J. Math. Anal. Appl. 434 (2016) 432-463

Journal of Mathematical Analysis and Applications

Contents lists available at ScienceDirect

www.elsevier.com/locate/jmaa

A boundary control problem for a possibly singular phase field @ CossMark
system with dynamic boundary conditions

Pierluigi Colli **, Gianni Gilardi®, Gabriela Marinoschi "

& Dipartimento di Matematica “F. Casorati”, Universitd di Pavia and Research Associate at the IMATI —
C.N.R. PAVIA, via Ferrata 1, 27100 Pavia, Italy

b “Gheorghe Mihoc—Caius Iacob” Institute of Mathematical Statistics and Applied Mathematics

of the Romanian Academy, Calea 13 Septembrie 13, 050711 Bucharest, Romania

ARTICLE INFO

ABSTRACT

Article history:
Received 22 April 2015

Available online 10 September 2015

Submitted by P. Yao

This paper deals with an optimal control problem related to a phase field system
of Caginalp type with a dynamic boundary condition for the temperature. The
control placed in the dynamic boundary condition acts on a part of the boundary.
The analysis carried out in this paper proves the existence of an optimal control for a
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general class of potentials, possibly singular. The study includes potentials for which
the derivatives may not exist, these being replaced by well-defined subdifferentials.
Under some stronger assumptions on the structure parameters and on the potentials
(namely for the regular and the logarithmic case having single-valued derivatives),
the first order necessary optimality conditions are derived and expressed in terms
of the boundary trace of the first adjoint variable.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we are concerned with an optimal control problem for a nonlinear phase field system of
a standard form (cf. the monograph [6]), but with a possibly singular double well potential, like in the
logarithmic case (cf. the later (1.4)), and with a dynamic boundary condition for the temperature, in which

also the time derivative of the boundary temperature plays a role and where the control variable appears

in the external term (see (1.6)). Let us now introduce and discuss the problem in precise terms.

A rather general version of the phase field system of Caginalp type [7] reads as follows
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where €2 is the domain where the evolution takes place, T is some final time, 9 denotes the relative tem-
perature around some critical value that is taken to be 0 without loss of generality, and ¢ is the order
parameter. Moreover, A is a given real function, whose meaning is related to the latent heat, and o is a
positive constant. Finally, W’ represents the derivative of a double-well potential W. Typical examples for W
are the regular potential

Wiegg(r) =12(r —1)2, reR (1.3)
with two absolute minima located in 0 and 1, and the logarithmic potential
Wiog(r) = (L4+7r)In(14+7) + (1 —r)In(l — 7)) —ar?, rec(-1,1) (1.4)

where the coefficient a > 0 is large enough in order to kill convexity. The potential (1.3) is a shifted version
of the usual classical potential given by r — l(7‘2 —1)? and precisely satisfies our general assumptions given
below, while (1.4) has a derivative which behaves smgularly in the nelghborhoods of —1 and 1. Generally
speaking, the potential W could be just the sum W = ﬂ + 7, where B is a convex function that is allowed to
take the value 400, and 7 is a smooth perturbation (not necessarily concave). In such a case, B is supposed
to be proper and lower semicontinuous so that its subdifferential g := 83 is well defined and can replace the
derivative which might not exist. Of course, W’ has to be read as § + m, where 7 := 7/, and equation (1.2)
becomes a differential inclusion.

Moreover, initial conditions like #(0) = ¥y and ¢(0) = ¢ and suitable boundary conditions must
complement the above equations. As far as the latter are concerned, we take the homogeneous Neumann
condition for ¢, that is,

Opp=0 onX:=(0,T)xT (1.5)

where T is the boundary of Q and 9, is the (say, outward) normal derivative. The position (1.5) is mostly
the rule in the literature for the order parameter ¢. Concerning the temperature ¢, in order to address the
boundary control problem, we choose the following dynamic boundary condition

0n9 + 709r + a(¥r —mu) =0 on X (1.6)

where Y := 19|F is the trace of ¥ on the boundary and wu is the control, which is supposed to vary in some
control box U,q. Moreover, in (1.6), 7 is a positive time relaxation parameter, « is a positive constant and
m is a nonnegative function defined on I'. Notice that, in fact, the control v can act just on the subset of '
where m is positive. Thus, the state system takes the following form

00 — AV + ANp)Oip =0 in @ (1.7)

dp — Ao+ B(p) +m(p) 3 IA(p) in Q (1.8)

Ont) + 70:0r + a(Or —mu) =0 and Jpp=0 on S (1.9)
9(0) =9y and ©(0) = @q on Q. (1.10)

The cost functional we consider depends on two nonnegative constants x; and x2 and two functions J¢g and
wq on @ and €, respectively. We want to minimize

3w) =3 19 = 90 + % [ 1) gl (111
Q

Q
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where u, ¥ and ¢ vary under the constraint of the state system and u € U,q4, where the control box U,g is
defined by

Upd := {u c LQ(E) D Umin < U < Umax a.€. 0N Z} (1.12)

for some given bounded functions i, and umax. The analysis carried out in this paper shows the existence
of an optimal control for a general class of potentials W = B + 7: indeed, for this purpose B is just
assumed to be a general convex and lower semicontinuous function with minimum 0 attained at 0, that
is, 3 (0) = 0, which is physically reasonable. On the other hand, the derivation of the first order necessary
optimality conditions can be made only in case of regular (like (1.3)) and singular (like (1.4)) potentials.
Linearized and adjoint problems are under our investigation and, subsequently, the optimality conditions
can be expressed in terms of the adjoint variables (see the Theorem 2.9 stated in the next section).

Let us mention here some related work. As far as we know, the contributions on optimal control problems
for phase field models are quite a few and often restricted to the case of regular potentials, or dealing with
approximations of the actual systems when the first order optimality conditions are discussed. In this
respect, we point out the papers [11,20,21,29] concerned with distributed control problems; we also refer
to [2,4,12,13,16,23,26,28] for different types of phase field models and other kinds of control problems. The
main features of our paper are the study of a boundary control problem and the consideration of a dynamic
boundary condition, in a very simple form: indeed, (1.6) is an affine condition involving the temperature
and its time derivative on the boundary, with an external term carrying out the action of the control. About
dynamic boundary conditions, also of nonlinear type and possibly involving the Laplace—Beltrami operator,
let us quote the articles [3,8-10,14,15,17-19].

The paper is organized as follows. In the next section, we list our assumptions, state the problem in a
precise form and present our results. The well-posedness of the state system, the regularity results and the
existence of an optimal control will be shown in Sections 3 and 4, respectively, while the rest of the paper
is devoted to the derivation of first order necessary conditions for optimality, which are computed in the
case of potentials that generalize (1.3)—(1.4) (some cases of more singular potentials being the subject of a
future project of ours). The final result will be proved in Section 6 and it is prepared in Section 5 with the
study of the control-to-state mapping. Finally, Appendix A is devoted to the rigorous proof of an estimate
that is derived just formally in Section 3.

2. Statement of the problem and results

In this section, we describe the problem under study and present our results. As in the Introduction, 2 is
the body where the evolution takes place. We assume Q C R? to be open, bounded, connected, and smooth,
and we write || for its Lebesgue measure. Moreover, I' and 9, still stand for the boundary of £ and the
outward normal derivative, respectively. Given a finite final time 7' > 0, we set for convenience

Q: :=(0,t) x Q and X;:=(0,t) x ' for every t € (0,T] (2.1)
Q = QTa and X :=Xp. (22)

Now, we specify the assumptions on the structure of our system. We assume that

o, 7€ (0,+x), meL*®(Q) and m>0 ae. inQ (2.3)

B:R - [0,+00] is convex, proper and Ls.c. with B(0) =0 (2.4)

~1/

T, N:R— R are C! functions and 7', X are Lipschitz continuous (2.5)
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We set for convenience
B:=0B8, m:=7' and A=A (2.6)

and denote by D(8) and D(B) the effective domains of 8 and E , respectively. Moreover, 5°(r) is the element
of A(r) having minimum modulus for every r € D(8) (see, e.g., [5, p. 28]). It is well known that § is
a maximal monotone operator from R to R (see, e.g., [5, Ex. 2.3.4, p. 25]). Next, in order to simplify
notations, we set

V= HQ), H:=L*Q), W:={ve H*Q): 0,v =0}
as well as Hp := L*(') and Vp:= H'(T) (2.7)

and endow these spaces with their natural norms. The symbol ||-||x stands for the norm in the generic
Banach space X, while ||-||,, is the usual norm in anyone of the L? spaces on 2, I', @ and X, for 1 < p < oo,
provided that no confusion can arise. Furthermore, it is understood that H is embedded in V*, the dual
space of V', in the standard way, i.e., in order that (u,v) = fQ uv for every u € H and v € V, where (-, )
denotes the duality product between V* and V. Finally, for v € L?(Q) the symbol 1 * v is the usual time
convolution, i.e.,

(Ixv)(t) := /v(s) ds fort e [0,T). (2.8)
0

At this point, we describe the state system. Given 1y and ¢q such that
Yy €V, wo € W and ﬂo((po) €eH (29)

we look for a quadruplet (¢, Jr, ¢, ) satisfying

9 € HY(0,T; H) N L>®(0,T;V) (2.10)

Ir € H(0,T; Hr) and 9r(t) = () foraa.te(0,7) (2.11)
w e Whe(0,T; H)n H(0,T; V)N L>(0,T; W) (2.12)

£e L>(0,T;H) (2.13)

and solving the problem

/8t191)+/V19-Vv+/)\(cp)at<pv+7/0t19pvp+a/(t9p —mu)vr =0
Q Q Q r r

for every (v,vr) € V' x Vr such that vr = |, and a.e. in (0,T) (
Orp—cAp+E+m(p) =9Np) and €€ B(p) ae. in @ (
Onp=0 ae onX (2.16
9(0) =199 and ¢(0) =¢¢ a.e.in Q. (

Remark 2.1. The variational equation (2.14) is the weak formulation of equation (1.7) and of the dynamic
boundary condition contained in (1.9). Let us notice that we can deduce both (1.7) and the first condition
in (1.9) from (2.14). Indeed, by writing (2.14) with an arbitrary v € HE(2) and vr = 0, we derive (1.7) in the
sense of distributions on Q. From (2.12) we infer that ¢ is bounded since W C L*°(£2). As A is continuous,
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the same holds for A\(¢), so that A()d;p € L?(0,T; H). By comparison of terms in (1.7), it turns out that A4
belongs to L?(0,T; H) and (1.7) holds a.e. in Q. It also follows that the normal derivative 9,9 makes sense
in a proper Sobolev space of negative order on the boundary and that the integration-by-parts formula
holds in a generalized sense. By applying it, one immediately derives the dynamic boundary condition
contained in (1.9) in a generalized sense: comparing terms in it yields 8,9 € L?(X) and consequently the
boundary condition holds a.e. on X. Finally, we remark that (2.10) and the trace theorem imply ¥r €
L>=(0,T; H/2(T)).

