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a b s t r a c t

We establish the time decay rates of the solution to the Cauchy problem for the
non-isentropic compressible Navier–Stokes–Poisson system via a refined pure energy
method. In particular, the optimal decay rates of the higher-order spatial derivatives of
the solution are obtained. As a corollary, we also obtain the usual Lp − L2(1 < p ≤ 2) type
of the optimal decay rates. The Ḣ−s(0 ≤ s < 3/2) negative Sobolev norms are shown to
be preserved along time evolution and enhance the decay rates. We use a family of scaled
energy estimateswithminimumderivative counts and interpolations among themwithout
linear decay analysis.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

In this paper, we consider the non-isentropic compressible Navier–Stokes–Poisson (NSP) system for (x, t) ∈ R3
× R+

∂tρ + ∇ · (ρu) = 0
∂t(ρu) + ∇ · (ρu ⊗ u) + ∇p = −ρ∇Φ + ∇ · T
∂t(ρE) + ∇ · (ρuE + up) = −ρu · ∇Φ + ∇ · (uT) + k1θ

−λ21Φ = ρ − ρ̄, lim
|x|→∞

Φ(x, t) = 0.
(1.1)

which governs the charge transport in semiconductor devices [1], where ρ, u = (u1, u2, u3), θ, p = p(ρ, θ), and Φ

represent the density, the velocity, the absolute temperature, the pressure and the electrostatic potential respectively. The
total energy E =

1
2 |u|

2
+ ewith e = Cvθ , the stress tensor T = µ(∇u + (∇u)T ) + ν(∇ · u)I with I the identity matrix, and

the constants Cv > 0, κ > 0 are the heat capacity at constant volume and the coefficient of heat conductivity respectively.
λ > 0 is the scaled Debye length and ρ̄ > 0 is the background doping profile [1].

We first review some previous works on the global existence of the solutions to the non-isentropic NSP system. The local
and global existence of the multi-dimension re-normalized solution was obtained in [2,3], and the global existence and
uniqueness of the strong solution in hybrid Besov space was shown in [4]. Later, Tan–Wu [5] extended these results to the
non-isentropic case in hybrid Besov space. The decay rate of solutions to the NS system has been investigated extensively
since the works [6,7]. When the initial perturbation ρ0 − 1, u0 ∈ Lp ∩ HN with p ∈ [1, 2] (Indeed, in those references p is
near 1 and N ≥ 3 is a large enough integer for the nonlinear system.), the L2 optimal decay rate of the solution to the NS
system is

∥(ρ − 1, u)(t)∥L2 ≤ C(1 + t)−
3
2


1
p −

1
2


. (1.2)
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But, Guo and Wang get a different result in [8] when the initial perturbation ρ0 − 1, u0 ∈ HN
∩ H−s, which is

∥(ρ − 1, u)(t)∥L2 ≤ C(1 + t)−
s
2 (0 < s < 3/2).

Recently, the decay rate of solutions to the isentropic NSP system was investigated in [9–12] and the references therein.
It is observed that the electric field has significant effects on the large time behavior of the solution. When the initial
perturbation ρ0 − 1, u0 ∈ Lp ∩ HN with p ∈ [1, 2], then the L2 optimal decay rate of the solution to the NSP system is

∥(ρ − 1)(t)∥L2 ≤ C(1 + t)−
3
2


1
p −

1
2


and ∥u(t)∥L2 ≤ C(1 + t)−

3
2


1
p −

1
2


+

1
2 . (1.3)

This implies that the presence of the electric field slows down the decay rate of the velocity of the NSP systemwith the factor
1/2 compared to the NS system. For the isentropic NSP system,Wang [11] gave a different comprehension of the effect of the
electric field on the time decay rates of the solutions to the compressible NSP system and showed that both the dispersion
effect of the electric field and the viscous dissipation contribute to enhance the decay rate of the density by introducing the
novel negative Sobolev space H−s, with the delay rate ∥u, θ − 1, ∇Φ(t)∥ ≤ C(1 + t)−

s
2 and ∥ρ − 1∥ ≤ C(1 + t)−

s+1
2 .

Notation. When ℓ < 0 or ℓ is not a positive integer, ∇ℓ stands for Λℓ defined by (1.4). We use Ḣs(R3), s ∈ R to denote
the homogeneous Sobolev spaces on R3 with norm ∥·∥Ḣs defined by (1.5), and we use Hs(R3) to denote the usual Sobolev
spaces with norm ∥·∥Hs and Lp(R3), 1 ≤ p ≤ ∞ to denote the usual Lp spaces with norm ∥·∥Lp . Specially, ∥g∥ stands for
∥g∥L2 . ∥f , g∥

2 stands for ∥f ∥2
+ ∥g∥2. We also use C0 for a positive constant depending additionally on the initial data. We

define the operator Λs, s ∈ R by

Λsf (x) =


R3

|ξ |
s f̂ (ξ)e2π ix·ξ dξ, (1.4)

where f̂ is the Fourier transform of f . We define the homogeneous Sobolev space Ḣs of all f for which ∥f ∥Ḣs is finite, where

∥f ∥Ḣs :=
Λsf


L2 =

|ξ |
s f̂

L2

. (1.5)

Our main results are stated in the following theorem.

