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The present paper considers an optimal control problem for fully coupled forward–
backward stochastic differential equations (FBSDEs) of mean-field type in the case
of controlled diffusion coefficient. Moreover, the control domain is not assumed to
be convex. By virtue of a reduction method, we establish the necessary optimality
conditions of Pontryagin’s type. As an application, a linear–quadratic stochastic
control problem is studied.
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1. Introduction

Study on the stochastic maximum principle (SMP) can be traced back to 1970s by Kushner [9], and later
on by Haussmann [6,7]. From then on, a great deal of research has been devoted to different versions of
SMP, see, e.g. the references Peng [13,14], Shi and Wu [16], Wu [17,18], Xu [19] and Yong [22]. Especially, for
controlled FBSDEs, by introducing the reduction method to transform the original problem with endpoint
constraint to another one called the reduced problem, which has no endpoint constraint, Wu [18] and Yong
[22] obtained the optimality variational principle independently without convexity control domain. Their
work makes great progress for general SMP, which extends Peng’s SMP essentially.

In 2009, Buckdahn, Djehiche, Li and Peng [3] introduced a new kind of backward stochastic differential
equations (BSDEs) called mean-field BSDEs, which were derived as a limit of some highly dimensional
system of FBSDEs, corresponding to a large number of particles. Taking advantage of the dynamic pro-
gramming, Buckdahn, Li and Peng [4] proved that this mean-field BSDE gave the viscosity solution of
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a nonlocal PDE. Since then, many authors studied the system of this kind of McKean–Vlasov type (Lasry
and Lions [10]) adapted to different frameworks. Without being exhaustive, let us refer to Andersson and
Djehiche [1], Buckdahn, Djehiche and Li [2], Li [11] as well as Meyer-Brandis, Øksendal and Zhou [12] and
the references cited up there.

To the best of our knowledge, the topic about the SMP of mean-field FBSDEs is quite new in the
literature. Up till now, there is only one paper dealing with this class of control problems. In the case
of convex control domain, Xu and Zhang [20] studied the fully coupled mean-field FBSDEs, where well-
posedness of these equations was presented under certain monotonic conditions assisted by the combination
of classical methods (Hu and Peng [8]) with specific arguments in the mean-field theory. And also a SMP
was concluded in view of spike variation techniques. Based on this, our aim of this paper is to inves-
tigate another kind of controlled FBSDEs of mean-field type under the condition of non-convex control
domain. By making use of the monotonic conditions and reduction method developed in Yong [22], we
not only prove the well-posedness for this kind of equations, but also acquire a series of necessary optimal
conditions, which extend the classical results for fully coupled FBSDEs to the framework of mean-field
theory. Meanwhile, our work is a great continuation of the result of Li [2] both in the mean-field con-
text.

The paper is organized as follows: In Section 2, we state some preliminaries and obtain the well-posedness
of the controlled mean-field FBSDEs. Section 3 is devoted to the main theorem and its detailed proof. In
Section 4, an example of a linear–quadratic control problem is worked out to illustrate the theoretical
applications.

2. Preliminaries

Let (Ω,F , {Ft}t�0, P ) be a filtered probability space satisfying the usual condition, on which a one-
dimensional standard Brownian motion (Wt)t�0 is defined, and F = {Fs, 0 � s � T} be the natural
filtration generated by (Wt)t�0, and augmented by all P -null sets, i.e.

Fs = σ{Wr, r � s} ∨ Np, s ∈ [0, T ],

where Np is the set of all P -null subsets. We shall introduce some spaces to be used frequently in the
sequel.

L2
F (Ω;R) =

{
X : Ω → R

∣∣ X is F-measurable, E|X|2 < ∞
}
.

S2
F (0, T ;R) =

{
ψ : [0, T ] ×Ω → R

∣∣∣ ψ is F-adapted and continuous, E
[

sup
t∈[0,T ]

|ψt|2
]
< ∞

}
.

H2
F (0, T ;R) =

{
ψ : [0, T ] ×Ω → R

∣∣∣ ψ is F-adapted, E

[ T∫
0

|ψt|2 dt
]
< ∞

}
.

M2[0, T ] := S2
F (0, T ;R) × S2

F (0, T ;R) ×H2
F (0, T ;R).

Clearly, M2[0, T ] is a Banach space. Any process in M2[0, T ] is defined by Θ := (x, y, z) with the norm

‖Θ‖M2[0,T ] :=
{
E

[
sup

t∈[0,T ]
|xt|2 + sup

t∈[0,T ]
|yt|2 +

T∫
0

|zt|2 dt
]} 1

2

.
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2.1. Controlled mean-field FBSDEs

Consider the following fully coupled FBSDE of mean-field type,

⎧⎨
⎩

dxt = b(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dt + σ(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dWt,

−dyt = f(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dt− zt dWt,

x(0) = x0, yT = h(xT ),
(2.1)

where b, σ, f : [0, T ] ×R×R×R×R×R×R× U → R; h : R → R, and U is a non-empty subset of R.
The cost functional to be minimized over the space U = L2

F (0, T ;U) of admissible controls takes the form

J(u) = E
[
g(xT ) + γ(y0)

]
, (2.2)

where g, γ : R → R. The optimal control problem under consideration in this paper is

Problem A. Find u ∈ U such that

J(u) = inf
v∈U

J(v).

Some notations and assumptions are presented before giving the well-posedness of system (2.1). We
denote the scalar product by 〈·,·〉 and the norm by | · | of a Euclidean space. For Γ := (x, y, z, x̃, ỹ, z̃), define
F (t, Γ, u) := (−f(t, Γ, u), b(t, Γ, u), σ(t, Γ, u)).

(A1) b, σ, f are continuously differentiable and Lipschitz continuous in Γ , g, γ are continuously differen-
tiable in x and y respectively, and they are bounded by C(1 + |x| + |y| + |z| + |x̃| + |ỹ| + |z̃| + |u|),
C(1 + |x|) and C(1 + |y|) respectively.

(A2) All the derivatives in (A1) are Lipschitz continuous and bounded.
(A3) ∀Γ , u ∈ U , F (·, Γ, u) ∈ H2

F (0, T ;R × R × R), and for each x ∈ R, h(x) ∈ L2
F (Ω;R); there exists a

constant C > 0 such that

⎧⎪⎨
⎪⎩

∣∣F (t, Γ1, u) − F (t, Γ2, u)
∣∣ � C|Γ1 − Γ2|, P -a.s. a.e. t ∈ [0, T ],∣∣h(x1) − h(x2)

∣∣ � C|x1 − x2|, P -a.s.,
∀Γj = (xj , yj , zj , x̃j , ỹj , z̃j), j = 1, 2.

(A4) (Monotonic conditions)

E
〈
F (t, Γ, u) − F (t, Γ1, u), Θ −Θ1

〉
� −β1E|Θ −Θ1|2, P -a.s.,〈

h(x) − h(x1), x− x1
〉

� μ1|x− x1|2,

(A4)′

E
〈
F (t, Γ, u) − F (t, Γ1, u), Θ −Θ1

〉
� β2E|Θ −Θ1|2, P -a.s.,〈

h(x) − h(x1), x− x1
〉

� −μ2|x− x1|2, ∀Θ = (x, y, z), Θ1 = (x1, y1, z1),

where β1, μ1 and β2, μ2 are given nonnegative constants.
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Theorem 2.1. Under the assumptions (A3) and (A4), there exists a unique adapted solution (x, y, z) for the
mean-field system (2.1).

We shall use the following two technical lemmas to give a proof to the existence part of Theorem 2.1,
and the proof of these lemmas will be given in the sequel.

Lemma 2.1. Suppose (r, φ, ϕ) ∈ M2[0, T ], λ ∈ L2
F (Ω;R), then

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

xt = x0 +
t∫

0

(−ys − Eys + rs) ds +
t∫

0

(−zs −Ezs + φs) dWs,

yt = λ + xT +
T∫
t

(xs + Exs − ϕs) ds−
T∫
t

zs dWs

(2.3)

has a unique solution (x, y, z) ∈ M2[0, T ].

Now, for any given α ∈ R, we define

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

bα(t, Γ, u) = αb(t, Γ, u) + (1 − α)(−y − Ey),
σα(t, Γ, u) = ασ(t, Γ, u) + (1 − α)(−z −Ez),
fα(t, Γ, u) = αf(t, Γ, u) + (α− 1)(−x− Ex),
hα(x) = αh(x) + (1 − α)x,
Γ = (x, y, z, Ex,Ey,Ez).

Consider the following equations

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

xt = x0 +
t∫

0

[
bα(s, Γs, us) + rs

]
ds +

t∫
0

[
σα(s, Γs, us) + φs

]
dWs,

yt = λ + hα(xT ) +
T∫
t

[
fα(s, Γs, us) − ϕs

]
ds−

T∫
t

zs dWs.

(2.4)

Lemma 2.2. For a given α0 ∈ [0, 1) and any (r, φ, ϕ) ∈ M2[0, T ], λ ∈ L2
F (Ω;R), Eqs. (2.4) have an adapted

solution. Then there exists a δ0 ∈ (0, 1) such that for all α ∈ [α0, α0 + δ0] and any (r, φ, ϕ) ∈ M2[0, T ],
λ ∈ L2

F (Ω;R), Eqs. (2.4) have an adapted solution.

Proof of Theorem 2.1. Uniqueness. If Θ := (x, y, z) and Θ̄ := (x̄, ȳ, z̄) are two adapted solutions of (2.1),
we set

⎧⎪⎨
⎪⎩

Γ̂ = (x̂, ŷ, ẑ, Ex̂, Eŷ, Eẑ) = Γ − Γ̄ = (x− x̄, y − ȳ, z − z̄, Ex− Ex̄,Ey − Eȳ,Ez − Ez̄),
b̂(t) = b(t, Γ, u) − b(t, Γ̄ , u), σ̂(t) = σ(t, Γ, u) − σ(t, Γ̄ , u),
f̂(t) = f(t, Γ, u) − f(t, Γ̄ , u).

From (A3), by standard estimates, it follows that {x̂t} and {ŷt} are continuous and

E
(

sup |x̂t|2
)

+ E
(

sup |ŷt|2
)
< ∞.
t∈[0,T ] t∈[0,T ]
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Applying Itô’s formula to x̂tŷt on [0, T ] yields

E
[
x̂T

(
h(xT ) − h(x̄T )

)]
= E

T∫
0

〈
F (t, Γt, ut) − F (t, Γ̄t, ut), Θt − Θ̄t

〉
dt.

By assumption (A4), we have

μ1E|xT − x̄T |2 � E

T∫
0

−β1|Θt − Θ̄t|2 dt.

So

Θ = Θ̄.

