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that for all large A, the problem has at least three nontrivial smooth solutions, two of
constant sign (one positive, the other negative) and the third nodal. We also study
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1. Introduction

Let Q2 C RY be a bounded domain with a C2-boundary 012, 1 < p < N, and p* = NN—_’;. In this paper we

study the following nonlinear parametric Neumann problem:

—divA(z, Vu) + B(z) [ulP 2w = Af(z,u) + g(z) [ulf 2u in Q,

gu =0 on 0,

(Py)

where A : RN — RY is a continuous, strictly monotone map that satisfies certain regularity conditions. The
precise hypotheses on the map are listed in the hypotheses H(a) below. These conditions incorporate in our
framework many differential operators of interest such as the p-Laplacian. We stress that the differential
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operator need not be homogeneous and this is a source of difficulties, especially when we look for nodal
(that is, sign changing) solutions. In problem (P)), A > 0 is a parameter and in the reaction f: Q x R— R
and g :  — R are assumed to be continuous functions with g(x) > 0 in Q. Finally, we mention that the
B € L*(2),8(x) > 0 ae. in Q,8 # 0, and in the boundary condition n denotes the outward unit normal
vector on 9. Our aim is to prove a multiplicity theorem for problem (P)) providing sign information for
all solutions provided A > 0 is sufficiently large.

Equations driven by nonhomogeneous differential operators have been widely investigated in the sub-
critical case by variational methods under Dirichlet [1,17,31-33], Neumann [2,13,16,19,23,25,29], or Robin
[28] boundary condition. We mention that the works [2,13,17,19,23,29,32,33] produce nodal solutions. On
the other hand, it is generally hard to handle nonlinear nonhomogeneous equations without the subcritical
growth condition, and thus, the results in the direction are very rare (see [18,26,30]). In [18,30], the right
hand side nonlinearity is assumed to be odd near zero, and the authors produced a whole sequence of distinct
nodal solutions. Based on variational methods combining invariant sets of descending flow, Motreanu and
Tanaka [26] obtained the existence of a positive solution, a negative solution and a sign-changing solution
for equation (P,) with 8 = ¢ = 0if A > 0 is sufficiently large. They assumed that problem (P)) admits an
ordered pair of super and lower solution. In the present paper we prove a similar three-solutions-theorem
for problem (P,) providing sign information for all solutions obtained. Moreover, we obtain the asymptotic
behavior of the three solutions when A converges to infinity. The interesting feature of our work here, is that
in problem (P,) the nonlinearity f satisfies a superlinear growth condition just in a neighborhood of zero.
By using variational methods together with suitable truncation techniques and flow invariance arguments,
we are able to avoid restrictions on the behavior of the nonlinearity f at infinity. Then we can handle
nonlinearities f(z,u) containing terms like |u|""*u and |u|""* ue* with p < r < co.

Throughout this paper, we assume that the map A and the function f satisfy the following hypotheses
H(a) and H(f), respectively:

H(a). A(z,y) = h(z, |y|)y, where h(z,t) > 0 for all (z,t) € Q x (0,+00), and

(i) Ae CO@OxRY RYN)NCHQ x RV \ {0}, RY) with some 0 < € < 1;

loc

(ii) there exist constants C; > 0 and 1 < p < +oo such that
|VyA(x,y)| < Cyly|P7% for every x € Q, and y € RV \ {0};
(ili) there exists Cy > 0 such that
(Vy A, 9)&,E)an = Coly| "2 [¢]° for every z € O, y € RY\ {0} and ¢ € RY;
(iv) for all (z,y) € Q x RY, we have
pG(z,y) = (Alz,y), Y-,

where G(x,y) is the primitive of A(z,y), i.e., V,G(z,y) = A(z,y) for every z € Q,y € RV, and
G(z,0) = 0.

In the above hypotheses by |-| we denote the Euclidean norm in RY. And the notation V,A means the
differential of the mapping A(z,y) with respect to the variable y € RY. Similar conditions are used widely
in the literature (see, e.g., [1,9,24,25 31]).

H(f). f: Q@ xR — R is a continuous function with primitive F'(z,t) = fot f(z, s)ds satistying f(x,0) = 0 for
a.a. x € 1 and
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fet) _

TGk 0 uniformly for a.a. x € €;

(ii) there exists r € (p, p*) with r > 7 such that lim;_, %gl”rt) = oo uniformly for a.a. z € €

(iii) there exist p € (p,p*) and § > 0 such that

(i) there exists 7 € (p, p*) such that lim;_g

0 < puF(z,t) <tf(x,t) foraa zeQandal0<t<;

(iv) there exists m > 0 such that for a.a. 2 € €, the function t — f(z,t) +m [t[’~>¢ is nondecreasing on
[—9, 0], where § is as in (iii).

The main result of this paper is the following (for the precise meaning of the notation refer to Section 2).

Theorem 1. Assume that hypotheses H(a) and H(f) hold. Then, there exists A\, > 0 such that for any A > A,
problem (Py) admits at least three nontrivial smooth solutions

uyg € intCh, wuyo € —intCy and wuy3 € C1(Q) nodal,
satisfying
,\Elfoo lur:ll =0, i=1,2,3.
Moreover, problem (Py) has extremal nontrivial constant sign solutions.

