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order methods that correspond to n = 3 and n = 4 of the class are special cases
of the eighth and sixteenth order methods proposed by Sharma et al. [25]. The

gzgﬁszgjcquations methodology is based on employing the previously obtained (n — 1)-step scheme
Multipoint methods and modifying the n-th step by using rational Hermite interpolation. Unlike that
Rational Hermite interpolation of existing higher order techniques the proposed technique is attractive since it
Optimal convergence leads to a simple implementation. Local convergence analysis is provided to show

that the iterations are locally well defined and convergent. Theoretical results are
verified through numerical experimentations. The performance is also compared
with already established methods in literature. It is observed that new algorithms
are more accurate than existing counterparts and very effective in high precision
computations.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Multipoint iterative methods for solving nonlinear equation f(z) = 0, were initially studied in Ostrowski’s
book [19] and then they appeared extensively in Traub’s book [29] and in recently published book by Petkovié
et al. [21]. These methods are of great practical importance since they overcome the theoretical limits of
one-point iterative methods regarding the computational order and efficiency. The multipoint methods were
mainly introduced with the objective to achieve as high as possible order of convergence using a fixed
number of function evaluations, which is closely connected to the optimal order of convergence in the sense
of the Kung—Traub hypothesis. Kung and Traub [15] conjectured that multipoint methods without memory
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based on n + 1 function evaluations have the order of convergence at most 2. Multipoint methods with
this property are called optimal methods.

The construction of multipoint iterative methods is mainly done by following two techniques, one is
by using the weight functions and the second is by interpolation. The application of rational Hermite
interpolation has been investigated by a number of authors including Ostrowski [19], Traub [29], Jarratt
and Nudds [11] and Tornheim [28]. In particular, Ostrowski proposed a two-point method of optimal fourth
order in which a rational function of order [1/1], i.e. a linear fraction

(x—x;)+a
bz —x;)+c’

y(x) = (1)
is fitted at three points, two of which are coincident. Thus, a step in the iteration consists of matching f
and y at two points z; and w;, where w; = x; — f(z;)/f'(x;) is the Newton’s point, and f’ and y’ at z; only.
The next approximation being given by zero of iteration function (1). In this way the following iterative
method was obtained

RSN (€ 7))
{ W; = X4 f(zi) ot . (2)
Tit1 = Ti— f(’wz')f’($ij—f(Iijf[Ii,Wi]f(xi)’ 1=0,12,...

where z( is an initial approximation closer to a root (say, z*) and f[-, -] is first order divided difference.
The error equation of this method is given as

eiy1 = Az(A3 — As)ef + O(€)), (3)

wherein e; = 2; — 2* and Ay = (1/k) f*) (x*)/f'(x*), k = 2,3.

In recent years, based on Ostrowski or Ostrowski-like optimal two-point fourth order methods many
researchers have developed multipoint methods of optimal higher order of convergence using various tech-
niques (see [3-7,9,10,13,14,16-18,20,23-27,30,31]). A more extensive list of references as well as a survey on
progress made on the class of multipoint methods may be found in the recent book by Petkovié et al. [21].

Motivated by optimization considerations, here we derive a simple yet efficient class of n-point methods
possessing optimal convergence order 2". The procedure is based on the simple application of rational
approximants of different order at each step. Well-known classical Newton’s and Ostrowski’s methods are
special cases of the class corresponding to n = 1 and n = 2. Eighth order and sixteenth order methods which
correspond to n = 3 and n = 4 of the class are special cases of the eighth and sixteenth order methods
proposed by Sharma et al. [25]. Analysis of the three-point eighth order and four-point sixteenth order
methods finally pave the way for introducing the general n-point family. Numerical examples are considered
to check the performance of new algorithms and to verify the theoretical results. Computational results
including the elapsed CPU-time, confirm the efficient and robust character of the algorithms.

The rest of the paper is organized as follows. In Section 2, the three-point eighth order and four-point
sixteenth order methods are presented and their convergence is discussed. The general n-point family is
introduced in Section 3. Local convergence analysis of the general family is presented in Section 4. In
Section 5, some numerical examples are considered to verify the theoretical results and to compare the
performance of proposed schemes with some existing optimal methods. Concluding remarks are given in
Section 6.

2. Optimal eighth and sixteenth order methods
In what follows, we will present the methods of optimal eighth and sixteenth order of convergence. The

methodologies are based on Ostrowski’s method (2) and further developed by using rational approximants
of order [1/(n —1)], n = 3,4.
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2.1. The eighth order method

We derive a three-point optimal eighth order scheme based on the two-point Ostrowski’s method (2). Let
us write the Ostrowski’s method as

{wi: mi—f—if(xi), (4)

z= i — 32 f(@),
where D,, and A,, (n =1,2) are defined as follows

| ) fw)
B2 = flro,wil  flwi) |

Y

/ 1 i
D1 = 1, Al = f (l’l), D2 == ‘1 ";((5)1))

In order to obtain an approximation z; 1 to a root we proceed as follows. Consider the rational approx-
imant of order [1/2]

y(z) = ()

such that
y(ai) = f@a), y'(@i) = f'(@i), y(wi) = flwi), y(zi) = f(z). (6)
From (5) and first condition of (6), it follows that
a=d f(x;). (7)

Assuming that the next approximation ;41 is obtained from the zero of (5), then y(z;4+1) = 0. Thus, from
(5) and (7) we obtain

Tit1 = x; —d f(zi). (8)
Using (7) in (5) and applying the last three conditions of (6), we have the system

df'(z;) +cflz;) =1,
d flzi,wi] + ¢ f(w;) + b f(w;) (w; — x;)
d flziszi] + ¢ f(zi) + b f(2i) (20 — x) =

=1, (9)
1.