Theorem 1.1. Assume that ρ0 − 1, u0, ∇Φ0 ∈ HN ,N ≥ 3 and
R3

(ρ0 − 1) dx = 0 (neutrality). (1.6)

Then there exists a constant δ0 such that if

∥ρ0 − 1∥H3 + ∥u0∥H3 + ∥∇Φ0∥H3 + ∥q0 − 1∥H3 ≤ δ0, (1.7)

then the problem (2.1) admits a unique global solution (ρ, u, ∇Φ, q) satisfying that for all t ≥ 0,

∥(ρ − 1)(t)∥2
HN + ∥u(t)∥2

HN + ∥∇Φ(t)∥2
HN + ∥(q − 1)(t)∥2

HN

+

 t

0
∥(ρ − 1)(τ )∥2

HN + ∥∇u(τ )∥2
HN + ∥∇q(τ )∥2

HN + ∥∇∇Φ(τ )∥2
HN dτ

≤ C

∥ρ0 − 1∥2

HN + ∥u0∥
2
HN + ∥∇Φ0∥

2
HN + ∥q0 − 1∥2

HN


. (1.8)

If further, ρ0 − 1, u0, ∇Φ0, q0 − 1 ∈ Ḣ−s for some s ∈ [0, 3/2), then for all t ≥ 0,

∥(ρ − 1)(t)∥2
Ḣ−s + ∥u(t)∥2

Ḣ−s + ∥(q − 1)(t)∥2
Ḣ−s + ∥∇Φ(t)∥2

Ḣ−s ≤ C0, (1.9)

and for ℓ = 0, 1, . . . ,N − 1, the following decay results hold:∇ℓ(ρ − 1)(t)

HN−ℓ +

∇ℓu(t)

HN−ℓ +

∇ℓ(q − 1)(t)

HN−ℓ +

∇ℓ
∇Φ(t)


HN−ℓ ≤ C0(1 + t)−

ℓ+s
2 (1.10)

and ∇ℓ(ρ − 1)(t)

L2 ≤ C0(1 + t)−

ℓ+s+1
2 for ℓ = 0, 1, . . . ,N − 2. (1.11)

Note that the Hardy–Littlewood–Sobolev theorem (cf. Lemma 3.1) implies that for p ∈ (1, 2], Lp ⊂ Ḣ−s with s =

3( 1
p −

1
2 ) ∈ [0, 3/2). Then by Theorem 1.1, we have the following corollary of the usual Lp–L2 type of the optimal decay

results:
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Corollary 1.2. Under the assumptions of Theorem 1.1 except that we replace the Ḣ−s assumption by that ρ0 − 1, q0 −

1, u0, ∇Φ0 ∈ Lp for some p ∈ (1, 2], then the following decay results hold for ℓ = 0, 1, . . . ,N − 1:∇ℓ(ρ − 1)(t)

HN−ℓ +

∇ℓu(t)

HN−ℓ +

∇ℓ
∇Φ(t)


HN+1−ℓ +

∇ℓ(q − 1)(t)

HN−ℓ ≤ C0(1 + t)−σp,ℓ (1.12)

and ∇ℓ(ρ − 1)(t)

L2 ≤ C0(1 + t)−


σp,ℓ+

1
2


for ℓ = 0, 1, . . . ,N − 2. (1.13)

Here the number σp,ℓ is defined by

σp,ℓ :=
3
2


1
p

−
1
2


+

ℓ

2
. (1.14)

The present paper is structured as follows. Section 2 is devoted to establish the Energy estimates of (2.1). Section 3 is
devoted to establish negative Sobolev estimates. In Section 4, we prove Theorem 1.1 and Corollary 1.2.

2. Energy estimates

Denoting n = ρ − 1, u = u, q = θ − 1, f (n) =
n

n+1 , g(n, q) =
pn(n+1,q+1)

n+1 − 1, h(n, q) =
pq(n+1,q+1)

n+1 − 1, B(n, q) =

p(n+1,q+1)
n+1 − 1. Without loss of generality, we assume Pp(1, 1) = Pθ (1, 1) = Cv = k = λ = 1. We can write the Eq. (1.1) as:

∂tn + div u = g1,
∂tu − µ1u − (µ + λ)∇ div u + ∇n + ∇q − ∇Φ = g2,
∂tq − ∇q + ∇u = g3,
1Φ = n, lim

|x|→+∞

Φ(x, t) = 0,
(2.1)

where
g1 = −div (nu),
g2 = −u∇u − f (n)(µ1u + (µ + λ)∇ div u) − g(n, q)∇n − h(n, q)∇q,

g3 = −u∇q + f (n)1q − B(n, q)∇u +
1

n + 1
[2µD(u) : D(u) + ν(∇u)2].

