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The current work is the second of the series of three papers devoted to the study
of asymptotic dynamics in the following parabolic—elliptic chemotaxis system with
space and time dependent logistic source,

{Btu = Au — xV - (uVv) + u(a(z,t) — ub(z,t)), =RV, (0.1)

0=Av— X v+pu, z€RN,

where N > 1 is a positive integer, x, A and p are positive constants, and the functions
a(z,t) and b(z,t) are positive and bounded. In the first of the series, we studied
the phenomena of pointwise and uniform persistence, and asymptotic spreading in
(0.1) for solutions with compactly supported or front like initials. In the second of
the series, we investigate the existence, uniqueness and stability of strictly positive
entire solutions of (0.1). In this direction, we prove that, if 0 < pux < infy ; b(z,t),
then (0.1) has a strictly positive entire solution, which is time-periodic (respectively
time homogeneous) when the logistic source function is time-periodic (respectively
time homogeneous). Next, we show that there is positive constant xo, depending on
N, X, i, a and b such that for every 0 < x < xo, (0.1) has a unique positive entire
solution which is uniform and exponentially stable with respect to strictl(y p)ositive
b(x,t
2p

perturbations. In particular, we prove that xo can be taken to be inf, ¢ when

the logistic source function is either space homogeneous or the function (x,t) —
b(z,t)
a(z,t)
caused by chemotactic effects, and prove that

is constant. We also investigate the disturbances to Fisher-KKP dynamics

1
sup sup  —|[Juy (s, t 4 to;to, uo) — wo(-, t + to; to, uo)||eo < 00
0<x<x1 toER,t>0 X

bing

for every 0 < x1 < and every uniformly continuous initial function ug, with

inf, uo(x) > 0, where (uy(x,t + to;to,u0), vy (x,t + to;to,uo)) denotes the unique
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classical solution of (0.1) with uy (z, to; to, uo) = uo(x), for every 0 < x < bint.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction and statement of the main results

Chemotaxis, the ability for micro-organisms to respond to chemical signals by moving along the gradient
of the chemical substance, plays important roles in a wide range of biological phenomena (see [4,20,23]), and
accordingly a considerable literature is concerned with its mathematical analysis. We consider the following
parabolic-elliptic chemotaxis system on RY with space-time dependent logistic source,

Ou = Au— xV - (uVv) + u(a(z,t) — bz, t)u), xRN, (L1)
0=Av—Av+puu, =z€RY, .

where u(z,t) and v(z,t) denote mobile species density and chemical density functions, respectively, y is
a positive constant which measures the sensitivity with respect to chemical signals, a(x,t) and b(z,t) are
positive functions and measure the self growth and self limitation of the mobile species, respectively. The
constant p is positive and the term +pu in the second equation of (1.1) indicates that the mobile species
produce the chemical substance over time. The positive constant A\ measures the degradation rate of the
chemical substance. System (1.1) is a space—time logistic source dependant variation of the celebrated
parabolic—elliptic Keller-Segel chemotaxis systems (see [17,18]).
Note that (1.1) is a particular case of the following chemotaxis model,

{&u = Au—xV - (uVv) +u(a(z,t) — b(z, t)u), z€Q,
(1.2)

Tve =Av — v+ pu, x €K

complemented with certain boundary conditions if @ C RY is a bounded domain, where 7 > 0 is a nonneg-
ative constant link to the speed of diffusion of the chemical substance. Note that when 7 = 0 and Q = RY
in (1.2), we recover (1.1). Hence, (1.1) models the situation where the chemoattractant defuses very quickly
and the underlying environment is very large.

It is well known that chemotaxis systems present very interesting dynamics. Indeed, when 7 > 0, N = 2,
a(z,t) = b(z,t) = 0 and (1.2) is considered on a ball centered at origin associated with homogeneous
Neumann condition, Herrero and Velazquez [10] proved the existence of solutions which blow up at finite
time. Under these assumptions but 7 = 0, Jager and Lauckhaus [15] obtained similar results. Similar results
were established by Nagai in [21]. We also refer the reader to [8,9,12,16,32-34] (and the references therein)
for some other works on the finite-time blow up of solutions of (1.2). We refer the reader to [2] and the
references therein for more insights in the studies of chemotaxis models.