Existence. From Lemma 2.1, we can easily see that, when α = 0, for any (r, φ, ϕ) ∈ M2[0, T ],
λ ∈ L2

F (Ω;R), (2.4) has an adapted solution. According to Lemma 2.2, for any (r, φ, ϕ) ∈ M2[0, T ],
λ ∈ L2

F (Ω;R), (2.4) can be solved successively for the case α ∈ [0, δ0], [δ0, 2δ0], . . . . It turns out that
when α = 1, for any (r, φ, ϕ) ∈ M2[0, T ], λ ∈ L2

F (Ω;R), the adapted solution of (2.1) exists. �
2.2. Proof of lemmas

Proof of Lemma 2.1. We consider the following BSDE:

ỹt = λ +
T∫
t

(−ỹs − Eỹs − ϕs + rs) ds−
T∫
t

(2z̃s + Ez̃s − φs) dWs.

By the classical theory of mean-field BSDE (Theorem 3.1 in [4]), the above equation has a unique solution
(ỹ, z̃). Then we solve the following forward equation

xt = x0 +
t∫

0

(−xs − Exs − ỹs − Eỹs + rs) ds +
t∫

0

(−z̃s −Ez̃s + φs) dWs.

Setting y = ỹ + x, z = z̃, we can easily see that (x, y, z) is a solution of (2.3). Thus the existence is proved.
As for the uniqueness, it suffices to use the method of the proof of uniqueness in Theorem 2.1, so we omit
it. �
Proof of Lemma 2.2. Observe that

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

bα0+δ(t, Γ, u) = bα0(t, Γ, u) + δ
[
b(t, Γ, u) + y + Ey

]
,

σα0+δ(t, Γ, u) = σα0(t, Γ, u) + δ
[
σ(t, Γ, u) + z + Ez

]
,

fα0+δ(t, Γ, u) = fα0(t, Γ, u) + δ
[
f(t, Γ, u) − x− Ex

]
,

α0+δ α0
[ ]
h (x) = h (x) + δ h(x) − x .
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We set Γ 0 = (x0, y0, z0, Ex0, Ey0, Ez0) = 0, and solve iteratively the following equations
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xi+1
t = x0 +

t∫
0

{
bα0

(
s, Γ i+1

s , us

)
+ δ

[
b
(
s, Γ i

s , us

)
+ yis + Eyis

]
+ rs

}
ds

+
t∫

0

{
σα0

(
s, Γ i+1

s , us

)
+ δ

[
σ
(
s, Γ i

s , us

)
+ zis + Ezis

]
+ φs

}
dWs,

yi+1
t = hα0

(
xi+1
T

)
+ δ

[
h
(
xi
T

)
− xi

T

]
+ λ

+
T∫
t

{
fα0

(
s, Γ i+1

s , us

)
+ δ

[
f
(
s, Γ i

s , us

)
− xi

s −Exi
s

]
− ϕs

}
ds−

T∫
t

zi+1
s dWs,

(2.5)

where Γ i = (xi, yi, zi, Exi, Eyi, Ezi).
We set Θ̂i+1 = Θi+1 −Θi, and apply Itô’s formula to x̂i+1

t ŷi+1
t yielding

E
[(
hα0

(
xi+1
T

)
− hα0

(
xi
T

))
x̂i+1
T

]
= δE

〈
x̂i
T −

(
h
(
xi
T

)
− h

(
xi−1
T

))
, x̂i+1

T

〉

+ E

T∫
0

〈
Fα0

(
t, Γ i+1

t , ut

)
− Fα0

(
t, Γ i

t , ut

)
, Θ̂i+1

t

〉
dt

+ δE

T∫
0

〈
Θ̂i

t + EΘ̂i
t + F

(
t, Γ i

t , ut

)
− F

(
t, Γ i−1

t , ut

)
, Θ̂i+1

t

〉
dt.

From assumptions (A3) and (A4), we have

E
〈
Fα0

(
t, Γ i+1

t , ut

)
− Fα0

(
t, Γ i

t , ut

)
, Θ̂i+1

t

〉
= α0E

〈
F
(
t, Γ i+1

t , ut

)
− F

(
t, Γ i

t , ut

)
, Θ̂i+1

t

〉
+ (1 − α0)E

〈
−Θ̂i+1

t −EΘ̂i+1
t , Θ̂i+1

t

〉
� −α0β1E

∣∣Θ̂i+1
t

∣∣2 − (1 − α0)E
〈
Θ̂i+1

t + EΘ̂i+1
t , Θ̂i+1

t

〉
.

Hence

(α0μ1 + 1 − α0)E
∣∣x̂i+1

T

∣∣2 + (α0β1 + 1 − α0)E
T∫

0

∣∣Θ̂i+1
t

∣∣2 dt + (1 − α0)
T∫

0

∣∣EΘ̂i+1
t

∣∣2 dt

� δ(1 + C)
{
E
(∣∣x̂i

T

∣∣∣∣x̂i+1
T

∣∣) +
T∫

0

[
E
(∣∣Θ̂i

t

∣∣∣∣Θ̂i+1
t

∣∣) + E
∣∣Θ̂i

t

∣∣E∣∣Θ̂i+1
t

∣∣] dt
}
.

Set C ′ = min(α0μ1 + 1 − α0, α0β1 + 1 − α0, 1 − α0, 1), then we obtain

E
∣∣x̂i+1

T

∣∣2 + E

T∫
0

∣∣Θ̂i+1
t

∣∣2 dt � δ(1 + C)
C ′

{
E
(∣∣x̂i

T

∣∣∣∣x̂i+1
T

∣∣) +
T∫

0

[
E
(∣∣Θ̂i

t

∣∣∣∣Θ̂i+1
t

∣∣) + E
∣∣Θ̂i

t

∣∣E∣∣Θ̂i+1
t

∣∣] dt
}
.

Letting ε = C′

δ(1+C) , by virtue of ab � a2

ε + ε
4b

2, we get

E
∣∣x̂i+1

T

∣∣2 + E

T∫ ∣∣Θ̂i+1
t

∣∣2 dt �
(

2δ(1 + C)
C ′

)2
{
E
∣∣x̂i

T

∣∣2 + E

T∫ ∣∣Θ̂i
t

∣∣2 dt
}
. (2.6)
0 0
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Remember that ∀i � 1,

x̂i
T =

T∫
0

{
bα0

(
s, Γ i

s , us

)
− bα0

(
s, Γ i−1

s , us

)
+ δ

[
b
(
s, Γ i−1

s , us

)
− b

(
s, Γ i−2

s , us

)
+ ŷi−1

s + Eŷi−1
s

]}
ds

+
T∫

0

{
σα0

(
s, Γ i

s , us

)
− σα0

(
s, Γ i−1

s , us

)
+ δ

[
σ
(
s, Γ i−1

s , us

)
− σ

(
s, Γ i−2

s , us

)
+ ẑi−1

s + Eẑi−1
s

]}
dWs.

By a standard method of estimation, we derive

E
∣∣x̂i

T

∣∣2 � KE

T∫
0

(∣∣Θ̂i
t

∣∣2 +
∣∣Θ̂i−1

t

∣∣2) dt, (2.7)

where K is a constant only depending on C and T .
From (2.6) and (2.7), there exists a constant K ′ > 0 which only depends on C, C ′ and T such that

E

T∫
0

∣∣Θ̂i+1
t

∣∣2 dt � K ′δ2E

T∫
0

(∣∣Θ̂i
t

∣∣2 +
∣∣Θ̂i−1

t

∣∣2) dt.
Hence there exists a δ0 ∈ (0, 1) depending on C, C ′ and T , such that when 0 < δ � δ0,

E

T∫
0

∣∣Θ̂i+1
t

∣∣2 dt � 1
4E

T∫
0

∣∣Θ̂i
t

∣∣2 dt + 1
8E

T∫
0

∣∣Θ̂i−1
t

∣∣2 dt.
The following inequality is presented from this recursion formula,

E

T∫
0

(∣∣Θ̂i+1
t

∣∣2 + 1
4
∣∣Θ̂i

t

∣∣2) dt �
(

1
2

)i−1

E

T∫
0

(∣∣Θ̂2
t

∣∣2 + 1
4
∣∣Θ̂1

t

∣∣2) dt, ∀i � 1.

It turns out that Θi is a Cauchy sequence in M2[0, T ]. We denote its limit by Θ = (x, y, z). Passing to
the limit in (2.5), we see that, when 0 < δ � δ0, Θ = (x, y, z) solves (2.4) for α = α0 + δ. The proof is
completed. �
Theorem 2.2. Under the assumptions (A3) and (A4)′, there exists a unique adapted solution (x, y, z) for the
mean-field system (2.1).

Actually, the method to prove the existence is similar to Theorem 2.1. We now consider the following
system, for each α ∈ [0, 1]:

⎧⎨
⎩

dxα
s =

[
αb(s, Γs, us) + rs

]
ds +

[
ασ(s, Γs, us) + φs

]
dWs,

−dyαs =
[
(α− 1)β2xs + αf(s, Γs, us) + ϕs

]
ds− zs dWs,

xα(0) = x0, yαT = αh(xT ) + (α− 1)xT + λ,

(2.8)

where (r, φ, ϕ) ∈ M2[0, T ], λ ∈ L2
F (Ω;R). Clearly, when α = 1, the existence of (2.8) implies the existence

of (2.1). Next, we give a lemma to provide a priori estimate for the existence interval of (2.8) with respect
to α ∈ [0, 1].
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Lemma 2.3. Let (A3) and (A4)′ hold, then there exists a constant δ0 > 0 such that if a priori, for an
α0 ∈ [0, 1) there exists a solution (xα0 , yα0 , zα0) of (2.8), then for each δ ∈ [0, δ0], there exists a solution
(xα0+δ, yα0+δ, zα0+δ) of (2.8) for α = α0 + δ.

Proof. For simplicity, we use the notations:

⎧⎪⎪⎨
⎪⎪⎩

Υ = (X,Y, Z), Ῡ = (X̄, Ȳ , Z̄),
Λ = (X,Y, Z,EX,EY,EZ),
Λ̄ = (X̄, Ȳ , Z̄, EX̄, EȲ , EZ̄),
Υ̂ = Υ − Ῡ , Λ̂ = Λ− Λ̄.

The symbols Θ, Θ̄, Θ̂, Γ , Γ̄ , Γ̂ are the same as used before.
Since (r, φ, ϕ) ∈ M2[0, T ], λ ∈ L2

F (Ω;R), α0 ∈ [0, 1), there exists a unique solution of (2.8), thus for each
XT ∈ L2

F (Ω;R) and (X,Y, Z) ∈ M2[0, T ] there exists a unique solution Θ = (x, y, z) ∈ M2[0, T ] satisfying
the following system

⎧⎪⎨
⎪⎩

dxs =
[
α0b(s, Γs, us) + δb(s, Λs, us) + rs

]
ds +

[
α0σ(s, Γs, us) + δσ(s, Λs, us) + φs

]
dWs,

−dys =
[
(α0 − 1)β2xs + α0f(s, Γs, us) + δ

(
β2Xs + f(s, Λs, us)

)
+ ϕs

]
ds− zs dWs,

x(0) = x0, yT = α0h(xT ) + (α0 − 1)xT + δ
(
h(XT ) + XT

)
+ λ.