In order to find the unknown d in (8), we solve the system (9) by Cramer’s rule. Thus, we have that
(10)

where D3 and Ag are the determinants of order 3 given as

1 f(xs) 0 U flxs)  xaf(x)
D3 =11 f(w;) f(w;)(w;—x;)|[OperateCy — C3+z;Co] =11 flw;) wif(w;)],
1 flz (2i) (2 — x4) 1 flz)  zf(z
f'(ﬂ?i) f(l“z‘) 0 f’(ﬂfi) f(xz‘) ﬂfz’f(l“z')
Ag = |floi,wi]  f(ws)  f(wi)(w; —x;) | [Operate Cs — Cs + x; Co] = | flzs,wi]  fwi)  wif(w;)
flri,zi)  f(z)  flzi)(z — ) flzi,zi]  f(zi)  zif(2)
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Then, combining (8) and (10), we get

Ds
Lit1 = L — A

f(@i). (11)
3

Thus, we have presented a three-point method based on Ostrowski’s method (4) and then followed by (11)
obtained by using rational Hermite interpolation. We state the following theorem to show the eighth order
convergence of scheme (11).

Theorem 1. Let f : D C R — R be a sufficiently differentiable function. If f has a simple zero x* € D and
xo is sufficiently close to x*, then the method defined by (11) is of order eight.

Proof. For the proof of theorem readers are referred to the paper [25]. In [25], Sharma et al. obtained a
class of eighth order methods based on King’s one-parameter (a) family of two-point methods. The method
(11) is a special case for a = 0 of the improved King’s family of eighth order methods. Following the proof
as given in [25], the error equation of (11) can be written as

eir1 = A3(A3 — A3) (A3 — 24245 + Ay)el + O(€)), (12)

where Ay, = (1/k)f®) ()] f'(x*), k = 2,3,4.
This shows the eighth order convergence. 0O

Remark 1. The scheme (11) defines a three-point eighth order method which utilizes four function evalua-
tions, namely f(z;), f(w;), f(z) and f’(x;). This scheme is, therefore, optimal in the sense of Kung—Traub
hypothesis [15].

2.2. The sixteenth order method

Based on the proposed three-point optimal eighth order scheme, we now derive a four-point optimal
sixteenth order method. Thus, consider the eighth order scheme (11), which is now expressed as

w; = w; — R f (@),
Zi = Ty — g—zf(xz), (13)

U= T — g—gf(a:i).

In order to find the approximation ;41 to a root we consider the rational approximant of order [1/3] given
as

(x— )+ A

ulw) = plr — ) +v(e —2;)2 + (v —2;) + 7’ "

where the parameters A, u, v, £ and 1 are to be determined by imposing the conditions
y(ai) = fza), o' (@) = (i), y(wi) = flwi), y(zi)=f(z1), ylus) = f(wi). (15)
Employing first condition of (15) in (14), we find that
A=nf(z). (16)

Assuming that the next approximation z;41 is obtained from the zero of (14), which implies y(x;41) = 0.
Thus, from (14) and (16) we obtain
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Tip1 = x; — nf(x;). (17)

Using (16) in (14) and then imposing last four conditions of (15), we obtain the system of corresponding
equations as

nf'(xi) + & fx) =1,
0 fles, wi] + & f(ws) + v f(wi)(w; — z;) 4+ p f(wi)(w; — 24)? =1,

W loi sl + € () + 0 £ (20) (5 — 20) + 0 f () (20— @0)? = 1, 1e)
0 flaei il + € fw) + v f(ui)(ui — 23) + p f (ui) (wi — 24) = 1.
Solving the above system for n by Cramer’s rule, we have that
= (19)
where
D, = } J}((f:)) J}((lizggzz—_gzl)) J}(ZZ;EZZ__;;S)Q [Operate C5 — C3 + z; Co)
U fui) flu)(w — ) f(ui)(ui — 2)?
U flzs)  xif(zs) 0 )
= 1 ‘é((fz)) u;z;gzl)) ff((quggzl_ xl;z))g [Operate C4 — 04 - .’L'Zz CQ + 2.’1%‘ 03}
U flu)  wif(ui)  f(ui)(ui — 3)?
U flw)  aif(z) o f(a)
| flw) wif(wi)  wif(wi)
U f(z)  zif(zi) 20 f(z) |
U flu)  wif(z)  uff(ui)
i) f(@) 0 0 ,
Ay = J} [fzi;f;;]] J} ((I;)Z)) %ﬁgg? - CUﬂclz)) J}((uz)zggzz_— :21))2 [Operate C5 — Cj + z; Co]
fleiwil o flu)  flud)(u — i) f(w)(ui — 24)?
) g mf) 0o
= JEsl T S e gy | (Overste i Ca —at O+ 2
fles i) flu)  wif(ui)  f(ui)(ui — 25)?
f(x:) flzs)  @if(xs) xzzf(ffz)
_ (| flwi] flwi) wif(wi)  wf(ws)
fleiz]  f(zi)  zf(2) Z?f(zi)
flri ] flui)  wif(z) Uzzf(uz)
Combining (17) and (19), we obtain the iterative formula
Tiy1 = T — Z—if(ﬂfz’)- (20)

The scheme (20) defines a four-point iterative method with the base as three-point scheme (13). In the
following theorem we prove the sixteenth order of convergence of this scheme.

Theorem 2. Let f: D C R — R be a sufficiently differentiable function. If f has a simple zero x* € D and
xo 1s sufficiently close to x*, then the method defined by (20) is of order sizteen.
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Proof. The method (20) is a special case for a = 0 of improved King’s family of sixteenth order methods
developed in [25]. Therefore, for the proof readers are referred to the paper [25]. However, the error equation
showing sixteenth order convergence of (20) is given as

eiv1 = AS(A3 — A3)? (A3 — 2445 + Ay) (A5 — 3A3A5 + A2 + 24544 — As)el® + O(el"), (21)
where Ay, = (1/kDf%) (x*)/f(x*), k =2,3,4,5. O

Remark 2. Tt is clear that the method (20) requires five function evaluations viz. f(x;), f(w;), f(z), f(u;)
and f'(z;) per iteration and possesses sixteenth order of convergence. Thus, the method is optimal according
to Kung—Traub hypothesis.