When a(z,t) > 0 and b(z,t) > 0, it is known that the blow-up phenomena may be suppressed to some
extent. Indeed, if a(x,t) and b(x,t) are positive constant functions, 7 = 0 and A = p = 1, it is shown
in [28] that if either N < 2 or b > NJ;Q)(, then for every nonnegative Holder’s continuous initial wug(z),
(1.2) on bounded domain complemented with Neumann boundary condition possesses a unique bounded
global classical solution (u(z,t;ug),v(x,t;ug)) with u(x,0;ug) = ug(x). Furthermore, if b > 2y, then the
trivial steady state (¢, %
perturbations. These results have been extended by the authors of the current paper, [24], to (1.1) on RV

) is asymptotically stable with respect to nonnegative and non-identically zero

when a(z,t) and b(x,t) are constant functions. The work [24] also studied some spreading properties of
solutions to (1.1) with compactly supported initials. Recently, several studies have been concerned with
establishing adequate conditions on the chemotaxis sensitivity x and other parameters in (1.2) to ensure
the existence of time global solutions and the stability of equilibria solutions. In this regard, we refer to
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[13,14,22,27,30,31]. The feature of solutions of (1.2) in the presence of logistic type sources still remains a
very interesting problem. Indeed, despite such superlinear absorption terms, it seems to be that blow-up
still is possible. The works [33] should be mentioned in this direction. It is also worth to note that bounded
solutions may exhibit colorful dynamics, characterized by the emergence of arbitrarily large densities in the
flavor of [36], and further results of this type have been achieved in [16]. When a(z, t) and b(x, t) are constant
positive functions, 7 = 1 and A = g = 1, it is shown in [35] that it is enough for % to be sufficiently large to
prevent finite time blow up of classical solutions and to guarantee the stability of the constant equilibrium
solution (%, %).

Thanks to the space and time dependence of the underlying environments in many biological systems, it
is very important to understand the dynamics of the chemotaxis systems with space and time dependent
logistic source. Note that, when x = 0, the study of (1.2) reduces to the study of the following equation

0w = Au~+ u(a(z,t) — bz, t)u), x € Q (1.3)

complemented with boundary conditions if Q € RY is a bounded domain, which is called the Fisher-KPP
equation in literature due to the pioneering works by Fisher ([5]) and Kolmogorov, Petrowsky, Piscunov
([19]). The literature about the study of (1.3) is quite huge. In a very recent work [13], the authors studied the
dynamics of (1.2) on bounded domains with Neumann boundary conditions and with space-time dependent
logistic source.

The objective of the series of three papers is to study the asymptotic dynamics in the chemotaxis system
(1.1) on the whole space with space and time dependent logistic source. In the first of the series, we studied
the phenomena of pointwise and uniform persistence, and asymptotic spreading in (1.1) for solutions with
compactly supported or front like initials. In this second part of the series, we investigate the existence,
uniqueness and stability of strictly positive entire solutions of (1.1). In the rest of the introduction, we
introduce notations and standing assumptions, recall some results established in the first part of the series
([25]), and state the main results of the current part.

1.1. Notations and standing assumptions

For every x € RN let 7| = max{|z;| |i=1,--- ,N} and |z| = /|z1]2 + - - - + |zn|?. For every x € RV
and r > 0 we define B(z,r) := {y € RY | |z —y| < r}. For every function w : RY x I — R, where
I C R, we set wine(t) := inf cpny w(x,t), Weup(t) := sup,epny w(,t), Wing = infcpy 1oy w(z,t) and wey, =
Sup,cgn e W(T,t). In particular, for every nonnegative ug € CP (RN), we set ugint = inf,cpn ug(z) and
U0 sup = SUPgepn Uo(Z) = ||uo||oo, Where

Cl i (RYY = {u € C(RY) |u(x) is uniformly continuous in z € RY and sup |u(z)| < oo}

zERN

nif
equipped with the norm ||u||oc = sup,cpn~ |u(z)|. For any 0 <v < 1, let

Chty(BY) = {w e Chg(®Y)| sup MOV oy
unif _ v
zyeRaty [T =Yl
(RY).

. - b,0
with norm ||“Hc§;§f = sup,eg |u()| + SUPg yeR,z£y % Hence Cunif(RN) = Oﬁnif

In what follows we shall always suppose that the following hypothesis holds:
(H) a(z,t) and b(z,t) are uniformly Hélder continuous in (x,t) € RN x R with exponent 0 < v < 1 and