Tt is worth pointing out that similar results to ours with critical growth can be seen in [3,5,12,14]. In all

these works, the nonlinearity f satisfies

im 2@ (1)

t—4oco tr—1

uniformly in « € Q, where r € (p,p*). By using the well-known concentration-compactness principle of
Lions, they derived the existence of a positive solution for all A\ > A, with A, > 0. In our results, we drop
the hypothesis (1) and add two solutions (one negative, the other nodal). So our results can be considered
as a significant extension of the above mention papers in the sense that we are considering only superlinear
conditions in a neighborhood of the origin.

In the next section we recall various notions and results which will be used later. In Section 3, we prove
the existence of two constant-sign solutions for problem (P,). Finally, in Section 4, we prove the existence
of a nodal solution for problem (P)).

2. Mathematical background

In the analysis of problem (P) in addition to the Sobolev space W1?(Q), we will also use the Banach
space C1(2). This is an ordered Banach space with positive cone C = {u € C*(Q) : u(z) > 0 for all z € Q}.
This cone has a nonempty interior given by

intC, = {u € Cy :u(z) >0 for all z € Q}.

The inner product in RY and the usual norm in L*(Q2) (1 < s < +00) will be denoted by (-, )z~ and [|-||,,
respectively. In what follows the Sobolev space WP () is endowed with the norm

lu|l = (||Vu||§ + / |u(z)|? dx)% for all u € WHP(Q).
Q
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Fixing s € [1, p*], by the Sobolev Embedding Theorem, there exists a positive constant x4 such that
1
lully < ks llull,  weWP(Q). (2)

In the sequel, by || we denote the Lebesgue measure on RY. Given z € R, we set 2+ = max{=£z,0}. Then
for u € WHP(Q), we define u*(-) = u(-)*. We know that

ut e WhP(Q), lu| = ut +u” and u=ut—u".
Also, if h : Q x R— R is a measurable function (for example, a Carathéodory function), then we set
Np(u)(-) = h(,u(-)) for all u € WHP(Q).

Using the hypotheses H(a), we can easily prove the following lemma that summarizes some significant
facts regarding the operator A.

Lemma 2. If hypotheses H(a) hold, then

(i) for all x € Q,y — A(x,y) is maximal monotone and strictly monotone;
e a5 L -1,
(ii) for all (x,yle QxRN JA(z,y)| < pCT1 ly|P~;
(iii) for all x € Q x RN, (A(z,y),y)pg~y > % ly|”.
A straightforward consequence of the above Lemma, is the following result:

Lemma 3. If hypotheses H(a) hold, then for all (z,y) € Q x RN we have

Co
p(p—1)

O

P <Gz, y) < ——|y|”.
lyl” < G(z,y) P — |y

Now, let V : WLP(Q) — (WLP(Q))* be the nonlinear map defined by

(V(u),v) = /(A(gc, Vu), Vo)gndz, for all u,v € WHP(Q). (3)
Q

Here, (-,-) denotes the duality pairing between W1P(Q) and its dual (W1P(Q))*. The following result
mentioning an essential property of the differential operator divA(x, V(-)) corresponding to the map A is
important for the proof of the Palais—Smale condition for the Euler functional associated to problem (Py).

Proposition 4. (See [15].) If hypotheses H(a) hold, then the nonlinear map V : WLP(Q) — (WLP(Q))*
defined by (3) is maximal monotone, strictly monotone and of type (S)+ (i.e., if w, — w weakly in WP (Q)
and

lim sup (V (wn), wp —w) <0,

n—oo

then w, — w in (WHP(Q))*).

The following lemma can be found in [27, Lemma 4.11] and will be useful in the estimations that follow.
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Lemma 5. If 5 € L>*°(Q), 8 >0 a.e. in ), and 5 # 0, then there exists & > 0 such that

[ Vull, + /ﬁ P dz > & |Jull®  for all u € W'P(Q).
Q

This lemma leads to the introduction of

. _mf{ IVull? + [y 8 lul” dz
L [ull?

cu € WHP(Q),u # 0},

which is the first eigenvalue of

—Apu(@) + B(x) [u(@) P u(z) = Mu(@) P u(z), inQ
Qu — (), on 0.

5

We know that A; is simple and is the only eigenvalue with eigenfunctions of constant sign. All the higher

eigenvalues have nodal eigenfunctions. We denote by ¢ € C \ {0} the positive eigenfunction corresponding

to A\1. Note that 3 € L>(f). It is also known that ¢; € intCy N CL¥(Q) for some a € (0,1) (see [36]).
Since hypotheses H(f)(i)—(iii) give the behavior of f just in a neighborhood of zero, the functional

JOF@ e+ gl )do
Q

is not well defined in W1?(Q2). To overcome this difficulty, we use here a penalization technique in the spirit

of the argument developed in [8] to obtain a new functional well defined in W1?(Q). For this purpose, we

first observe that hypotheses H(f)(i)—(ii) imply that for z € £ and |¢| small,

T— ]- T
[f ol < | Flen <

and

Fx,t) > [t
It is clear that for |¢| small,

1

pr T

Now, let p(t) € C*(R, [0,1]) be an even cut-off function verifying tp/(t) < 0, [tp’(t)| < 2 and

1 if ¢ <o,
p(t) = .
0 if |¢t| > 20,

where o € (0, %) is chosen such that (4)-(6) and H(f)(iii) hold for |t| < 2¢. Using p, we define

Fant) = o) P, ) + (0= o) Awt) = plt)gle) o+ (1= oo I

and f(x,t) = %F(x,t), h(z,t) = %H(z,t). We now introduce the following auxiliary problem

(4)
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—divA(z, Vu) + B(z) [ul’ > u = Af(x,u) + h(z,u) inQ,
% =0 on 0f.