3. The general optimal order family

The above approach of employing previously obtained scheme and then generating the new step by using
rational Hermite interpolation can be applied to obtain a generalized n-point scheme of optimal order 2".
The rational approximant is such that its numerator is a linear function whereas denominator is a polynomial
of degree n — 1. Thus, to obtain the general step of n-point scheme consider the rational approximant of
order [1/(n — 1)],

(x—251) +ap
T) = : , 22
y(@) a(x—z )" P Ha(z—zi )" 2+ Fan1(x—x51) +an (22)

where ag, a1,...,a, are n + 1 parameters to be determined. In order to find these parameters consider the
sequence of iterates {z; }}_; such that

y(@ig) = fleik), k=1,2,3,...,n (23)
and
Y (@ia) = f'(@i1). (24)
Employing the condition y(z;1) = f(z; 1) in (22), we find that
ap = anf(x;1). (25)

Assume that the approximation x; 41 is obtained from the zero of (22), which implies that y(z; n4+1) = 0.
Then, from (22) and (25) we obtain

Tin+1l = Tq,1 — anf(xi,1)~ (26)

Applying the remaining conditions of (23) and (24) in (22), we obtain the system of equations as

an f'(zi1) + an—1f(2i1) =1,
an fl2i 1, zi0] + (anq +an—o(®io—xi1) + - +ar(ziz — xi,l)n_2)f(xi,2)
an fli1, i3] + (anq +an—o(®ig—xi1) + - +ai(zis — !Ei,l)"_z)f(xi,s) =

1,
1, (27)

anflzit, Tinl + (%-1 +an—2(®in —xi1) + - +ar(zin — Ii,l)n72)f(1'i,n) =1.

Solving the above system for a,, by Cramer’s rule, we have that
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1 f(mi2) f(rig)(@wiz—xi1) f(io)(@iz—241)? f(@i2)(wio—mi1)" 2
1 f(zis) flzig)(@ig—win)  flwis)(xisz —xin) fl@ig)(xis — @)™~
Dn = |1 f(ffi,4) f(xi,4)(=’ﬂi,4 - fi,l) f($i,4)($i,4 - xi,l)Q f(xi,4)($z‘,4 - xi,l)ni
U f@in)  f@in)@in —2i1)  F@in)@in—200)? oo F@in)@an — 200)"
operating C5 — C3 + (—1)2(§) 24,1 C2
1 flxsn) xinf(xin) 0 0
L f(zip) miof(wiz) flzi)(zis —2i1)? f(@i2)(zio —xin)" 2
1 f(zis) wisf(wis) fris)(zis—xin)? flxig)(xisz — @)™~
=11 (x’L 1) f(xz,4)$z,4 f(@ia)(Tia —xi1) f@ia)(ria —xin)"™
i f(xz,n) xi,nf.(xi,n) f(xz,n)(xz,n L, 1)2 . f(xl,n)($z,n - xi,l)n_Z
operating Cy — Cy + (71)3 ((2)) xil Cy + (71)2@) x;1 Cs
U flrin) winf(en) a3 f(@en) ... 0
1 flzig) wiof(zi2) aiof(®i2) .. f(ze2)(wiz — i)™
1 f(wis) xisf(zis) xigf(wis) ... f(@is)(@is —xin)" >
=N f(wia) miaf(zia) off(ia) o0 flzia)(@ea —zin)" 2
1 f(-r.i,n) xi,nf'('ri,n) ‘rzz,nf.(xiﬁb) f(%‘,n)(l‘z',r; — )"
operating C,, — Cy, + (—1)"! ("02) D20+ ()" (M) 2l POy
o (=) 2)(Z 2) i1 Cna
1 fwin) xiaf(win) .. xZI2f(1'i,l)
U fmig) wiof(ia) ... 2057 f(zi2)
=1 f(fvzs) zigf(wis) - 25 f(wis)|, p> 2,
i f@,@ Tinf @in) oo 272 (@0)
f(xin)  flxig) 0 . 0
flein, zio]l  flwig)  flwig)(@io — i) f(mi2)(zio —mi1)" 2
A, = flein,xis]  f(ziz)  flwis) (@3 —xi1) flzis)(@iz —xi1)™™
floinswin] F@in)  F@in)@in —701) o F(@0n)@an — 1)
operating as in the case of D,,
flain)  fl@an) wiaflen) o 2772 f(2in
fleig,zio]  f(@i2) @iaf(wi2) oy f (i o)
= . ) ) , n>2
f[xi,ly xi,n} f(xl,n) xl,nf(xl,n) xZ;Z.)é(xz,n)

Thus, we can write the general n-point scheme as
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Ti1= X 020

@i = g — ;- f(xi),
Ti,3 = Ti1 — %f

29)
Tia = wig — 3o f(@ia), (

Tintl = Tig1 = Ti1 — ﬁ—;f(ari,l),

where xo1 = x is given starting point and n € N.

The determinants D,, and A,, can easily be computed through first column. The expansion of D,, through
first column is given by

f@io) mipf(ia) .. al3”f(@i2) f@in) minflzin) .. al7 (i)
f@iz) misf(ziz) .. al32f(2i3) flxiz) wisflxiz) ... $Z§2f(l‘i,3)

Dn = . . . ’ . , -
f@in) winf@in) o @) | | f@in) @il @) o @)
f(afm) ﬂ?z‘,lf(xi,l) cee 33?1 2f(fﬂz 1)
| fli2) Tiof(®i2) ... 33122f(9012)
+oeee + (=" . . . .
f(CCi,-nq) xi,nflfl(xi,nfl) :c;fgil .(CUi,nq)
= f(xi2)f(@ig) - f(@in) V(Ti2, Tig, . s Tin) — f@in) f(@ig) - f(@in) V(Tit, @iz, . Tin)
R EEEEREE + (D) @) f(@ig) - f(@in—1) V@i, Ti2, -, Tin—1),

where V' denotes Vandermonde’s determinant. For example, the determinant V(x; 2,%; 3, ..., i) is given
by

2 n—2
1 om0 Tig oo Tig
1 i 2 n—2 n
Zi,3 JJZ—73 .o xi,S
V(zig Tigs- o Tin) = |, . . .= H (Tik — @i1)-
: . : . . k,1=2
2 n—2 <k
1 Lin  Tin xi,n
Thus, we have
n n n
-1
Dp=> (-1 ] f@iw) [] @ik —mia)
Jj=1 k=1 k,l=1
k#3j k, l#j
<k