(2.2)

In this section, we will derive the a priori energy estimates for the equivalent system (2.1). Hence we assume a priori that
for sufficiently small δ > 0,

ε0(t) = ∥ϱ(t)∥H3 + ∥u(t)∥H3 + ∥q(t)∥H3 + ∥∇Φ(t)∥H3 ≤ δ. (2.3)

First of all, by (2.3) and Sobolev’s inequality, we obtain

1/2 ≤ n + 1 ≤ 2. (2.4)

Hence, we immediately have

|f (n)|, |g(n, q)|, |h(n, q)|, |g(n, q)| ≤ C(|n| + |q|). (2.5)

We will extensively use the Sobolev interpolation of the Gagliardo–Nirenberg inequality.

Lemma 2.1. Let 0 ≤ m, α ≤ ℓ, then we have

∥∇
α f ∥Lp ≤ C

∇mf
1−θ

Lq
∇ℓf

θ

Lr (2.6)

where α satisfies

α

3
−

1
p

=


m
3

−
1
q


(1 − θ) +


ℓ

3
−

1
r


θ. (2.7)

Proof. This is a special case of [13, p. 125, Theorem]. �

Lemma 2.2. Assume that ∥n, q∥H2 ≤ 1. Let g(n, q) be a smooth function of n, q with bounded derivatives, then for any integer
m ≥ 1 we have∇m(g(n, q))


L∞ ≤ C

∇mn
1/4
L2
∇m+2n

3/4
L2 +

∇mq
1/4
L2
∇m+2q

3/4
L2


. (2.8)
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Proof. Notice that form ≥ 1,

∇
m(g(n, q)) = a sum of products gγ1,...,γn;γ

′
1,...,γ

′
n(n, q)∇γ1n · · · ∇

γnn∇γ ′
1q · · · ∇

γ ′
nq, (2.9)

where the functions gγ1,...,γn(n) are some derivatives of g(n, q) and 1 ≤ γi ≤ m, i = 1, . . . , n with γ1 + · · · + γn + γ ′

1 +

· · · + γ ′
n = m. We then use the Sobolev interpolation of Lemma 2.1 to bound∇m(g(n, q))


L∞ ≤ C ∥∇

γ1n∥L∞ · · · ∥∇
γnn∥L∞

∇γ ′
1q

L∞

· · ·

∇γ ′
nq

L∞

≤ C

∥∇

γ1n∥L2 · · · ∥∇
γnn∥L2

1/4 ∇2
∇

γ1n

L2 · · ·

∇2
∇

γnn

L2
3/4

×

∇γ ′
1q

L2

· · ·

∇γ ′
nq

L2

1/4 ∇2
∇

γ ′
1q

L2

· · ·

∇2
∇

γ ′
nq

L2

3/4
≤ C


∥n∥1−γ1/m

L2

∇mn
γ1/m
L2 · · · ∥n∥1−γn/m

L2

∇mn
γn/m
L2

1/4
×

∇2n
1−γ1/m
L2

∇m+2n
γ1/m
L2 · · ·

∇2n
1−γn/m
L2

∇m+2n
γn/m
L2

3/4
×


∥q∥

1−γ ′
1/m

L2

∇mq
γ ′

1/m

L2
· · · ∥q∥1−γ ′

n/m
L2

∇mq
γ ′

n/m
L2

1/4
×

∇2q
1−γ ′

1/m

L2

∇m+2q
γ ′

1/m

L2
· · ·
∇2q

1−γ ′
n/m

L2
∇m+2q

γ ′
n/m

L2

3/4
≤ C ∥n, q∥n−1

H2

∇mn
1/4
L2
∇m+2n

3/4
L2 +

∇mq
1/4
L2
∇m+2q

3/4
L2


. (2.10)

Hence, we conclude our lemma since ∥n, q∥H2 ≤ 1. �

We first derive the following energy estimates which contains the dissipation estimate for u.