0< inf min{a(z,t),b(z,t)} < sup max{a(z,t),b(z,t)} < oco.
z€RN teR z€RN teR
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Let to € R and T > to. We say that (u(x,t),v(z,t)) is a classical solution of (1.1) on [to,T) if
(u(-, ), v(-,+)) € CRYN x [to, T)) NCEHRY x (to,T)) and satisfies (1.1) for (x,t) € RN x (to,T) in the clas-
sical sense. When a classical solution (u(x,t),v(x,t)) of (1.1) on [to, T') satisfies u(x,t) > 0 and v(z,t) >0
for every (z,t) € RN x [tg,T), we say that it is nonnegative. A global classical solution of (1.1) on [ty, o0)
is a classical solution on [tg,T') for every T > 0. We say that (u(x,t),v(x,t)) is an entire solution of (1.1)
if (u(z,t),v(x,t)) is a global classical solution of (1.1) on [tg,00) for every to € R. For given uniformly
continuous function ug and tg, T € R with T' > to, if (u(z,t),v(x,t)) is a classical solution of (1.1) with
u(z,t9) = wuo(x) for all x € R, we denote it as (u(zx,t;to, uo),v(x,t;t0,u0)) and call it the solution of
(1.1) with initial function ug(x) at time to. We shall also use the notation (u, (x,t;to, uo), vy (2, t;to, uo)) to
emphasis on the dependence of solutions to (1.1) on the parameter x > 0.

1.2. Results established in the first part

As it is mentioned in the above, in the first part of the series ([25]), we studied the phenomena of pointwise
and uniform persistence, and asymptotic spreading in (1.1) for solutions with compactly supported or front
like initials. Among others, the following theorems are proved in [25].

Theorem 1.1 (Global existence). [25, Theorem 1.1] Suppose that xu < bin, then for every tg € R

and nonnegative function ug € C°_(R™) \ {0}, (1.1) has a unique nonnegative global classical solution
(u(z, t;to, uo), v(w,t;to,uo)) satisfying

lim [Ju(-, to + t; to, uo) — tollee = 0.
N0

Moreover, it holds that
lu(-,t + to; to, uo)loe < [|uol|sce®™ w?. (1.4)
Furthermore, if
(H1): bine > X1t
holds, then the following hold.

(i) For every nonnegative initial function ug € C°_.(RN)\ {0} and to € R, there holds

0 <wu(z,t+to;to, up) < maX{HUOHOO,baSﬁ} Vit>0, Ve eRY, (1.5)
inf —
and
a
lim sup |[u(-, t + to; to, uo)||ce < . 1.6
msup (.t + toto, o) o < 52 (16)

(ii) For every ug € C° +(RN) with inf ,epn ug(x) > 0 and to € R, there holds

Qinf

a
< limsup sup u(z,t+to;to,up), Uminf inf w(w,t+ to;to,up) < —2. (1.7)
bsup t—oo zeRN t—oo zeRN inf

(iii) For every positive real number M > 0, there is a constant K1 = K;(v, M,a,b) such that for every
ug € C° (RN with 0 < ug < M, we have

unif

[o(-+ ¢+ tos to, uo)ll g1y mvy < K1, Vg €R, V10, (1.8)
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Theorem 1.2. /25, Theorem 1.2]

(i)

(Pointwsie persistence) Suppose that (H1) holds. Then pointwise persistence occurs in (1.1), that is, for
b (RN with infcpn ug(z) > 0 (such ug is called strictly positive), there exist positive real
numbers m(ug) > 0 and M(ug) > 0 such that

any ug € C?

m(ug) < u(z,t+to;to, ug) < M(ug) Vitg € R andt > 0. (1.9)
(Uniform persistence) Suppose that (H1) holds. If, furthermore,
(H2): b > (14 )

holds, then uniform persistence occurs in (1.1), that is, there are 0 < m < M < oo such that for any
to € R and any positive initial function ug € C? o (RN) with inf,er uo(x) > 0, there exists T'(ug) > 0

such that

nif

m < wu(x,t+to;to,ug) <M Vit >T(u), Ve € RN, Vi eR.

In particular, for every strictly positive initial ug € C°_(RN) (i.e. ug € C i i(RN) with ugint > 0) and
e > 0, there is Tc(ug) > 0 such that such that the unique classical solution (u(x,t + to;to, up), v(z,t +
to;to,uo)) of (1.1) with u(-,to; 0, uo) = uo(:) satisfies

M — e <u(z,t+to;to,ug) < M +e, Vt>T.(up), r€RY, Vg eR (1.10)
and
M M
'UT* —e <w(z,t+ to; to, up) < 'UT +e, Vt>T.(u), z€RY, VigeR (1.11)
where
XHGsup
bin — inf — su Ainf — 3 _.—
M= (bint — X4)@inf — XHGsup > Bint — X1 (1.12)
(bsup — x1) (bing — x1) — (x10) bsup — XM
and

F (bsup - X,Uf)asup — XHQinf Gsup
= < . (1.13)
(bsup = Xx10) (bine — xp) — (XK)*  bing — X1t

Furthermore, the set

Liny = {u € C° +(RY) © M <wg(z) <M, Vo e RV} (1.14)

nif

is a positively invariant set for solutions of (1.1), in the sense that for every to € R and ug € L;y,, we
have that u(-,t + to;to, uo) € Liny for every t > 0.

