q is Lipschitz.
(ii) ¢ is supercontractive if and only if ¢q is supercontractive.
(iii) ¢(X) is totally bounded in X if and only if ¢o(Xp) is totally bounded in X,.
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Let us recall that a linear operator between Banach spaces T: E — F is compact if T takes bounded sets in E into relatively
compact sets in F. If E, F and G are Banach spaces and S:E — F and T: F — G are bounded linear operators, then TS is
compact if either S or T is compact.

Proof of Theorem 1.1. We have a metric space (X, d) and a Lipschitz mapping ¢: X — X. Let us choose a point e ¢ X and
define Xy, dg, @ and ¢g as in Lemmas 2.1 and 2.2. Clearly, (Xp, do) is a bounded pointed metric space and ¢y: Xo — Xp a base
point-preserving Lipschitz mapping. Hence we can apply Theorem 1.2 to the operator Cg,: Lipg(Xo, dg) — Lipy(Xo, do).

On the one hand, an easy verification yields ®Cy = Cy,® and then it is deduced readily that Cy: Lip(X, d) — Lip(X, d)
is compact if and only if Cg,: Lipg(Xo, dg) — Lipy(Xo, do) is compact. On the other hand, Cy,: Lipy(Xo, do) — Lipy(Xo, do) is
compact if and only if ¢ is supercontractive and ¢ (Xp) is totally bounded in Xy by Theorem 1.2. This is equivalent to that ¢
is supercontractive and ¢ (X) is totally bounded in X by Lemma 2.2, and the proof is complete. O

Remark 2.1. Observe that if ¢: X — X is a Lipschitz mapping, then ¢y: Xy — Xp is the unique base point-preserving
Lipschitz mapping making the equality @C, = Cy,® holds.

In the proof of Theorem 1.2, we use the following characterization of the compactness of the composition operators on
Lipo(X, d).

Proposition 2.3. Let (X, d) be a pointed metric space and let ¢: X — X be a base point-preserving Lipschitz mapping. Then the
operator Cy4: Lipy(X, d) — Lipg(X, d) is compact if and only if for each bounded sequence {f,} in Lipy (X, d) which converges to
zero uniformly on totally bounded subsets of X, there exists a subsequence {f,,} such that Ly(f;, o ¢) — 0ask — oo.

For the proof we need two lemmas.

Lemma 2.4. Let (X, d) be a pointed metric space and let {f,} be a sequence in Lipy(X, d) that converges to a function f in
Lipy(X, d). Then {f,} converges to f pointwise on X.

Proof. Let x € X.If x = e, we have f;(x) = 0 for all n and so lim,_, » f,(x) = 0 = f(x). Assume now x #* e and
let ¢ > 0 be given. Then there exists a m € N such that L;(f, — f) < &/d(x,e) whenever n > m. It follows that
fnx) —fX)] < Lg(fy — f)d(x, e) < e if n > m, and thus {f,(x)} converges tof(x). O

Lemma 2.5. Let (X, d) be a pointed metric space. Then every bounded sequence {f,} in Lipy(X, d) has a subsequence that
converges pointwise on X to a function f € Lipy(X, d). Moreover, this convergence is uniform on each totally bounded subset
of X.

Proof. According to [6, Theorem 2.2.2], Lipy (X, d) is isometrically isomorphic to a dual space. Then, by the Banach-Alaoglu
Theorem, there exist a function f € Lipy(X, d) and a subsequence {fnk} such that {fnk} converges to f in the weak*
topology on Lip, (X, d). Since the weak* topology agrees with the topology of pointwise convergence on bounded subsets
of Lipy (X, d) [6, Theorem 2.2.2], it follows that {fnk} converges pointwise on X to f. Finally, let K be any totally bounded
subset of X and let ¢ > 0 be given. Let M = sup {Ld(fnk): k e N} U {Ly(f)}. Since K is totally bounded, there exists a finite
set {X1,...,xn} C KsuchthatK C U:’;] B(x;, €/3M). Now choose kg so large that ‘fnk (x;) —f(x,')] < &/3 whenever k > kg
and 1 <i < m. Now, given x € K, choose i such that x € B(x;, ¢/3M), and for all k > ko, we have

o @) = FQO| < [ ®) = fine %D | + [fo &) = F )| + [ (%)) — F )]
< Md(x, x;) + % + Md(x, x;) < €.