Similarly, the expansion of A,, is given as

A, = f[mi,l, xi,l] f(%z)f(iﬂzs) ce f(iczn) V(»”Ci,z, Li,3y--- 7$m) - f[Im, 1'12] f(le)f(%s) te f(%n)
X V(@i1,Tizy s Tig) + o+ (D) flzin, i) F@in) f(@i2) - f(@in—1) V(Ti1, Ti2, ooy Tin—1)

n n
2: 1 Il
] fxllvx’bj] xzk xzk_‘rzl

Jj=1 , =1
k, I#j
1<k

:j:

Eoatad
uyl
S

wherein flz;1,2:1] = f/'(xi1).
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From now on, we use the following short form of (29)
T = T, © >0,
' 30
{xi,kJrl =T = Ty — ﬁ—’;f(wi,l), k=1,2,...,n, (30)

where D1 = 1, Ay = f'(z;1), and D; and A, (j > 2) are the leading principal minors of D,, and A,
respectively.

Remark 3. Note that the first step of general scheme (30) is the well-known Newton’s scheme. The first two
steps are the steps of Ostrowski’s scheme. Similarly, the first three and four steps are that of eighth and
sixteenth order schemes derived in previous section.

4. Local convergence analysis

The local convergence analysis that follows is based on some scalar functions and parameters. Let Ly > 0,
L>0,b>0,by>0and M > 0 be given parameters. Define functions g, p» and h,,, on the interval [0, ﬁ)
by

- bl
28 = 50 ZbLot)’

and parameter r4 by

rq4 = (31)

b(2Lo + L)’
Then, we have 0 < 74, g2(ra) = 1 and 0 < go(t) < 1 for each t € [0,74), hp,(0) = —1 and h,(t) — oo as
t— ﬁi It then follows from the intermediate value theorem that function h, has zeros in the interval
(0, ﬁ) Denote by 7, the smallest such zero.

Moreover, define functions g and hs on the interval [0, rp,) by

1
t) = 7(1} Méo(t t t)t
93(1) 50— bLol) + Moz (t) (1)
and
hs(t) = gs(t) — 1, (32)
where d2(t) = W, T (t) = 2oM (5g2(t) + 3). Then, we get that h3(0) = —1 and hg(t) — +o0
——27)(1-p2
as t — r,,. Denote by r3 the smallest zero of function h3 in the interval (0,7,).
Furthermore, for each m = 4,5,...,n + 1, define functions g,, and hy, on the interval [0,7]}) by
1 bM ()
(1) = Lt
gm0 2(1 —bLot) ( 1 — 72(t)

and
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hm(t> = gm(t) -1, (33)

where

m m
o (t) = b(Lot +bo) D 2T Mt y3(t) = Lo »_ 2+ MII*.
j=1 j=1
Finally, we have that h,,(0) = —1 < 0 and hy,,(t) — oo as t — (r7) ", where 71} is the smallest positive
zero of function h.,. Denote by 7, the smallest zero of function h,, on the interval (0,7).
Define the radius of convergence r by

r=min{ra,r}, i=3,4,...,n+1. (34)
Then, we have that
0<r<ry< ! (35)
r<r —
>~TA bL07
0<gi(t) <1, i=2,3,....,n+1, (36)
0<pa(t)<1 (37)
and
0 < %(t) < 1 for each t € [0,7). (38)

Let U(v,6) and U(v,d) stand, respectively for the open and closed balls in R with center v € R and of
radius § > 0. Let also £L(R,R) stand for the space of linear functions from R into R. A mapping f[z,y] :
D? — L(R,R) is called a first order divided difference at the point (z,y) € D?, if flx,y](z—y) = f(z)— f(y)
for each (z,y) € D? with & # y. Moreover, if function f is differentiable at x € D, then flz,z] = f'(x).
Furthermore, f[-,] is called a first order divided difference on D? if f[-,] is a first order divided difference
for each (z,y) € D?.

Next, we present the local convergence analysis of method (30) using the preceding notation.

Theorem 3. Let f : D C R — R be a differentiable function and f[x,y] : D* — L(R,R) be a first order
divided difference on D?. Suppose that there exist * € D, Ly > 0, b > 0, by > 0 such that for each x € D:

f@*) =0, f'(a*) #0, |f'(z)] <bo, (=)' <b (39)
and
|f'(x) = f(2")] < Lol — 7. (40)

Moreover, suppose there exist L > 0, M > 0 such that for each x,y € Dy = DN U (x*, ﬁ)

[f'() = f' ()l < Llz -yl (41)
()] < M, (42)
A= f'(z7)] < |A] (43)

and
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U(x*, r) C D, (44)

where A is the continuous form of A,, and r is the radius of convergence defined by (34). Then, sequence
{z,} generated for xo € U(x*,r) — {z*} is well defined, remains in U(z*,r) for each n = 0,1,2,... and
converges to x*. Moreover the following estimates hold

|zi2 — 2" < gallzin — 2|)|win — 2| <o — 2™ <7 (45)
|zi3 — 2% < ga(|wiz — 2[)|wi2 — 2] < |22 — 27| (46)
and
|Zim — 2| < gm(|Tim-1 — 2" |)|[Tim—1 — 27| < |Tim-1 — 27, (47)
where the “g” functions are defined previously. Furthermore, for T € [r, bze) the limit point x* is the only

solution of equatwn f(x)=04in Dy =DNUx*T).