Remark 1.1. Using the pointwise persistence established in Theorem 1.2 (i) it can be shown that for any
0 < x < " and ug € Cf (RN) with ug i > 0, there holds

Gsup — X/im(u())

lim sup [lu(-,t + tos to, uo)|leo < b
t—o00 inf — XM

)
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where the limit is uniform in ¢y € R. This result will be useful when studying asymptotic dynamics of
solutions of (1.1) associated to strictly positive initial.

Theorem 1.3 (Asymptotic spreading). [25, Theorem 1.3]

(1) Suppose that (H1) holds. Then for every ty € R and every nonnegative initial function ug € C°_(RN)
with nonempty compact support supp(ug), we have that
lim sup wu(x,t+ to;tg,ug) =0, Ve>c, 1.15
Jim |x|z€t ( 0; to, uo) " (1.15)
where
\ XiV/'Nasup
c(a,byx, A\ 1) i = 2y fAgup + ——————. (1.16)
* i 2(binf - X:U’)\/X
(2) Suppose that
(14 /1 + 2 Yy
(H3) : bing > | 1+ X[ (1.17)

2ainf

Then for every ty € R and nonnegative initial function ug € C°_..(RN) with nonempty support supp(uop),

we have that

liminf inf w(z,t+to;to,up) >0, VO <ec<c(a,b,x, A\ p), (1.18)

t—o0 |m|§ct

5 VN
* (ayb, Y, A 1) 1= 2, fame — Ssue o BV s (1.19)
binf — XU 2\/X(binf — XM)

1.8. Main results of the current part

where

Assume (H1). By Theorems 1.1 and 1.2, for any ¢y € R and strictly positive ug € C°_.(RY),

unif

0 < liminf inf wu(x,t+ to;to,uo) < limsup sup u(z,t + to; to, ug) < 0o.
t—oo geRN t—oo geRN

Naturally, it is important to know whether there is a strictly positive entire solution, that is, an entire solution
(uT(z,t), v (x,t)) of (1.1) with inf,cgn jep u™(2z,t) > 0. It is also important to know the uniqueness and
stability of strictly entire positive solutions of (1.1) (if exist). We have the following result on the existence
of strictly positive entire solutions.

Theorem 1.4 (Existence of strictly positive entire solutions). Suppose that (H1) holds. Then (1.1) has a
strictly positive entire solution (ut(z,t),v"(t,z)). Moreover, the following hold.

(i) Any strictly positive entire solution (u™t(z,t),v"(x,t)) of (1.1) satisfies

Qinf

< sup ul(z,t) < _ Gsup (1.20)
bsup ~ (a,t)€RN xR bing — X1t
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(ii) If (H2) holds, then any strictly positive entire solution (ut(z,t),vT(x,t)) of (1.1) satisfies
M <ut(x,t) <M, VeeRY, VteR, (1.21)

where M and M are given by (1.12) and (1.13), respectively.

(iii) If there is T > 0 such that a(z,t +T) = a(x,t) and b(x,t +T) = b(z,t) for very x € RV, t € R, then
(1.1) has a strictly positive entire solution (u*(z,t),v" (x,t)) satisfying (u™ (x,t +T),v"(z,t +T)) =
(ut(z,t), v (a,t)) for every x € RV, t € R.

(iv) If a(z,t) = a(x) and b(z,t) = b(x), then (1.1) has a strictly positive steady state solution.

Remark 1.2.

(i) Theorem 1.4 (i) provides explicit lower and upper bounds for the supremum of all positive entire
solutions. This lower bound is in fact achieved in the case that the functions a(z,t) and b(x,t) are
constant.

(ii) Theorem 1.4 (ii) shows that if (H2) holds, then the explicit lower bound and upper bound for all
positive entire solutions coincide with the lower bound and upper bound of the attraction region given
by Theorem 1.2 (ii).

We have the following result on the uniqueness and stability of positive entire solutions of (1.1).