Our first result ensures well-posedness with the prescribed regularity, stability and continuous dependence
on the control variable in suitable topologies.

Theorem 2.2. Assume (2.3)-(2.5) and (2.9). Then, for every u € L?(X), problem (2.14)~(2.17) has a unique
solution (9,91, v, &) satisfying (2.10)—(2.13), and the estimate

190l 10,7510 L 0,75v) + 100 || 20,7521
+ llellwreo,m:mnm 0,75V L (0,75w) + €l 0,y < Ch (2.18)

holds true for some constant Cy that depends only on Q, T, the structure (2.3)—(2.5) of the system, the
norms of the initial data associated to (2.9) and an upper bound for ||lu||a. Moreover, if u; € L*(X), i = 1,2,
are given and (0, Vi1, @i, &) are the corresponding solutions, then the estimate

[91 = P2l Lo 0,750y + [[(1 % 91) = (1% 92)|| Lo 0,757
+ 1910 = 2rll2m) + o1 — 2/l 0,7:m)n L~ 0.1:v)
< C'Mlur =z r2(s) (2.19)

holds true where C' depends only on Q, T and on the structure (2.3)—(2.5) of the system.

Remark 2.3. Since W is compactly embedded in C°(€2), the space of continuous functions on €2, the regularity
(2.12) implies ¢ € C(Q) := C°([0,T]; C°(Q2)) and the estimate [¢|oc < c|[¢|l L (0,r;w), Where ¢ depends

only on Q. Therefore, we also have
peCQ) and |l < Co (2.20)
where Cj is a multiple of the constant C; of (2.18).
Some further regularity of the solution is stated in the next result of ours.

Theorem 2.4. Under assumptions (2.3)-(2.5) and (2.9), the following properties hold true.
i) If in addition 99 € L>®(Q) and v € L>=(X), we also have

Y e L®(Q) and ||V < Cs (2.21)
where C3 is a constant with the same dependencies as Cy and depending on ||¥o||s and on an upper bound
for ||u||oo, in addition.

it) By also assuming 5°(po) € L (2), we have that £ € L>(Q) and

1€l o< (@) < Ca (2.22)

with a constant Cy that depends on the norm ||5°(¢0)]|eo as well.
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The well-posedness result for problem (2.14)-(2.17) given by Theorem 2.2 allows us to introduce the
control-to-state mapping 8 and to address the corresponding control problem. We define

X:=L*®2X) and Y:=Y; xYsxYs where (2.23)
Y :={vecL*(Q): 1xvec L®0,T;V)}, Ys:=L*(D) (2.24)
and Yz :=C°([0,7); H)N L*(0,T;V) (2.25)

8§: X =Y, wuw—8(u)=:(d9r,¢) where
(9,9r, ¢, &) is the unique solution to (2.10)—(2.17) corresponding to w. (2.26)

Next, in order to introduce the control box and the cost functional, we assume that

Umin, Umax € L(X)  satisfy  Umin < Umax a.€. 0n X (2.27)
K1, kg € [0,400), Vg € L*(Q) and ¢q € H*(Q) (2.28)

and define U,4 and J according to the Introduction. Namely, we set

Ued := {u €X: Unin < U < Upax a.€. 01 Z} (2.29)
Jd:=0008:X =R where Jp:Y— R is defined by (2.30)
K K
B0, 0r,¢) = [10- 00+ 2 [1o(T) = pal? (231)
Q Q

Here is our first result on the control problem.

Theorem 2.5. Assume (2.3)—(2.5) and (2.9), and let Uyq and J be defined in (2.23)-(2.31). Then, there exists
u* € Ugq such that

Ju*) <J(u) for every u € Uggq. (2.32)

From now on, it is understood that the assumptions (2.3)—(2.5) and (2.9) on the structure and on the
initial data are satisfied and that the map 8, the cost functionals Jo and J and the control box U,y are
defined by (2.23)-(2.31). Thus, we do not remind anything of that in the statements given in the sequel.

Our next aim is to formulate first order necessary optimality conditions. As U,q is convex, the desired
necessary condition for optimality is

(DJ(u*),u—u*) >0 for every u € Ugq (2.33)

provided that the derivative DJ(u*) exists in the dual space X* at least in the Gateaux sense. Then, the
natural approach consists in proving that 8 is Fréchet differentiable at v* and applying the chain rule
to J = Jo o 8. We can properly tackle this project under some further assumptions that are satisfied for
each of the potentials (1.3)—(1.4). We also have to require something more on A. Namely, we also suppose
that

D(B) is an open interval and S is a single-valued on D(f) (2.34)
B, 7 and A are C? functions. (2.35)
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In particular, 8° = (8. Furthermore, the inclusion in (2.15) reduces to £ = B(¢p), and it is no longer necessary
to split the nonlinear contribution into the equation in the form £ + 7(yp). Hence, we set for brevity

=B+ (2.36)

and observe that v is a C? function on D(3).

As assumptions (2.34)—(2.35) force B(r) to tend to oo as r tends to a finite end-point of D(f), if any,
we see that combining the further requirement (2.34)—(2.35) with the boundedness of ¢ and £ given by
Theorems 2.2 and 2.4 immediately yields

Corollary 2.6. Under all the assumptions of Theorem 2.4, suppose that (2.34)—(2.35) hold, in addition. Then,
the component ¢ of the solution (9,9Vr, v, &) also satisfies

po <<t inQ (2.37)

for some constants pe ,0* € D(B) that depend only on Q, T, the structure (2.3)—(2.5) and (2.34)—(2.35) of
the system, the norms of the initial data associated to (2.9), the norms ||9o]|co and ||3(¢0) oo, and an upper
bound for ||u -

As we shall see in Section 5, the computation of the Fréchet derivative of 8 leads to the linearized problem
that we describe at once and that can be stated starting from a generic element 7 € X. Let € X and h € X
be given. We set (9,91, @) := 8(@). Then the linearized problem consists in finding (6, O, ®) satisfying

©c HY(0,T; H)n L>(0,T;V) (2.38)
Or € H'(0,T; Hr) and Or(t) = O(t), foraa.te (0,71) (2.39)
®c HY(0,T; H)NL>(0,T; V)N L*0,T; W) (2.40)

and solving the following problem

/8t@v+/V@-Vv+/)\(¢)8t<I>v+/X(g5)8t¢<I>v
O

Q

Q Q
JrT/(?t@pUrJroz/@pvp:a/mhvp
r r

T

for every (v,vr) € V x Vp such that vp = v, and a.e. in (0,T) 241
0, — AP+~ (@) =IN(P) P+ AP)O ae. inQ
Op® =0 a.e.on X

©(0)=0 and ®(0)=0 a.e. in Q.

2.42
2.43

)
)
)
2.44)

(
(
(
(
Proposition 2.7. Let 4 € X and (9,9r,%) = 8(@). Then, for every h € X, there exists a unique triplet
(0, Or, ®) satisfying (2.38)—(2.40) and solving the linearized problem (2.41)—(2.44). Moreover, the inequality

1(©,0r, ®)|ly < Cs||hllx (2.45)

holds true with a constant Cs that depend only on Q, T, the structure (2.3)-(2.5) and (2.34)—(2.35) of the
system, the norms of the initial data associated to (2.9), and the norms ||illco, ||Yolloo and ||5(¢o)|loc- In
particular, the linear map D : h — (0, Op, ®) is continuous from X to Y.
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Namely, we shall prove in Section 5 that the map D € £(X,Y) introduced in the last statement exactly
provides the Fréchet derivative D8(@) of 8 at @. Once this is done, we may use the chain rule with @ := u*
to prove that the necessary condition (2.33) for optimality takes the form

K1 /(19* —90)0 + ko /(go*(T) — ¢Q)¢>(T) >0 for any u € Ugg (2.46)
Q Q
where (¥*, 95, *) = 8(u*) and, for any given u € U,q, the triplet (0, Op, @) is the solution to the linearized
problem corresponding to h = u — u*.

The final step then consists in eliminating the pair (0, ®) from (2.46). This will be done by introducing
a triplet (p,pr,q) that fulfills the regularity requirements

p.qg€ H'(0,T; H)NL>®(0,T;V), qe€L*0,T;W) (2.47)
pr € HY(0,T; Hr) and pr(t) :p(t)|F for a.a. t € (0,T) (2.48)

and solves the following adjoint system:

—/Btpv—f—/Vva—/)\(go*)qv—r/atppvp+a/ppvp
Q Q Q r

r
=K1 /(19* —dg)v
Q

for every v € V, vr :=v|,, and a.e. in (0,7 (2.49)

—/8tqv+a/Vq-Vv+/(v’(<p*)—ﬁ*A’(so*))qv=/A(so*)3tpv
Q Q Q Q
for every v € V and a.e. in (0,7") (2.50)

p(T) =0 and ¢(T) = r2(¢*(T) — o) a.e. in €. (2.51)

Clearly, (2.49)—(2.50) are the variational formulation of a boundary value problem. Namely, p and ¢
solve two backward parabolic equations complemented by a dynamic boundary condition for p and the
homogeneous Neumann boundary condition for q. However, it is more convenient to keep the problem in
that form.