We proceed to prove that, if δ is sufficiently small, the mapping defined by

Iα0+δ(Υ ×XT ) = Θ × xT : M2[0, T ] × L2
F (Ω;R) → M2[0, T ] × L2

F (Ω;R)

is a contraction.
Let Iα0+δ(Ῡ × X̄T ) = Θ̄ × x̄T . Using Itô’s formula to x̂tŷt fulfills

α0E
[
x̂T

(
h(xT ) − h(x̄T )

)]
+ (α0 − 1)E|x̂T |2 + δE

[
x̂T

((
h(XT ) − h(X̄T )

)
+ X̂T

)]

= E

T∫
0

{
α0

〈
F (t, Γt, ut) − F (t, Γ̄t, ut), Θ̂t

〉
+ δ

〈
F (t, Λt, ut) − F (t, Λ̄t, ut), Θ̂t

〉

+ (1 − α0)β2|x̂t|2 − δβ2x̂tX̂t

}
dt.

From (A3) and (A4)′, we can get

(α0μ2 + 1 − α0)E|x̂T |2 + β2E

T∫
0

|x̂t|2 dt + α0β2E

T∫
0

(
|ŷt|2 + |ẑt|2

)
dt

� C ′δE
(
|x̂T |2 + |X̂T |2

)
+ C ′δE

T∫
0

(
|Υ̂t|2 + |Θ̂t|2

)
dt.

This implies that

μE|x̂T |2 + β2E

T∫
0

|x̂t|2 dt � C ′δE
(
|x̂T |2 + |X̂T |2

)
+ C ′δE

T∫
0

(
|Υ̂t|2 + |Θ̂t|2

)
dt,

where α0μ2 + 1 − α0 � μ = min(1, μ2).
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For the difference of the solutions (ŷ, ẑ) = (y − ȳ, z − z̄), applying the usual technique to the BSDE,

E

T∫
0

(
|ŷt|2 + |ẑt|2

)
dt � KδE

{ T∫
0

|Υ̂t|2 dt + |X̂T |2
}

+ KE

{ T∫
0

|x̂t|2 dt + |x̂T |2
}
.

Here the constant K depends on the Lipschitz constant C, C ′ and T .
Combining the above two estimates, we have

E|x̂T |2 + E

T∫
0

|Θ̂t|2 dt � δK ′E

{ T∫
0

|Υ̂t|2 dt + |X̂T |2
}
.

Here the constant K ′ depends on the μ, β2, C ′ and T .
Choosing δ = 1

2K′ . For each fixed δ ∈ [0, δ0], the mapping Iα0+δ is a contraction in the sense that

E|x̂T |2 + E

T∫
0

|Θ̂t|2 dt � 1
2E

{ T∫
0

|Υ̂t|2 dt + |X̂T |2
}
.

By the fixed point theorem, there exists a unique point Θα0+δ = (xα0+δ, yα0+δ, zα0+δ) which is the solution
of (2.8) for α = α0 + δ. This completes the proof. �
Proof of Theorem 2.2. The uniqueness can be deduced from similar arguments as those in Theorem 2.1.
When α = 0, (2.8) has a unique solution, then by Lemma 2.3, there exists a δ0 ∈ (0, 1) such that for any
δ ∈ [0, δ0], (2.8) has a unique solution for α = α0+δ. Repeat this process for N -times with 1 � Nδ0 < 1+δ0.
It then follows that for α = 1, λ = 0, FBSDE (2.8) has a unique solution. This completes the proof. �

We now consider the following FBSDE:

⎧⎨
⎩

dxt = b(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dt + σ(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dWt,

−dyt = f(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dt− zt dWt,

x(0) = x0, yT = h(xT ) + hT ,

(2.9)

with hT ∈ L2
F (Ω;R). Clearly, when hT = 0, the system (2.9) is reduced to the system (2.1).

Lemma 2.4. Let (A3), (A4) (or (A4)′) hold, for any u ∈ U , the fully coupled FBSDE (2.9) admits a unique
solution (x, y, z) ∈ M2[0, T ]. Moreover, the following estimate holds:

‖Θ‖2
M2[0,T ] = E

{
sup

t∈[0,T ]
|xt|2 + sup

t∈[0,T ]
|yt|2 +

T∫
0

|zt|2 dt
}

� CE

{
|x0|2 +

∣∣h(0) + hT

∣∣2 +
T∫

0

[∣∣b(t, 0, ut)
∣∣2 +

∣∣σ(t, 0, ut)
∣∣2 +

∣∣f(t, 0, ut)
∣∣2] dt

}
,

where C is a multiplicative constant which can be different from line to line. Furthermore, if Θ̃ = (x̃, ỹ, z̃) ∈
M2[0, T ] is the unique adapted solution of (2.9) controlled by (x̃0, h̃T ) ∈ R×L2

F (Ω;R) and ũ ∈ U , then we
have the following estimate:
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‖Θ̃ −Θ‖2
M2[0,T ] = E

{
sup

t∈[0,T ]
|x̃t − xt|2 + sup

t∈[0,T ]
|ỹt − yt|2 +

T∫
0

|z̃t − zt|2 dt
}

� CE

{
|x̃0 − x0|2 + |h̃T − hT |2 +

T∫
0

[∣∣b(t, Γt, ũt) − b(t, Γt, ut)
∣∣2

+
∣∣σ(t, Γt, ũt) − σ(t, Γt, ut)

∣∣2 +
∣∣f(t, Γt, ũt) − f(t, Γt, ut)

∣∣2] dt
}
,

where Γt := (xt, yt, zt, Ext, Eyt, Ezt).

Proof. The well-posedness of (2.9) can be proved by using the same techniques as in Theorem 2.1 and
Theorem 2.2. Next, we will use the method of continuation to gain the above two estimates.

Using Itô’s formula to |xt|2, we have

|xt|2 = |x0|2 +
t∫

0

[
2xsb(s, Γs, us) +

∣∣σ(s, Γs, us)
∣∣2] ds +

t∫
0

2xsσ(s, Γs, us) dWs

� |x0|2 + C

t∫
0

[
|xs|2 + |ys|2 + |zs|2 + |Exs|2 + |Eys|2 + |Ezs|2

+ b2(s, 0, us) + σ2(s, 0, us)
]
ds + 2

t∫
0

xsσ(s, Γs, us) dWs. (2.10)

By taking expectations and using Gronwall’s inequality, one has that

E|xt|2 � CE

{
|x0|2 +

T∫
0

(
|ys|2 + |zs|2 + b2(s, 0, us) + σ2(s, 0, us)

)
ds

}
. (2.11)

Through the use of Burkholder–Davis–Gundy’s inequality to (2.10) (note (2.11)) yields

E
(

sup
t∈[0,T ]

|xt|2
)

� CE

{
|x0|2 +

T∫
0

(
|ys|2 + |zs|2 + b2(s, 0, us) + σ2(s, 0, us)

)
ds

}
. (2.12)

On the other hand, by applying Itô’s formula to |yt|2 fulfills

|yt|2 +
T∫
t

|zs|2 ds = |yT |2 + 2
T∫
t

ysf(s, Γs, us) ds− 2
T∫
t

yszs dWs

� C

{
|xT |2 +

∣∣h(0) + hT

∣∣2 +
T∫
t

[
|xs|2 + |ys|2 + E|xs|2 + E|ys|2 + f2(s, 0, us)

]
ds

}

+ 1
4

T∫
|zs|2 ds + 1

4

T∫
E|zs|2 ds− 2

T∫
yszs dWs. (2.13)
t t t
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Similar to the argument of getting (2.12), we have

E
(

sup
t∈[0,T ]

|yt|2
)

+ E

T∫
0

|zt|2 dt

� CE

{
|xT |2 +

∣∣h(0) + hT

∣∣2 +
T∫

0

(
|xt|2 +

∣∣f(t, 0, ut)
∣∣2) dt

}
. (2.14)

Let a C1 function Φ =
(
A B
B D

)
: [0, T ] → R2×2 be a bridge (definition 2.5 in [21]) extending from (b, σ, f, h),

with some constant K, and A,B,D : [0, T ] → R, satisfying
⎧⎨
⎩

DT � 0, At � 0, ∀t ∈ [0, T ],

Φ0 � K

(
1 0
0 0

)
.

Applying Itô’s formula to 〈Φt

( xt

yt

)
,
( xt

yt

)
〉, it follows that

E

〈
ΦT

(
xT

yT

)
,

(
xT

yT

)〉
−E

〈
Φ0

(
x0
y0

)
,

(
x0
y0

)〉

= E

T∫
0

{
2
〈
Φt

(
xt

yt

)
,

(
b(t, Γt, ut)
−f(t, Γt, ut)

)〉
+

〈
Φt

(
σ(t, Γt, ut)

zt

)
,

(
σ(t, Γt, ut)

zt

)〉

+
〈
Φ̇t

(
xt

yt

)
,

(
xt

yt

)〉}
dt. (2.15)

Case 1. If the following inequalities hold,

E

〈
ΦT

(
x

h(x) − h(0)

)
,

(
x

h(x) − h(0)

)〉
� δE|x|2, ∀x ∈ R,

and

E

{〈
Φ̇t

(
x

y

)
,

(
x

y

)〉
+ 2

〈
Φt

(
x

y

)
,

(
b(t, Γt, ut) − b(t, 0, ut)

−[f(t, Γt, ut) − f(t, 0, ut)]

)〉

+
〈
Φt

(
σ(t, Γt, ut) − σ(t, 0, ut)

z

)
,

(
σ(t, Γt, ut) − σ(t, 0, ut)

z

)〉}

� −δE|x|2, ∀Γ ∈ R6, a.e. t ∈ [0, T ], a.s.

where δ > 0, then

E

〈
ΦT

(
xT

yT

)
,

(
xT

yT

)〉
= E

〈
ΦT

(
xT

h(xT ) + hT

)
,

(
xT

h(xT ) + hT

)〉

= E

〈
ΦT

(
xT

h(xT ) − h(0)

)
,

(
xT

h(xT ) − h(0)

)〉

+ E

〈
ΦT

(
xT

h(xT ) − h(0)

)
,

(
0

h(0) + hT

)〉

+ E

〈
ΦT

(
0

)
,

(
xT

)〉

h(0) + hT h(xT ) + hT
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� E
{
δ|xT |2 − 2|BT ||xT |

∣∣h(0) + hT

∣∣− 2C|DT |
∣∣h(0) + hT

∣∣
− 2C|DT ||xT |

∣∣h(0) + hT

∣∣− |DT |
∣∣h(0) + hT

∣∣2}
� E

{
δ

2
|xT |2 − L

∣∣h(0) + hT

∣∣2}. (2.16)

Here the constant L > 0 only depends on C, δ, |BT | and |DT |. Similarly,

the right side of (2.15) � E

T∫
0

{
−δ|xt|2 + 2

〈
Φt

(
xt

yt

)
,

(
b(t, 0, ut)
−f(t, 0, ut)

)〉

+ 2
〈
Φt

(
σ(t, 0, ut)

0

)
,

(
σ(t, Γt, ut) − σ(t, 0, ut)

zt

)〉

+
〈
Φt

(
σ(t, 0, ut)

0

)
,

(
σ(t, 0, ut)