Thus |f,,k x) —f(x)] < g forall x € K whenever k > kq. This proves that {fnk} converges to f uniformlyon K. O

Let us recall that a linear operator between Banach spaces T: E — F is compact if and only if every bounded sequence
{xn} in E has a subsequence {x,, } such that the sequence {T (x,,) } converges in F.

Proof of Proposition 2.3. Let us assume that Cy4: Lipy(X, d) — Lipy(X, d) is compact and let {f;} be a bounded sequence
in Lipg (X, d) that converges uniformly to 0 on totally bounded subsets of X. Since Cy is compact, there exist a subsequence
{fnk} of {f,} and a function f € Lipy(X, d) such that Ly(f;,, o ¢ — f) — 0as k — oo. By Lemma 2.4, for each x € X the
sequence {fnk (¢(x))} converges to f(x) as k — oo, but, on the other hand, this sequence converges to 0 as k — oo. Hence
f(x) = 0foreveryx € X and so f = 0 as desired.

Conversely, let us assume that every bounded sequence {f,} in Lipy (X, d) which converges to zero uniformly on totally
bounded subsets of X has a subsequence {fy, } satisfying Ly (f,, o) — 0ask — oo.To prove that Cy: Lipy (X, d) — Lipy(X, d)
is compact, take a bounded sequence {f,} in Lipy(X, d). By Lemma 2.5, we have a subsequence {fn,(} and a function
f € Lipy(X, d) such that {f, } converges uniformly to f on totally bounded subsets of X. By our assumption, {f, — f}
has a subsequence, denoted next also by { e —f}, satisfying Ly(fy, o ¢ — f o ¢) — 0as k — oo. This proves that
Cy: Lipy(X, d) — Lipg(X, d) is compact. O
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Let (X, d) be a pointed metric space. For each x € X, let §,: Lipy(X, d) — K be the evaluation functional defined by
Sx(f) = f(x) for all f € Lipy(X, d). It is known that §, € Lipy(X, d)* and ||6,|| = d(x, e) (see [6, p. 27]). Moreover, it is easy
to show that ”(Sx - Sy” =d(x,y) forallx,y € X.

Now, we are in a position to prove our main theorem.

Proof of Theorem 1.2 (Necessity). Let us assume first that ¢(X) is not totally bounded in X. Then for some ¢ > 0, there is
a sequence {x,} in X such that d(¢(x,), ¢(xm)) > ¢ for all n,m € N such that n % m. It follows that |8y, — Spem || = €
whenever n # m, and this says us that the set

{8p0:x € X} = {C5(80):x € X}

is not relatively compact in Lipy (X, d)*. Since {6x:x € X} C Lipy(X, d)* and ||6x|| < diam(X) for all x € X, we infer that
C;f: Lipy(X, d)* — Lipy(X, d)* is not compact and, by Schauder’s Theorem, the same is true for the operator Cy: Lipy (X, d) —
Lipy (X, d) as required.
Suppose now that ¢ is not supercontractive. Then there exist ¢ > 0 and, for eachn € N, x,,, y, € X such that
d(@ (), $Ow) _
—_— >
d(xn, yn)
Foreachn € N, let f;;: X — R be defined by
exp(—nd(e, ¢(yn))) — exp(—nd(x, (¥r)))

n

1
O < d(xfhyn) < 57

foX) =

It is clear that f;(e) = 0 and, for every x, y € X withx # y,

fn®) —fa)| _ lexp(=nd(y, ¢(yn))) — exp(—nd(x, ¢(yn)))I
dx,y) nd(x, y) .