Theorem 2.8. Let u* and (0%, 9%, ¢*) = 8(u*) be an optimal control and the corresponding state. Then the ad-
joint problem (2.49)-(2.51) has a unique solution (p,pr,q) satisfying the regularity conditions (2.47)—(2.48).

We recall that, if K is a closed interval and yo € K, the normal cone to K at yg is the set of z € R such
that z(y — yo) < 0 for every y € K. Here is our last result.

Theorem 2.9. Let u* be an optimal control and (9*,9%,¢*) = 8(u*) denote the associate state. More-

over, let (p,pr,q) be the unique solution to the adjoint problem (2.49)-(2.51) given by Theorem 2.8. Then,
for a.a. (t,x) € 3, we have

m(z)pr(t,x)(y —u*(t,2)) 20 for every y € [Umin(t, ), Umax(t, T)] (2.52)
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that is, —m(x)pr(t,x) belongs to the normal cone to [tumin(t, ), Umax(t,2)] at w*(t,2). In particular, we
have

* * *
U = Umax; U = Umin and u* € [uminaumax]

a.e. in the subsets of ¥ where mpr < 0, mpr > 0, mpr = 0, respectively.

In performing our a priori estimates in the remainder of the paper, we often use the Hélder inequality
(with the standard notation p’ for the conjugate exponent of p), its consequences and the elementary Young
inequalities

1
ab <wa'’* + (1 —w)b/%) and ab < da® + 5 b?

for every a,b >0, w e (0,1) and § > 0 (2.53)

as well as the continuous (in fact compact) embedding V' C L*(Q). Moreover, in order to avoid a boring
notation, we follow a general rule to denote constants. The small-case symbol ¢ stands for different constants
which depend only on €2, on the final time T, the shape of the nonlinearities and on the constants and the
norms of the functions involved in the assumptions of our statements. A small-case symbol with a subscript
like ¢5 indicates that the constant might depend on the parameter §, in addition. Hence, the meaning of
¢ and ¢s might change from line to line and even in the same chain of equalities or inequalities. On the
contrary, we mark precise constants which we can refer to by using different symbols, e.g., capital letters.

3. The state system

This section is devoted to the proofs of Theorems 2.2 and 2.4. As for the former, we start proving its
second part, i.e., the continuous dependence formula (2.19). From this we derive uniqueness as well.

Continuous dependence and uniqueness. We first derive an identity that is satisfied by any solution. By
integrating (2.14) with respect to time, we obtain

/19U+/V(1*’L9)'VU+T/19FUF+OZ/(1*(’£91"—mu))’l]r‘

Q 0 r r
= 007 [ = [ (o) - Rgnl)e

Q r Q

for every (v,vr) € V x Vp such that vp = v|, and a.e. in (0, 7). (3.1)

Now, we pick two elements u; € L?(X), i = 1,2, and consider two corresponding solutions (9;,9; 1, ¢i,&;).
We write (3.1) for both controls and solutions and test the difference by choosing v = ¢ := 97 — 9¥5 and
vp = Up := Y1,r — J2,r. Then, we integrate over (0,¢), where t € (0,7 is arbitrary. At the same time, we
write (2.15) for both solutions, multiply the difference by ¢ := ¢ — @9 and integrate over @,. Finally, we
add the equalities we have obtained to each other. By also setting v := u; —ug and & := &; — &5 for brevity,

/w\? /|vm9 W) + /w /|(1*19F)(t)2
Q¢ T
+§/|so<t>|2+o—/|ww2+/ao

Q Q¢ Q¢

we infer that
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= a/m(l *u)dp — /(X(W — Agp2))9
Do Q1

- / (n(n) — m(2)) 0 + / (91M(01) — I\ (122)) 0. (3.2)

Qt Q¢

All the terms on the left-hand side are nonnegative, including the last one since /5 is monotone. We estimate
each term on the right-hand side, separately. In the sequel, § is a positive parameter. We have

a/m(l*u)ﬂp - —a/mu(l*ﬂp)—&-a/m(l*u)(t) (1+0r)(1)
> b T

Sc/|1*19p|2—|—c/|u|2—|—5/|(1*19p)(t)|2+65/|(1>ku)(t)\2 (3.3)
oA 5, r r

and the last integral is bounded by cs||u|? 12(s due to the Holder inequality. Next, owing to the boundedness
of 1 and ¢y ensured by Remark 2.3 and to the regularity of X on bounded intervals, we infer that

- [ G =Moo e [lel 015 [ 198 +cs [ 1o
Q1 Q1 Qt Qs

and the third integral on the right-hand side of (3.2) can be treated in a similar way. Finally, we deal with
the last term. As X is Lipschitz continuous (see (2.5)) and 2 is bounded, we have

/(191)\(%) — DaX(p2)) = /191(>\(501) *A(<P2))90+/?9>\(802)90
Qt Qt Q¢

<c [l +c [Wllel<c [illoP+6 [P+ [ 162,
Qs Q: Q: Q: Q¢

On the other hand, by combining the Holder inequality, the Sobolev inequality ||v||4 < c||v||v for every
v € V, and the regularity ¢; € L°°(0,T;V), we obtain

/ I / 92l e s) ()2 s

/H«a v llots ||2d5<5/|V</>I2+Ca/I<P|2

At this point, we collect all the estimates we have derived, choose d small enough and apply the Gronwall
lemma. Thus, we obtain (2.19) and uniqueness easily follows. Indeed, taking u; = ug in (2.19) immediately
yields 91 = 9, Y10 = Y2 r and 1 = @y. Using finally (2.15), we also have {; = &;. O

In order to complete the proof of Theorem 2.2, we have to show the existence of a solution and to
establish estimate (2.18). To this end, we first replace £, X and A by the smooth approximation of them f,.,
XE and A we introduce below, where ¢ is a positive parameter, say € € (0,1). By doing that, we obtain the
approximating problem of finding a quadruplet (9., 9. r, ¢., &) satisfying regularity requirements of type
(2.10)-(2.13) and solving



442 P. Colli et al. / J. Math. Anal. Appl. 434 (2016) 432-463

/5t19€v+/V195'Ver/atXE(gag)quT/8t1957pvp+04/(1957p—mu)vp =0
Q Q Q r

r

for every (v,vr) € V x Vp such that vr = UL and a.e. in (0,7) (3.4)
Orpe — 0Ape + & +7(pe) = A (pe) and & = Be(pe) a.e.in Q (3.5)
Onpe =0 a.e.on (3.6)
9:(0) =399 and ¢-(0) =y a.e. in . (3.7)
The regularity we require for the solution is the following
9. € HY(0,T; H) N L>(0,T;V) (3.8)
Jer € H'(0,T; Hr) and 9. p(t) =9-(t), foraa.te(0,T) (3.9)
e € HY0,T; H)N L>®(0,T;V) N L*(0,T; W). (3.10)

The lower level (3.10) with respect to (2.12) has been chosen for convenience. However, the solution we find
also satisfies (2.12), as it will be clear from the proof. In the above equations, S; is the Yosida regularization
of B at level ¢ (see, e.g., [5, p. 28]). It is well known that 3. is maximal monotone, single-valued and Lipschitz
continuous. We also introduce the function BE defined by

Bg(r) = /[35(5) ds forreR (3.11)
0
and recall that
|B(r)] < 18°(r)| and B(r) = B°(r) for r € D(B) (3.12)
0< Eg(r) < B(T) for every r € R. (3.13)

For (3.12) see, e.g., [5, Prop. 2.6, p. 28], while (3.13) follows from (3.12) and 3.(0) = 0 (cf. (2.4)). Further-
more, \. as well as its derivative )\, are defined by

:\\E(r) = X(r) C(er) and A (r):= % :\\5(7") for r € R, where
¢ € C*(R) satisfies ((r) =1 for |r| <1 and {(r) = 0 for |r| > 2. (3.14)

Notice that both 3\\8 and \; are bounded and Lipschitz continuous, and we set
A, == sup A.| and A, :=sup|A.|. (3.15)

Our project is the following: ) we prove that problem (3.4)—(3.7) has at least a solution by a fixed point
argument; i) using compactness and monotonicity methods we show that its solution tends to a solution
of problem (2.14)—(2.17) as € \, 0, at least for a subsequence. We need two lemmas.