0

)〉}
dt

� E

T∫
0

−δ

2 |xt|2 dt + CεE

T∫
0

[∣∣b(t, 0, ut)
∣∣2 +

∣∣σ(t, 0, ut)
∣∣2

+
∣∣f(t, 0, ut)

∣∣2] dt + εE

T∫
0

(
|yt|2 + |zt|2

)
dt, (2.17)

where Cε > 0 only depends on the bound of |Φt| as well as δ, ε.
Combining (2.15)–(2.17) and noting (2.14), we have proved that

E|xT |2 + E

T∫
0

|xt|2 dt � Cε

{
E
[
|x0|2 +

∣∣h(0) + hT

∣∣2] + E

T∫
0

[∣∣b(t, 0, ut)
∣∣2 +

∣∣σ(t, 0, ut)
∣∣2

+
∣∣f(t, 0, ut)

∣∣2] dt
}

+ 2ε
δ
E

T∫
0

(
|yt|2 + |zt|2

)
dt

� Cε

{
E
[
|x0|2 +

∣∣h(0) + hT

∣∣2] + E

T∫
0

[∣∣b(t, 0, ut)
∣∣2 +

∣∣σ(t, 0, ut)
∣∣2

+
∣∣f(t, 0, ut)

∣∣2] dt
}

+ εCE

{
|xT |2 +

∣∣h(0) + hT

∣∣2 +
T∫

0

(
|xt|2 +

∣∣f(t, 0, ut)
∣∣2) dt

}
,

with the constant C independent of ε. Choose suitable ε such that

E|xT |2 + E

T∫
0

|xt|2 dt � CE

{[
|x0|2 +

∣∣h(0) + hT

∣∣2] +
T∫

0

[∣∣b(t, 0, ut)
∣∣2

+
∣∣σ(t, 0, ut)

∣∣2 +
∣∣f(t, 0, ut)

∣∣2] dt
}
.
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Then returning to (2.14), we deduce

E
(

sup
t∈[0,T ]

|yt|2
)

+ E

T∫
0

|zt|2 dt � CE

{[
|x0|2 +

∣∣h(0) + hT

∣∣2] +
T∫

0

[∣∣b(t, 0, ut)
∣∣2

+
∣∣σ(t, 0, ut)

∣∣2 +
∣∣f(t, 0, ut)

∣∣2] dt
}
. (2.18)

Finally, by (2.12), we have

E
(

sup
t∈[0,T ]

|xt|2
)

� CE

{[
|x0|2 +

∣∣h(0) + hT

∣∣2] +
T∫

0

[∣∣b(t, 0, ut)
∣∣2

+
∣∣σ(t, 0, ut)

∣∣2 +
∣∣f(t, 0, ut)

∣∣2] dt
}
. (2.19)

Hence, the first estimation follows immediately from (2.18) and (2.19).

Case 2. Let the following inequalities hold,

E

〈
ΦT

(
x

h(x) − h(0)

)
,

(
x

h(x) − h(0)

)〉
� 0, ∀x ∈ R,

and

E

{〈
Φ̇t

(
x

y

)
,

(
x

y

)〉
+ 2

〈
Φt

(
x

y

)
,

(
b(t, Γt, ut) − b(t, 0, ut)

−[f(t, Γt, ut) − f(t, 0, ut)]

)〉

+
〈
Φt

(
σ(t, Γt, ut) − σ(t, 0, ut)

z

)
,

(
σ(t, Γt, ut) − σ(t, 0, ut)

z

)〉}

� −δE
[
|y|2 + |z|2

]
, ∀Γ ∈ R6, a.e. t ∈ [0, T ], a.s.

where δ > 0. In this case, we still have (2.12), (2.14) and (2.15). Further, by applying the similar arguments
as in Case 1, it follows that

Left side of (2.15) � −εE|xT |2 − CεE
[
|x0|2 +

∣∣h(0) + hT

∣∣2],
Right side of (2.15) � E

T∫
0

−δ

2
(
|yt|2 + |zt|2

)
dt + CεE

T∫
0

[∣∣b(t, 0, ut)
∣∣2 +

∣∣σ(t, 0, ut)
∣∣2

+
∣∣f(t, 0, ut)

∣∣2] dt + εE

T∫
0

|xt|2 dt,

with the constant Cε > 0 depending on C, δ, |BT | and |DT |.
Combining the above two inequalities (note (2.12)) and choosing suitable ε > 0 yield

E

T∫
0

(
|yt|2 + |zt|2

)
dt � CE

{[
|x0|2 +

∣∣h(0) + hT

∣∣2] +
T∫

0

[∣∣b(t, 0, ut)
∣∣2

+
∣∣σ(t, 0, ut)

∣∣2 +
∣∣f(t, 0, ut)

∣∣2] dt
}
.
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Again by (2.12) and (2.14), we can obtain the first estimation. As for the estimate of the difference of
solutions, we refer to the above arguments. �

It is remarkable that, in the fully coupled FBSDE (2.1) both z and u appear in the diffusion coefficient
of the forward equation, and the regularity of the process z (as a part of state process) seems to be not
enough to obtain a second-order expansion with respect to the control u. So a reduction method is adopted
to overcome this difficulty. First, we pose the following problem.

Problem B. Minimize J(x0, y0, z, u) = E[g(xT ) + γ(y0)] over (x0, y0, z, u) ∈ R := R×R×H2
F (0, T ;R) × U

subject to the forward control system

⎧⎨
⎩

dxt = b(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dt + σ(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dWt,

−dyt = f(t, xt, yt, zt, Ext, Eyt, Ezt, ut) dt− zt dWt,

x(0) = x0, y(0) = y0,

(2.20)

with an optimal state constraint

E
∣∣yT − h(xT )

∣∣2 = 0.

Clearly, the original problem A is embedded into problem B, but the reverse is not true in general. So
based on the optimal control (x̄0, ȳ0, z̄, ū) of B, we know that ū is optimal for A. In the following section,
the classical second-order variational technique is used to solve B.

3. Stochastic maximum principle

This section is devoted to the main theorem and its corresponding proof. Now, we assume that (x̄, ȳ, z̄, ū)
is an optimal 4-tuple of problem B. For simplicity, we denote

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρ̄j(t) := ρj(t, x̄t, ȳt, z̄t, Ex̄t, Eȳt, Ez̄t, ūt),
ρ̄ij(t) := ρij(t, x̄t, ȳt, z̄t, Ex̄t, Eȳt, Ez̄t, ūt),

B̄X(t) :=
(

b̄x(t) b̄y(t)
−f̄x(t) −f̄y(t)

)
, B̄X̃(t) :=

(
b̄x̃(t) b̄ỹ(t)
−f̄x̃(t) −f̄ỹ(t)

)
,

Σ̄X(t) :=
(
σ̄x(t) σ̄y(t)

0 0

)
, Σ̄X̃(t) :=

(
σ̄x̃(t) σ̄ỹ(t)

0 0

)
,

ρ = b, σ, f ; i, j = x, y, z, x̃, ỹ, z̃.

Theorem 3.1. Let (A1)–(A4) or (A1)–(A4)′ hold, and (x̄, ȳ, z̄, ū) be an optimal 4-tuple of problem B. Then
there exists an adapted solution (ξ, η, ζ) ∈ M2[0, T ] of the following FBSDE :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dξt =
{
f̄y(t)ξt − b̄y(t)ηt − σ̄y(t)ζt + E

[
f̄ỹ(t)ξt − b̄ỹ(t)ηt − σ̄ỹ(t)ζt

]}
dt

+
{
f̄z(t)ξt − b̄z(t)ηt − σ̄z(t)ζt + E

[
f̄z̃(t)ξt − b̄z̃(t)ηt − σ̄z̃(t)ζt

]}
dWt,

−dηt =
{
−f̄x(t)ξt + b̄x(t)ηt + σ̄x(t)ζt + E

[
−f̄x̃(t)ξt + b̄x̃(t)ηt + σ̄x̃(t)ζt

]}
dt− ζt dWt,

ξ0 = γ̄y0 , ηT = −ḡxT
− h̄xT

ξT ,

and let (P,Q) ∈ S2
F (0, T ;R2×2) ×H2

F (0, T ;R2×2) be the unique adapted solution of the following BSDE :

⎧⎨
⎩

dPt = −
[
B̄X(t)�Pt + PtB̄X(t) + Σ̄X(t)�PtΣ̄X(t) + Σ̄X(t)�Qt + QtΣ̄X(t) + H̄XX(t)

]
dt + Qt dWt,

PT = −
(
ḡxT xT

+ ξT h̄xT xT
0
)
,
0 0
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where H̄XX(t) is defined by

H̄XX(t) =
(
−ξtf̄xx(t) + ηtb̄xx(t) + ζtσ̄xx(t) −ξtf̄xy(t) + ηtb̄xy(t) + ζtσ̄xy(t)
−ξtf̄yx(t) + ηtb̄yx(t) + ζtσ̄yx(t) −ξtf̄yy(t) + ηtb̄yy(t) + ζtσ̄yy(t)

)
.

Then the following inequalities hold:

P0 �
(

0 0
0 γ̄y0y0

)
, (3.1)

and

H(t, x̄t, ȳt, z̄t, u, ξt, ηt, ζt) −H(t, x̄t, ȳt, z̄t, ūt, ξt, ηt, ζt) + 1
2P1(t)

[
σ(t, Γ̄t, u) − σ(t, Γ̄t, ūt)

]2
� 0, ∀u ∈ U , a.e. t ∈ [0, T ], P -a.s. (3.2)

where Γ̄t = (x̄t, ȳt, z̄t, Ex̄t, Eȳt, Ez̄t), with P =
( P1 P2
P2 P3

)
and H(t, x, y, z, u, ξ, η, ζ) being the Hamiltonian

defined by

H(t, x, y, z, u, ξ, η, ζ) = −ξf(t, Γ, u) + ηb(t, Γ, u) + ζσ(t, Γ, u).

Proof. Since the proof is lengthy, we divide it into a few steps to make the process clear.
Step 1: Introduction of the penalty functional and application of Ekeland’s variational principle. Let

(x̄0, ȳ0, z̄, ū) be an optimal control of problem B, with the corresponding optimal state process (x̄, ȳ). Without
loss of generality, we assume that

J(x̄0, ȳ0, z̄, ū) = 0.