Theorem 1.5 (Uniqueness and stability of strictly positive entire solutions). There is xo > 0 such that when
0 < x < Xo, there is o, > 0 such that (1.1) has a unique strictly positive entire solution (u;(x,t),v;(x,t))
which is uniformly and exponentially stable with respect to strictly positive perturbations in the sense that

for any ug € C_.(R) with ugint > 0, there is M > 0 such that

unif
[u(-, t + to; to, uo) — uf (-t +to)llee < Me™x", ¥VE >0, Vig € R (1.22)
and
[0(-, & + to; to, o) — v5F (-t + to) o < %Me*axt, Vt>0, Vto € R, Vi € R. (1.23)
Furthermore, if the logistic function f(z,t,u) = (a(x,t) — b(x,t)u)u is either space homogeneous or is
of form f(xz,t,u) = b(z,t)(k — uw)u, k > 0, then xo can be taken to be xo = I;i_r;f’ and ujc‘(x,t) = ugf (t),
0 < x < Xo, s the only stable positive entire solution of the Fisher-KKP equation, (1.3).
Remark 1.3.
(i) If we suppose that the logistic function is space homogeneous (resp. the function RV xR 3 (z,t) Z((ig

is constant), Theorem 1.5 establishes the stability of the unique space homogeneous (resp. space—time
homogeneous) strictly positive entire solution of (1.1) when the chemotaxis sensitivity satisfies 0 <

X < bz‘;f. Furthermore, this results goes beyond the stability of the constant equilibrium given by
Theorem 1.2 (ii) when the logistic source is constant, and show that all positive solutions of (1.1)
converge exponentially to (%, £7) when 0 < x < ”2‘—;7 It should be noted that the hypothesis 0 < x < bQi—Zf
is weaker than hypothesis (H2).

(ii) Tt is worth mentioning that the techniques developed to prove Theorem 1.5 can be adopted to study the
uniqueness and stability of positive entire solution of (1.1), when (1.1) is studied on bounded domains
with Neumann boundary conditions. Hence the same result is true in this later case. In particular, the

uniqueness and stability of the unique constant equilibrium solution of (1.1), when studied on bounded
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domains with Neumann boundary conditions and & e t)) = constant, under the hypothesis 0 < x < "‘f

improves [13, Theorem 1.4 (2)] in this case.

Let xo be given by Theorem 1.5. One can prove that for every,

bing (1 + (1+ Y L+ %)asup)—l}
u 9

2ainf

0 < x < min {X07
it holds that

lim sup |u(w,t+ to;to, uo) — uy T, t)) =0, Y0<c< c(a,b,x, A\ ), Vty € R

t—00 |z|<ct

whenever uy € C’umf (RY) is nonnegative with nonempty compact support supp(ug), where the constant
c* (a,b,x, A, 1) is given by Theorem 1.3.

Incorporating space and/or time dependence on the logistic source f(x,t,u) = u(a(x,t) —b(x, t)u) adds
new challenges in the study of the dynamics of solutions of (1.1). In particular, the existence of strictly
positive entire solutions of (1.1) is very nontrivial to prove when a and b depend on both ¢ and z (note
that if @ and b are constants, then it follows directly that (u,v) = (%, 5 %) is a strictly positive entire
solution). Also strictly positive entire solutions may depend on the chemotaxis sensibility coeflicient
x > 0 when the logistic source function depends on time and space. This dependence makes the study
of the stability of positive entire solutions much more difficult than the case that a and b are constants
and requires completely new ideas. Our first step in handling this problem is to first derive some a
priori estimates on the space C'-norm of positive entire solutions which leads to the definition of the
constant g in Theorem 1.5. Next for xy < xo, by developing a new iterative techniques, a kind of
“eventual comparison principle” at each step, we show that the ratio of the solution of (1.1) with a
strictly positive initial function and a strictly positive entire solution can not be really far away from
the constant 1 uniformly in the space variable as the time variable becomes arbitrarily large. Based on
this result, in the third step we completes the proof of the result, which also requires new ideas. It is
worth mentioning that the techniques developed towards the proof of Theorem 1.5 can be applied for
more general problems.

We conclude with the following results on the disturbances to Fisher-KPP dynamics caused by weak

chemotactic effects. In this direction we have the following result.

Theorem 1.6. Assume (H1). Let (uf(x,t),v] (x,t)) denotes strictly positive entire solution of (1.1) with

0 <y < bt Then it holds that

+
XHAsup U supK
sup [[uf (-,t) = ug (-, 1)]| oo < , (1.24)
teR 0 "7 (bint — XH)bint U g
where K := (2 + \/_g SUDsep ||Vln(u0+(-,t))||oo)- Furthermore, we have that
1
sup sup —(sup Iy (-5t + tos to, uo) — wo (-, t + tos to, Uo)Hoo) < 0, (1.25)

0<x<x1 to€R X t>0

for every 0 < x1 < "t and every ug € C¥ (RN with ugint > 0.
Remark 1.4. It follows from Theorem 1.6 that

Tim o (1) = 5 (D)l = 0
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uniformly in ¢ € R. Furthermore, for every ug € C®_..(RY), with ug ¢ > 0, it holds that

unif
lm luy (-, =+ to; o, uo) — uo (-, t + to; to, uo)[lso = 0,
x—0t
uniformly in ¢t > 0 and ¢y € R.