If d(x, p(yn)) # d(y, $(yn)), the Mean Value Theorem applied to the function g,(t) = exp(—nt) on the interval with
extremes d(y, ¢ (y,)) and d(x, ¢(y,)) guarantees the existence of a real number 6, > 0 between d(y, ¢ (y,)) and d(x, ¢(y,))
satisfying

lexp(—nd(y, $(yn))) — exp(=nd(x, ¢(yu)))| _ exp(=nbn) [d(y, p(yn)) — d(x, #(n))|

nd(x, y) N dx,y) '

Since |d(y, ¢(yn)) — d(x, ¢ (yn))| < d(x,y) and exp(—n#b,) < 1, it follows that

[fn () — f )|
—_— <1
dx,y)

This inequality holds clearly if d(x, ¢ (yn)) = d(y, ¢(y»)). Therefore f; belongs to Lipy(X, d) and Ly(f,) < 1. Hence {f,} is a
bounded sequence in Lipy (X, d) and, in addition, {f,;} converges to 0 uniformly on X since ||f;|lo, < 2/nforalln € N.
However, it is not possible to find a subsequence {fnk} for which Ly(fy, o ¢) — 0as k — oo because

Li(fao ¢) > [fa(@(xn)) — fa(dn))|
- d(Xn, yn)
_ |1 —exp(—=nd(¢(xn), ¢(yn)))|
nd(Xn, ¥n)
d(p(xn), d(Yn))
d(Xn, Yn)
exp(—Ly(¢))e

foralln € N, where we now have applied the Mean Value Theorem to g, (t) = exp(—nt) on the interval [0, d(¢ (x,,), ¢ (Vn))]
and the estimate exp(—np,) > exp(—Ly(¢)) which follows because g is decreasing and

exp(—npn)

%

1
0 < pn < d(¢(xn), (Yn)) < La(P)d(Xn, yn) < ELd((p)'

Hence Cy: Lipy(X, d) — Lipy(X, d) is not compact by Proposition 2.3, and this completes the proof of the necessary condition
of the theorem. Some steps in the preceding argument have been motivated by ideas from the proof of [1, Theorem 1].
Sufficiency. Let us suppose that ¢ is supercontractive and ¢ (X) is totally bounded in X. Let {f;,} be a bounded sequence in
Lipy (X, d) that converges uniformly to 0 on totally bounded subsets of X. Let b > 0 be such that L;(f;,) < b foralln € N. Let
& > 0 be given. We can take a § > O such thatifx,y € X and 0 < d(x, y) < §, then
d(¢(x), () _ £

d(x,y) 2b



226 A. Jiménez-Vargas, M. Villegas-Vallecillos / . Math. Anal. Appl. 398 (2013) 221-229

Letx,y € X.If0 < d(x,y) < &, we have
[fi(@(X) — fa @I fa(@(X) — fa(@ ()] d(@(x), ()

&
d(x,y) O de®. o) dxy) 2
Ifd(x,y) > 6§, we get
Un(@()) —fa( @O _ 21lfn 0 Plloo
d(x,y) B 8 '
Since {f;} — 0 uniformly on ¢(X), there isam € N such that for n > m, we have ||f; o ¢|,, < £6/4. It follows that

Un(@®) —fa(@ONI _ &

d(x, y) 2

whenever n > m and d(x, y) > é. So we have proved that L;(f, o ¢) < ¢ forall n > m. We conclude that Cy: Lipy(X, d) —
Lipy (X, d) is compact by Proposition 2.3 and this proves the theorem. O

We now prove Theorem 1.3.

Proof of Theorem 1.3. Assume that ¢ is supercontractive and ¢ (X) is totally bounded in X. Let {f,,} be a bounded sequence
inlip(X, d). Then {f,} is bounded in Lip(X, d) and since Cy4 is a compact operator from Lip(X, d) into itself by Theorem 1.1,
there exist a subsequence {f,, } and a functionf € Lip(X, d) suchthat |f,, o ¢ — |, — Oask — oco.Sincefy, 0¢ € lip(X, d)
forall k € Nand lip(X, d) is closed in Lip(X, d), then f € lip(X, d). This shows that C4:lip(X, d) — lip(X, d) is compact.