For any δ > 0 and (x0, y0, z, u) ∈ R, we define the penalty functional

Jδ(x0, y0, z, u) =
{[(

J(x0, y0, z, u) + δ
)+]2 + E

∣∣yT − h(xT )
∣∣2} 1

2 . (3.3)

To apply Ekeland’s variational principle, we endow the set U with the distance

d(u, ũ) = P̃
{
(t, w) ∈ [0, T ] ×Ω

∣∣ ut(w) 
= ũt(w)
}
, ∀u, ũ ∈ U ,

where P̃ is the product measure of the Lebesgue measure and P . Then H2
F (0, T ;R)×U is a complete metric

space under the metric

d̃
(
(z, u), (z̃, ũ)

)
=

[
‖z − z̃‖2

2 + d(u, ũ)2
] 1

2 , ∀(z, u), (z̃, ũ) ∈ H2
F (0, T ;R) × U ,

where ‖z‖2
2 = E

∫ T

0 |zt|2 dt. Indeed, let {(zn, un)} be a Cauchy sequence in H2
F (0, T ;R) × U under d̃. Then

for any k � 2,

P̄
{
(t, w) ∈ [0, T ] ×Ω

∣∣ |zn − zm| > 2−k
}

� 2k
{ T∫

0

∫
Ω(|zn−zm|>2−k)

|zn − zm|2 dP dt

} 1
2

� 2k‖zn − zm‖2,
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where P̄ denotes the product measure of the Lebesgue measure and P . Hence, {zn} is a Cauchy sequence
convergent in measure P̄ . By the Riesz Theorem, there exists a subsequence {znk

}, which converges almost
everywhere. We denote the limit by z̄. Then for any n � 1,

lim
k→∞

|znk
− zn| = |z̄ − zn|.

On the other hand, since {zn} is a Cauchy sequence in the norm ‖ · ‖2, for any ε > 0, there is an N , such
that

‖zn − zm‖2 < ε, n,m � N.

For any fixed n, we set m = nk, by Fatou’s lemma,

ε � lim
k→∞

‖znk
− zn‖2

= lim
k→∞

{ T∫
0

∫
Ω

|znk
− zn|2 dP dt

} 1
2

=
{

lim
k→∞

T∫
0

∫
Ω

|znk
− zn|2 dP dt

} 1
2

�
{ T∫

0

∫
Ω

|zn − z̄|2 dP dt

} 1
2

.

Thus, zn − z̄ ∈ H2
F (0, T ;R), which suggests z̄ = (z̄ − zn) + zn ∈ H2

F (0, T ;R). Besides,

‖z̄ − zn‖2 � ε, ∀n � N.

This implies that {zn} converges to z̄ in the norm ‖ · ‖2 in H2
F (0, T ;R). So far, we have proved the com-

pleteness of H2
F (0, T ;R). As for the completeness of U , the argument is the same as Lemma 6.4 in Yong

and Zhou [23], we omit the details here, but we still have d(un, ū) → 0 in U as n → ∞.
Hence

d̃
(
(zn, un), (z̄, ū)

)
=

[
‖zn − z̄‖2

2 + d(un, ū)2
] 1

2 → 0, n → ∞.

This yields the completeness of H2
F (0, T ;R) × U .

Moreover, Jδ(x0, y0, z, u) is continuous from R into R. Obviously,

{
Jδ(x0, y0, z, u) > 0,
Jδ(x̄0, ȳ0, z̄, ū) = δ � inf

(x0,y0,z,u)∈R
Jδ(x0, y0, z, u) + δ.

By Ekeland’s variational principle [5], there exists a 4-tuple (xδ
0, y

δ
0, z

δ, uδ) ∈ R such that

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Jδ
(
xδ

0, y
δ
0, z

δ, uδ
)

� Jδ(x̄0, ȳ0, z̄, ū) = δ,∣∣xδ
0 − x̄0

∣∣2 +
∣∣yδ0 − ȳ0

∣∣2 +
∥∥zδ − z̄

∥∥2
2 + d

(
uδ, ū

)2 � δ,

−
√
δ
[∣∣xδ

0 − x0
∣∣2 +

∣∣yδ0 − y0
∣∣2 +

∥∥zδ − z
∥∥2

2 + d
(
uδ, u

)2] 1
2

δ δ
(

δ δ δ δ
)

(3.4)
� J (x0, y0, z, u) − J x0, y0, z , u , ∀(x0, y0, z, u) ∈ R.
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Therefore, (xδ
0, y

δ
0, z

δ, uδ) is optimal for the system (2.20) with the new cost functional

Jδ(x0, y0, z, u) +
√
δ
[∣∣xδ

0 − x0
∣∣2 +

∣∣yδ0 − y0
∣∣2 +

∥∥zδ − z
∥∥2

2 + d
(
uδ, u

)2] 1
2 .

Up to this point, we have transformed the original problem with endpoint constraints to the penalized
optimal control problem with no endpoint constraints, and the optimal 4-tuple (xδ

0, y
δ
0, z

δ, uδ) approaches
(x̄0, ȳ0, z̄, ū) as δ → 0.

Step 2: Nontriviality of the multiplier. Let Θδ := (xδ, yδ, zδ) be the unique adapted solution of the
following FBSDE:

⎧⎪⎨
⎪⎩

dxδ
t = b

(
t, xδ

t , y
δ
t , z

δ
t , Exδ

t , Eyδt , Ezδt , u
δ
t

)
dt + σ

(
t, xδ

t , y
δ
t , z

δ
t , Exδ

t , Eyδt , Ezδt , u
δ
t

)
dWt,

−dyδt = f
(
t, xδ

t , y
δ
t , z

δ
t , Exδ

t , Eyδt , Ezδt , u
δ
t

)
dt− zδt dWt,

xδ(0) = xδ
0, yδT = h

(
xδ
T

)
+ hδ

T ,

with

hδ
T = yδT − h

(
xδ
T

)
.

Make some small disturbance to the above initial-terminal value to get

⎧⎪⎨
⎪⎩

dxδ,ε
t = b

(
t, xδ,ε

t , yδ,εt , zδ,εt , Exδ,ε
t , Eyδ,εt , Ezδ,εt , uδ

t

)
dt + σ

(
t, xδ,ε

t , yδ,εt , zδ,εt , Exδ,ε
t , Eyδ,εt , Ezδ,εt , uδ

t

)
dWt,

−dyδ,εt = f
(
t, xδ,ε

t , yδ,εt , zδ,εt , Exδ,ε
t , Eyδ,εt , Ezδ,εt , uδ

t

)
dt− zδ,εt dWt,

xδ,ε(0) = xδ
0 + ες0, yδ,εT = h

(
xδ,ε
T

)
+ hδ

T + εϑT ,

with (ς0, ϑT ) ∈ R× L2
F (Ω;R) satisfying |ς0|2 + E|ϑT |2 � 1. By virtue of Lemma 2.4,

lim
ε→0

∥∥Θδ,ε −Θδ
∥∥2
M2[0,T ] = 0,

which implies

lim
ε→0

E

{∣∣xδ,ε(0) − xδ(0)
∣∣2 +

∣∣yδ,ε0 − yδ0
∣∣2 +

T∫
0

∣∣zδ,εt − zδt
∣∣2 dt

}
= 0.

By using the same argument as in Yong [22], we obtain

−C
√
δε � Jδ

(
xδ,ε

0 , yδ,ε0 , zδ,ε, uδ
)
− Jδ

(
xδ

0, y
δ
0, z

δ, uδ
)

= Iδ,ε0
[
J
(
xδ,ε

0 , yδ,ε0 , zδ,ε, uδ
)
− J

(
xδ

0, y
δ
0, z

δ, uδ
)]

+ E
[
Īδ,εT

(
yδ,εT − h

(
xδ,ε
T

)
− hδ

T

)]
=

(
Iδ0 + o(1)

)[
J
(
xδ,ε

0 , yδ,ε0 , zδ,ε, uδ
)
− J

(
xδ

0, y
δ
0, z

δ, uδ
)]

+ εE
[(
ĪδT + o(1)

)
ϑT

]
,

where o(1) stands for certain scalars that go to 0 as ε → 0,

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Iδ,ε0 =
2
∫ 1
0 [βJ(xδ,ε

0 , yδ,ε0 , zδ,ε, uδ) + (1 − β)J(xδ
0, y

δ
0, z

δ, uδ) + δ]+ dβ

Jδ(xδ,ε
0 , yδ,ε0 , zδ,ε, uδ) + Jδ(xδ

0, y
δ
0, z

δ, uδ)
,

Īδ,εT = yδ,εT − h(xδ,ε
T ) + yδT − h(xδ

T )
δ δ,ε δ,ε δ,ε δ δ δ δ δ δ

,

J (x0 , y0 , z , u ) + J (x0, y0, z , u )
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and
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Iδ0 = (J(xδ
0, y

δ
0, z

δ, uδ) + δ)+

Jδ(xδ
0, y

δ
0, z

δ, uδ)
,

ĪδT = yδT − h(xδ
T )

Jδ(xδ
0, y

δ
0, z

δ, uδ)
.

We point out that (Iδ0 , ĪδT ) is independent of (ς0, ϑT ) and

Iδ0 � 0,
∣∣Iδ0 ∣∣2 + E

∣∣ĪδT ∣∣2 = 1.

Thus, there exists a subsequence still denoted by (Iδ0 , ĪδT ) convergent, i.e.

lim
δ→0

(
Iδ0 , Ī

δ
T

)
= (I0, ĪT ), with |I0|2 + E|ĪT |2 = 1.

We claim that I0 
= 0. The detailed illustration of this point refers to Shi [15]. Here (I0, ĪT ) is called the
Lagrange multiplier of the corresponding optimal 4-tuple (x̄0, ȳ0, z̄, ū).

Step 3: Variations. For the sake of convenience, we denote

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

X =
(
x

y

)
, v =

⎛
⎝Ez

z

u

⎞
⎠ , X0 =

(
x0
y0

)
, XT =

(
xT

yT

)
,

B(t,X,EX, v) =
(

b(t, x, y, z, Ex,Ey,Ez, u)
−f(t, x, y, z, Ex,Ey,Ez, u)

)
,

Σ(t,X,EX, v) =
(
σ(t, x, y, z, Ex,Ey,Ez, u)

z

)
,

G(XT ) = yT − h(xT ), F (X0, XT ) = g(xT ) + γ(y0),
Fj = Fj(X0, XT ), Fij = Fij(X0, XT ), i, j = X0, XT .

Consequently,

J(x0, y0, z, u) = J(X0, v), Jδ(x0, y0, z, u) = Jδ(X0, v).

We denote the gradient DF and the Hessian D2F as follows:

DF (X0, XT ) = (FX0 , FXT
), D2F (X0, XT ) =

(
FX0X0 FX0XT

FXTX0 FXTXT

)
.

Clearly,

⎧⎪⎪⎨
⎪⎪⎩

FX0 = (0, γy0), FXT
= (gxT

, 0), FX0X0 =
(

0 0
0 γy0y0

)
,

FX0XT
= FXTX0 =

(
0 0
0 0

)
, FXTXT

=
(
gxT xT

0
0 0

)
.

For G, we have

DG(XT ) = GXT
(XT ), D2G(XT ) = GXTXT

(XT ).
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To make the above more specific, let us take any ÎT ∈ L2
F (Ω;R). Then

〈
G(XT ), ÎT

〉
=

(
yT − h(xT )

)
ÎT .

Thus
{[

DG(XT )ÎT
]
≡ D

[〈
G(XT ), ÎT

〉]
=

〈
G(XT ), ÎT

〉
XT

= GXT
(XT )ÎT ,[

D2G(XT )ÎT
]

= D2[〈G(XT ), ÎT
〉]

=
〈
G(XT ), ÎT

〉
XTXT

= GXTXT
(XT )ÎT ,

with
⎧⎨
⎩

GXT
(XT )ÎT = (−ÎThxT

, ÎT ),

GXTXT
(XT )ÎT =

(
−ÎThxT xT

0
0 0

)
.