Lemma 3.1. Let 9. € L?(0,T; H). Then, there exists a unique . satisfying (3.10), (3.5)~(3.6) and the second
Cauchy condition in (3.7). Moreover, the estimate

||<Pe||Hl(O,T;H)m:w(o,T;V)mL2(0,T;W) < Ca(l + |‘196||L2(07T;H)) (3.16)

holds true with a constant C. that depends on the structure (2.3)-(2.5), the norms involved in (2.9) and €,
but it is independent of ..
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Proof. We are dealing with a standard semilinear parabolic problem that has a unique solution with the
required regularity. We just derive estimate (3.16) and control the dependence of constants. We multiply
equation (3.5) by 0;p. and add the same integral to both sides, for convenience. We have

J1ow+ [1e+5 [ 19t + [ Butente)
Q

Q¢ Qt Q
= %/|V<P0|2+/Ba(wo)—/ﬂ(%)at%Jr/ﬂe /\g(we)at<p8+/\<pg|2 (3.17)
Q Q

Qt Qr Q¢

where . is given by (3.11). We recall (3.13) and (2.4), which imply that B.(p0) < B(¢o) < 8°(0)¢o a-e.
in Q. Thus (2.9) yields ||B:(¢0)||l1 < c¢. Furthermore, notice that |A:(¢:)| < Ac (see (3.15)). On the other
hand, 7 has a linear growth, so that

1
- [ 7ot <5 [10e v [lof+c
Qe Q¢ Qt

and the last integral, which coincides with the last term on the right-hand side of (3.17), can be treated as
follows: for every s € [0, t], we have

S
Pe(s) = o + /8,5908(8’) ds’,  whence
0

S

2
< c+c/|8tg05(s’)\2ds'.
0

(o < 2ol + 2| [ Bupe(s)
0

It turns out that

t
/|<p€(t)|2 < c—l—c/|6t<p€|2 and /|<,0€|2 < c+c/</\8t<p5|2) ds. (3.18)
Q Q¢ Q¢ 0

Qs

The second inequality in (3.18) implies that its left-hand side, i.e., the integral we are dealing with, can be
handled by the Gronwall lemma and we conclude that

loell o,y + IVl oo 0,0y < ¢+ ¢(1+ Ac) 19| 20,731

where ¢ depends only on the structure and the initial datum ¢q. From this estimate and the first inequality
in (3.18) it follows that

0l 10,75 m)nL (0,15v) < €+ (14 Ae) |9l L2 (0,750

with a similar new constant ¢. Now, for a.a. ¢ € (0,7), we write (3.5) at time ¢, multiply by &.(t) and
integrate over Q). We obtain a.e. in (0,7")

o [BteTed + [16f = [(-ouee - ne0) + 1 0(00)) &

Q

1
<5 [l +e (@ + 1+ 10c + Porcleol?)
Q Q
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whence immediately for a.a. ¢ € (0,7")
1€z < (1 + 10epe ()l + Il (0) [l + 19 () (0 ()] ) (3.19)
In view of the regularity of ¢, already achieved and the one of 9., recalling (3.15) we deduce that
I€cllz20,mm) < ¢+ c(L+ Ao) 19cl L2011

where ¢ has the same dependencies as above. As the estimate of the norm of ¢, in L?(0,7; W) follows by
comparison of terms in (3.5) and elliptic regularity, the proof of (3.16) is complete. O

Lemma 3.2. Let . € H'(0,T; H). Then, there exists a unique pair (Jc,9.r) satisfying (3.8)~(3.9) and the
first initial condition in (3.7) and solving the variational equation (3.4). Moreover, the estimates

[9ellz2(q) < Re (3.20)

19t 0,70y Lo 0,75v) + 196,01 0,73 01) < De(1+ lpell e o,750)) (3.21)

hold true with constants R. and D. that depend on the structure (2.3)-(2.5), the norms involved in (2.9),
the norm ||ull2 and e, but they are independent of v..

Proof. We set
V:={(v,ur) €V x Hr : UFZ’U|F}, H:=H x Hr (3.22)

and endow these spaces with the scalar products defined on V? and H? by

((w,wr), (v,vr)),, = /(Vw - Vv + wv) + /wpvp (3.23)

Q r
((w,wr), (v,vr)) 4 = /wv—i—T/wpvp (3.24)
) r

respectively. Then, we obtain two Hilbert spaces and V is continuously and densely embedded in H, so that
we can construct the Hilbert triplet (V, H,V*) in the usual way. Moreover, we define the continuous bilinear
form a on V2 by the formula

a((w,wr), (v,vr)) = /Vw . Vv—i—a/wpvp (3.25)

Q T

and consider the operator A € L£(V,V*) associated to a. As a clearly satisfies
a((va 'UF)7 (U, UF)) + (1 + %) H(va 'UF)”%C > H('Ua UF)”%? for every (var) ev

the general theory (see, e.g., [24]) ensures that, for every F € L?(0,T;V*) and Uy € H, there exists a
unique U satisfying

U e HY 0,T;V)n L*0,T;V) c C°([0, T); )
Ut)+AU@) = F(t) ae. in (0,7) and U(0)= U,
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and that U € HY(0,T;3) N L>(0,T;V) whenever F € L?(0,T;H) and Uy € V. In view of our assumption
on . and (2.9), we choose

F= (—8txg(g05),amu) € L*(0,T;H) and Up= (190 ,190|F) eV

and obtain a unique pair (J¢, V. ) satisfying (3.8)—(3.9) and the first initial condition (3.7) and solving the
variational equation (3.4). Let us now prove estimates (3.20)—(3.21). We observe that the analog of (3.1)
obtained by replacing A by A holds for (9., 9., pe). So, we take (9., Y. ) as test pair and have

/W /|vm9 |2+T/|196r|2 S [1asv.nwp

—a / m(1 % u)der + / oV + 7 / (Vo[ )0 + / e (00) = Ae(02))Vs . (3.26)

pon Q DI Qt

All the integrals on the left-hand side are nonnegative and the first term on the right-hand side can be
estimated as we did in (3.3), namely

a/m(uu)ﬁg,p Sc/|1*195,1~|2+c/|u|2—|—5/|(1*1957p)(t)|2—|—65/|(1*u)(t)2
I > P T I

and the last integral is bounded by c5|u||3. (z) due to the Holder inequality. The remaining terms on the
right-hand side of (3.26) are treated in the usual way with the help of the Hélder and Young inequalities;
just for the last term we point out that

/ (e(00) — Aelie))de < 2R, / 19, < 6 / 1912 + 5| A
Q¢ Q¢ Q¢

thanks to (3.15). Thus, by choosing ¢ small enough and applying the Gronwall lemma, it is straightforward
to obtain the desired estimate (3.20). Let us now prove (3.21). The rigorous argument could rely on testing
(3.4) by a V-valued approximation of (0;9., 0:9. r). However, we prefer to avoid such a detail and formally
test the equation by (9,9., 0,9, 1), directly. We have

1
/\amg|2+5/|v195(t)|2+7/|aﬂ96,p|2+%/we,r(t)2
Q Xt r
= / (@E)Gttpgatﬂ +a/mu8t e+ = /|V’L90|2 /|?90|F‘2

Q: X Q T

As [Ae(pe)] < Ac (see (3.15)) and g satisfies (2.9), we immediately derive (3.21) owing to the Holder and
Young inequalities. O

At this point, we are ready to complete the proof of Theorem 2.2 by following our project sketched above.

Existence of the approximating solution. As said before, we are going to use a fixed point argument. We
often avoid stressing the dependence on &, which is fixed. We consider the closed ball of L%(Q)

B:={veL*Q): |v|s < R:} (3.27)
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where R, is given by Lemma 3.2 (see (3.20)) and define the map F : B — L?(Q) by the following steps: i) for
¥ € B we apply Lemma 3.1 where 1, is replaced by ¥, find the solution ¢, and term it &(19); ) by starting

from such a ¢., we apply Lemma 3.2, find the solution (9,9, r) and set F(¥) := Y. By construction, it

turns out that F(«) € B: indeed, the constant R, in (3.20) is independent of || || g1 (0,1, Moreover, with
the above notation, we deduce from Lemmas 3.1 and 3.2 (cf. (3.16) and (3.21))

||SD€||H1(O,T;H)QLOO(O,T;V)ﬂL2(O,T;W) <C; (1 + Re) (328)
19l #1107 10y Lo< 0,75y + [[9e,r | (0.1 1r) < De(1+ Co(1+ Re)). (3.29)

Therefore, F(B) is relatively compact by the Aubin—Lions lemma (see, e.g., [25, Thm. 5.1, p. 58]). Now, we
verify that J is continuous. So, we assume that ¥, € B and that 1J,, converges to ¥ in L?*(Q), and we prove
that ¥, := F(J,,) converges to F(¥J) in L?*(Q). We set for convenience ¢, := &(9,,) and ¥, 1 := V|- As
U, € B, estimates (3.28)—(3.29) hold for ¢,, ¥,, and ¥,, . Hence, for a subsequence, ¢,,, ¥, and ¥,, r converge
to some ¢, ¥ and Y in the corresponding weak or weak star topologies. Clearly, Ir = 19|F. Moreover, ¢,, and
¥, converge to ¢ and ¥ strongly in L?(Q) by the Aubin-Lions lemma. This implies that f(p,) converges
to f(y) strongly in L?(Q) for any Lipschitz continuous function f : R — R, and this is the case if f is
cither A, or A, or A, or 7. As a consequence, 8,5X5(<pn) = Ae(pn)Orpn and Ip A (¢n) converge to A:(¢)0rp
and Y\ (p) at least weakly in L'(Q). Therefore, the quadruplet (¥, 9r, ¢, &), where ¢ := B.(y), solves the
integrated version of the variational formulation of the approximating problem (3.4)(3.7) with smooth test
functions, with 9. replaced by 9 in (3.5). This easily implies that ¥ = F(J). As the same argument holds for
any subsequence extracted from {9, }, the continuity we have claimed is proved. Therefore, we can apply
the Schauder fixed point theorem and conclude that F has a fixed point ¥.. As 9. belongs to F(B), it
satisfies (3.8). Moreover, J.,r := ¢, belongs to H'Y(0,T; Hr), the function ¢, := &(1J.) satisfies (3.10) and
the quadruplet (Je, Ve, e, &), where & := B:(p¢), solves (3.4)-(3.7). O

The last step consists in letting € tend to zero and getting a solution to (2.14)—(2.17). To this aim, we
derive a priori estimates on the approximating solution that are uniform with respect to € € (0,1). As such
estimates are conserved in the limit as € N\ 0, inequality (2.19) is established as a consequence.

First a priori estimate. We choose v = 9. and vr = Y. in (3.4) and integrate over (0,¢). At the same

time, we multiply (3.5) by dype and integrate over ;. Then, we add the equalities obtained in this way
and observe that the terms involving the nonlinear function \. cancel out. Hence, we have

1
3 [10:0F+ [190.2 47 [10.00P +a [ 100
Q Q+ r 2,
O' ~
+ [1ow + 5 [ IVoctP + [ Buleatv)
Q Q Q

1 T o ~
=5 [0l + 3 [0+ 5 [ 19l + [ Bt
Q T Q Q

+a/mu19€,p — /w(%)aﬂpg.