In order to prove the converse, note first that as lip(X, d) separates points uniformly on bounded subsets of X and
¢(X) C X is bounded, there is a constant a > 1 (depending perhaps on ¢ (X)) such for any pair x, y € X, some function
f € lip(X, d) satisfies |fy |, < aand |fy ($(0) — fy (W) = d(@X), p))-

Suppose that ¢(X) is not totally bounded in X. Then for some ¢ > 0, there exists a sequence {x,} in X so that
d(¢(xn), ¢(xm)) > € whenever n # m. We can take a function f,;, € lip(X, d) satisfying the conditions ||f,:|l4 < a and
[frm (@ (X)) — fam (P (Xm))| = d(P(xn), ¢ (xm)). It follows that

e < d(¢(xn), d(xm))
= |fam (@ xn)) — fam (@ (xXm))|

1860y — S || Wfimlla

IANIA

a [ 8pe0) = Spcam |
whenever n # m, and this says us that the set
{8pc:x € X} = {Ch(80:x € X}

is not relatively compact in lip(X, d)*. It can be seen easily that {dy: x € X} C lip(X, d)* and ||8]| = 1 for all x € X. Then
we deduce that C;: lip(X, d)* — lip(X, d)* is not compact. Hence Cy4:lip(X, d) — lip(X, d) is not compact by Schauder’s
Theorem, as we desired.

Suppose now that Cy:lip(X, d) — lip(X, d) is compact. Then the set C4(B) = {f o ¢:f € B} is relatively compact in
lip(X, d), where B denotes the unit ball of lip(X, d). Let ¢ > 0 be given. For each f € B, let

B(fog. ) ={e clipx. axlig—fogls < -}

Since Cy (B) is relatively compact, there exist fi, ..., f, € Bsuch that C4(B) C UZ=1 B(fyxo ¢, €/4a). For every f € B, we have
Li(f op — fro ) < e/4aforsomek € {1, ..., n}and, consequently,

f@X) —f@W)I _ 1 —f@X) = = (@O | fi(@X) —ful¢W))

d(x,y) - d(x,y) - d(x,y)
< L —f)od) + (@) — fiu(pW)I
d(x, y)
_ £ fie(p(x)) — fi(p)I
4a d(x,y)
forany x,y € X withx # y. Forevery k = 1, ..., n, thereis a §; > 0 such that
[fie(@ () — fiu(p(W))I _ £
dx,y) 4a
whenever 0 < d(x, y) < 8. Taking § = min {51, ..., 8,}, we have

d(x,y) 2a

@) -l _ ¢
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if0 < d(x,y) < 8.Since |84 — 8y || : = sup {If (#(x)) — f(@(¥))| :f € B}, we conclude that

13600 = 8| &
7o "Wl _ 2
d(x, y) a
whenever 0 < d(x,y) < 6.
Ifx,y € Xand 0 < d(x,y) < 8, we may take a function f,, € lip(X, d) satisfying ”fxde < aand ‘fxy(q}(x)) —fxy(qﬁ(y))] =
d(¢(x), ¢(¥)). Then we have
d@X), 00)) _ @) —fo @] _ ]850 = gy
d(x,y) d(x,y) - d(x,y)
and hence ¢ is supercontractive. This completes the proof of the theorem. O

’

It remains to prove Theorem 1.4. First, we recall that if X is a metric space, X is its completion and Y is a complete metric
space, then every Lipschitz mapping ¢ from X to Y has a Lipschitz extension ¢ from X to Y, and the Lipschitz constant does
not change [6, Proposition 1.7.1]. For the case that ¢: X — X is also supercontractive, it is straightforward to obtain the
following fact.

Lemma 2.6. Let X be a metric space, X its completion and ¢: X — X a supercontractive Lipschitz mapping. Then the extension
of ¢ to X, ¢: X — X, is supercontractive.