Lemma 2.3. If
√

ε0(t) ≤ δ, then for k = 0, 1, 2, . . . ,N, we have

d
dt


R3

|∇
kn|2 + |∇

ku|2 + |∇
kq|2 + |∇

k
∇Φ|

2 dx + C
∇k+1u

2
L2 +

∇k+1q
2
L2


≤ C

√
ε0

∇kn
2
L2 +

∇kq
2
L2 +

∇k+1u
2
L2 +

∇k+1q
2
L2 +

∇k+1
∇Φ

2
L2


. (2.11)

Proof. Applying ∇
k to (2.1) 1, (2.1) 2, (2.1) 3, multiplying (∇kn, ∇ku, ∇kq) and integrating by part, we get:

1
2

d
dt


(|∇kn|2 + |∇

ku|2 + |∇
kq|2 + |∇

k
∇Φ|

2) dx +


R3

u|∇k+1u|2 + (u + λ)|∇k div u|2 + |∇∇
kq|2 dx

−


R3

∇∇
kΦ · ∇

ku dx

=


∇

kg1∇kndx +


∇

kg2∇kudx +


∇

kg3∇kqdx

:= w1 + w2 + w3. (2.12)

w2 =


∇

k
{−(u∇)u − f (n)(µ1u + (µ + λ)∇ div u) − g(n, q)∇n − h(n, q)∇q}∇kudx

= w21 + w22 + w23 + w24, (2.13)

w3 =


∇

k


−u · ∇q + f (n)1q − B(n, q)∇u +
1

n + 1
[2uD(u) : D(u) + v(∇u2)]


∇

kqdx

= w31 + w32 + w33 + w34. (2.14)

We will estimate wi (i = 1, 2, 3). We only estimate w1 for example, the rest are similar. Besides, in the course of estimating
w23 and w24, we use Lemma 2.2 in addition. When l ≥ [k]

2 + 1,

w1 := −


R3

∇
k(div (nu))∇kn dx

= −
1
2


∇u|∇kn|2dx −

k
l=1

cl


∇

lu∇k−1
∇n∇kndx −

k
j=1


∇

j(∇u)∇k−jn∇kndx (2.15)
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|w11| =

 k
ℓ=1

cℓ


∇

ℓu∇k−1
∇n∇kndx


≤ c1


∇u∇k−1

∇n∇kndx +

k
ℓ=2

cℓ

 ∇
ℓu∇k−1

∇n∇kndx


≤ c1
√

ε0
∇kn

2 +

k
ℓ=2

cℓ|
∇ℓu


L6
∇k−ℓ+1n


L3
∇kn


≤ c1

√
ε0
∇kn

2 +

k
ℓ=2

cℓ| ∥∇
αu∥1− ℓ

k+1
∇k+1u

 ℓ
k+1
∇βn

 ℓ
k+1
∇kn

1− ℓ
k+1
∇kn

 (2.16)

where
1
3

−
1
6

=


α

3
−

1
2


×


1 −

ℓ

k + 1


+


k + 1
3

−
1
2


×

ℓ

k + 1
,

k − ℓ + 1
3

−
1
3

=


β

3
−

1
2


×

ℓ

k + 1
+


k
3

−
1
2


×


1 −

ℓ

k + 1


.

(2.17)

By computing it directly, we get:

α =
k + 1

k − ℓ + 1
≤ 1, β =

3k + 3
2ℓ

− 1 ≤ 3.

So,

|w11| ≤ C
√

ε0

∇kn
2 +

∇k+1u
2 . (2.18)

In the same way, when l ≤ [k]
2 + 1, we have also have

|w11| ≤ C
√

ε0

∇kn
2 +

∇k+1u
2 . (2.19)

From (2.18) and (2.19), we get

|w11| ≤ C
√

ε0

∇kn
2 +

∇k+1u
2 . (2.20)

Similarly, we have

|w12| ≤ C
√

ε0

∇kn
2 +

∇k+1u
2 , (2.21)

|w21| ≤ C
√

ε0
∇k+1u

2 , (2.22)

|w22| ≤ C
√

ε0

∇kn
2 +

∇k+1u
2 , (2.23)

|w23| ≤ C
√

ε0(∥∇
kn∥3

+ ∥∇
kq∥2

+ ∥∇
k+1u∥2), (2.24)

|w24| ≤ C
√

ε0(∥∇
kn∥3

+ ∥∇
kq∥2

+ ∥∇
k+1u∥2), (2.25)

|w31| ≤ C
√

ε0(∥∇
kq∥2

+ ∥∇
ku∥2

+ ∥∇
k+1q∥2), (2.26)

|w32| ≤ C
√

ε0(∥∇
kq∥2

+ ∥∇
kn∥2

+ ∥∇
k+1q∥2), (2.27)

|w33| ≤ C
√

ε0(∥∇
kq∥2

+ ∥∇
kn∥2

+ ∥∇
k+1q∥2), (2.28)

|w34| ≤ C
√

ε0

∥∇

kn∥2
+ ∥∇

ku∥2
+ ∥∇

k+1q∥2 . (2.29)

So, from (2.20), (2.21), we have

|w1| ≤ C
√

ε0

∇kn
2 +

∇k+1u
2 . (2.30)

So, from (2.22)–(2.25), we have

|w2| ≤ C
√

ε0

∥∇

kn∥2
+ ∥∇

kq∥2
+ ∥∇

k+1u∥2 . (2.31)
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So, from (2.26)–(2.29), we have

|w3| ≤ C
√

ε0

∥∇

kn∥2
+ ∥∇

kq∥2
+ ∥∇

k+1q∥2
+ ∥∇

k+1u∥2 . (2.32)

Finally, from (2.30)–(2.32), we have completed the proof of Lemma 2.3. �

The following lemma provides the dissipation estimate for n and ∇Φ .