Let Jy : WLP(Q) — R be the energy functional associated to problem (7), defined by
1 - _
Jx(u) = /G(:c,Vu)dx + - /ﬂ |u|P do — )\/F(a;,u)dx - /H(x,u)da:, u € WHP(Q). (8)
Q o Q Q
Then Jy € CY(WHP(Q),R), and the derivative of J is given by

(Jy(u),v) = /(A(:mVu),Vv)RNdx + /ﬁ |u|P ™% uvdz — A/f(m,u)vdx — /ﬁ(x,u)vdm 9)
o) ) )

Q

for u,v € WHP(Q). Thus weak solutions of problem (7) are critical points of the functional Jy on WP (Q).
We note that critical points of Jy with L° norm less than or equal to ¢ are also solutions of the original
problem (Py).

In order to study the critical points of Jy, we now recall an abstract critical point theorem. Let E be a
real Banach space and J € C1(E, R). We say that J satisfies the Palais-Smale condition ((PS) condition
for short) if for every sequence {u,} C E such that J(u,) is bounded and J'(u,) — 0 as n — oo, there
exists a subsequence of {u,} which is convergent in FE.

Lemma 6. (Mountain pass lemma; see [3/].) Let E be a real Banach space and J € C*(E, R) with J(0) =0
satisfy the (PS) condition. Suppose that

(i) there exist constants p > 0,a > 0 such that J(u) > a for all u € 0B,, where B, = {u € E : |lu]| < p},
0B, denotes the boundary of B,;
(i) there exists e € E such that ||ul| > p and J(e) < 0.

Then J possesses a critical value ¢ > a and

= inf J(h
©= My T

where ' = {h € C([0,1], E) : h(0) = 0,h(1) = e}.
3. Solutions of constant sign

In this section, first we establish the existence of at least two nontrivial constant sign smooth solutions
(one positive and the other negative). Then we show that in fact we have “extremal” constant sign solutions,
i.e., there exist a smallest nontrivial positive solution and a biggest nontrivial negative solution.

Lemma 7. Assume that H(f) be satisfied. Then

(i) there exists a constant C' > 0 such that
|f(z,t)| <C b7, |h(z,t)| < C it for any z € Q and t € R.
(ii) 4t holds that

0 < OF(z,t) <tf(z,t), 0<OH(x,t)<th(z,t) foranyzecQ andtc R\{0},

Please cite this article in press as: T. He et al., Multiple and nodal solutions for parametric Neumann problems with
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where § = min{y, 7}.

Proof. It follows from the definition of f that

|t”

tf(z,t) = tp(t)f(a,t) + tp'(t) (F(x,t) — tT) + (1= p(®) [t (10)

Since [tp/(t)| < 2, by (4) we get | f(z,t)| < C t|”"". Similarly, we see that lg(x)h(z,1)| < C it
In order to (ii) we observe that

1"

OF (x,1) < p(t)t (1) +0(1 — p(t)) -

>

< p)tf(x,t) + (1 —pt) |t

=

(see (H(f)(iii)). This together with (10) implies that

t”
-

OF (z,t) — tf(z,t) < —tp'(t)(F(z,t) — —) <0

(see (4) and recall that tp/(t) < 0). Similarly, we see that 0 < 8H (x,t) < th(z,t). Thus, the proof the lemma
isover. O

In order to show that solutions of penalized problem (7) are solutions of the original problem (P, ), we will
use the following L* estimate. From now on, it will be assumed that A > 1 (which is not very restrictive
since we are looking for nontrivial solutions when A is large). And we denote by C,Cqy,Cq,,--- positive
(possibly different) constants which do not depend on A.

Lemma 8. If u € WYP(Q) is a solution of problem (7), then u € L% () and there exists a constant
C =C(r,N,Q) > 0 such that

1 p*—p
[ull oo < CAPT=T [Juf|7™=".

Proof. The proof relies on the Moser iteration technique (cf. [7,20]). Let u € WP(2) be a solution of
problem (7). We can assume, without lost of generality, that « is nonnegative. Otherwise, we argue with
the positive and negative parts of u separately. We define up(x) := min{u(z), T} for T > 0. It is clear that
0 <wupr <wu,VuVur > 0 and |VuT| < |Vu| For aw > 1, we note ¢ = u’%(a_l)u and ¢ = u%_lu. Then, by
taking as test function ¢ and using Lemma 7, we have

(A(z, Vu), Vo)pnvdz + B|u’p_2u<,0dx =\ [ flz,u)pdz + [ h(z,u)pdx
/ ey —

Q Q

< 2)\0/UT7P¢pd8. (11)
Q

By Lemma 2 and the definition of ur, we have

_ -1
/(A(ac,Vu),Vgp)RNdx > Col /u’r}(a 1)|Vu|pdx+ % / up(o‘_l)’Vu‘pdx

Q Q {u<T}

Co (a—1) P
= /uz} ’Vu| dz. (12)

V

Q
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Since fﬂﬁ‘u‘p_zwpdm >0, from (11) and (12) we see that

/u’%(afl)’VuFdw < )\Cl/uT_pwpds. (13)
Q Q
By (11) and (12) again, we have
/ﬁ’u‘p_Quwdm < 2/\C/u7_pwpds. (14)
Q Q