We now give a sufficient condition for a scalar to be in the spectrum of a (not necessarily compact) operator Cg.

Proposition 2.7. Let (X, d) be a metric space, ¢: X — X a Lipschitz mapping and Cy the composition operator induced by ¢ on

Lip(X, d) (respectively, on lip(X, d), where lip(X, d) separates points uniformly on bounded subsets of X). If 5 has a fixed point
oforder n € Nand A € K satisfies A" = 1, then A € o (Cy).

Proof. Letxy € X be a fixed point ofa ofordern € Nand let A € Kbe suchthat A" = 1.1fn = 1,thenA = 1 € 0(Cyp).
Assume now n > 2.Since Lip(X, d) and lip(X, d) separate points uniformly on bounded subsets of X, we can take the constant
a > 1involved in Definition 1.1. Denote B = {¢(x0), e ¢>”*1(x0)} and pick e = (1/5a)d(xo, B). Considerz, y1, ..., ¥n—1 €
X such that d(z, xg) < € and d(yy, $k(xo)) <eg/(n—1)fork=1,...,n— 1.Notice thatd(z, {y1, ..., ¥n-1}) = d(xo, B)/2.
For each k € {1, ..., n — 1} there exists a function f;, € Lip(X, d) (respectively, fy € lip(X, d)) with Ly(fy) < a for which
fk(@) — fi(yk)| = d(z, yr). Take g € Lip(X, d) (respectively, g € lip(X, d)) defined by

fe @) — fiei)| K —
dz,ye)

Clearly,g(z) = 1,g(y1) = --- = g(¥n—1) = 0and Ly(g) < 2a/d(xo, B). To obtain a contradiction, suppose Af —fo¢ =g
for some f € Lip(X, d) (respectively, f € lip(X, d)). It is easy to prove by induction that

g(x):min{ 1,...,n—1} (x € X).

n—1
)\‘nf _f o(pn — )\‘nflg + Z)\H*]*kg O¢k,

k=1

and therefore
n—1
WF(x0) = F (" (x0)) = AT xo) + Y _ A" TE (¢* (x0)) -
k=1
As the first member of this equality vanishes, it follows that
n—1 -
A COED B A CAC
k=1

Taking modulus, we have

n—1

n—1

Bxo)l < ) [2 (0" x0) —E0)| < D La(@)d (¢*(x0), yi) < La(g)e.
k=1 k=1

On the other hand, from the inequality |g(xo) — £(2)| < Ly(g)d(xo, z), we infer that 1 — Ly(g)e < g(xg). Hence 1 < 2Lq4(g)s.

Then 1 < 4ae/d(xo, B) = 4/5, which is impossible. This proves that Al — Cy is not surjective and thus A € o(Cy). O

Second, we recall the notion of r-connectedness (see [6]). Given r > 0, it is said that a metric space (X, d) is r-connected
if there are not two nonempty disjoint sets A, B C X such that X = AU B and d(A, B) > r. We gather some properties about
r-connectedness.
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Lemma 2.8. Let (X, d) be a metric space and r > 0.

(i) If Cq and C, are r-connected subsets of X such that C; N C, # &, then C; U C; is r-connected.
(ii) The relation ~, defined on X by setting x ~ y if and only if there is a finite sequence of points x1, . .., Xx+1 € X such that
X1 =X X1 =yand d(x;, xjp1) <t forallj e {1,...,k},is an equivalence relation. The equivalence classes of this relation
are called the r-connected components of X.
(iii) The r-connected components of X are maximal r-connected subsets in X.
(iv) The r-connected components of X are open and closed subsets of X.

According to the terminology of Weaver [6, p. 80], it is said that a mapping ¢: X — X is (8, ¢)-flatif 0 < d(x,y) < §
implies |f (x) — f(y)| < e d(x, y).Thus, if ¢ is supercontractive, then for any ¢ > 0 there exists § > 0suchthat ¢ is (3, ¢)-flat.
The following lemma will allow us to extend the results from the r-connected case to the general case.