Lemma 2.4. If
√

ε0(t) ≤ δ, then for k = 0, 1, . . . ,N − 1, we have

d
dt


R3

∇
ku · ∇∇

kn dx + C
∇kn

2
L2 +

∇k+1n
2
L2 +

∇k+1
∇Φ

2
L2 +

∇k+2
∇Φ

2
L2


≤ C

∇k+1u
2
L2 +

∇k+2u
2
L2 +

√
ε0
∇k+1q

2 . (2.33)

Proof. Applying ∇
k to (2.1) 2 and then taking the L2 inner product with ∇∇

kn, we obtain
R3

|∇∇
kn|2 dx −


R3

∇
k
∇Φ · ∇∇

kn dx

≤ −


R3

∇
k∂tu · ∇∇

kn dx + C
∇k+2u


L2
∇k+1n


L2

+
∇k (u · ∇u + h(n)(µ1u + (µ + λ)∇ div u) + g(n, q)∇n + h(n, q)∇q)


L2
∇k+1n


L2 . (2.34)

−


R3

∇
kut · ∇∇

kn dx = −
d
dt


R3

∇
ku · ∇∇

kn dx −


R3

∇
k div u · ∇

knt dx

= −
d
dt


R3

∇
ku · ∇∇

kn dx +
∇k div u

2
L2 +


R3

∇
k div u · ∇

k div (nu) dx. (2.35)

By Hölder’s inequality, we have
R3

∇
k div u · ∇

k div (nu) dx .


0≤ℓ≤k+1

∇ℓn∇k+1−ℓu

L2
∇k+1u


L2 . (2.36)

So, we only need to estimate
∇ℓn∇k+1−ℓu


L2 . By the method in Part two, we have∇ℓn∇k+1−ℓu


L2 ≤ Cε0

∇kn

L2 +

∇k+1u

L2

. (2.37)

Thus, in view of (2.35), we obtain

−


R3

∇
kut · ∇∇

kn dx ≤ −
d
dt


R3

∇
ku · ∇∇

kn dx + C
∇k+1u

2
L2 + C


ε3
0

∇k+1n
2
L2 . (2.38)

Next, note that it has been already proved along the proof of Lemma 2.3 that∇k (u · ∇u + h(n)(µ1u + (µ + λ)∇ div u) + f (n)∇n)

L2

≤ C
√

ε0
∇k+1n


L2 +

∇k+1q

L2 +

∇k+2u

L2

. (2.39)

We now use the integration by parts and the Poisson equation (2.1) 3 to have

−


R3

∇
k
∇Φ · ∇∇

kn dx =


R3

∇
k1Φ∇

kn dx =


R3

|∇
kn|2 dx. (2.40)

On the other hand, it follows from the Poisson equation that∇k+1
∇Φ

2
L2 =

∇k1Φ
2
L2 =

∇kn
2
L2 and

∇k+2
∇Φ

2
L2 =

∇k+1n
2
L2 . (2.41)

Consequently, by (2.38)–(2.41), together with Cauchy’s inequality, since
√

ε0 ≤ δ is small, we then deduce (2.33) from
(2.34). �
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3. Negative Sobolev estimates

In this section, we will derive the evolution of the negative Sobolev norms of the solution to Lemma 2.3.
If s ∈ (0, 3), Λ−sf defined by (1.4) is the Riesz potential. The Hardy–Littlewood–Sobolev theorem implies the following

Lp type inequality for the Riesz potential:

Lemma 3.1. Let 0 < s < 3, 1 < p < q < ∞, 1/q + s/3 = 1/p, thenΛ−sf

Lq ≤ C ∥f ∥Lp . (3.1)

Proof. See [14, p. 119, Theorem 1]. �

In order to estimate the nonlinear terms,we need to restrict ourselves to that s ∈ (0, 3/2).Wewill establish the following
lemma.