From (2), (13), (14) and Lemma 5, it follows the inequality

v

) < Collo|” <05 [ Vel ar+ G [ ol
(Q/ I) 5 3! X 30/ x

<G / (V| Vul” + (@ = DPureh ™ | Vur ') dz + 20CCy / WGP s
Q

Q

< Cya? / WB V|Vl dz + 20CCy / uTPYPds
Q Q

< /\C’5ap/u77p¢pdx
Q

(since a? > 1 and 1+ (o — 1)? < a? for a > 1). We now use Holder’s inequality, with exponents % and

%, to obtain
p*—(7—p)

p T—p . p*—(r—p)
(for )™ <ocear([wan)™ (o)
Q Q Q

By (2), we obtain

12, <Gl el
where v* = %:_p). Considering o = 1 + p*p_T, we obtain
* & . =
([l an) ™ < acomrlull ([ )™
Q Q

We now apply the Fatou’s lemma to the variable T' to obtain

lullaps < ACoa?[[ul| ™" [lullg.

and so
—py L

||uHap* S ()\CGO[pHuHT p) or ||U’Ho¢'y* ° (]‘5)

Taking ap = « and inductively o, 41 = p;‘f" forn=20,1,2,---, and applying the previous processes for oy,

by (15) we have
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—py L
lllgype < (ACo0f [l ™7) =7 Hlutl g,

IN

(ACoat[lu] )77 (ACza? )7 [,
< (ACo[lul ™) T atal" Jull.

*

Note that a,+1 = xan, where x = %. An iterative process leads to

_ In o
||u||%p* < ()\CgHuHT p) ap Q%X%" Hu||p* ,
where 0, = > p_ox " and ¢, = > p_, kx . Since lim,,_,o 0, = ;% and limy, e S = —L—, we let

v Pr =
n — oo to conclude that

* * * * _
lullag < (ACsJul| ™) 7077 @@= X7 Jul] = CAF |Juf| 7=
and the proof the lemma is over. O

In the two following lemmas, we prove some well-known results from critical point theory for the energy
functional Jy defined by (8).

Lemma 9. Under the hypotheses of Theorem 1, the functional Jy exhibits the mountain-pass geometry:

(i) there exist constants py > 0,ay > 0 such that Jx(u) > ax for all ||u| = px.
(ii) let e = § € WHP(Q), then there ewists \g > 1 such that |e|| > px and Jx(e) <0 for all X > Xo.

Proof. It follows from Lemmas 3, 5 and 7 and (2) that

Co

Jk(u) > m

1 .
IValg + - [ Bluf do = (ACa+ Ca) Jul;
Q

> [lull” (C5 — ACé [|ull" ")

_1
(recall that A > 1 and 7 > p). Taking py = (555 )77, we have

22Co
_ G p 1,p _
Ia(u) > ay = 5 P> 0 for ue WP(Q), |lull = pa.

Next we prove (ii). Since py — 0 as A — oo, we get |le| > px for A large. By virtue of (5) and the
definition of F', we know that F(x,e) > |e|” for any x € Q. Then

1 ~
Jxa(e) < §/B|e|pdzf)\/F(9:,e)d:r < Crle|” — ACs le|",
o) )

which implies that there exists Ay > 1 such that Jy(e) <0 for A > A\g. O
Lemma 10. If hypotheses H(a) and H(f) hold, then, for every A > 0, the functional Jy satisfies (PS) condition.

Proof. Let {u,} C WP () be such that d := sup,,cy Jx(us) < 00, and J{ (u,) — 0 in WIP(Q)* as n — oo.
For n sufficiently large, and by H(a)(iv) and Lemma 7, one has
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1
d+ 1+ [Jun > Jx(un) — 9 (Jﬁ\(un),uﬁ

= /G(:c,Vun)derl/B\un\pdxf )\/ﬁ'(:c,un)d:v
Q P2 Q
-~ 1
- /H(x,un)dx - 5/(A(J;,Vun),Vun)RNd:c
Q

Q

1 ~ 1 ~
— 5 [t 5 [ feuunde 5 [ e u)uds
Q Q

Q

> (1-— g) /G(m,Vun)dx—i— (]1—) — %) /[3 |up |P da
Q Q
> O [lun|” (16)

(see Lemmas 3 and 5). Therefore {u,, } is bounded in WP (). Passing if necessary to a suitable subsequence,
we may assume that

u, — u weakly in WHP(Q) and w, — uin L*(Q), (17)

where s € [p,p*). Since [(J} (uy,),v)| < &, ||v]| for all v € W1P(Q) with &, | 0T, we have
[V (un), un — u) + /(ﬁ [unl? "2ty — Af (2, un) — h(@,un)) (un — w)dz| < e, [Jun — ul| . (18)
Q
From (17) and Lemma 7, it follows that

/(B n P72 = M (@, un) — Rz, up)) (uy — u)dz — 0.
)

So, if in (18) we pass to the limit as n — oo, then we obtain (V (u,), u, —u) — 0. This and Proposition 4
mean that {u,} strongly converges to u in W1P(Q). Therefore, J) satisfies (PS) condition for all A\ > 0. O

Lemma 11. Let hypotheses H(a) and H(f) be satisfied. Let u € WYP(Q) be a critical point of Jx. Then there
exists C' > 0, independent of A, such that ||Ju|” < CJy(u).

Proof. Let u € W1P(Q) be a critical point of Jy. Similarly to (16), we have C ||ul|” < J(u), where C; > 0
is independent on A, and the proof the lemma is over. O

Lemma 12. Assume that hypotheses H(a) and H(f) hold. Then, there exists A, > 0 such that for all X > A,
problem (Py) has at least one nontrivial solution uy € C*(Q) N [~0,0] and limy_ 1 ||ur]| = 0, where
[~o,0] ={ue WP(Q): —0 < u(z) <o ae in Q}.