Lemma 2.9. Let (X, d) be a compact metric space, r > 0, C a r-connected component of X and ¢:X — X a (r, 1/2)-flat
mapping. Then there are k, n € N and a r-connected component Cy of X such that both ¢*(C) and ¢™(Cy) are contained in Cy.

Proof. Let x € C and let m € N be the number of r-connected components of X. As the set

0, 9° (0, ..., 9" ()

is contained in the union of the r-connected components of X, then there exist a r-connected component Cy and j, k €
{1,...,m+ 1} with k < j such that ¢*(x), ¢/ (x) € Co. Thus p**07 (x) € ¢/~*(Cy) N Cp and ¢*(x) € $*(C) N Co. Taking into
account that ¢ is (r, 1/2)-flat, it follows easily that ¢/~*(Co) and ¢*(C) are r-connected subsets. Since ¢/ ~¥(Cy) and G, are
r-connected, and ¢/ ~%(Cy) N Co # B, it has that ¢/~¥(Cy) U Cy is r-connected. Then ¢/~%(Cy) € ¢/*(Cy) U Gy = C, because
Co is a maximal r-connected subset in X. Analogously, $*(C) € C;,. O

We now prove an auxiliary lemma. Its second part is interesting in its own right because it provides a fixed point theorem
for a (r, 1/2)-flat mapping on a r-connected compact metric space.

Lemma 2.10. Let r > 0, (X, d) a r-connected compact metric space and ¢: X — X a (r, 1/2)-flat mapping. Then the following
assertions hold.

(i) The sequence {diam(¢" (X))} converges to 0.

(ii) ¢ has a unique fixed point xo € X and ﬂﬁil " (X) = {xo}.
(iii) If ¢ is supercontractive, A € K\ {0, 1} and f € Lip(X, d) satisfies f o ¢ = Af, thenf = 0.
Proof. (i) For each x € X, we denote B(x,r) = {y € X:d(x,y) < r}. Since X is compact, there exists a finite subset F C X
such that X = J,.p B(x, r). Let m be the number of elements of F and n € N.

If yo, zo € F, it is easy to check by induction on m that there exist k € {1, ..., m}and X, ..., X1 € F such that x; = y,
Xk+1 = Zo and d(B(x;, 1), B(xj+1,1)) < rforallj e {1,...,k}. Then, givenj € {1,...,k}, there are x € B(x;, r) and
w € B(xj;1, r) such that d(x, w) < r. So, applying the condition of ¢, we have

d(@" (%)), ¢" (x;11)) < d(9" (%), 9" (%)) + d(¢" (%), 9" (w)) + d(@" (W), ¢" (Xj31)) < 27
Therefore
3r 3mr

< .
on = on

d(@" (o), ¢"(20)) < Zd(qs (%), ¢" (x41)) <

j=1 j=1

Now, lety, z € X.Theny € B(yo, ) and z € B(zg, r) for some yg, zog € F.Taking into account what has been stated above,
it follows that
(Bm+ 2)r

d(@" (), ¢"(2)) < d(¢"(¥), ¢" (o)) + d(@" (o), 9" (20)) + d(@"(20), ¢"(2)) < o

Since y and z are arbitrary, we have diam(¢" (X)) < (3m + 2)r/2". Hence the sequence {diam(¢" (X))} converges to 0.

(ii) Let x € X. By (i), {¢"(x)} is a Cauchy sequence in X, and hence {¢"(x)} converges to a point x, € X. Let mg € N be
such that d(¢"(x), xp) < r for all n > my. Since ¢ is (r, 1/2)-flat, we obtain that d(¢ (¢"(x)), ¢(x0)) < (1/2)d(¢"(X), X0)
for all n > my. It follows that {¢"*1(x)} converges to ¢ (x,) and therefore ¢ (xo) = Xo.