Lemma 3.2. If
√

ε0 ≤ δ, then for s ∈ (0, 1/2], we have

d
dt


R3

|Λ−sn|2 + |Λ−su|2 + |Λ−s
∇Φ|

2
+ |Λ−sq|2 dx + C(

∇Λ−su
2
L2 +

∇Λ−sq
2
L2)

≤ C

∥n, q∥2

H2 + ∥∇u∥2
H1

 Λ−sn

L2 +

Λ−su

L2 +

Λ−s
∇Φ


L2 + |Λ−sq|


, (3.2)

and for s ∈ (1/2, 3/2), we have

d
dt


R3

|Λ−sn|2 + |Λ−su|2 + |Λ−s
∇Φ|

2
+ |Λ−sq|2 dx + C(

∇Λ−su
2
L2 +

∇Λ−sq
2
L2 +

∇Λ−sq
2
L2)

≤ C ∥(n, u, q, ∇u)∥s−1/2
L2


∥n, q∥H2 + ∥∇u∥H1

5/2−s Λ−sn, Λ−su, Λ−sq, Λ−s
∇Φ


L2

. (3.3)

Proof. Applying Λ−s to (2.1) 1, (2.1) 2, (2.1) 3 and multiplying the resulting identities by Λ−sn, Λ−su, Λ−sq respectively,
summing them up and then integrating over R3 by parts, we obtain

1
2

d
dt


R3

|Λ−sn|2 + |Λ−su|2 + |Λ−sq|2 dx +


R3

µ|∇Λ−su|2 + (µ + λ)| div Λ−su|2 dx

×


R3

|Λ−sq|2 −


R3

Λ−s
∇Φ · Λ−su dx =


R3

Λ−sg1Λ−sn + Λ−sg2Λ−su + Λ−sg3Λ−sq dx

:= T1 + T2 + T3, (3.4)

T1 =


R3

Λ−s (−n div u − u · ∇n) Λ−sn dx = T11 + T12. (3.5)

For s ∈ (0, 1
2 ),

T11 = −


R3

Λ−s(n div u)Λ−sn dx ≤ C
Λ−s(n div u)


L2
Λ−sn


L2

≤ C ∥n div u∥
L

1
1/2+s/3

Λ−sn

L2 ≤ C ∥n∥L3/s ∥∇u∥L2

Λ−sn

L2

≤ C ∥∇n∥1/2−s
L2

∇2n
1/2+s
L2 ∥∇u∥L2

Λ−sn

L2

≤ C

∥∇n∥2

H1 + ∥∇u∥2
L2
 Λ−sn


L2 . (3.6)

Similarly, we can bound the remaining terms by

T12 = −


R3

Λ−s(u · ∇n)Λ−sn dx ≤ C

∥∇u∥2

H1 + ∥∇n∥2
L2
 Λ−sn


L2 . (3.7)

T2 = −


R3

Λ−sg2Λ−su dx ≤ C

∥∇u∥2

H1 + ∥∇n, u∥2
L2
 Λ−su


L2 . (3.8)

T3 = −


R3

Λ−sg3Λ−sq dx ≤ C

∥∇u, q∥2

H1 + ∥∇u∥2
L2
 Λ−sn


L2 (3.9)
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when s ∈ (1/2, 3/2), we obtain

T11 = −


R3

Λ−s(n div u)Λ−sn dx ≤ C
Λ−s(n div u)


L2
Λ−sn


L2

≤ C ∥n div u∥
L

1
1/2+s/3

Λ−sn

L2 ≤ C ∥n∥L3/s ∥∇u∥L2

Λ−sn

L2

≤ C ∥n∥s−1/2
L2

∥∇n∥3/2−s
L2

∥∇u∥L2
Λ−sn


L2 . (3.10)

Similarly, we can bound the remaining terms by

T12 =


R3

Λ−s(u · ∇n)Λ−sn dx ≤ C ∥u∥s−1/2
L2

∥∇u∥3/2−s
L2

∥∇n∥L2
Λ−sn


L2 .

T2 =


R3

Λ−sg2Λ−su dx ≤ C ∥n, q∥s−1/2
L2

∥∇n, ∇q∥3/2−s
L2

∇2q, ∇2n

L2
Λ−su


L2 .

T2 =


R3

Λ−sg3Λ−su dx ≤ C ∥n, q∥s−1/2
L2

∥∇n, ∇q∥3/2−s
L2

∇2q, ∇2n

L2
Λ−sq


L2 .

Finally, we turn to the left hand side of (3.4). For the second term, we have
R3

µ|∇Λ−su|2 + (µ + λ)| div Λ−su|2 dx −


R3

Λ−s
∇Φ · Λ−su dx ≥ σ0

∇Λ−su
2
L2 . (3.11)

While for the Poisson term, by the continuity equation (2.1) 1 and the Poisson equation (2.1) 3 and the integration by parts,
we get

−


R3

Λ−s
∇Φ · Λ−su dx =


R3

Λ−sΦΛ−sdivu dx

=


R3

−Λ−sΦΛ−s∂tn − Λ−sΦΛ−sdiv(nu) dx

=


R3

−Λ−sΦΛ−s∂t1Φ + Λ−s
∇Φ · Λ−s(nu) dx

=
1
2

d
dt


R3

|Λ−s
∇Φ|

2 dx +


R3

Λ−s
∇Φ · Λ−s(nu) dx. (3.12)