Proof. We shall show using mathematical induction that the sequence {z,} is well defined and convergent
to z* so the estimates (45)—(47) hold.
Let ¢ = 0. By hypotheses (35), (39), (40) and z¢ € U(z*,r) — z*, we have that

bl f'(wo,1) — f'(a™)| = bl f'(x0) — f'(2")| < bLo|zo — | < bLor < 1. (48)

It follows from (48) and the Banach lemma on invertible functions [1] that f'(z¢,1) # 0,

b
! 1< 49
|f (‘To,l) |— 1_bLO|$O,1_$*| ( )
and xo 2 is well defined. Then, we have by the first substep of method (30) that
Too —2* =x01 — 2% — f(x01)  f(201)- (50)
Using (34), (36), (39), (41), (49) and (50), we get in turn that
1
20,2 — & < | f'(w0) "] ’ / (f/(fl?* +0(zo1 —2%)) — f’(zo,1)>(xo,1 —a7)db
0
bL|£E0 11— $*|2 * * *
) — _ — < — 51
T r—— 92(|zo,1 — &*[)|wo,1 — 27| < |wo,n — 2™ <, (51)
which shows (45) and xg 2 € U(z*,r).
We can write by (39)
1
f($0 1 /f/ 5+ 0 JZQ 1—X ))($071 — x*)d@ (52)
0
Notice that x* 4+ 0(zg 1 — x*) € U(z*,r), since |a* + 0(xo1 — %) — ™| = O|lzo1 — *| < 7.
Then by (42) and (52), we get that
|f(zoa] < Mzoy — x| (53)
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We must show the existence of g 3. To achieve this, notice that we can rewrite 2—2 as

f(zo,2)
& — 1 B f($0,1) (54)
Ay A, ’

where Ay = flzo1,%0,2] — ;g;g?;f’(x()l) for f(zo,1) # 0 (if f(zo,1) = 0, then o1 = z* and the iteration is

terminated). By (40) we have that

[(f' (@) (o1 — 7)) 7 (flwo1) = f@™) = f'(2") (w01 — 27))] < @Iwo,l —z7 < %7‘ <1 (59

by the choice of r. Hence, f(x¢,1) # 0 and

b
|fzo) 7t < - (56)
|xo — x*|(1 - Z’LTO\J;O — x*|)
Next, we show that Ay # 0. We have in turn by (34), (35), (37), (40) (51), (53) and (55) that
f(l‘og) / b 0 bM2|1'02—1'*‘
bl flzo,1, mo2) — f'(x*) — = f (%,1)‘ < —(|zoq — 2" + |02 — 27[) + :
f(xo,1) 2 |zo,1 — 2*|(1 — 252 |zo1 — 2*|)
Lo M?gy(|zo,1 — 2*|)
<bl —(1+ To1 —x*])) + :
< ( 5 (- galos =) + {5
= pa(|zo — 2*]) <p2(r) <1. (57)
Hence, A2 # 0 and
b
A7 < 58
S s () o
5o xo,3 is well defined. Then, we have that
f(zo, M|zo,2—z"| ) ( M92(|900,1—£6*|)>
& b(l + |f($00,12) |> < b<1 + \$0,1—$*|(1—I’LTO\930,1—$*\) b{1 T 1*IDLTO|I0,1*I*|
Ao | = 1 —=pa(lzo —2*|) — 1 —pa(|zo,1 — x*) 1 =pa(zor — 2*|)
(o)
1—pa(r)
It follows from (59) that Ay # 0 and
A < 8a(fwor — =) (60)
We can write by the second substep of method (30) for ¢ = 0:
zo3 — 2" =201 —2° — f'(20,1) " f(@o1) + /(z0,1) (A2 — f/(20,1)Da) A5 f(o,1). (61)

Using (40), (51) and (53) we get in turn that
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|Ag — f'(xo,1)D2| = |(f'(z0,1) — f'(x7)) f(wo2) + (f' () = flzo,1,%o,2]) f(20,1)
+ (f'(2") = f(w0,1)) f(wo,2) + (f'(wo1) — f' (")) f(w0,1)]

LoM
< MLolwo,1 — *||wo2 — 2| + OT (|$0,1 — 2"+ 20,2 — x*\) |zo1 — 2"

+ L0M|{L'071 — (E*||(IJ072 — (E*| + L0M|(L'071 — (E*H{L'OJ — IE*| S 71 (7")|Z’0’1 — Z'*|2. (62)

Then, by (34), (35), (36), (51), (60) and (62), we obtain in turn that

bL|zo1 — x*|? N Méo(r)y1(r)|zo,1 — |3

I
‘33073 . | - 2(1 — bLo|£L’0’1 - 1’*|) 1-— bL0|£L'071 — CE*|

= g3(|zo1 — x™|)|zo — ™| < |xg —2¥| < 1y (63)

which shows (46) and zg 3 € U(z*,r). It follows from (43) that A,, # 0, m = 3,4,...,n+ 1, since otherwise
J'(xz*) = 0 contradicting (33). If the iterates are equal to each other, then A,,, = 0 but then iterate z¢ ,, = x*,
so the iteration has been terminated. In view of (38), (40), (42) and (43), we also get in turn that

blAn — (") <b ‘ > (=1 (flros, wo,4] — H (zo,k) H (zox — ") + (2" — 20,1))
a = ;
e
3 @) T fow) TT (@os = o) + (@ = w00)|
j=1 k=1 k=1
k#j k5
I<k
<b &i I Y|wg1 — z*| + |z x ﬁ (Jeo e — ™| + |0y — z™|)
SO0l 5 2 0 0,j ol 0 0
k.l ;
+Z( )j lboMm H(x()kx|+|x01x|))
Jj=1 k=1
k,i#j
I<k
<yo(|lwor — x*|) < y2(r) < 1 (64)
Hence, we get
1
A< 65
L e N PR} )
Let
Ep = Ap — f'(201) D (66)
Then using (66), we have as in (64) that
|Em| = ’ Z(*l)jfl [(f[fco,l,fﬂo,j] — @) + (f' (") — fl($0,l))} H f(zox) H (Tox — Z0,1)
j=1 k=1 k=1
k#3 k,l#j
I<k
< s(lzon —27)). (67)
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Then, we have as in (61) that

|20,m — a*| = [xoq — 2% — f(x01) " f(xo1) + f'(20,1) " (A = f'(20,m) Din) AL (@0,m)]
bL‘.TOJ - .73*|2 bM’)/3(|.CCO,1 — JC*I)|ZCQ,1 — ZC*|
2(1 — bL0|CE071 — IE*D (1 — bL0|ZC071 — I*D(l — ’)’2(|(£0,1 — ’I*|)

gm(|zo1 — 7)o, — 27| < fwos —*| <1, (68)

which shows (47) and xg ,,, € U(z*,r). In particular, we have that

|z — 2| < |zo — ¥ (69)