Proof. Lemmas 9 and 10 guarantee that for any A > A\g the energy functional J) satisfies all the assumptions
of the Mountain Pass Lemma (see Lemma 6). Hence, for any A > A there exists a nontrivial critical point
uy € WHP(Q) of J with critical value ¢y and

Jrn(0) =0 < ay < ¢y = inf max Jy(h(s)),
heT s€0,1]
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where I' = {h € C([0,1], E) : h(0) = 0,h(1) = e}. In order to get the estimate of the critical level ¢y, we
introduce the following energy functional

= /G(a:,Vu)dx+ 1/5|u|pdm—)\/|u|7’dac, u € WhP(Q).
p
Q Q Q

Let @a(t) = % 181l el = At™ [[e]l.. We can obtain through straightforward calculations that

D

"
max o (t) = —— L= 18127 llell;™ llell, .
Then, using (8) and the fact e = Z, we have
ex < max Jy(te) < max Iy(te) < maxgpk( ) < C’/\_%7 (19)
t€[0,1] t€(0,1]

where C' > 0 is independent of A > 1. By virtue of (19) and Lemmas 8 and 11, we obtain

Juall,. < oAwm =, (20)

where the exponent of A is negative, so that there exists A, > Ag such that C)f% < ¢ for any
A > .. Hence, uy € [—0, 0] is a nontrivial solution of the original problem (Py), and the nonlinear regularity
theory (see [21, Theorem 2]) implies that uy € C1(2). Using again (19) and Lemma 11, we conclude that
limy_, oo |lua|| = 0. The proof is complete. O

As we already mentioned in the Introduction, our method of proof involves also truncation techniques.
So, we introduce the following truncations:

Qx(z,t) ift>0
0 ift<0

Qx(z,t) ift<0

and Q, (z,t) =
A (1) {o itt >0,

Qi_(xﬂt) = {

where Qx(z,t) := AF(x,t) + H(x,t) (see Section 2), and consider the C'-functionals J5 : W'?(Q) — R
defined for all u € WP (Q) by

I (u) :/G(a:,Vu)der%/ﬂ|u|pdxf/Qf(x,u)dx
) ) )

Lemma 13. Assume that hypotheses H(a) and H(f) hold and A > A, (A« > 0 as in Lemma 12). Then
problem (Py) has at least two nontrivial constant sign smooth solutions: ux1 € intCy N [0,0] and uy2 €
—intCy N [—0,0],

Proof. First we produce the positive smooth solution. Arguing as in the proofs of Lemmas 9-12, we obtain
the corresponding results for the functional J;r. So, using the Mountain Pass Lemma, we can find uy; €
CY(Q) N[—0,0],ur1 # 0 such that J(ux1) = 0, thus

(V(ua1) /ﬂ|uA 1| uA wdz = /‘b\ (z,ux1)vdz, ©veE WHP(Q), (21)
Q
where ¢ (z,t) = 2Q7 (z,t). In (21), we choose v = —uy ; € WHP(Q). Using Lemmas 2 and 5, we have
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_ C
&zl < -2

P ||Vu;)1||i + /ﬂ’“;,1|pdx =< <V(U/\71)7*U;1> + /5|“;1|de =0,
Q Q

where & > 0, so uy,1 > 0, ux1 # 0. Note that
—divA(z, Vux 1) + 8 \u>\71|p_2 ux1 = Af(z,ux1) + g(x) |u>\,1|p*_2 ux1 >0 ae in Q, (22)
by hypothesis H(f)(iii). From the maximum principle of [24] (see also [9]) and (22), we get uy1 € intCy N
[0,0]. By Lemma 12, we have that limy_, o [Jux 1] = 0.
Similarly, working with the functional J, and using the Mountain Pass Lemma, we show that for every
A > A, problem (Py) has another solution uy 2 € —intCy N [—0o,0] and limy_, 1o |Ju,2]| = 0. The proof is

complete. O

In fact, we can show that there exist extremal constant sign solutions for problem (P)) with A > A,
i.e., there is a smallest nontrivial positive solution u, € intCy and a biggest nontrivial negative solution
vy € —intCy..

Lemma 14. If hypotheses H(a) and H(f) hold and X\ > A, then problem (Py) admits a smallest nontrivial
positive solution u, € intCy N [0,0] and a biggest nontrivial negative solution v, € —intCy N [—0o,0].

Proof. We do the proof for u,, the proof for v, being similar. Let
S = {u e W"P(Q) : u is a positive solution of problem (Py) with u € [0, 0] NintC}.

Since A > A, using Lemma 13 we know that Sj\r # @. Let C C Sj\' be a chain (i.e., a totally ordered subset
of Sj) From Dunford-Schwartz [11, p. 336], we know that we can find {u,} C C such that

inf C = inf u,.
n>1

Because of u,, € S;f for every n € N, we have 0 < u,, < ¢ and
V(un) + Bub~" = AN (un) + Nj, (un). (23)
Hence {u,},>1 € WHP(Q) is bounded. So, we may assume without loss of generality that
U, — u weakly in WH?(Q) and  wu, — u in LP(Q). (24)
On (23) we act with u,, —u € W1P(Q), pass to the limit as n — oo and use (24). We immediately obtain

lim (V(uy),un —u) =0.

n—oo

This and Proposition 4 mean that {u,} strongly converges to u in WP(Q). Using this fact we can pass
again to the limit as n — oo in (23) which gives

V(u) + BuP~! = ANF(u) + Ny, (u).