The rest of the paper is organized as follows. In section 2, we present some preliminary lemmas. In
Section 3, we study the existence of strictly positive entire solutions and prove Theorem 1.4. We investigate
in section 4 the uniqueness and stability of strictly positive entire solution and prove Theorem 1.5. The
proof of Theorem 1.6 is also given in section 4.

2. Preliminary lemmas

Lemma 2.1. Suppose that (H1) holds. Then for every T > 0, to € R, and for every nonnegative initial
function ug € C° (RN, there holds that

unif

ian u(:c,t 4 t(), t07u0) Z o infet(ainf*bsupHUOHooeTasuD)7 v 0 S t S T. (21)
z€R

In particular for every T > 0 and for every nonnegative initial ug € C° +(RN) satisfying |uollcc < M7 =

- e—asupT
At e have that

sup

inf w(z,t+to;to,up) > inf we(z), VO<t<T, VipeR. (2.2)
z€RN z€RN

Proof. See [25, Lemma 3.1]. O

Lemma 2.2. Assume that (H1) holds. Let ug € C?
in C?

unif

(RN Lugy o>t be a sequence of nonnegative functions
Qsup

(RN), and let {ton}n>1 be a sequence of real numbers. Suppose that 0 < ug,(z) < M = —
and {uontn>1 converges locally uniformly to ug. Then there exist a subsequence {ton'} of {ton}, func-
tions a*(x,t),b*(x,t) such that (a(z,t + ton),b(x,t + ton)) — (a*(z,t),b*(x,t)) locally uniformly as
n' — oo, and u(x,t + ton/;ton, ton) — uw*(z,t0,ug) locally uniformly in (x,t) as n' — oo, where
(u*(z,t;0,up), v*(x,t;0,ug) is the classical solution of

ut(l'vt) = Au(x,t) - XV ’ (u(x,t)Vv(m,t)) + (a*(xvt) - b*(wvt)u(x’t))u(x7t)a T e RY
0= (A= X)v*(z,t) + pu*(z,t), ze€RN
u*(z,0) = up(x), xeRN.

Proof. See [25, Lemma 3.2]. O

Lemma 2.3. Assume that (H1) holds. For every M >0, e >0, and T > 0, there exist Lo = L(M,T,e) > 1
and 8o = 8o(M, €) such that for every initial function ug € C°_(R™) with 0 < ug < M and every L > Ly,

unif
U(I,t+t0;t0,U0) <e VOL<t<T, tgeR, VY |='17|oo < 2L (23)

whenever 0 < ug(z) < &g for |z]e < 3L.

Proof. See [25, Lemma 3.3]. O
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Lemma 2.4. Assume that (H1) holds. For fized T > 0, there is 0 < 63(T) < M T = ﬁ%w + 1 such that for
any 0 < 6 < 63(T) and for any uy with 6 <wug < M™,

§ <u(x, T +to;tg,0,ug) < MY VaeRY Vi eR. (2.4)
Proof. See [25, Lemma 3.5]. O
While we referred to [25] for the proof of Lemma 2.4, for the sake of clarity in the arguments in the proof

of our main result in next section, it is convenient to point out some fundamental results developed in its
proof. Let ag = “2t, Dy, := {z € R : |z;] <LV i=1,---,N}, and consider the PDE

ug — Au—agu =0, x €D
t 0 L (2.5)
u=20 x € 0Dy,
and its corresponding eigenvalue problem
—Au—apu =ou, x€D
0 L (2.6)
u=20 r € 0Dy.