By simply replacing o1, To,2,-- -, To,n+1 DY Tp15 Tpy2s -+ Tuynt1, # = 1,2,... we complete the induction.
In view of the estimate

|xm+1 - 37*| <C |xm - 33*‘ <, C= 9m(|$o,1 - .73*|) S [0, 1)7 (70)

we deduce that lim,, oo T = 2* and 41 € U(z*, 7).
Finally, to show the uniqueness part, let Q = fol 'y +0(x* —y*))do for some y* € D1 = DNU(x*, ﬁ)
Then, using (39) and (40), we get that
bL
Q- f'(a") < 5T <1, (71)
It follows from (71) that @ # 0. Then, from the identity, 0 = f(z*) — f(y*) = Q(z* — y*), we conclude that
*=y*. O

Remark 4. (a) In view of (40) condition (42) can be dropped and replaced by M(t) = 1 + bLyt or simply
by M = 2, since t € |0, ﬁ)

(b) Tt follows from (35) that the radius of convergence r cannot be larger than the radius of convergence
for Newton’s method r4 defined by (31). The radius of convergence r4 is found by Argyros in [1,2] that
improves upon the radius of convergence given independently by Traub [29] and Rheinboldt [22]

2

rrR = 3L (72)
where L; is the Lipschitz constant on the whole domain D. Notice however that
L< L. (73)
Consequently, since Ly < Lp, we have that
rrr <TA. (74)

Hence, our ball is the largest if Ly < Ly or L < L;. For an example, let us consider the equation f(z) =
_ 1

e —1=0on D = U(0,1). Since z* = 0, we have Lsg = e—1, L = eTo, by = b =1 and L; = e, so

Lo < L < L. From (31) and (72), it follows that

rrr = 0.2452... < 0.3827... =7r4.

(c) The convergence order is found next by using Taylor expansions and hypotheses reaching up to the
n+ 1-th derivative. These hypotheses limit the applicability of method (30). As a motivational example, let
us define function f on D = [—1/2,5/2] by
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fa) 22Inz? + 2% — 2t 2 #£0,
€Tr) =
0, z=0.
Then, we have that

" () = 61nz? + 602* — 24z + 22.

Then function f”/(x) is not bounded on D. However, the results of Theorem 3 can apply for Lo = L = 441
and M = 6. Notice that the order of convergence can be found without using the Taylor expansion using
the COC as well as the ACOC (see [12,32]).

(d) Hypothesis (43) can be replaced by

b|A — f'(z*)] < g < 1 for some ¢ € [0,1). (75)

Then A # 0, since otherwise 1 < ¢ < 1, which is a contradiction. Define 75(¢) = ¢. Then, the conclusions of
Theorem 3 hold with (75) and the new 4» replacing (43) and the old 2, respectively.

Below we obtain the optimal convergence order of general scheme.

Theorem 4. Let f : D C R — R be a sufficiently differentiable function. Suppose that the hypotheses of
Theorem 3 hold. Then the n-point family (30) converges to x* with at least 2™-th order.

Proof. According to Theorem 3 the method (30) is well defined and converges to z*. Let e;1 = ;1 —
T, 0 =240 —T",..., €n = Tin —x* be the errors in the i-th iteration. In order to find the error of the
family (30), first we write error equations of the schemes of convergence order 2, 4, 8 and 16 in the more
systemic forms.

The error equation of one-point scheme, which is well-known Newton’s iteration, is given by

€2 = 016?71 + 0(6?71), (76)

where C7 = As.
The error equation of two-point scheme (i.e. Ostrowski’s iteration) using (3) can be written as

eig = CoC1e2] + O(ely), (77)
where Cs is the determinant of Toeplitz matrix of order 2 defined as

4, 1
02—‘/13 Ay

In view of (12) the error equation for three-point eighth scheme can be expressed as
3
€j4 = CgCQC%Gil + 0(6?71), (78)

where Cj3 is the determinant of Toeplitz matrix of lower Hessenberg form of order 3 defined as

Ay 1 0
Cy3=|A3 Ay 1|.
Ay As A

From (21) the error equation for four-point sixteenth order scheme of the family (30) can be reproduced as
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€i5 = 04030220122612741 + 0(611771), (79)

where Cjy is the determinant of Toeplitz matrix of lower Hessenberg form of order 4 and given as

A, 1 0 0
|4 A 10
1514, A; Ay 1

As Ay Az A,

The above process can be easily generalized to write the error equation of n-point family (30). Thus, we

can write

27173 2n+1

Cimp1 =e€if1 = CpCn 1C2 508 5 CFCY "2 + O(e2)). (80)

Here C,,, C),_1 etc. are the determinants of Toeplitz matrices of lower Hessenberg form of order indicated
by subscript index. In particular, the determinant C,, is given as

Ay 1 0 0 0
As Ay 1 0
C - Ay A3 A
. . 0
An An—l An—2 A2 1
An-i—l An n—1 .. A2

The error equation (80) shows the 2"-th order of convergence. 0O

Remark 5. (a) Note that the family (30) requires n+ 1 function evaluations, namely f(z;1), f(xiz2), f(zi3),
o, f(zip) and f'(z;1) per iteration and possesses convergence order 2". Thus, it is optimal in the sense

of Kung—Traub hypothesis.

(b) General families of n-point Newton type iterative methods of optimal order of convergence 2™ have

also been presented in [20,31]. First step of these schemes is the Newton or Newton-type step, whereas, in

each subsequent step first derivative is approximated by using Hermite interpolation. The present family is,

therefore, completely different and hence new.