Fixing X0 ∈ R2 and v ∈ H2
F (0, T ;R) ×H2

F (0, T ;R) × U , for any ε ∈ (0, 1), set

Xδ,ε
0 = Xδ

0 +
√
εX0,

and

vδ,εt =
{
vδt , t ∈ [0, T ]\Sε,

vt, t ∈ Sε,

for some Sε ⊆ [0, T ] with |Sε| = εT , where | · | denotes the Lebesgue measure. Let Xδ,ε be the state process
corresponding to (Xδ,ε

0 , vδ,ε), and Xδ,ε
1 , Xδ,ε

2 be the solutions of the following SDEs:
⎧⎪⎨
⎪⎩

dXδ,ε
1 (t) =

{
Bδ

X(t)Xδ,ε
1 (t) + Bδ

X̃
(t)E

[
Xδ,ε

1 (t)
]}

dt

+
{
Σδ

X(t)Xδ,ε
1 (t) + Σδ

X̃
(t)E

[
Xδ,ε

1 (t)
]
+ ΔΣδ(t)ISε

(t)
}
dWt,

Xδ,ε
1 (0) =

√
εX0,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dXδ,ε
2 (t) =

{
Bδ

X(t)Xδ,ε
2 (t) + Bδ

X̃
(t)E

[
Xδ,ε

2 (t)
]
+

[
ΔBδ(t)

+ ΔBδ
X(t)Xδ,ε

1 (t)
]
ISε

(t) + 1
2B

δ
XX(t)Xδ,ε

1 (t)2
}
dt

+
{
Σδ

X(t)Xδ,ε
2 (t) + Σδ

X̃
(t)E

[
Xδ,ε

2 (t)
]
+ ΔΣδ

X(t)Xδ,ε
1 (t)ISε

(t)

+ 1
2Σ

δ
XX(t)Xδ,ε

1 (t)2
}
dWt,

Xδ,ε
2 (0) = 0,

where
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

φδ
X(t) = φX

(
t,Xδ

t , EXδ
t , v

δ
t

)
,

Δφδ(t) = φ
(
t,Xδ

t , EXδ
t , vt

)
− φ

(
t,Xδ

t , EXδ
t , v

δ
t

)
,

Δφδ
X(t) = φX

(
t,Xδ

t , EXδ
t , vt

)
− φX

(
t,Xδ

t , EXδ
t , v

δ
t

)
,

φδ
XX(t)X2 =

( 〈φ1,δ
XX(t)X,X〉

〈φ2,δ
XX(t)X,X〉

)
,

φi,δ
XX(t) = φi

XX

(
t,Xδ

t , EXδ
t , v

δ
t

)
, φ = B,Σ, i = 1, 2.

Then, we have the following estimates, whose proofs are similar as those given in Buckdahn, Djehiche and
Li [2].
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⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

E
[

sup
t∈[0,T ]

∣∣Xδ,ε
1 (t)

∣∣2k] + E
[

sup
t∈[0,T ]

∣∣Xδ,ε
t −Xδ

t

∣∣2k] � Cεk,

E
[

sup
t∈[0,T ]

∣∣Xδ,ε
t −Xδ

t −Xδ,ε
1 (t)

∣∣2k] + E
[

sup
t∈[0,T ]

∣∣Xδ,ε
2 (t)

∣∣2k] � Cε2k,

E
[

sup
t∈[0,T ]

∣∣Xδ,ε
t −Xδ

t −Xδ,ε
1 (t) −Xδ,ε

2 (t)
∣∣2k] � ε2kρk(ε),

(3.5)

where ρk : (0,∞) → (0,∞) such that limε→0 ρk(ε) = 0.
From (3.4), we obtain

−
√
δ
(√

ε |X0| + εT
)

� Jδ
(
Xδ,ε

0 , vδ,ε
)
− Jδ

(
Xδ

0 , v
δ
)

= Iδ,ε0
[
J
(
Xδ,ε

0 , vδ,ε
)
− J

(
Xδ

0 , v
δ
)]

+ E
〈
Īδ,εT , G

(
Xδ,ε

T

)
−G

(
Xδ

T

)〉
=

(
Iδ0 + o(1)

)[
J
(
Xδ,ε

0 , vδ,ε
)
− J

(
Xδ

0 , v
δ
)]

+ E
〈
ĪδT + o(1), G

(
Xδ,ε

T

)
−G

(
Xδ

T

)〉
,

with
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Iδ,ε0 =
2
∫ 1
0 [βJ(Xδ,ε

0 , vδ,ε) + (1 − β)J(Xδ
0 , v

δ) + δ]+ dβ

Jδ(Xδ,ε
0 , vδ,ε) + Jδ(Xδ

0 , v
δ)

,

Īδ,εT = G(Xδ,ε
T ) + G(Xδ

T )
Jδ(Xδ,ε

0 , vδ,ε) + Jδ(Xδ
0 , v

δ)
,

and
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Iδ0 = (J(Xδ
0 , v

δ) + δ)+

Jδ(Xδ
0 , v

δ)
,

ĪδT = yδT − h(xδ
T )

Jδ(Xδ
0 , v

δ)
.

In the following, we shall prove the conclusion that (Iδ0 , ĪδT ) → (I0, ĪT ) and I0 
= 0. By using Taylor’s
expansion,

J
(
Xδ,ε

0 , vδ,ε
)
− J

(
Xδ

0 , v
δ
)

= E
[
F
(
Xδ,ε

0 , Xδ,ε
T

)
− F

(
Xδ

0 , X
δ
T

)]
= E

{
DF δ

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)
+ 1

2

〈
D2F δ

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)
,

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)〉

+
〈
D2F δ,ε

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)
,

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)〉}

= E

{〈
F δ
X0

, Xδ,ε
0 −Xδ

0
〉

+
〈
F δ
XT

, Xδ,ε
T −Xδ

T

〉

+ 1
2

[〈
F δ
X0X0

(
Xδ,ε

0 −Xδ
0
)
, Xδ,ε

0 −Xδ
0
〉

+
〈
F δ
XTXT

(
Xδ,ε

T −Xδ
T

)
, Xδ,ε

T −Xδ
T

〉

+
〈
D2F δ,ε

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)
,

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)〉]}
,

where
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

DF δ =
(
F δ
X0

, F δ
XT

)
, D2F δ =

(
F δ
X0X0

F δ
X0XT

F δ
XTX0

F δ
XTXT

)
,

D2F δ,ε =
1∫

0

β
[
D2F

(
βXδ

0 + (1 − β)Xδ,ε
0 , βXδ

T + (1 − β)Xδ,ε
T

)
−D2F

(
Xδ

0 , X
δ
T

)]
dβ,

F δ
j = Fj

(
Xδ

0 , X
δ
T

)
, F δ

ij = Fij

(
Xδ

0 , X
δ
T

)
, i, j = X0, XT .

Similarly,

E
〈
Īδ,εT , G

(
Xδ,ε

T

)
−G

(
Xδ

T

)〉
= E

{〈[
DGδ Īδ,εT

]
, Xδ,ε

T −Xδ
T

〉
+ 1

2
[〈[

D2Gδ Īδ,εT

](
Xδ,ε

T −Xδ
T

)
, Xδ,ε

T −Xδ
T

〉

+
〈[
D2Gδ,εĪδ,εT

](
Xδ,ε

T −Xδ
T

)
, Xδ,ε

T −Xδ
T

〉]}

= E

{〈[
Gδ

XT
Īδ,εT

]
, Xδ,ε

T −Xδ
T

〉
+ 1

2
[〈[

Gδ
XTXT

Īδ,εT

](
Xδ,ε

T −Xδ
T

)
, Xδ,ε

T −Xδ
T

〉

+
〈[
D2Gδ,εĪδ,εT

](
Xδ,ε

T −Xδ
T

)
, Xδ,ε

T −Xδ
T

〉]}
,

with

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[
DGδ Īδ,εT

]
= DG

(
Xδ

T

)
Īδ,εT ,

[
D2Gδ Īδ,εT

]
= D2G

(
Xδ

T

)
Īδ,εT ,

[
D2Gδ,εĪδ,εT

]
=

1∫
0

β
{[

D2G
(
βXδ

T + (1 − β)Xδ,ε
T

)
Īδ,εT

]
−

[
D2G

(
Xδ

T

)
Īδ,εT

]}
dβ,

[
Gδ

XT
Īδ,εT

]
= GXT

(
Xδ

T

)
Īδ,εT ,

[
Gδ

XTXT
Īδ,εT

]
= GXTXT

(
Xδ

T

)
Īδ,εT .

By use of the assumption (A2) and (3.5),

E

∣∣∣∣
〈
Iδ,ε0 D2F δ,ε

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)
,

(
Xδ,ε

0 −Xδ
0

Xδ,ε
T −Xδ

T

)〉∣∣∣∣ + E
∣∣〈[D2Gδ,εĪδ,εT

](
Xδ,ε

T −Xδ
T

)
, Xδ,ε

T −Xδ
T

〉∣∣
� CE

[∣∣Xδ,ε
0 −Xδ

0
∣∣3 +

∣∣Xδ,ε
T −Xδ

T

∣∣3] � Cε
3
2 .

Consequently,

−
√
δ
(√

ε |X0| + εT
)

� Iδ,ε0
[
J
(
Xδ,ε

0 , vδ,ε
)
− J

(
Xδ

0 , v
δ
)]

+ E
〈
Īδ,εT , G

(
Xδ,ε

T

)
−G

(
Xδ

T

)〉
= E

{√
ε
〈
Iδ,ε0

(
F δ
X0

)�
, X0

〉
+ ε

2
〈
Iδ,ε0 F δ

X0X0
X0, X0

〉
+

〈
Iδ,ε0

(
F δ
XT

)� +
[
Gδ

XT
Īδ,εT

]
, Xδ,ε

1 (T ) + Xδ,ε
2 (T )

〉
+ 1

2
〈(
Iδ,ε0 F δ

XTXT
+

[
Gδ

XTXT
Īδ,εT

])
Xδ,ε

1 (T ), Xδ,ε
1 (T )

〉}
+ o

(
ε

3
2
)
.

Step 4: Duality. Let (Φδ,ε, Ψ δ,ε) be the adapted solution of the following BSDE:

{
dΦδ,ε

t = −
{
Bδ

X(t)�Φδ,ε
t + E

[
Bδ

X̃
(t)�Φδ,ε

t

]
+ Σδ

X(t)�Ψ δ,ε
t + E

[
Σδ

X̃
(t)�Ψ δ,ε

t

]}
dt + Ψ δ,ε

t dWt,

δ,ε { δ,ε( δ
)� [

δ δ̄,ε]}
ΦT = − I0 FXT
+ GXT

IT .
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Then (Φδ,ε, Ψ δ,ε) tends to (Φ, Ψ) as (δ, ε) → (0, 0), which is the adapted solution of the following BSDE:
{
dΦt = −

{
B̄X(t)�Φt + E

[
B̄X̃(t)�Φt

]
+ Σ̄X(t)�Ψt + E

[
Σ̄X̃(t)�Ψt

]}
dt + Ψt dWt,

ΦT = −
{
I0(F̄XT

)� + [ḠXT
ĪT ]

}
.