Then by (24), u € [0, 0] is a solution of problem (P). We now show that u # 0. Arguing indirectly, suppose
that u = 0. We have u,, — 0 in W?(Q). Then hypothesis H(f)(i) implies that
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1 -
/”quf(x,un)undx%O and /u ”p (z, up)updr — 0
Q

(recall that u, € [0,0],n > 1). Acting on (23) with TeF € WLP(Q) and passing to the limit as n — oo,
one gets, thanks to Lemmas 5 and 2,

1 Co

0<C < i—s(—
IIunII”(p—l

/|Vun|pdx+//8|un|pdx)
Q Q

1
= lual”

( (A(z, V), Vug )gvdz + [ |un|p dm)
/ /

Q

/f T, Up undx—k/ﬁ(x,un)undx)

Q

- IIunII”

— 0,

a contradiction. This proves that u # 0. As before, via the nonlinear maximum principle (see [9,24]), we
have that u € intC, and so u € Sj\'. Since C' is an arbitrary chain, from the Kuratowski-Zorn lemma we
infer that Sj\“ has a minimal element u, € Sj\“. Note that Sj{ is downward directed, we obtain that u, is
the smallest nontrivial positive solution of problem (Py). Similarly, we produce v, € —intC,, the biggest
nontrivial negative solution of problem (Py). O

4. Sign-changing solution

In this section by virtue of flow invariance arguments, we use the two extremal solutions u, € intC'y and
v, € —intCy obtained in Lemma 14 to produce sign-changing (nodal) solution for problem (P)). Throughout
this section, we denote the set of critical points of Jy by K, , that is, K, := {u € W'?(Q) : J{(u) = 0}. For
convenience, we denote {u € WHP(Q) : v, (x) < u(r) < u,(x) a.e. in Q} by [vy, u]. The sets mtcl(sz) [Vsey U]
and Jci ) [V, us] are the interior and boundary of the order interval [v,, u.] in C1(Q), respectively.

Consider the map T : W1P(Q) — (W1P(Q))* defined for all u,v € WHP(Q) by

(T (u),v) = /(A(x, Vu), Vo)gndz + /(ﬁ +m) [ulP"? wvda
) )

with m > 0 as in hypothesis H(f) (iv). Then, the inverse T=! : (W1P(Q))* — W1P(Q) of T exists and it is
continuous (see [26, Proposition 9]). Let

Bi(u) = T Ygx(-,u) + m|u|P"?u) for u e WHP(Q), (25)

where gx(+,t) = Z(AF(-,t)+H(-,t)) (see Section 2). Due to Lemma 7 and the Sobolev Embedding Theorem,
B, is a compact operator (continuous and maps bounded sets into relatively compact sets) from W1P(Q) —
WLP(Q). Moreover, critical points of the energy functional Jy correspond to fixed points of By. From the
regularity result in [21] we have B\(C*(Q)) C C1(Q).

Lemma 15. If hypotheses H(a) and H(f) hold, X\ > X, then By(+£Cy \ {0}) C (£intCy) and Bx([vx, us]) C

(s, Us].

Proof. We first do the proof for u € C4 \ {0}. The proof is similar for u € —C \ {0}. Let v = By(u). We
have v € C1(Q) and

Please cite this article in press as: T. He et al., Multiple and nodal solutions for parametric Neumann problems with
nonhomogeneous differential operator and critical growth, J. Math. Anal. Appl. (2017),
http://dx.doi.org/10.1016/j.jmaa.2016.12.020




Doctopic: Partial Differential Equations YJMAA:20959

14 T. He et al. / J. Math. Anal. Appl. e e o (e e o) e 0 0—00e

—divA(z, Vo) + (B(z) +m) [v]" *v = ga(z,u) + m|ulf>u, inQ.
As before, taking —v~as a test function, we obtain
C HU—HP < /(A(x,Vv), —Vo 7 )pnvdx + /(B(x) +m) |U—|P dz
Q Q

= _/(QA(%U) +m |u\’F2 wjv~dz <0
Q

(see Lemmas 2 and 5). Therefore v~ = 0 a.e. in Q. Evidently gx(-,u) +m |u|’">u # 0 in (W?(€))*. Then
v # 0 due to v =T (g (-, u) + m |[u’~? u). Consequently, v € C. \ {0} (see [21]). Note that

—divA(z, Vo) + (B(z) + m) [P ? v = qa(z,u) + m|u/P 2w >0, inQ. (26)

From the maximum principle of [24] (see also [9]) and (26), we get v = By(u) € intC,.
Next, we claim that By (ug) € [vs,u,] for every ug € [vs,uy]. Indeed, we have vy := By (ug) € C*(Q) and

V(vo) + (B(x) +m) [vo| P~ vo = Ny, (uo) + m |uo|” % uo. (27)

As before, on (27) we act with (vg — u,)™ € W1P(Q). Then, using hypothesis H(f)(iv) and recalling that
Uy € intCy solves problem (P ), we have

(V(vo), (vo — ue) ™) + /(6(1‘) +m) |vol” " vo (v — uy) T da

Q

:/@@Wwwmw%%mm—mﬁm
Q

< /(q,\(% uy) + mue P uy) (vo — uy ) Fda
Q

= (V). (o = ) ) + [ (8(a) + m) e 2o = )

(V(vo) = V(u), (v — us) ") + /(5(5f) +m)(Jvo| P w0 — | Py ) (vo — uy) Tz < 0
Q

and thus [{vo > u,}|y = 0, i.e. vg < u,. Similarly, acting on (27) with (v, — vg)™ € WP(Q), we obtain
vy < vg. Therefore, vy € [v4, uy] and the claim holds. O

The proof of the following lemma can be shown by the argument in [4, Lemmas 3.7 and 3.8]. Thus, we
omit the proof.