If s ∈ (0, 1/2], we use Lemmas 3.1 and 2.1 to obtainΛ−s(nu)

L2 ≤ C ∥n∥L2 ∥u∥L3/s ≤ C ∥n∥L2 ∥∇u∥1/2−s

L2

∇2u
1/2+s
L2 , (3.13)

and if s ∈ (1/2, 3/2), we haveΛ−s(nu)

L2 ≤ C ∥n∥L2 ∥u∥L3/s ≤ C ∥n∥L2 ∥u∥s−1/2

L2
∥∇u∥3/2−s

L2
. (3.14)

Consequently, in light of (3.6)–(3.14), we deduce (3.3) from (3.4). �

4. Proof of Theorem 1.1

We will employ the following special Sobolev interpolation:

Lemma 4.1. Let s ≥ 0 and ℓ ≥ 0, then we have∇ℓf

L2 ≤

∇ℓ+1f
1−θ

L2 ∥f ∥θ

Ḣ−s , where θ =
1

ℓ + 1 + s
. (4.1)

Proof. By the Parseval theorem, the definition of (1.5) and Hölder’s inequality, we have∇ℓf

L2 =

|ξ |
ℓ f̂

L2

≤

|ξ |
ℓ+1 f̂

1−θ

L2

|ξ |
−s f̂
θ

L2
=
∇ℓ+1f

1−θ

L2 ∥f ∥θ

Ḣ−s . � (4.2)



Z. Tan, X. Zhang / J. Math. Anal. Appl. 400 (2013) 293–303 301

Summing up the estimates (2.11) of Lemma 2.3 from k = ℓ tom, since


ε3
0 ≤ δ is small, we obtain

d
dt


ℓ≤k≤m

∇kn
2
L2 +

∇ku
2
L2 +

∇k
∇Φ

2
L2 +

∇kq
2
L2


+ C1


ℓ+1≤k≤m+1

∇ku
2
L2 +

∇kq
2
L2

≤ C2δ

 
ℓ≤k≤m

∇kn
2
L2 +

∇kq
2
L2


+


ℓ+1≤k≤m+1

∇kq
2
L2 +

∇ku
2
L2 +

∇k
∇Φ

2
L2


. (4.3)

Summing up the estimates (2.33) of Lemma 2.4 from k = ℓ to m − 1, we have

d
dt


ℓ≤k≤m−1


R3

∇
ku · ∇∇

kn dx + C3

 
ℓ≤k≤m

∇kn
2
L2 +


ℓ+1≤k≤m+1

∇k
∇Φ

2
L2



≤ C4


ℓ+1≤k≤m+1

∇ku
2
L2 +

√
ε0


ℓ+1≤k≤m+1

∇kq
2
L2 . (4.4)

Multiplying (4.4) by 2C2δ/C3, adding the resulting inequality with (4.3), since δ > 0 is small, we deduce that there exists a
constant C5 > 0 such that for 0 ≤ ℓ ≤ m − 1,

d
dt

 
ℓ≤k≤m

∇kn
2
L2 +

∇ku
2
L2 +

∇k
∇Φ

2
L2


+

2C2δ

C3


ℓ≤k≤m−1


R3

∇
ku · ∇∇

kn dx



+ C5

 
ℓ≤k≤m

∇kn
2
L2 +


ℓ+1≤k≤m+1

∇ku
2
L2 +


ℓ+1≤k≤m+1

∇k
∇Φ

2
L2


≤ 0. (4.5)

We define Em
ℓ (t) to be C−1

5 times the expression under the time derivative in (4.5). Observe that since δ is small, Em
ℓ (t) =∇ℓn(t), ∇ℓu(t), ∇ℓq(t), ∇ℓ

∇Φ(t)
2
Hm−ℓ . Then we may write (4.5) as that for 0 ≤ ℓ ≤ m − 1,

d
dt

Em
ℓ +

∇ℓn
2
Hm−ℓ +

∇ℓ+1u
2
Hm−ℓ +

∇ℓ+1u
2
Hm−ℓ +

∇ℓ+1
∇Φ

2
Hm−ℓ ≤ 0. (4.6)

Now taking ℓ = 0 andm = 3 in (4.6) and then integrating directly in time, we get

∥n(t), u(t), q(t), ∇Φ(t)∥2
3 ≤ Cε0(t) ≤ ε0(0) ≤ C ∥n0, q0, u0, ∇Φ0∥

2
3 . (4.7)

By a standard continuity argument, this closes the a priori estimates (2.3) if at the initial time we assume that
∥n0, q0, u0, ∇Φ0∥

2
3 ≤ δ0 is sufficiently small. This in turn allows us to take ℓ = 0 and m = N in (4.6), and then integrate it

directly in time to obtain (1.8).
Next, we turn to prove (1.9)–(1.11). However, we are not able to prove them for all s ∈ [0, 3/2) at this moment. We shall

first prove them for s ∈ [0, 1/2].