3¢ Q¢

As (3.13) holds, 7 is Lipschitz continuous, m and u are bounded, and the data satisfy (2.9), we easily
deduce that

Ws||L°°(0,T;H)0L2(O,T;V) + ||198,F||L°°(0,T;Hp) + ||<Pa||H1(0,T;H)mLoo(o,T;V) <c. (3~30)
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Since [Ao(r)| < ()| +c(1 +|r]) < e(1+|r]) (by (3.14) and (2.5)) and V C L5(Q), it follows that
[Ae(@)llz2(0,mi08(0)) < ¢ and  [[9Ae(we)llL20,m23(0)) < ¢ (3.31)
Therefore, by applying (3.19), we deduce that
€l 20,300y < € (1 + lloellmro,rsmy + 19X (@)l L20,750)) < c. (3.32)
Hence, in view of (3.5) we easily derive an estimate of Ay, in L?(0,T; H), whence
lpellz2(0,mm) < ¢ (3.33)
by (3.6) and elliptic regularity.

Second a priori estimate. The estimate we need next is the following

Hﬁa||H1(0,T;H)F1L°°(O,T;V) + ||?9 LI HY(0,T;Hr)

+ l@ellwro 0, m;m)nm (0,15v) < €. (3.34)
A rigorous proof is given in Appendix A. Here, we proceed formally. We take v = 0;¥. and vr = a”9€|r
as test functions in (3.4) and integrate over (0,t). At the same time, we multiply the equation obtained by

differentiating (3.5) with respect to time by 0;¢. and integrate over ();. Then, we add the equalities just
derived to each other. Since the terms involving the product 99, 0:p. cancel out, we have

J1ow.p 5 [1vocwr+r [ 1o+ 5 [1ocp
O, Q s, r
+5 [P +o [ Vol + [ eoiae
Q Qt Qt
_1 V|2 + o 1902 1 2 / 2
5 [ 1V + 5 [100, + 5 [1000F + [ooxeola.
Q r Q Q

+a/mu0ﬂ95,r —/77'(905)|3t%|2-
S

Q1

All the terms on the left-hand side are nonnegative, in particular for the last one we use the monotonicity
of .. Moreover, the first two terms on the right-hand side are finite by (2.9) and the last two integrals can
be treated in an obvious way by also taking the Lipschitz continuity of 7 into account. In order to control
the term involving A, we observe that (3.14) easily implies that |\.(r)| < cfor all r € R and € € (0,1). We
also recall that V' C L*(Q) and term C the norm of the embedding. Therefore, owing to the Hélder and
Young inequalities, we obtain

/19 Ne(pe)|rpe|* < c/||19 M ll0:pe(s)lla [|0epe(s)l]2 ds
Qi

t
/wMg|uw+c/w )2 9hepe (5)]2 ds
0
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t t t
g g
<% 1900y ds + 5 [lowats)lrds +c [ 19:05)1% 19u-(5) B ds
0 0 0

and we remark at once that s — ||J.(s)||# is bounded in L'(0,7) by (3.30). Finally, we estimate 0;p.(0)
in H. We formally have from (3.5)

O1p:(0) = 0Apg — Be(wo) — m(po) + PoAe(po) a.e. in Q

and we recall (2.9), (3.12) and the inequality |A:(7)] < |A(r)| 4+ ¢(1 +|r|) < ¢(1+4|r]) for every r € R. Then,
accounting for the continuous embedding V' C L*(Q2) once more, the bound ||0;¢.(0)|z < ¢ follows and
(3.34) is obtained via the Gronwall lemma.

Third a priori estimate. The Hélder inequality, the continuous embedding V' C L*(2) and (3.34) imply
[9Ae (o)l oo 0,131y < €Vl oo 0,mn () (1 + 0l oo 0,704 0))) < € (3.35)
On the other hand, (3.19) holds for the approximating solution. Thus, £ is bounded in L*>°(0,T; H) and a

bound for Ay, in L*>(0,T; H) follows by a comparison of terms in (3.5). Hence, by also using (3.6) and the
elliptic regularity theory, we have

l@ell oo 0,75y + 1€l Lo 0,1321) < - (3.36)

Conclusion of the proof. By standard weak and weak star compactness results, we have for a subsequence

9. =9  weakly star in H'(0,T; H) N L*(0,T;V) (3.37)
.1 — dr weakly in H*(0,T; Hr) (3.38)
. — ¢  weakly star in W5°(0,T; H) N H'(0,T;V) N L*>®(0,T; W) (3.39)
& — ¢ weakly in L>°(0,T; H) (3.40)

and Jr(t) = J(t), for a.a. t € (0,T). Owing to the compact embedding W C C°(Q) and to [27, Sect. 8,
Cor. 4], we can also assume that the selected subsequence satisfies

we = ¢ uniformly in Q (3.41)

so that Ac(pe) converges to A(p) uniformly in @ since A.(r) converges to A(r) uniformly on every bounded
interval. We deduce that A:(p:)0rpe and YA (@) converge to A(@)dip and to YA(p) at least weakly
in L?(Q). Finally, we have ¢ € 8(p) a.e. in Q by applying, e.g., [1, Prop. 2.2, p. 38]. Therefore, we can pass
to the limit in the integrated version of problem (3.4)—(3.7) written with time dependent test functions and
easily conclude that (9, 9r, ¢, ) is a solution to problem (2.14)-(2.17). O

Now, we prove Theorem 2.4. For the claim ), we first consider the Cauchy problem for the linear
variational equation

/8t19@+/V19~Vv+7/8t19pvp+a/19rvr=/¢U+/¢FUF
Q Q r r Q r

for every (v,vr) € V x Vr such that vp = v, and a.e. in (0,T) (3.42)

where ¥ and ¥r are given, and prove the following
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Proposition 3.3. Assume that ) € L°°(0,T; H), ¢r € L*(X) and ¥y € VNL>®(Q) and that the corresponding
norms are estimated by some constant C. Moreover, assume that (9,971) enjoys the regularity (2.10)—(2.11)
and satisfies the variational equation (3.42) and the initial condition ¥(0) = ¥g. Then, 9 is bounded and the
estimate

[9]lec <C
holds true with a constant C that depends only on Q, T, 7, a and C.

Proof. This is a regularity result for a linear problem. Hence, it can be established by considering the
following cases:

a) =0 and UYy=0; b) ¢r=0.

Let us consider the first one. For any integer n > 0 and p € (2, 4+00) we define

7|
T, (r) := ntanh " and Tp(r) := /(Tn(s))pflds for r € R.
n
0

Now, we set ¥, = T,(9) and J,r := T,(Ir), and we test (3.42) by v = [J,[P"'signd and vp =
|9, r|P~! signJr, where the sign function is extended by sign(0) = 0. Then, we integrate over (0,7'). As
sign ¥,,,r = signYr, we obtain

[ Tuao@) 47 [ T + 0= 1) [ 1072 T@IVIP 4 [ 0e]10007
Q )

Q r

= /wp \ﬁn,p|p*1 sign Ir .
)

All the terms on the left-hand side are nonnegative. Hence, by observing that |r| > |T,,(r)| for every r, and
applying the Young inequality, we have

o / Gnrl? < a / e |0n P~ < / o] [ S P
> > )

/ / 1 ! 1
= [am el sl < [ (Gam ¥ ke + el
p p
p

P

whence immediately

« 1 1/
. / ol < a7 / el or ol < @ VP ]l
) >

By noting that |T,,(r)|  |r| for every r € R as n 7 0o, we can let first n and then p tend to infinity and
deduce that Jr is bounded. Namely
[9r]lee < @Yl < C/ar. (3.43)

Hence, we can apply [22, Thm. 7.1] with ¢ = 2 and r = oo and conclude.
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In case b) we adapt the proof of [22, Thm. 7.1] (still with ¢ = 2 and r = o) to our situation. For
k > max{1,C} we set ¥* := (¥ — k)* and 9 := (9r — k)T and take v = 9% in (3.42). By simply writing
Ir = (Ir — k) + k and observing that 9¥*(0) = 0 since ¥y < C, we obtain

%/|19k(t)|2+%/|19’13(t)|2+/|V19’“|2+a/|191’3|2—i—k;a/z?k :/wk

Q T Qt p 3¢ Q:

5 [1F R+ [1902 < [ won
Q Q1 Q1

This corresponds to formula [22, (7.6), p. 183] and the whole argument can be performed in the same way

whence also

till formula [22, (7.14), p. 186]. Then, just one modification is needed. Namely, we account for [22, Rem. 6.2,
p. 103] in applying [22, Thm. 6.1, p. 102] since no upper bound for Jr is known now. This leads to the
desired estimate from above ¥ < C. The corresponding estimate from below is obtained by applying the
former to —9. O

Now, we apply the above result by observing that the pair (¢,Jr) we are interested in satisfies (3.42)
with ¢ := A(¢)0:p and ¢¥r := mu, and notice that these functions belong to L*°(0,T; H) and to L (%),
respectively. Moreover, the corresponding norm of ¢ has been already estimated by (2.18), while an upper
bound of the norm of ¥r is supposed to be given in the statement. This yields the claim ) of Theorem 2.4.

The next step should be the proof of i) of Theorem 2.4. To this aim, we just refer to [11, Thm. 2.2, ii7)].
In fact, the proof given there shows that the component £ of a pair (i, £) satisfying (2.12)—(2.13) and solving
the homogeneous Neumann problem for the equations

dhpo—oAp+{+m(p)=/f and {€f(p) ae inQ

is bounded whenever f € L (Q). Such a statement is proved just with f = ¢ in the quoted paper by knowing
that ¥ is bounded. However, the same proof is valid with any bounded f. Here, we have f = J\(p), and
both ¥ and A(p) are bounded.