Finally, by Cantor’s theorem, the set ﬂ;’il ¢"(X) contains only one element, so ﬂﬁil ¢"(X) = {xo}. Furthermore, this
equality implies that xq is the unique fixed point of ¢.

(iii) We follow [1, Theorem 2]. By (ii), we have ¢(xg) = xo; hence f(xo) = Af (xo), and therefore f (xg) = 0. Using that ¢
is supercontractive, we obtain § > 0 such that

A
d(p(x), xg) < |2—|d(x, X0), VxeX, 0<dx x) <.
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By (i) there is m € N such that diam(¢™(X)) < é. Givenx € ¢™(X) and n € N, we have

n A
A1 = P 6" 00) —F60)] = L) A9 (), 50) = 21 L dCx,x0) < 5 I

which implies f (x) = 0. Now, for each z € X, we have A™f (z) :f(d)m(z)) =0, and sof(z) =0. O

We are ready to demonstrate Theorem 1.4.

Proof of Theorem 1.4. We prove (i) and similar arguments apply to obtain (ii). Let C; be a compact composition operator
of Lip(X, d) induced by a Lipschitz mapping ¢: X — X. Then ¢ is supercontractive and ¢(X) is totally bounded in X by
Theorem 1.1.

Let L € o(Cy) \ {0}. Since C, is compact, A is an eigenvalue of Cy, that is, there exists f € Lip(X, d) with f ## 0 such that
fog=1Af.

Denote by Y the closure of ¢(X) in X. Clearly, Y is compact. Notice that ¢(X ) C Y and therefore f |y is nonzero.

Since ¢ is supercontractive by Lemma 2.6, there is r > 0 such that ¢ is (r, 1/2)-flat. We want to prove that A" = 1 for
some n € A.Suppose the contrary and take a r-connected component C of Y. By Lemma 2.9, there exist another r-connected
component Cp of Y and k, j € N such that d)k(C) C Co and ¢/(Cy) C Co.

By Lemma 2.10 (ii), ¢’ |c, has a unique fixed point xo € Co. Then there exists p € A such that p is the order of xo. Applying

Lemma 2.10 (iii) to the maps ¢”|¢, and f|c0, and the number AP # 1, we obtain f|c0 = 0. Then, given x € C, we have

k"f(x) = 7(5"(){)) = 0, and therefore f (x) = 0. In this way we obtain f|y = 0, which is a contradiction. Hence A" = 1 for
some n € A and so we get that

a(C)\{0) [ Jir e k:am =1}

neA

The converse inclusion follows from Proposition 2.7.

Now we have to prove that A is finite. Let F be the set of all x € X such that x is a fixed point of qb of order n for some
n € N. If we prove that F is finite, then so is A. Observe that F C Y since ¢(X) C Y.Let Gy, ..., Cy be the r-connected
components of Y. Then F = Ul | (FN C).Givenk € {1, ..., m},ifyo, zo € F N Cy, we have ¢"(yo) = yo and ¢”(zo) = zq for
some n, p € A, and therefore yq and zg are fixed points of d)”P By applying Lemma 2.10 to the mapping ¢”P|ck Cy — Cy, we
deduce that yo = zp. Then F N G has at most one point and hence F has at most m points. This completes the proof of (i).

Suppose now that X is infinite and connected. Then Y is connected too and m = 1. By the above, F contains at most
a point. By Lemma 2.10 applied to ¢|y: Y — Y, we deduce that ¢ has a fixed point of order 1. Therefore A = {1} and
0(Cy) \ {0} = {1}.1f 0 & o(Cy), then Cy is invertible in the algebra of bounded and linear operators on Lip(X, d). Hence
I=Cyo C¢_1 is compact and this implies that Lip(X, d) is finite-dimensional, but this is impossible since X is infinite. Hence
0 € 0(Cy) and we conclude that o (Cy) = {0, 1}. O

Remark 2.2. In the proof of Theorem 1.4 we have shown that the number of fixed points of 5 of any order is at most the
number of r-connected components of ¢ (X).
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