There is Ly > 1 such that the principal eigenvalue of (2.6), denoted by oy, is negative for every L > Ly.
Moreover a principal eigenfunction, ¢y, associated to the principal eigenvalue o;, can be chosen such that
0 < ¢r(x) < ¢(0) =1 for all z € Dr, \ {0} (see [25]). Moreover for every 0 < g < 1, there is 0 < §p < 1
such that for any ug € Ct . (RN) with 0 < ug < M+ and ug(x) < & for |v;| <3L,i=1,2,--- N,

unif

0< /\U($7t;t0,l’0,U0) < ;70, |V’U($,t;t0,$0,U0)| < 2670 fOT to <t<tg+1, x €Dy, xg € RN (27)
X X

provided that L > 1 (see [25]).
Next we consider the following related periodic-perturbation of (2.5),

us — Au — bo(x,t)Vu —apu =0, z € Dy, (2.8)
u=20 x € 0Dy, '
with |be(z,t)| < e, be(x,t 4+ 1) = b.(x,t), and its corresponding periodic eigenvalue problem
ug — Au — be(z,t)Vu —apu = ou, x € Dy, 0<t <1,
u(z,t) =0, x€0Dp,0<t <1, (2.9)

u(z,0) = u(z, 1), x € Dr.

We suppose that b.(z,t) is 1-periodic in ¢ € R, that is, b.(z,t + 1) = b.(z,t) for all z € Dy, and t € R, and
let Up . (¢, 7), T < t, denote the solution operator of (2.8) on LP(Dy,), N < p < co. For, 7 < t, the evolution
operator Up .(t,7) is a compact and strongly positive operator on Wg?(Dy) := {u € W2?(Dp) : u =
0 on 0D }. Letting K 5. := UL, (1,0), which is compact and strongly positive, thus its spectrum radius
TLe, is positive. By Krein-Rutman Theorem, rr . is an eigenvalue of Ky . with a corresponding positive
eigenfunction ur .. It is well known that of := —In(ry ) is the principal eigenvalue of (2.9) with positive
1-periodic eigenfunction ¢r, .(t) = €7==Up;_(t,0)ur . (see [11]). Note that UL (t)(¢r) = e "L ¢r, where
UL(t) denotes the solution operator of (2.5). It follows that Ky (¢r) = Ur(1)(¢r) = e 7= ¢, which implies
that r;, > e~ ?L. By perturbation theory for parabolic equations, we have that Urp_ (1,0) — Ur(1l) as
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10=[|c(p, x[0,17) = 0- Thus, there is 0 < eo(L) < 1 such that rp, . > e~ % whenever (0[5, (0,17 < €0(L).
Hence

orLe=—In(rp.) < % <0, O0<e<eg(L).

Note that Ug . (t,7)pr () = e ¢=77Leg (t). Thus for every nonnegative initial ug € C(Dp) with
[luolleo > 0, we have that

sup  |(ULp. (£, 7)uo)(@)] =00, ¥V [lbello(p, xo,17) < €0(L)- (2.10)
zeDL,7<t

3. Existence of strictly positive entire solutions

In this section, we study the existence of strictly positive entire solutions and prove Theorem 1.4.

Proof of Theorem 1.4. Let 7' > 0 be fixed and &y := 63(T) and M+ = baf%w + 1 be given in Lemma 2.4.

It follows from Lemma 2.4 that
So <u(z, T —kT;—kT,ug) < M*, z€R" k>1,86<u <M. (3.1)
Thus, it follows by induction and uniqueness of solution that
So <u(w,nT — kT; —kT,ug) < MT, x€R" k>1,n>1, dy<ug <M. (3.2)

Let u®(z) := u(x, —nT; —kT, &) for all z € R", and k > n > 0. Then by a priori estimates for parabolic
equations (see [6]), the sequence {uf}r>1 has a locally uniformly convergent subsequence {uf }z>1 to some
u* with u* € C¥_(R") for 0 < v < 1. Let u*(z,t) = u(x,t;0,u*) for every z € R™ and ¢t > 0. We claim
that u™(-,-) has a backward extension. Indeed, by uniqueness of solution of (1.1), for every 1 <n < k', we
have that

ul (-) = u(-,0; —=nT, u(-, —nT; —k'T, 80)) = u(-,0; —nT, uk ). (3.3)

Similarly as above, for every n > 1, there is a function v}, € C® ..(R™) and a subsequence {uﬁ"}kzl of {uf"}

unif
. k! .
with un," — u} locally uniformly as k!, — oc.