Applying Itô’s formula to 〈Φδ,ε
t , Xδ,ε

1 (t) + Xδ,ε
2 (t)〉 fulfills

−E
〈
Iδ,ε0

(
F δ
XT

)� +
[
Gδ

XT
Īδ,εT

]
, Xδ,ε

1 (T ) + Xδ,ε
2 (T )

〉

= E

{〈
Φδ,ε

0 ,
√
εX0

〉
+

T∫
0

〈
Φδ,ε
t ,

(
�Bδ(t) + �Bδ

X(t)Xδ,ε
1 (t)

)
ISε

(t) + 1
2B

δ
XX(t)Xδ,ε

1 (t)2
〉

+
〈
Ψ δ,ε
t ,

(
�Σδ(t) + �Σδ

X(t)Xδ,ε
1 (t)

)
ISε

(t) + 1
2Σ

δ
XX(t)Xδ,ε

1 (t)2
〉
dt

}

= E

{〈
Φδ,ε

0 ,
√
εX0

〉
+

T∫
0

[〈
Φδ,ε
t ,�Bδ(t)

〉
+

〈
Ψ δ,ε
t ,�Σδ(t)

〉]
ISε

(t)

+ 1
2
〈
Hδ,ε

XX(t)Xδ,ε
1 (t), Xδ,ε

1 (t)
〉
dt

}
+ o

(
ε

3
2
)
,

with Hδ,ε
XX(t) = HXX(t,Xδ

t , v
δ
t , Φ

δ,ε
t , Ψ δ,ε

t ) being the Hessian of

H(t,X, v, Φ, Ψ) =
〈
Φ,B(t,X,EX, v)

〉
+

〈
Ψ,Σ(t,X,EX, v)

〉
.

Hence,

−
√
δ
(√

ε |X0| + εT
)

� E

{
√
ε
〈
Iδ,ε0

(
F δ
X0

)� − Φδ,ε
0 , X0

〉
+ ε

2
〈
Iδ,ε0 F δ

X0X0
X0, X0

〉

+ 1
2
〈(
Iδ,ε0 F δ

XTXT
+

[
Gδ

XTXT
Īδ,εT

])
Xδ,ε

1 (T ), Xδ,ε
1 (T )

〉

−
T∫

0

[〈
Φδ,ε
t ,�Bδ(t)

〉
+

〈
Ψ δ,ε
t ,�Σδ(t)

〉]
ISε

(t)

+ 1
2
〈
Hδ,ε

XX(t)Xδ,ε
1 (t), Xδ,ε

1 (t)
〉
dt

}
+ o

(
ε

3
2
)
.

Note that Y δ,ε
t = Xδ,ε

1 (t)Xδ,ε
1 (t)� satisfies

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dY δ,ε
t =

{
Bδ

X(t)Y δ,ε
t + Y δ,ε

t Bδ
X(t)� + Σδ

X(t)Y δ,ε
t Σδ

X(t)�

+ Σδ
X̃

(t)
(
EXδ,ε

1 (t)
)(
EXδ,ε

1 (t)
)�

Σδ
X̃

(t)� + Λδ,ε
1 (t)

+
[
Σδ

X(t)Xδ,ε
1 (t)�Σδ(t)� + �Σδ(t)Xδ,ε

1 (t)��Σδ(t)�

+ �Σδ(t)�Σδ(t)� + Λδ,ε
2 (t)

]
ISε

(t)
}
dt

+
{
Σδ

X(t)Y δ,ε
t + Y δ,ε

t Σδ
X(t)� + Λδ,ε

3 (t)
}
dWt,

Y δ,ε
0 = εX0X

�
0 ,

where
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

Λδ,ε
1 (t) = Xδ,ε

1 (t)
(
EXδ,ε

1 (t)
)�

Bδ
X̃

(t)� + Bδ
X̃

(t)
(
EXδ,ε

1 (t)
)
Xδ,ε

1 (t)�

+ Σδ
X(t)Xδ,ε

1 (t)
(
EXδ,ε

1 (t)
)�

Σδ
X̃

(t)� + Σδ
X̃

(t)
(
EXδ,ε

1 (t)
)
Xδ,ε

1 (t)�Σδ
X(t)�,

Λδ,ε
2 (t) = Σδ

X̃
(t)

(
EXδ,ε

1 (t)
)
�Σδ(t)� + �Σδ(t)

(
EXδ,ε

1 (t)
)�

Σδ
X̃

(t)�,
Λδ,ε

3 (t) = Xδ,ε
1 (t)

(
EXδ,ε

1 (t)
)�

Σδ
X̃

(t)� + Σδ
X̃

(t)
(
EXδ,ε

1 (t)
)
Xδ,ε

1 (t)�

+
[
Xδ,ε

1 (t)�Σδ(t)� + �Σδ(t)Xδ,ε
1 (t)�

]
ISε

(t).

Now, let (P δ,ε, Qδ,ε) be the adapted solution of the following BSDE:

⎧⎪⎨
⎪⎩

dP δ,ε
t = −

[
Bδ

X(t)�P δ,ε
t + P δ,ε

t Bδ
X(t) + Σδ

X(t)�P δ,ε
t Σδ

X(t)
+ Σδ

X(t)�Qδ,ε
t + Qδ,ε

t Σδ
X(t) + Hδ,ε

XX(t)
]
dt + Qδ,ε

t dWt,

P δ,ε
T = −

{
Iδ,ε0 F δ

XTXT
+

[
Gδ

XTXT
Īδ,εT

]}
.

Then, by (3.5) and applying Itô’s formula to 〈P δ,ε
t , Y δ,ε

t 〉 yields

−E
[〈(

Iδ,ε0 F δ
XTXT

+
[
Gδ

XTXT
Īδ,εT

])
Xδ,ε

1 (T ), Xδ,ε
1 (T )

〉
+ ε

〈
P δ,ε

0 X0, X0
〉]

= E

T∫
0

{
�Σδ(t)�P δ,ε

t �Σδ(t)ISε
(t) −

〈
Hδ,ε

XX(t)Xδ,ε
1 (t), Xδ,ε

1 (t)
〉}

dt + o
(
ε

3
2
)
.

Consequently,

−
√
δ
(√

ε |X0| + εT
)

� E

{√
ε
〈
Iδ,ε0

(
F δ
X0

)� − Φδ,ε
0 , X0

〉

+ ε

2
〈(
Iδ,ε0 F δ

X0X0
− P δ,ε

0
)
X0, X0

〉}

− E

T∫
0

[〈
Φδ,ε
t ,�Bδ(t)

〉
+

〈
Ψ δ,ε
t ,�Σδ(t)

〉

+ 1
2
〈
P δ,ε
t �Σδ(t),�Σδ(t)

〉]
ISε

(t) dt + o
(
ε

3
2
)
. (3.6)

Step 5: Derivation of the inequality. Dividing
√
ε in (3.6) and then sending ε → 0, δ → 0, we see that

E
〈
I0(F̄X0)� − Φ0, X0

〉
� 0, ∀X0 ∈ R2,

which implies

Φ0 = I0(F̄X0)�. (3.7)

Also, dividing ε|X0|2 in (3.6) and sending |X0| → ∞, ε → 0, δ → 0, we get

E[I0F̄X0X0 − P0] � 0. (3.8)

Finally, by taking X0 = 0 in (3.6), using a standard argument [23], the variational inequality follows

〈
Φt, B(t, X̄t, EX̄t, v) −B(t, X̄t, EX̄t, v̄t)

〉
+

〈
Ψt, Σ(t, X̄t, EX̄t, v) −Σ(t, X̄t, EX̄t, v̄t)

〉
+ 1(

Σ(t, X̄t, EX̄t, v) −Σ(t, X̄t, EX̄t, v̄t)
)�

Pt

(
Σ(t, X̄t, EX̄t, v) −Σ(t, X̄t, EX̄t, v̄t)

)
� 0. (3.9)
2
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Step 6: Completing the proof. Since I0 
= 0, we might as well set I0 = 1. Then{
dΦt = −

{
B̄X(t)�Φt + E

[
B̄X̃(t)�Φt

]
+ Σ̄X(t)�Ψt + E

[
Σ̄X̃(t)�Ψt

]}
dt + Ψt dWt,

ΦT = −
{
(F̄XT

)� + [ḠXT ĪT ]
}
,

(3.10)

and ⎧⎪⎨
⎪⎩

dPt = −
[
B̄X(t)�Pt + PtB̄X(t) + Σ̄X(t)�PtΣ̄X(t)

+ Σ̄X(t)�Qt + QtΣ̄X(t) + H̄XX(t)
]
dt + Qt dWt,

PT = −
{
F̄XTXT

+ [ḠXTXT
ĪT ]

}
.

(3.11)

Also, from (3.7) and (3.8),

Φ0 = (F̄X0)�, E[F̄X0X0 − P0] � 0. (3.12)

Note that ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(F̄X0)� = FX0(X̄0, X̄T )� =
(

0
γ̄y0

)
,

(F̄XT
)� = FXT

(X̄0, X̄T )� =
(
ḡxT

0

)
,

ḠXT
ĪT = GXT

(X̄T )ĪT =
(
−h̄xT ĪT

ĪT

)
.

Let

Φ =
(
η

ξ

)
, Ψ =

(
ζ

ζ̃

)
. (3.13)

Then it follows from (3.10), (3.12) and (3.13) that(
η0
ξ0

)
=

(
0
γ̄y0

)
,

(
ηT
ξT

)
=

(
−ḡxT

+ h̄xT
ĪT

−ĪT

)
.

So {
ξ0 = γ̄y0 ,

ηT = −ḡxT
− h̄xT

ξT .

By use of (3.13), we may rewrite (3.10) as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d

(
ηt
ξt

)
= −

{(
b̄x(t) −f̄x(t)
b̄y(t) −f̄y(t)

)(
ηt
ξt

)
+ E

[(
b̄x̃(t) −f̄x̃(t)
b̄ỹ(t) −f̄ỹ(t)

)(
ηt
ξt

)]

+
(
σ̄x(t) 0
σ̄y(t) 0

)(
ζt
ζ̃t

)
+ E

[(
σ̄x̃(t) 0
σ̄ỹ(t) 0

)(
ζt
ζ̃t

)]}
dt

+
(
ζt
ζ̃t

)
dWt,

ξ0 = γ̄y0 , ηT = −ḡxT
− h̄xT

ξT .