4. Existence of an optimal control

We prove Theorem 2.5 by the direct method. Since U,q is nonempty, we can take a minimizing se-
quence {uy} for the optimization problem and, for any n, we can consider the corresponding solution
(s Un.ry @n, &) to problem (2.14)-(2.17). Then, {u,} is bounded in L*°(€2) and estimate (2.18) holds for
(Vs In.ry @n, &n). Therefore, we have

u, — u*  weakly star in L>(Q)

I — 9*  weakly star in H'(0,T; H) N L*>(0,T;V)
Inr — U5 weakly star in H'(0,T; Hr)

©on — " weakly star in W(0,T; H) N H*(0,T; V)N L>®(0,T; W)
& — & weakly star in L>°(0,7T; H)

at least for a subsequence. Then, u* € U,y since Uyq is closed in X. Moreover, the initial conditions for ¥*

and ¢* are satisfied and 9} = ¥ a.e. in (0, 7). Thus, we can easily conclude by standard argument. Indeed,

I
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{pn} converges to ¢* uniformly in @ due to the compact embedding W C C°(Q) (see, e.g., [27, Sect. 8,
Cor. 4]), whence 7(¢y,,) and A(p,,) converge to m(¢*) and A(¢*) in the same topology. We also deduce that
A(9,)0s 0 and 9, Xy ) converge to A(9%)d;p* and 9*\(p*) at least weakly in L?(Q), and that £* € B(¢*)
(note that ¢, — ¢* strongly in L*(Q) and see, e.g., [1, Prop. 2.1, p. 29]). Hence, (9%, 9%, ¢*, &%) satisfies
the variational formulation in the integral form of problem (2.14)-(2.17) corresponding to u*. Therefore

u€EUqq

5. The control-to-state mapping

As sketched in Section 2, the main point is the Fréchet differentiability of the control-to-state mapping S.
This involves the linearized problem (2.41)-(2.44) and we first prove Proposition 2.7, i.e., well-posedness for
the linearized problem and the continuous dependence of its solution on the parameter h. It is understood
that all the assumptions of Theorem 2.4 as well as (2.34)-(2.36) are in force.

Well-posedness. We aim to apply a contraction argument. To this end, we observe that all the coefficients that
enter the equations but ¢ := X ($)9;@ are bounded thanks to Corollary 2.6 and that the possibly unbounded
coefficient ¢ belongs to L>(0,T; H). We define the maps F;, F5 and F in a proper functional framework
as follows. For © € L?(Q), we consider the problem for ® given by (2.42)-(2.43) and the second condition
in (2.44), where © in (2.42) is replaced by ©. We obtain a linear parabolic problem which has a unique
solution ® satisfying (2.40). We set F1(0) := ®. By doing that, we obtain a map F; : L2(Q) — H'(0,T; H).
Now, we fix ® € H*(0,T; H) and consider the problem for (©,©r) given by the variational equation (2.41)
and the initial condition ©(0) = 0. Such a problem has a unique solution (0, Or) satisfying (2.38)—(2.39),
as one can see by arguing as in the proof of Lemma 3.2, and we set F5(®) := ©. In this way, we obtain a
map Ty : HY(0,T; H) — L*(Q). We set F := F5 0 F; and prove that some iterated F™ of F is a contraction
in L2(Q) by deriving some estimates involving F; and Fy, separately. For © € L%(Q) we write (2.42) with ©
in place of © and multiply it by ®. Then, we integrate over @); and obtain

5 [100F <o [[voP = [@V@) - @)oF + [ IN@) 6]l
Q Q¢ Q1

Qs

Hence, with the help of the Young inequality and the Gronwall lemma, we deduce the a priori estimate
||@‘|Lm(07t;H)ﬂL2(07t;v) S C ”éHLZ(Qt) fOI‘ every te [O,T]

where the constant C' we have marked with a capital letter for a future reference does depend neither on ¢
nor on O. As F; is linear, this means that

1F1(01) — F1(O2) || 0,65 n12(0,6:v) < C |01 — Oall12(,) for t € [0,T] (5.1)

for every ©1,0, € L?(Q). Now, for given ®; € H'(0,T; H), i = 1,2, we consider the problems corresponding
to the definition of ©; = F5(®;) and take the difference. By setting ® := ®; — ®5 and analogously defining
© and Or for brevity, we see that (2.41) holds with h replaced by 0. We integrate such an equality with
respect to time. By observing that A($)0;® + X ($)0:p ® = 0:(A(P) P), we simply obtain

Q/@U—i—ﬁ/V(l*@)-VU+TF/®F11F—|—0¢F/(1*@F)UF:—//\(Q)@v (5.2)

Q
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for every (v,vr) € V' x Vr such that vr = 1|, and a.e. in (0, 7). By choosing v = © and vr = Or, integrating
with respect to time and forgetting some nonnegative terms on the left-hand side, we easily infer that

1©1 = O2llr2(0,41) < D [|P1 = Polr2(0,4m) for ¢ € [0,7T] (5.3)

where we have marked the constant D for convenience. If we combine (5.3) written for ®; = JF1(6;)
with (5.1), we deduce the estimate

t

15(01) = F(©2) 720,y = /II(91 — ©2)(s)|7 ds

0

t
< D? [ (@1 - ©a)(o)3 ds < D [[1@1 = @alfeo ) ds
0

¢
< D*C? /||(§1 — @2||2L2(0,5;H) ds for every t € [0,T]

and this can be iterated. By doing that, we obtain the inequality

- _ 02D2
|1F(©1) _gm(GQ)”i?(O,t;H) < ( 2l

181 = Ol 72(0.1.11)

for every ©; € L?(Q), t € [0,7] and m > 1. By choosing m such that (C?2D?T)™ < m! and t = T, we
see that F™ is a contraction in L?(Q), whence F has a unique fixed point ©. Then, © and the associated
functions ©Or and ® that enter the construction of F; and Fy provide a unique solution to the linearized
problem (2.41)—(2.44) with the regularity (2.38)—(2.40).

Continuous dependence. This is given by the estimate (2.45) we prove at once. By integrating (2.41) with
respect to time and proceeding as we did for (5.2), we have

/@U+/V(1*@)-Vv+7'/@rvr+a/(1*@p)vp:—//\(42))<I>v+ar/m(1*h)vp

Q Q T r Q

for every (v,vr) € V x Vr such that vpr = U and a.e. in (0,7). Now, we take v = ©, vpr = Or and integrate
over (0,t). Besides, we multiply (2.42) by §0;®, where 0 is a positive parameter, and integrate over Q;. Then,
we add the equalities we obtain to each other. Furthermore, we add the same term (5/(47)) [, |®(t)]* to
both sides for convenience. Also, owing to the boundedness of the coefficients and to the Young inequality,

and setting C := || \(9)]|%,, we have

/|@|2+%/|V(1*@)(t)|2+7/|@F|2+%/|(1*@F)(t) :
Q1
/|at<1>|2 /\wb /|<I>

Q: Q

:f/A(gZ)‘I)@wLa/m(l*h)@r

Qt P

+5/( "(@) + 9N (P ))q>at<1>+§/ @at<1>+—/|<1>

Qt Qt
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1
S5C/|@|2+E/|<I>|2+g/|@r|2+c/|1>|<h|2
Qt Q+ I 3

é 2 2 2 i 2
+2/|at<1>| +5c/|<1>\ +6C/|6| +4T/|<I>(t)| .
Q: Q

Qt Qt

Moreover, by arguing as we did to derive the first inequality in (3.18), we see that

J 2 d 2

R < — )

4T/|‘1)(t)| = 4/‘8t‘1)|
Q Q:

Therefore, by choosing § such that 26C' < 1 and applying the Gronwall lemma, we obtain

1©]|L2(q) + 11 * Ol 0, rvy + 1OrlL2(s) + 1@l &1 0,135y (0,13v) < |1 * Rl p2(sy -

=

At this point, it is easy to see that the above estimate implies (2.45). O

Here is the main result of this section.

Theorem 5.1. Let w € X. Then, 8 is Fréchet differentiable at @ and the Fréchet derivative [DS](u) is precisely
the map D € L(X,Y) defined in the statement of Proposition 2.7.

Proof. We fix 7 € X and the corresponding state (9,9, p) := 8(i) and, for h € X, we set

(ﬁhvﬂ{iv@h) = 8(ﬂ+h) and (Chvgll“lanh) = (19}1 _1_9_(9’79}15—51“ —GF,Sﬁh—Q—q’)
where (0©,0r,®) is the solution to the linearized problem corresponding to h. We have to prove that
(<™, ¢t ") ly/lhllxc tends to zero as ||hl|x tends to zero. More precisely, we show that some constant ¢
exists such that

16", ¢t n™)ly < cllhllZas)  provided that [[A]lx <1 (5.4)

and this is even stronger than necessary. So, we assume |||l < 1 and make a preliminary observation.
As @ is fixed and ||@ + hlloo < ||@]|co + 1 for every h under consideration, we can apply Theorem 2.4 and

Corollary 2.6 and find constants ., 9%* € R and ¢,, ¢* € D(8) independent of h such that

e < <9 and ¥, <Y <Y ae. inQ (5.5)
and . < " < p® ae in Q. (5.6)

Moreover, we can also exploit the second part of Theorem 2.2 with u; = @ 4+ h and us = @. By doing that
and also owing to the continuous embedding V' C L*(Q), we derive from (2.19)

19"~ Bllm o < Okl . lle* — Bllose) < MO Ihlla) (5.7)

1" = @l Lo 0,1504(2)) < MC'||h] L2(s) (5.8)

where the constants M and C’ do not depend on h. Now, the problem solved by (¢", (&, n") is the following
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/atghw/vch vv+7/atgrvp+a/grvp

/ A"~ NP~ A(P)0® — X(2)0p @}

for every (v,vr) € V x Vr such that vp = v, and a.e. in (0,T) (5.9)
o — oAyt = —EM 4 ED a.e. in ), where (5.10)
B =" = (@) -7 (@) @ (5.11)
By = 0"\(¢") - IA(p) — \(p)© — N (p) @ (5.12)
O =0 ae.on® and ¢"(0)=n"(0)=0 a.e. in Q. (5.13)