5. Numerical results

In order to demonstrate the convergence behavior and to check the validity of theoretical results of the
new methods, here we perform numerical tests. For demonstration let us choose the eighth order (11) and
sixteenth order (20) methods, which are now denoted by N8 and N16, respectively. We also compare the
methods with some existing optimal order methods. For example, the eighth order methods proposed by
Bi-Wu-Ren [4], Thukral [26], Thukral-Petkovi¢ [27], Cordero-Torregrosa—Vassileva [7] and Khan-Fardi-
Sayevand [13], and sixteenth order method by Geum-Kim [10]. These methods are given as follows:

Bi-Wu-Ren Method (BWRS):

W — 1 — f(z:)
K2 K3 f/(xl)’
= w 2f (i) — f(wi) f(wi)

i )

2f () — 5 (wi) f'(xi)
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o T (D) ()
" ’ Fl@) +vf(z)  flao,wil + flz, @i, 2] (2 — w;i)

where v € R and f[zml“uxz] = w

Cordero-Torregrosa—Vassileva Method (CTVS):

v — g J@)
T ()
f(@i) = flwi) flz:)
f(@i) = 2f(w;) f'(3)
3(Ba + B3)(u; — z;) f(z)
Br(u; — zi) + Ba(w; — x;) + B3z — a;) f(x5)’

Zip = Ty —

Lit1 = Ui —

2
where §; € R (1= 1,2,3), B+ s # 0 and w; = = — & (F9effon + § el )
Khan-Fardi-Sayevand Method (KFS8):

f(zi)
w; = Ty — )
f' (i)
o () ()
O fH () = 2f () f(wi) w2 (ws) f(2)
a1 f(zi)
o+l ¢ 1 =+ Vq2-2 K — C’(wz — Zl) — D(U)l — Zi)z7
where w,v € R, ¢; = chg;;? D= (xlféi’ %xl 3 (5_52, C = xi—i) — D(z; +w; — 27),
= fa)=fw) g fw)=fG)
Ti—W; Wi — 24
Thukral Method (T8):
f(@i)
Wi = T4 — )
f'(@3)
f(@:)? + f(w;)?

i) (f (i) — flws))’

where u; = f(wl).

i)
Thukral- Petkovzc Method (TP8):

Py
o — ws — flz) +bf(ws)  f(w)
i % (331) +( )f wz) f/(l,i)v

(
f(zi) N 4f(z)] f(z1)
flwi) —af(z)  flx) ] fa)

Tit1 = 2 — Qb(t) +

where a,b € R, ¢(t) = 1+ 2t + (5 — 2b)t2 + (12 — 12b + 2b?)t3 and ¢ = m )>

17
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Geum—Kim Method (GK16):

f(zi)
Yi = T; — )
f (@)
f (i)
zi = yi — Ky(u; ’
f( )f/(xz)
f(zi)
Si:Zi_H Uj, Vg, Wy )
f( )f’(icz‘)
f(si)
Tit1 = Si — Wf(ui;viawivti) f’(x')’
where
1 —9u? 1+ 2y
Ke(y) = —— =" H y(ui, viy w;) = ———————
ui) 172U¢*4U22’ s sy v i) 1 — v —2w;’
1+ 2u;

W (ui,vi, wi, t;) + G(uq, v, w;),

- 1—vi—2wi—ti
G(ug, v, w;) = 76uf’vi + 6wi2 - 4u§l(3vi + 17w;) + ui(2vi2 + 41)13 +w; — Qwi?),
- f(yz) _ f(Zz) _ f(Zz)

i = P = P = t; =

f(xi)’ flyi)’ f(x)’

For comparison let us consider Kepler’s equation

where 0 < a<land 0 < K <.

A numerical study, for different values of o and K has been performed in [8]. Using (39)-(42), we get
L=Ly=Li =a, M=1+a,bg =1—acos(z*), b = % As a specific numerical example, let us
take o = 0.9 and K = 0.1. In this case the solution is x* = 0.63084352756315343 . ... Therefore, we have,
L=Ly=L; =09, M =1.9, by ~ 0.2732 and b =~ 3.6600.

Next, we shall determine the convergence radius r, say for n = 4, so that we can choose initial points
from the convergence ball U(z*,r). According to (34), we must compute r4, 73, r4 and r5. From (31),
we obtain r4 =~ 0.2024. The parameter r3 is the smallest zero of hg(t) expressed in (32). Thus, solving
hs(t) = g3(t) — 1 = 0, we get the smallest zero r3 2 0.0230. The parameters 4 and 75 are the smallest zeros
of hy,(t), m = 4,5, expressed in (33). Thus, solving h,,(t) = gm(t) — 1 = 0 taking m = 4, 5, we get the
corresponding zeros as 74 &~ 0.0861 and 75 =~ 0.0858. Then, by (34)

r =min{ra,rs,rs, 75} = min{0.2024, 0.0230, 0.0861, 0.0858} = 0.0230.

Theorem 3 guarantees the convergence of method (30) to z* = 0.63084352756315343 . .. provided that
xo € U(a*,r). This condition yields very close initial approximation. We solve the Kepler’s equation by
selecting different initial approximations even from the outside of our convergence ball. For the parameters
used in BWRS, CTV8, KFS8, TP8 we choose the same values as considered by the respective authors in
their numerical work. To verify the theoretical order of convergence, we calculate the computational order
of convergence COC using the formula [12]

gl (e /f (i)
COC = ol ) e
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Table 1