Lemma 16. Let A > \,. Then, there exist a; = a;(\) > 0 (i = 1,2) such that for all u € W1P(Q),

(i) if 1 <p <2, then
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(Ja(w),u = Ba(w)) = a1 [lu = Ba(@)|* (|lull + | Ba(uw)])P~2,
175 ()] < ag [lu = Ba(u)|P~";
(ii) if p > 2, then
(JA(u),u = Bx(w)) > ay lu— Bx(u)|”,

175 (w)ll < az [l = Bx(w)l| ([full + | Bx(w)[)P~>.

We need to construct a special descending flow of J). Since it is not assumed that B, is locally Lipschitz
continuous, we first construct a locally Lipschitz continuous operator Ay on X = WP(Q) \ K, , which
inherits the properties of By. The next result follows from a similar argument as in [4, Lemma 4.1]; [26,
Lemma 17] using the properties of By described in Lemmas 15 and 16.

Lemma 17. Let A > .. Then, there exists a locally Lipschitz continuous operator Ay : X — WHP(Q) with
the following properties:

(i) Ax(£C1\ {0}) C (£intCy) and Ax([vs, us]) C [vs, us];
(if) for allu € X,

1
3 llu =Bl < flu = Ax(u)|| < 2[lu = Ba(u)l;
(iii) for allu € X and a1 as in Lemma 10,

(A (u),u = Ax(u)) = % lw = Ba(u)|* (Jull + 1Bx(w)[)"~* if1<p<2,

() u— Ax(w)) = S llu= Ba(w)[”if p =2

For uw € X, we consider the following initial value problem in X:

{MAT(;’“) = —dx(t,u) + Ax(dr(t,u)) (28)

dA(0,u) = u,

where A > A,. By the theory of ordinary differential equations in Banach spaces, (28) has a unique solution
in X, still denoted by ¢ (¢, ), with right maximal interval of existence [0, 7(u)). Note that Jx(¢px(t,u)) is
strictly decreasing in ¢ € [0, 7(u)) and therefore ¢x(t,u)(0 < ¢t < 7(u)) is called a descending flow curve.
The flow is given by

t
oa(t,u) = e tu+ /e_(t_S)A,\(qﬁ,\(s,u))ds for 0 <t < 7(u). (29)
0

Definition 18. (See [22].) A nonempty subset M of W1?(Q) is said to be positive invariant for the descending
flow ¢, if

{pa(t,u) : 0 <t <T(u)} CM

forallue M\ Ky, .
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Lemma 19. If hypotheses H(a) and H(f) hold and A > A, then [vi,us] and inte g [vs, ui] are positive
tnvariant for the flow ¢y .

Proof. We first show that [v,,u,] is positive invariant for the flow ¢. We argue by contradiction. Thus,
suppose that there exists u € [vi,uy] \ Ky, such that ¢x(t,u) & [vs,us] for some t € [0,7(u)). Let 0 <
t1 < t2 < 7(u) be such that ¢x(t1,u) € 0o (g) [Ux, us] and Pa(t,u) & [vi, us] for t1 < ¢ < t2. Note that
a(t) := oA(t + t1,u) is a solution of

{d”éf” = () + AN(a(t) 0 <t <ty —t,
na(0) = oa(ti, u).

Moreover, the convexity of [vy, uy] and Lemma 17 (i) imply that for 0 < s <1,

1 (0) + s(=n(0) + Ax(12(0)) = (1 = 8)n(0) + sAx (12 (0)) € [vx; ws]-
By Theorem 6.3 of [6], we know that there exists 0 < t3 < to —t1 such that nx(t) = dx(t+t1,u) € [vx, uy] for
0 <t < t3. This is a contradiction. Therefore, for every u € [y, us |\ K, , {da(t, 1) : 0 <t < 7(u)} C [V, U]

Next, we prove that inten g [vx, 1] is positive invariant for the flow ¢. Let ug € inten g [V, 1], then
{Ax(Pa(t,up)) : 0 <t < 7(ug)} C [vs, us]. By (29), we have

(i))\(t, UO) = e_tuo + (]. — e_t) nlgrolo % ; Ay ((b)\(ln(l + %(et — 1))711,0))

(see [22, p. 272]). Exploiting the fact that [v,,u,] is closed and convex, we have that

w = nh_)ngo % éﬁl)\(@\(ln(l + S(et — 1)),u0)) € [V, Uy
and
da(t,ug) = e tug+ (1 —e Hw € inton gy [Ux, Ul
Therefore, intcl(ﬁ) [Ux, uy] is positive invariant for the flow ¢y. O

Lemma 20. If hypotheses H(a) and H(f) hold and A > A, then problem (P, ) admits a sign-changing solution
uy3 € CHQ) with limy_, 4o |Jux 3] = 0.

Proof. We introduce the following set:
Dy ={ueC'(Q)\ Ky, : ¢(t,u) € int e (g [V, us] for some t € [0, T(u)} U It oo g [V Usl-

Evidently 0 € Dy, and by virtue of the continuity of u — ¢y(¢,u), we see that Dy is an open subset of
cH(Q).