By integrating (5.9) with respect to time, we obtain

/ChU—F/V(l*Ch).VU—FT/C#UF—&—Q/(l*CI’})UF:_/Zhv

Q Q T T Q
for every (v,vr) € V' x Vr such that vr = |, and a.e. in (0,T) (5.14)
where Z" := X(gph) —AN®) - A@)®. (5.15)

At this point, we take v = (" and vr = (! in (5.14) and integrate over (0,t). Besides, we multiply (5.10)
by n and integrate over Q. Finally, we add the resulting equalities to each other. We obtain

/\<h|2+%/\V(l*&)(t)ﬁ+7/|<{1|2+§/|<1*<#><t>2
Q: DN r
/|n o [1vnF

Qt

_ _/thh_/E{th_,'_/E;th (5.16)

Q1 Q1 Q1

and we now estimate each term on the right-hand side. To this end, we represent the functions Z" and E!,
i = 1,2, in different forms. By applying the Taylor expansion to A and v, we find functions @ and ¢ taking
values between the ones of @ and " such that

Ae") ~A(B) = M) ("~ 7) + 3 X(@) (6" — 7

6"~ 1(8) = 7(@) ("~ B) + 57"(8) (¢ ~ 7

whence immediately
_ 1., _ _ 1 - _
Z" = X"+ 5 N(@) (¢" —9)* and Bl =+'@0n" +57"(8) (¢" —§)*.

In order to rewrite E¥, we observe that, if G : R? — R is a C? function, we have for every (y,z) and (', 2)
in R? and for a suitable (9, #) in between

1 .
a5 yl_yazl_z] Dzz(yaz)t[yl_ywz/_z]‘

G(y/a Z/) - G(yv Z) - VyzG(yvz) : (y/ - Y, Zl - Z) = 9 [
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In the particular case G(y, z) = yA(z), the above formula becomes

YAZ) —yA(z) = M)y —y) —yN(2)(2' = 2)

gN' (D) (=2 + XA - )& - 2).

Therefore, there exist functions 9 and @ taking values between the ones of ¥ and ¥" and the ones of
and ¢", respectively, such that

I"A@") — IN(P)
= A@) (0" —0) + N (@) (" — p) + %15/\"(95)(@}’ — @)+ N (@)W = 0)(¢" - )
so that

B} =A@ "+ IN @) + 5 IV 8 + X (@) - )" - )

Notice that ¥, < 9 < ¥* and that ¢, < 3, %, 3 < ©°*. Therefore, recalling (2.35), the right-hand side of
(5.16) can be estimated by the Young inequality as follows

1
- [zt [ Bt Bt < [ e [t
Q Q

Qt Qt Qt

+c/ o — P21k +C/|s0h Pl +c/|z9h 31" — "
Q: Q¢ Q:

3 ~ _ _
SZ/\Ch|2+0/|nh|2+0/|¢h—90\4+C/|19h—19||<ph—wlln"\-
o o a

t

On the other hand, thanks to the Hélder inequality and to the continuous embedding V C L*(f), we have
for every d > 0

t

/lﬁh — 91" — @l In"| < /H(ﬁh NGz 1" = @)(5)lla 17" ()14 ds
Q¢ 0

t
<5 / I ()12 ds + s 9" — B2 0 15242y 19" — 220,72, -
0

At this point, we choose ¢ small enough, apply the Gronwall lemma and account for (5.7)—(5.8) in order to
estimate the norms of ¥» — ¥ and of " — @. This yields (5.4) and the proof is complete. O

6. Necessary optimality conditions

In this section, we derive the optimality condition (2.52) stated in Theorem 2.9. We start from (2.33)
and first prove (2.46).

Proposition 6.1. Let u* be an optimal control and (9%, 9%, ¢*) = 8(u*). Then, condition (2.46) holds.
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Proof. As already said in Section 2, we just have to apply the chain rule for Fréchet derivatives. Clearly,
the Fréchet derivative [Ddo] (9, Jr, p) of the functional Jy exists at every point of Y and it is given by

[DHO]@?;@IU@) : (hl,hg,hg) €Y Kk /(1_9 — 19@) hi + Ko /(@(T) — QDQ) hg(T) .
Q

In particular, this holds if (J,9r, ) = (9*,9%,¢*) = 8(u*). Therefore, Theorem 5.1 and the chain rule
ensure that J is Fréchet differentiable at u* and that its Fréchet derivative [DJ](u*) at any optimal control
u* acts as follows

[DI](w*) : h € X — k1 /(19* —9g)0 + Hg/(ﬁp*(T) —pa) ®(T)
Q Q

where (0, O, @) is the solution to the linearized problem corresponding to h. Therefore, (2.46) immediately
follows from (2.33). O

The next step is the proof of Theorem 2.8. For convenience, we consider the equivalent forward problem
in the unknown (p, pr, §) given by (B, pr, §)(¢t) := (p,pr,q)(T —t) and corresponding to the new coefficient
and given terms defined accordingly. However, to simplify notations, we write p, pr and ¢ instead of p, pr
and ¢ in the sequel. The new problem is to find (p, pr, q) satisfying (2.47)—(2.48) and solving

/atpv+/Vp-Vv+/aqv+T/8tppvp+oz/ppvp:/fv
Q Q Q r r Q

for every v € V, vp := Up and a.e. in (0,7) (6.1)
/atqv—l—a/Vq-Vv—i—/bqv:/gatpv
Q Q Q Q

for every v € V and a.e. in (0,7 (6.2)
p(0)=0 and ¢(0)=¢qp a.e.in (6.3)

where a, f, b, g and gy are deduced from (2.49)—(2.51). Thus, we have a, b, g € L>(Q), f € L*(Q) and
qo € V. We aim to use a contraction argument in a weaker functional framework. However, it will be clear
from the proof that the unique solution we find satisfies (2.47)—(2.48).

The equivalent fixed point problem. For a given § € L?(QQ), we consider the problem obtained by writing
(6.1) with ¢ replaced by g and the initial condition p(0) = 0. If we introduce the spaces V and H and the
bilinear form a given by (3.22)—(3.25), and argue as in the proof of Lemma 3.2, we see that the problem under
consideration has a unique solution (p, pr) satisfying p € H*(0,T; H)NL>(0,T; V) and (2.48). However, p is
smoother since one can argue as in Remark 2.1 to derive Ap € L*(Q) and 9,p € L?(X) from the regularity
already achieved. We set F1(g) := p and F,(7) := (p,pr). By doing that, we find a map F; : L*(Q) —
H'Y(0,T; H) and an associated map F, that we use in the rest of the proof. Now, for p € HY0,T; H),
we consider (6.2) complemented by the second initial condition in (6.3). As b € L>(Q), g0:p € L*(Q) and
qo € V, such a problem has a unique solution ¢ satisfying (2.47), and we set ¢ := Fa(p). We thus obtain a map
Fo: HY(0,T; H) — L?*(Q) and consider F : L?(Q) — L*(Q) defined by F := F5 0 F1. Let us point out that,
for a given § € L?(Q), F(q§) actually takes values in the space H(0,T; H) N L>(0,T; V)N L?(0,T; W). The
problem under consideration is equivalent to the existence of a unique fixed point for F. Indeed, if ¢ is such
a fixed point, ¢ and the corresponding p and pr provide a solution satisfying (2.47)—(2.48) by construction.
Conversely, if (p, pr, ¢) solves the problem, then ¢ is a fixed point of .
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The contraction argument. It suffices to find a constant C' such that

1(F (@) — F(@2) O)lla < Cllgr — q2llL20,6m) (6.4)

for every G1 , g2 € L?(Q) and every t € [0, T]. Indeed, this implies that some iterated ™ of J is a contraction.
In order to prove (6.4), we take any pair of functions q; € L?(Q), i = 1,2, consider the pairs (p;, p;r) =
F1 (g;) and the functions ¢; := F(g;) and write their definitions, i.e., (6.1) written with g; in place of ¢
and (6.2) with p; in place of p. Then we take the two differences. We set for convenience § := g1 — @
and similarly introduce p, pr and ¢. At this point, we formally test the first difference by v = d;p and
vr = O¢pr (by avoiding the technical approximation of such test functions by V- and Vp-valued functions)
and integrate over (0,t). At the same time, we multiply the second one by ¢ and integrate over Q;. We have

1 «
J1owe+5 [1wp0P++ [0l +5 [lorP = [agow
Q¢ Q P r Qt

as well as

1
5 [laP+o [ Va2 == [blaP+ [gapa.
Q Q:

Qt Qt

As a, b and g are bounded functions, it is straightforward to deduce that
1PNl &7 0,651z 0,6v) + 1Prll 220,880y < Crll@l 220,810
gl oo (0,6;m)n L2 (0,65v) < C2 Pl E7 0,81

for every t € [0,T] and some constants C7 and Cs independent of g; and ¢. By combining such inequalities,
we deduce that

lall Lo 0,t:0r) < C1C2 1@l L2(0,1:m1)
whence (6.4) follows with C' := C1C5. Thus, Theorem 2.8 is completely proved. 0O

At this point, we are ready to prove Theorem 2.9 on optimality, i.e., the necessary condition (2.52) for u*
to be an optimal control in terms of the solution (p, pr, ¢) of the adjoint problem (2.49)—(2.51). So, let u* be
an optimal control and fix an arbitrary u € U,4. We write both the variational formulations of the linearized
problem at the optimal state (¥*, 9%, ¢*) := 8(u*) corresponding to h = v — u* and the adjoint system. We
have a.e. in (0,7)

/@@v—l—/V@-Vv—|—/A(gp*)@t¢v+/)\’(<p*)8tnp*q>v
Q Q Q Q
+T/8t@1“1)1‘+05/@1“1)1":Oé/m(’u,*u*)’l)p (6.5)
r r r