Proof. For s ∈ [0, 1/2]. Define E−s(t) :=
Λ−sn(t), Λ−su(t), Λ−sq(t), Λ−s

∇Φ(t)
2
L2 . Then, integrating in time (3.2), by the

bound (1.8), we obtain that for s ∈ (0, 1/2],

E−s(t) ≤ E−s(0) + C
 t

0


∥n, q∥2

H2 + ∥∇u∥2
H1


E−s(τ ) dτ

≤ C0


1 + sup

0≤τ≤t


E−s(τ )


. (4.8)

This implies (1.9) for s ∈ [0, 1/2], that is,Λ−sn(t)
2
L2 +

Λ−sq(t)
2
L2 +

Λ−su(t)
2
L2 +

Λ−s
∇Φ(t)

2
L2 ≤ C0 for s ∈ [0, 1/2]. (4.9)

If ℓ = 1, 2, we may use Lemma 4.1 to have∇ℓ+1f

L2 ≥ C

Λ−sf
−

1
ℓ+s

L2

∇ℓf
1+ 1

ℓ+s
L2

. (4.10)

By this fact and (4.9), we may find

∇ℓ+1u
2
L2 +

∇ℓ+1q
2
L2 +

∇ℓ+1
∇Φ

2
L2 ≥ C0

∇ℓu
2
L2 +

∇ℓ+1q
2
L2 +

∇ℓ
∇Φ

2
L2

1+ 1
ℓ+s

. (4.11)



302 Z. Tan, X. Zhang / J. Math. Anal. Appl. 400 (2013) 293–303

This together with (1.8) implies in particular that for ℓ = 1, 2,∇ℓn
2
HN−ℓ +

∇ℓ+1u
2
HN−ℓ−1 +

∇ℓ+1q
2
HN−ℓ−1 +

∇ℓ+1
∇Φ

2
HN−ℓ−1

≥ C0

∇ℓn
2
HN−ℓ +

∇ℓq
2
HN−ℓ +

∇ℓu
2
HN−ℓ +

∇ℓ
∇Φ

2
HN−ℓ

1+ 1
ℓ+s

. (4.12)

Thus, we deduce from (4.6) withm = N the following time differential inequality

d
dt

EN
ℓ + C0


EN

ℓ

1+ 1
ℓ+s ≤ 0 for ℓ = 1, 2. (4.13)

Solving this inequality directly gives

EN
ℓ (t) ≤ C0(1 + t)−(ℓ+s) for ℓ = 1, 2. (4.14)

This implies that for s ∈ [0, 1/2],∇ℓ(n(t), q(t), u(t))
2
HN−ℓ +

∇ℓ
∇Φ(t)

2
HN+1−ℓ ≤ C0(1 + t)−(ℓ+s) for ℓ = 1, 2. (4.15)

On the other hand, since n = div ∇Φ , we have∇ℓn(t)
2
L2 ≤

∇ℓ+1
∇Φ(t)

2
L2 ≤ C0(1 + t)−(ℓ+1+s) for ℓ = 0, 1. (4.16)

Hence, by (4.15), (4.16), (4.9) and the interpolation, we get (1.10)–(1.11) for s ∈ [0, 1/2]. �

Now we can present the

Proof of (1.9)–(1.11) for s ∈ (1/2, 3/2).∇ℓn(t), q(t), u(t)
2
HN−ℓ +

∇ℓ
∇Φ(t)

2
HN+1−ℓ ≤ C0(1 + t)−(ℓ+1/2) for ℓ = 0, 1, 2 (4.17)

and ∇ℓn(t)
2
L2 ≤ C0(1 + t)−(ℓ+3/2) for ℓ = 0, 1. (4.18)

Hence, by (4.17)–(4.18), we deduce from (3.3) that for s ∈ (1/2, 3/2),

E−s(t) ≤ E−s(0) + C
 t

0
∥(n, u, q, ∇u)∥s−1/2

L2

∥n, q∥H2 + ∥∇u∥H1

5/2−s
E−s(τ ) dτ

≤ C0 + C0

 t

0
(1 + τ)−(7/4−s/2) dτ sup

0≤τ≤t


E−s(τ )

≤ C0


1 + sup

0≤τ≤t


E−s(τ )


. (4.19)

This implies (1.9) for s ∈ (1/2, 3/2), that is,Λ−sn(t)
2
L2 +

Λ−su(t)
2
L2 +

Λ−sq(t)
2
L2 +

Λ−s
∇Φ(t)

2
L2 ≤ C0 for s ∈ (1/2, 3/2). (4.20)

Now that we have proved (4.20), we may repeat the arguments leading to (1.10)–(1.11) for s ∈ [0, 1/2] to prove that
they hold also for s ∈ (1/2, 3/2). �
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