(3.14)

Variational inequality (3.9) takes the form:

ηt
[
b(vt) − b(v̄t)

]
− ξt

[
f(vt) − f(v̄t)

]
+ ζt

[
σ(vt) − σ(v̄t)

]
+ ζ̃t(zt − z̄t) + 1

〈
Pt

(
σ(vt) − σ(v̄t)

)
,

(
σ(vt) − σ(v̄t)

)〉
� 0, (3.15)
2 zt − z̄t zt − z̄t
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where
{
ρ(vt) = ρ(t, x̄t, ȳt, zt, Ex̄t, Eȳt, Ezt, ut),
ρ(v̄t) = φ(t, x̄t, ȳt, z̄t, Ex̄t, Eȳt, Ez̄t, ūt), ρ = b, σ, f.

Then taking u = ū, z = z̄ + εz0, Ez = Ez̄ + εEz0, dividing by ε and sending ε → 0, we have

ηt
[
b̄z(t)z0 + b̄z̃(t)Ez0

]
− ξt

[
f̄z(t)z0 + f̄z̃(t)Ez0

]
+ ζt

[
σ̄z(t)z0 + σ̄z̃(t)Ez0

]
+ ζ̃tz0 � 0, ∀z0 ∈ R.

Hence

ζ̃t = −
{
b̄z(t)ηt − f̄z(t)ξt + σ̄z(t)ζt + E

[
b̄z̃(t)ηt − f̄z̃(t)ξt + σ̄z̃(t)ζt

]}
. (3.16)

Combining (3.14) and (3.16) gives the first-order adjoint equation. Furthermore,

F̄XTXT
+ [ḠXTXT

ĪT ] =
(
ḡxT xT

− ĪT h̄xT xT
0

0 0

)
=

(
ḡxT xT

+ ξT h̄xT xT
0

0 0

)
.

This provides the terminal value of PT . Similarly, we have

F̄X0X0 =
(

0 0
0 γ̄y0y0

)
.

Hence, inequality (3.1) follows from (3.12). Next, taking z = z̄, Ez = Ez̄ in the variational inequality (3.15)
leads to

ηt
[
b(t, Γ̄t, ut) − b(t, Γ̄t, ūt)

]
− ξt

[
f(t, Γ̄t, ut) − f(t, Γ̄t, ūt)

]
+ ζt

[
σ(t, Γ̄t, ut) − σ(t, Γ̄t, ūt)

]
+ 1

2

〈
Pt

(
σ(t, Γ̄t, ut) − σ(t, Γ̄t, ūt)

0

)
,

(
σ(t, Γ̄t, ut) − σ(t, Γ̄t, ūt)

0

)〉

= H(t, x̄t, ȳt, z̄t, ut, ξt, ηt, ζt) −H(t, x̄t, ȳt, z̄t, ūt, ξt, ηt, ζt)

+ 1
2P1(t)

[
σ(t, Γ̄t, ut) − σ(t, Γ̄t, ūt)

]2 � 0.

This gives the optimal variational inequality (3.2), thus we have completed the total proof. �
Remark 3.1. Compared with the optimality variational principle of the classical fully coupled FBSDE
(Yong [22]), a conclusion similar to (3.6) in Yong [22] cannot be reached for the reason that the second-order
expansions of b(t, x̄, ȳ, z, Ex̄, Eȳ, Ez, ū), σ(t, x̄, ȳ, z, Ex̄, Eȳ, Ez, ū), f(t, x̄, ȳ, z, Ex̄, Eȳ, Ez, ū) with respect to
z and Ez not only contain (z − z̄)2, but also contain (z − z̄)(Ez −Ez̄) and (Ez − Ez̄)2.

Remark 3.2. If the coefficients of the system (2.1) do not depend on the expected values of the states,
Theorem 3.1 reduces to the general SMP for fully coupled FBSDE. However, if the system (2.20) has the
state constraint that yT = h(xT , ExT ), duality analysis of deriving the variational inequality is rather
complicated. We will leave it for a future study.

4. A linear–quadratic problem

Consider the optimal control problem:
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Problem D. Minimize J(u) = 1
2E{g1x

2
T + γ1y

2
0} over U , subject to

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dxt = {b1xt + b2yt + b3zt + b4Ext + b5Eyt + b6Ezt + b7ut} dt
+ {σ1xt + σ2yt + σ3zt + σ4Ext + σ5Eyt + σ6Ezt + σ7ut} dWt,

−dyt = {f1xt + f2yt + f3zt + f4Ext + f5Eyt + f6Ezt + f7ut} dt− zt dWt,

x(0) = x0, yT = h1xT ,

(4.1)

where bi, σi, fi, i = 1, . . . , 7 and g1, γ1, h1 are real constants of R, U = {u ∈ L2
F (0, T ;U) | u ∈ U} and

U ⊆ R could be arbitrary.

Noting the notations we have used before and the monotonic conditions (A4), we make assumptions for
coefficients of the state equation (4.1).

{
E
〈
F (t, Γ, u) − F (t, Γ1, u), Θ −Θ1

〉
� −β1E|Θ −Θ1|2, P -a.s.,

h1 � μ1 > 0, Γ = (x, y, z, Ex,Ey,Ez), Θ = (x, y, z),
(4.2)

where β1, μ1 are given nonnegative constants. Then, by virtue of Theorem 2.1, for any u ∈ U , the system
(4.1) has a unique solution (x, y, z). Now, we suppose Problem D admits an optimal 4-tuple (x̄, ȳ, z̄, ū).
Then the first-order adjoint equation reads

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dξt =
{
f2ξt − b2ηt − σ2ζt + E[f5ξt − b5ηt − σ5ζt]

}
dt

+
{
f3ξt − b3ηt − σ3ζt + E[f6ξt − b6ηt − σ6ζt]

}
dWt,

−dηt =
{
−f1ξt + b1ηt + σ1ζt + E[−f4ξt + b4ηt + σ4ζt]

}
dt− ζt dWt,

ξ0 = γ1ȳ0, ηT = −g1x̄T − h1ξT .

(4.3)

Similarly, by (4.2), it is easy to verify that the mean-field FBSDE (4.3) satisfies the monotonic conditions
(A4)′. Then by Theorem 2.2, (4.3) admits a unique solution (ξ, η, ζ). And the BSDE for (P,Q) becomes

⎧⎨
⎩

dPt = −
{
B�Pt + PtB + Σ�PtΣ + Σ�Qt + QtΣ

}
dt + Qt dWt,

PT = −
(
g1 0
0 0

)
,

(4.4)

with

B =
(

b1 b2
−f1 −f2

)
, Σ =

(
σ1 σ2
0 0

)
.

Since all the coefficients in (4.4) are constants and the terminal value of PT is deterministic, we deduce
Q = 0. Note P =

( P1 P2
P2 P3

)
, then (4.4) can be written as

Ṗ1(t) = −
(
2b1 + σ2

1
)
P1(t) + 2f1P2(t), P1(T ) = −g1, (4.5)

Ṗ2(t) = −(b2 + σ1σ2)P1(t) + (f2 − b1)P2(t) + f1P3(t), P2(T ) = 0, (4.6)

Ṗ3(t) = −σ2
2P1(t) − 2b2P2(t) + 2f2P3(t), P3(T ) = 0. (4.7)

Clearly, linear ODEs (4.5)–(4.7) are independent of the optimal 4-tuple (x̄, ȳ, z̄, ū) and only depend on
the coefficients of the state equation and the cost functional. Hence, condition (3.1), which takes the form

(
0 0

)
− P0 � 0, (4.8)
0 γ1
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presents necessary conditions satisfied by these coefficients. Meanwhile, the optimality variational inequality
(3.2) takes the form

(−f7ξt + b7ηt + σ7ζt)(u− ūt) + 1
2σ

2
7P1(t)(u− ūt)2 � 0, ∀u ∈ U .

This implies that
⎧⎪⎨
⎪⎩

−f7ξt + b7ηt + σ7ζt � −1
2σ

2
7P1(t)(u− ūt), ∀u ∈ U , u > ūt,

−f7ξt + b7ηt + σ7ζt � −1
2σ

2
7P1(t)(u− ūt), ∀u ∈ U , u < ūt.

(4.9)

Let us now look at a special case. Suppose that

f1 > 0, b2 � 0, σ3 � 0, f4 > 0, b5 � 0, σ6 � 0,

b1 = f2, σ1 = f3, σ2 = −b3, b4 = f5, σ4 = f6, σ5 = −b6.

It is easy to check that monotonic conditions (A4) and (A4)′ hold, this assures the well-posedness of (4.1)
and (4.3). Furthermore, if b2 = σ2 = 0, systems (4.6) and (4.7) can be changed as

Ṗ2(t) = f1P3(t), P2(T ) = 0, (4.10)

Ṗ3(t) = 2f2P3(t), P3(T ) = 0. (4.11)

From (4.5), (4.10) and (4.11), we see that

P1(t) = −g1e
(2b1+σ2

1)(T−t), P2(·) = 0, P3(·) = 0.

Consequently, (4.8) becomes
(
g1e

(2b1+σ2
1)T 0

0 γ1

)
� 0.

Thus, it is necessary that

g1 � 0, γ1 � 0.

On the other hand, the optimality variational inequality (4.9) becomes

⎧⎪⎨
⎪⎩

−f7ξt + b7ηt + σ7ζt � 1
2σ

2
7g1e

(2b1+σ2
1)(T−t)(u− ūt), ∀u ∈ U , u > ūt,

−f7ξt + b7ηt + σ7ζt � 1
2σ

2
7g1e

(2b1+σ2
1)(T−t)(u− ūt), ∀u ∈ U , u < ūt.

(4.12)

If in such a condition that σ7 = 0, we have

−f7ξt + b7ηt + σ7ζt = 0, ∀u ∈ U , (4.13)

but in the condition that σ7 
= 0, g1 
= 0, relations (4.12) imply

sup u− ūt � 2(−f7ξt + b7ηt + σ7ζt)
2 (2b1+σ2

1)(T−t) � inf
u∈U, u>ū

u− ūt. (4.14)

u∈U, u<ūt σ7g1e t
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When U is discrete and not a singleton, the two sides of (4.14) are different. While, when U = R, we
always have (4.13) as the necessary optimality condition regardless of the value σ7. Besides, it is necessary
to point out that we cannot obtain the explicit optimal control from the optimality variational inequality
(4.9) in general due to its heavy dependence on adjoint processes (ξ, η, ζ), which is rather difficult to work
out. However, this can be achieved in some special cases mentioned below.

Remark 4.1. If we only focus on the forward control system, i.e. fi = 0, h1 = 0, b2 = b3 = b5 = b6 = 0,
σ2 = σ3 = σ5 = σ6 = 0, i = 1, . . . , 7, then (4.1) reduces to the system investigated in Li [11]. There, under
the assumption of convex control domain, an optimal control for the linear quadratic control problem is
given in the feedback form.

Remark 4.2. If the coefficients of (4.1) do not depend on the expected values of the states, i.e. b4 =
b5 = b6 = 0, σ4 = σ5 = σ6 = 0, f4 = f5 = f6 = 0, then it is just the classical fully coupled FBSDEs. The
corresponding linear quadratic problem with mixed initial-terminal conditions is studied in Yong [22], where
an optimal control in its explicit form is not presented. However, if in addition, b2 = b3 = 0, σ2 = σ3 = 0,
an explicit optimal control in its state feedback form is obtained in Wu [18].
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