Claim 1. Dy and 0D are positive invariant for the flow ¢y .
Proof. Let us first show that D, is positive invariant for the descending flow ¢,. Suppose by contradiction

that there exist u € Dy \ K, and ¢; € [0,7(u)) such that ¢x(t1,u) € D1, then ¢x(t,u) ¢ inte (g [Ux, us]
for every t1 < t < 7(u). Due to u € Dy \ Ky, there exists 0 < t3 < 7(u) such that ¢y(t2,u) €
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intcn gy [Ux, us]. Recall that inte g [vs, us] are positive invariant for the flow ¢, (see Lemma 19). Hence,
Pa(t,u) € intea gy [vs, us] for every to < ¢ < 7(u), which is a contradiction.

Next, we prove that 0Dy is positive invariant for the flow ¢. As in the proof of [22, Lemma 2.3|, we argue
by contradiction. So suppose that we can find ug € D1\ K, and 0 < to < 7(ug) such that ¢, (to,ug) ¢ OD;.
Then by the definition of D1, ¢x(to, uo) € C1(Q) \ D1, where Dy is the closure of Dy in C1(€2). Since D
is positive invariant for the flow ¢, and C*(Q) \ D; is open, we can find a neighborhood U of ug in C*(Q)
such that, for any uy € U, ¢x(to,u1) € CH(Q) \ D;. Taking uy; € U N Dy and recalling that D; is positive
invariant for the flow ¢y, we get a contradiction. This proves the Claim 1. O

Now let Ey = span{y1, @2}, where 1 > 0, ¢y are the first and second eigenfunctions of the differen-
tial operator u — —Apu + B(x)u,u € WHP(Q), corresponding respectively to the eigenvalues Aj, A2 (see
Section 2).

Claim 2. D; N Es is a bounded set of Ey and inf,cop, Jr(u) > —oc0.
Proof. By Lemma 7 (ii), we have
F(z,t) > Cy|t|” = C5 foraa. zecQandallteR.

Hence, using Lemma 3 and the fact that all norms of a finite dimensional normed space are equivalent, we
obtain that for any u € S! := {u € Es : ||u|]| =1},

Cy |t°
p(p—1)
Ch

”ﬁHoo p 4
<max{——, —=1[t|' = AC7 |t|” — Cs.

Ja(tu) <

[
[Vl + F=t

0 0
[ull, = ACa [t]” [|ull — Cs

Thus Jy(tu) — —oo as |t| — oo uniformly in S!, being p < 6. Since J is bounded from below on [v,,u,],
we have ¢ := infc[,, o,] Jr(u) > —0co. Note that for u € Dy, t — Jx(éx(t,u)) is decreasing. Then,

inf  Jy(u) > inf Jx(u) > c.

A
ueD1NEy UE[vy,ux [N Eo

It follows that D N E5 is a bounded set in Fs.

From the definition of D1, we obtain that ¢x(¢,u) € intci ) [vs, us] for some ¢ € [0, 7(u)), where u € D;.
Then Jy(u) > Jx(é(t,u)) > c for all w € D;. This implies that Jy(u) is bounded from below on D;. Let
up € 0D;. Then we can find a sequence {uy, }n>1 C D1 such that u, — uo and Jx(u,) — Jx(ug). It follows
that there exists ng > 1 such that Jy(u,) < Jx(up) + 1 for all n > ng. But recall that Jy(u,) > ¢ for all
n > 1. Then inf,csp, Jr(u) > ¢ — 1. This proves the Claim 2. O

Now let
Dy ={ue C'(Q)\ K, : ¢(t,u) € int Cy. for some t € [0,7(u))} Uint C.

Clear, D5 is open and 0 € 9Ds. Note that int C is positive invariant for the flow ¢, (see Lemma 17 (i) and
(29)). We infer that Ds is also positive invariant for the flow ¢,. Moreover, reasoning as in the Claim 1, we
can show that 0Dy is positive invariant for the flow ¢y. Note that Dy N Fy is a bounded neighborhood of
0 in F5 (see Claim 2). We may assume that D; N Fs is connected. (Otherwise, we consider the connected
component D] C E3 of Dy N Ey, with (0,0) € D}, instead of D; N E3). By Lemma 2 of [10], dD; N Es
has a connected component ¥ that intersects each one-sided ray in Fo through 0 and hence contains some
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multiples of +¢; € +int C} and intersects dDs. Since ¥ C 9D it follows that 9Dy N (£Cy) # O and
0D, NODy # @. Then, we can define

¢ =inf {J\(u) :uw € D1 NODs}.

Due to Lemma 10 and Claim 2, we have that Jy satisfies the (PS) condition and ¢, > —o0. Recall that 9D
is closed positive invariant for the flow ¢, (see Claim 1). By Lemma 2 in [35], we can find

UN,3 € 0D NoDyN K‘]A.

Note that uy 3 € C1(Q) (see Lemma 12 and [21]). Because of uy 3 € 9Dy, we have uy 3 # 0. Also, since
uxg € 0Dy and 0D2 N (£C4 \ {0}) = @, we have uy 3 ¢ int C4 U (—int C4). So by virtue of the strong
maximum principle of [24,36], w3 cannot have constant sign and so wuyg is the desired sign-changing
solution. Using Lemma 12, we deduce that limy_, o ||ux 3]| = 0. The proof is complete. O

Proof of Theorem 1. This proof is a immediate consequence of Lemmas 13, 14 and 20. O
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