/8t<I>U+U/V<I>~Vv+/V'(90*)<I>v:/ﬁ*A’(ap*)@v—k/)\(w*)@v (6.6)

Q

—/8tpv+/Vp'VU—//\(QO*)QU—T/atprvr+Oé/prvr
Q r

Q Q r
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— /(19* 9o (6.7)

)
—/6tqv—|—a/Vq-Vv—|—/(”/(<p*) — 9N (%)) qu = /)\(tp*)atpv (6.8)
Q Q

Q Q

where (6.5) and (6.7) hold for every (v,vr) € V' x Vi such that vr = v|., while (6.6) and (6.8) are required
for every v € V. Moreover, the functions at hand satisfy the homogeneous initial or final conditions as
specified in (2.44) and (2.51). We choose (v,vr) = (p,pr) in (6.5), v = ¢ in (6.6), (v,or) = (—6,—0Or)
in (6.7) and v = —® in (6.8). Then, we sum all the resulting equalities and integrate over (0,7"). Several
terms cancel out and we obtain

/{&s@p + A" )0 ®p + N(p")0rp™ Pp+ 0P q+ Oyp© + Oyq ® + A(go*)atpcb}

Q
+ T/(at@rpr + Ospr Or)
5
= a/m(u —u®)pr — K1 /(19* —399)0O.
z Q

As the expression in braces is equal to 0y (@p + A(p*)Pp + @q), the above equality becomes

/ (O + A(p*)®p + ) (T) / (O + A(p")Bp + ) (0)

+7/(@FPF)(T> - T/<9FPF)(0)
Y ST P
b Q

Owing to the relations Or(0) = ©(0)|, and pr(T) = p(T)|., and accounting for the initial conditions (2.44)
51

and the final conditions (2.51), the above equation reduces to

/ B(T) o (0" (T) — )

Q

_ a/m(u—u*)pp —/@1/(19* —90)0.
Q

b

Therefore, the inequality (2.46) we have already established in Proposition 6.1 implies

a/m(u —u®)pr >0 for every u € Uyq .
s

Moreover, the positive coefficient a can be removed. At this point, a standard argument leads to the
pointwise relation (2.52) and to its consequences listed in the statement, and the proof of Theorem 2.9 is
complete.
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Appendix A

This section is devoted to a rigorous proof of (3.34). With respect to the formal procedure of Section 3,
we replace derivatives with difference quotients, essentially. For h € (0,T) and v € L*(Q) or v € L*(X), we
define v" on (0,7 —h) by setting v"(t) := v(t+h). We integrate (3.4) with respect to time over (s, s+h) and
test the equality we obtain by v = (97 —9.)(s) and vr = (19?,1“ —U.1)(s). At the same time, we write (3.5)
at times s + h and s, multiply the difference by (¢ — ¢.)(s) and integrate over 2 with respect to space.
Finally, we add the equalities obtained this way to each other and integrate over (0,t) with respect to s.
We have

/|19h719 12 + /\v (Lx9)" = (1x9.)) ()

+r/|z95p Dol + /|((1*196F)h*(1*195,F))(t)|2

+§Q/|( — 0)( |2+a/|v /(Sé‘—fe)(ﬁi‘—ﬁs)

Q:

== /(W(w?) — 7(pe)) (9 — 02) + /m((l cu) = (1u)) (9 — dor)

Qt P

+ /{ 19h)‘ SD? -4 )\E(SDE))(SD? — @) — (XE(SD?) _Xs(sos))(ﬂ? - 796)}

/|V (1x49,) /| (I#9:r)( |2 /\cps 300|2. (A1)

All the terms on the left-hand side are nonnegative, the last one by monotonicity, and the first integral on
the right-hand side can be estimated in an obvious way by using the Lipschitz continuity of 7. Moreover,

we have

/m((l o) — (1x ) (" 1 — Der)
P

]
<3 [ 10t = el +c/|1*u (1 u)
3

T T
< 7 [0k = Ol b ek ey = 5 [ 19he — O+ ch2.
3¢
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The critical term is the next one, since the cancellation of the formal procedure does not occur here. We
observe at once that the functions \. have a common Lipschitz constant since A is Lipschitz continuous.
We apply the mean value theorem to XE and obtain a function @., taking values between the ones of ("
and ., in order that

/ (A (h) — Dohelo0)) (2 — 00) — (Relieh) — Bule)) (0 — 9.)
/{ 906 ))(19? - 795)(902 - 806) - '195 ()\6(802) - )\E(SDE))(SOQ - 905)}

c/\ﬂsﬂm |<P?*%\2+0/I195| o — 2.

Qt Qt

We treat the last two integrals, separately, owing to the Hélder and Young inequalities and to the continuous
embedding V C L*(Q). As such embedding is also compact, (3.30) and [27, Sect. 8, Cor. 4] imply that the
functions . are equicontinuous L*(Q2)-valued functions. Hence, for every § > 0, there exists hs > 0 such
that [|o"(s) — ()]s < & for every € € (0,1) and s € [0,T — h] whenever h < hs. In the sequel, § is a
positive parameter, say 6 € (0,1), whose value is chosen later on, and it is understood that h does not
exceed the corresponding hgs. Therefore, we have

/ (9 — 9] [ — pe? < /|| (0" — 0)(3)]2 (" — e)(3)]2 ds

<cs / (9% = D))z 2 = o) (o) v ds

IN
>,

o — . o\ﬁ

12 = @) (s)II5 ds + 65/ 192 = 9) ()17 ds
0

IN

3 [ (o2 = ) ()Y ds + ch (|00 T2 0 i) < 5/ 102 = @) ()Y ds + ch?
0

where the marked constant C satisfies ||v]|4 < C|jv||v for every v € V and the last inequality is justified by
(3.30). Next, we have

[1ocdiet - P < / 19:6)la (9% = )5}l 22 = 02}l ds
Qe

S5O/II(¢'£—%)(S)Il2vd8+050/IIﬁs(S)IIQVII(w?—soa)(S)IlidS

and we observe that the function s — [|9.(s)||? is estimated in L'(0,7) by (3.30). At this point, we choose
¢ small enough and apply the Gronwall lemma. We obtain

/|19£—195\2+/|v<1w£—1*195><t>|2+/|19?,p—
Qt Q P
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+/|<so?fsoe><t>|2+/|we -
Q Q¢

<cht o [(VADIMP +1pelh) — gof) + ¢ [ 1(10er) () (A2

Q T

for h > 0 small enough and for every ¢t € [0,7—h] and ¢ € (0,1). Now, we estimate the last integrals of (A.2)
and show that they have order h?. To this end, we argue rather similarly as we did in deriving (A.1), but
we use ¥, — g and @, — g as test functions. Namely, we integrate (3.4) with respect to time over (0, s),
test the equality we obtain by v = 9.(s) —Jo and vr = . r(s) — Jo|,, and integrate over (0,¢) with respect
to s. Besides, we multiply (3.5) by ¢. — ¢o and integrate over @Q;. Finally, we add the resulting equalities
to each other and suitably rearrange. We have

1
[ 1920 =00 + 5 [ 190 0 = o) @F + 7 [ Per(t) = b0y,
Q Q r

+3 [lec0) = oo+ [ (960 =0 + [ (8u(00) = Bulen)) (02 = o)
Q Qt

Q1

= _ /(71'(<,05) — (o)) (¢ — ¢0)

Q:

+ / [(9Me(00) — JoAe(20)) (e — 0) — (Relp2) — Ael00)) (0 — D)}
+ [ m(lxu)(er — o)) + [ V(L) V(I — Do)
/ 0/
+ / [0Vg0 - V(e — p0) + (—Be(i20) — 7(20) — BoAe(00)) (2 — 0)}- (A.3)

Even though we are interested in taking ¢ = h, it is more convenient to let ¢ vary in order to apply some
Gronwall-type lemma. So, we assume ¢t € [0, h]. Also in this case, all the terms on the left-hand side are
nonnegative and the first integral on the right-hand side can be easily dealt with. Moreover, the next term
can be treated as in the above argument. Furthermore, we have

/m(l *u)(Ve,r — Jo|p) < /|19€’1“ — 190|F|2 + c/ 1% ul?
p Xy P

§/|195,F_190|F|2+Ch2“u”3:/|195,F_190|F|2+Ch2~

Next, we point out that

/Vl*ﬁo V(l*ﬁ —1*190 /Vﬁo (1*19 —1*’190)
Qt
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t
1
< Z/\V(l*ﬁa—1*190)(t)|2+h2/|V190|2+/||V190||HHV(1*195—1*190)(t)||Hdt.
Q Q 0

Finally, the last integral of (A.3) can be written as

/fe(% — o) where f.:=—0Apy— Be(po) — m(po) — VoA (o)
Q.

whence it is bounded by

J 150 = o) Ol
0

On the other hand, we observe that

h h
/||V?90||Hdt=h\|V190HH=Ch and /HszHdchHfaHH <ch
0 0

by virtue of (2.9) and (3.12). Hence, we can apply well-known Gronwall-type inequalities. Namely we
combine, e.g., [5, Lemma A.4, p. 156] and [5, Lemma A.5, p. 157]. By ignoring some nonnegative terms on
the left-hand side, we conclude that

[0 = 1)@ +10e®) = o) + [ 1020(8) = d0p, P < 1

for 0 <t < h. In particular, we have

/ (IV(1#9) ()2 + e (R) — gol?)

Q

<cht e [ Va0 < e (14 [T00ly) = ch?
Q

as well as
10y = | 0t dsl
T
<

h 2
2(Jo 10,r(s) = Dof pll o ds)™ + 202 |00 (1. < ch?.

Therefore, the right-hand side of (A.2) has order h? and the difference quotients associated to the terms of
the left-hand side of (A.1) are bounded in the proper norms. Hence, (3.34) follows, the bound in L*°(0,T;V)
for 9. being due to VI, = 0;(1 * VI,).
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