Comparison of performance of methods.
Methods |zo — 1] |zs — 22| |zg — 23] i cocC CPU-time
xrog = —
BWRS (y =1) 667.09 651.72 1.01 8 8.000 1.9937
CTV8 (81 =0,82 =1,83 =0) 2.79 1.23(—1) 3.62(—8) 6 8.000 1.4602
KFS8 (w=1,v=1) 6.73(—1) 5.44(—10) 1.38(—74) 5 8.000 1.1722
T8 2.25(—1) 3.55(—5) 6.81(—35) 5 8.000 1.0639
TP8 (a =0,b=0) 5.30(—1) 2.43(—3) 1.77(—20) 6 8.000 1.4274
N8 1.60(—1) 4.26(—8) 1.31(—61) 5 8.000 0.5887
GK16 Failure - - - - -
N16 1.18(—1) 1.77(—18) 1.17(—287) 4 16.000 0.4898
o = 0
BWRS (y = 1) 3.32(—2) 1.79(—12) 1.64(—94) 5 8.000 1.2168
CTV8 (81 =0,62 =1,83 =0) 9.96(—5) 3.99(—33) 3.36(—260) 4 8.000 0.9563
KFSS (w=1,v=1) 2.81(—2) 6.07(—13) 3.33(—98) 5 8.000 1.1575
TS 14.76 1.52(—1) 2.69(—6) 6 8.000 1.2636
TP8 (a =0,b=0) 8.01(—2) 4.71(-8) 3.54(—58) 5 8.000 1.1591
N8 9.20(—5) 6.16(—35) 2.52(—276) 4 8.000 0.4832
GK16 1.43(7) 6.62(5) 1.65(5) 12 16.000 2.8017
N16 8.66(—9) 1.72(—132) 2.79(—2110) 4 16.000 0.4281
xrog = 1.5
BWRS (y = 1) 3.46(—3) 3.26(—20) 1.98(—156) 5 8.000 1.2324
CTV8 (1 =0,82 =1,83 =0) 6.35(—3) 1.36(—18) 6.20(—144) 5 8.000 1.2527
KFS8 (w=1,v=1) 7.44(-3) 1.63(—17) 8.99(—135) 5 8.000 1.1606
TS 2.74(—2) 7.27(—12) 2.11(—88) 5 8.000 1.0577
TP8 (a =0,b=0) 1.93(—2) 2.49(—13) 2.18(—100) 5 8.000 1.1653
N8 2.28(—3) 8.21(—24) 2.50(—187) 5 8.000 0.5211
GK16 2.17(—3) 1.08(—38) 1.32(—603) 4 16.000 0.8908
N16 2.22(—7) 6.05(—110) 2.31(—1751) 4 16.000 0.4886
o = 2.2
BWRS (y = 1) 1.78(—3) 1.59(—22) 6.19(—175) 5 8.000 1.2215
CTV8 (B1 =0,02 = 1,83 =0) 4.91(—2) 1.55(—11) 1.75(—87) 5 8.000 1.2324
KFS8 (w=1,vr=1) 4.97(-2) 5.27(—11) 1.07(—82) 5 8.000 1.1744
T8 1.30(—1) 8.88(—7) 1.05(—47) 5 8.000 1.1012
TPS (a = 0,b = 0) 1.09(—1) 1.27(=7) 1.01(—54) 5 8.000 1.2223
N8 3.25(—2) 3.57(—15) 3.15(—118) 5 8.000 0.6252
GK16 1.41(—-2) 1.59(—25) 6.57(—393) 4 16.000 0.9148
N16 3.32(—4) 3.74(—59) 6.64(—1877) 4 16.000 0.5578
o = 3.5
BWRS (y =1) 1.59(—1) 1.75(—7) 1.35(—54) 5 8.000 1.9114
CTV8 (81 = 0,8, = 1,83 = 0) 6.67(—1) 2.39(—3) 5.64(—22) 6 8.000 2.1674
KFS8 (w=1,vr=1) 1.17(-1) 3.47(-8) 3.82(—60) 5 8.000 1.8143
T8 2.66(—1) 1.01(—4) 2.83(—31) 5 8.000 1.6115
TPS (a = 0,b = 0) 2.58(—1) 4.36(—5) 1.94(—34) 5 8.000 1.7995
N8 1.19(—1) 5.48(—10) 9.76(—177) 5 8.000 0.7284
GK16 2.86(—3) 7.35(—37) 2.89(—574) 4 16.000 1.3650
N16 7.02(—3) 4.80(—38) 1.37(—600) 4 16.000 0.6528

taking into consideration the last three approximations in the iterative process. In numerical results, we
also include CPU time (measured in seconds) used in the execution of program which is computed by the
Mathematica command “TimeUsed[]”.

The absolute errors |z;4+1 — x;| in the first three iterations are displayed in Table 1, where a(—b) denotes
a x 107" and a(b) denotes a x 10°. The necessary iterations (i), the computational order of convergence
COC and the mean elapsed CPU-time (CPU-time) are also presented in the table. The necessary iterations
(i) and the CPU-time are calculated by selecting |x;11 — z;| + |f(x;)] < 10729 as the stopping criterion.
Mean CPU-time is calculated by taking the mean of 100 performances of each program.

From the numerical results displayed in Table 1, we can observe that, in general, the accuracy in numerical
values of approximations to the root by the present algorithms N8 and N16 is higher than the existing
algorithms. Calculated values of the computational order of convergence COC also verify the theoretical
order of convergence proved in Section 2. From the values of last column we can observe that the new
methods utilize less computing time in the execution of program than the existing methods of same nature.
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This verifies the highly efficient nature of the present methods. In fact, speaking about the highly efficient
nature of some iterative method, we mean that the iterative method uses the smallest CPU-time. Similar
numerical experimentations, carried out for a number of problems of different type, confirmed the above
conclusions to a large extent.

6. Conclusions

Based on the optimal two-point fourth order Ostrowski’s scheme, we have developed a three-point method
of optimal order eight for solving nonlinear equations. Then, based on this three-point method a four-point
method of optimal sixteen order is developed. In both the methods the new step for obtaining approximation
to a root is generated by using rational Hermite interpolation. This approach of employing previously
obtained scheme and generating the new step by using rational Hermite interpolation is applied to obtain
a generalized n-point scheme of optimal order 2™. The rational approximant is such that its numerator is a
linear function whereas denominator is a polynomial of degree n — 1, that means, the rational approximant
of order [1/(n — 1)]. For example, in case of three-point scheme this approximant is of order [1/2]. It has
been seen that Newton’s and Ostrowski’s methods are special cases corresponding to n =1 and n = 2.

The proposed methods are compared with existing optimal order methods through numerical experimen-
tation. Superiority of presented methods over the existing methods is corroborated by numerical results
including CPU-time utilized in the execution of program. Finally, we conclude that the methods presented
in this paper are preferable to other recognized optimal methods because of simple design and better com-
putational efficiency.
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