Since ugil — u* for each n > 1 locally uniformly, it follows from (3.3) and Lemma 2.2 that
u* (1) = u(-,0; =nT, uy,).
Therefore
ut(z,t) = u(z, t;0,u*) = u(z, t;0,u(-,0; —nT,uk)) = u(z, t; —nT, uk) (3.4)

for all z € RY and t > 0. Note that we have used the uniqueness of solutions of (1.1) given by Theorem 1.1
to derive the last equality in (3.4). Since u(-,t; —nT,u}) is defined for all t > —nT, then it follows from
(3.4) that u™t(z,t) has extension to RY x [-nT,o0) for every n € N. Therefore, u*(x,t) has a backward
extension on RY x R. Note that (3.2) implies that dyp < u* < M*. Thus, by Theorem 1.2(i) and Lemma 2.1,
we obtain that 0 < inf, ;u®(x,t) < sup, ,u®(z,t) < M*. Hence (u"(z,t),v"(z,t)) is a positive entire
solution of (1.1).
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(i) Suppose that (u(x,t),v"(x,t)) is a strictly positive entire solution of (1.1). Assume ug,, < 72t. Let
cup

4. It follows from (2.1) that for every x € RV, ¢ € R, we have

T > 0 such that aine > e®*» g pud, .

u(z,t) = ut (2,6t — Tout (-t —T)) > T (@int—baup [[uF (-t =T) || o P ™) inf ut(y,t = T),
yeR

which implies that
)

+ + T(ame—e®suPThg,pu,
u'nf > uinfe

dip > 0. Thus, we must have ug,,, > %=t Hence the first inequality
sup

. . . . . T
This is impossible since aj,f — e*sv» bsupusup

in (1.20) holds.

Note that
u(t —tosuty) <ut(a,t) <a(t —to;uly,),Vto € Rt > 1, x € RY, (3.5)
where u(t; u;t;) solves
%Q = u(ainf — Xﬂu;;p - (bsup —xmu), t>0
ﬂ(O) = Ujnts
and u(t; ud,,) solves
%ﬂ = U(asup — xuui';f — (binf — xp)@), t>0
u(0) = udy,
Note also that
Qinf — XU, o — +
lim  w(t — to;ui_;f) _ (@int — XM p)+, lim @t — to;u;p) _ (as p Xllfumf)-i-' (3.6)
to——o0 bsup — XU to——o0 bint — XK
Hence, it follows from (3.5) and (3.6) that
(asup - X:uui_;f)-‘r . (3.7)

(ainf = XPUgup)+ _ o

<uf. and ul <
bsup - XM inf sup binf — XH

. This is the second inequality in (1.20). (i) thus

The second inequality of (3.7) implies that u;[lp < b::j‘;w
follows.
(ii) Since 0 < ufe < ud,, (3.7) implies that
(bint — X)@int — Xtsup < ((bing — x10) (bsup — X1t) — (xw)?)uit (3.8)
and
(3.9)

((bint = x0) (bsup — x1) = (X)) udpy < (Dsup — X1)Asup — Xfiing
Since (H2) holds and u;f, > 0, it follows from (3.8) that (bins — X ) (bsup — x1) — (xp)? > 0. Thus (1.21)

follows from (3.8) and (3.9).
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(iii) Let 05(T) be given by Lemma 2.4 and E(T) := {u € C® +(RN) | 6(T) < Uint < Usup < bu‘;—fw}
endowed with the open compact topology. Lemma 2.4 implies that the map Pr : E(T) 2 ug — u(-,T;0,ug) €
E(T) is well defined. Note that E(T) is a closed bounded convex subset of C%, (RY) endowed with the open
compact topology. Let {uon}n>1 C E(T) and ug € E(T) such that ug, — uo uniformly on every compact

subset of RY. For every n > 1, we have
ue(vy 5 0,un) = Au — xVo(s, s uon) - Vu+ (a — x (s, 5 0,upn) — (b — xp)u)u, >0
and Theorem 1.1 (ii) gives

sup ||v(-,t;O,uon)||Cl,gf(RN) < o0. (3.10)
0<i<T,n>1 uni

Since ug, — ug locally uniformly, it follows from Lemma 2.2 that there is a subsequence {(u(-,-;0, ugn ),
v(+, 50, uon ) Fnu>1 of {(u(-,+50,u0n),v(+, 50, u0n)) tn>1 and a function (u,v) € C*1(RY x (0,00)) such that
(u(-, 0, ugn),v(+, - 0, u0nr)) — (u,v) locally uniformly in C%(RY x (0, 00)). Moreover, (u, v) satisfies Av —
Av 4 pu = 0 and

ug = Au—xVv-Vu+ (a — x v — (b—xpu)u, 0<t<T

u(0) = up.
Thus (u(x,t),v(x,t)) = (u(x,t;0,u0),v(z,t;0,up)) for every x € RN ¢ € [0,T]. This implies that
u(+, T;0,uon) = u(-,T;0,ug) locally uniformly. Hence Pr is continuous.

Next let {uop}n> € E(T) be given. It follows from (3.10) and a priori estimate for parabolic equations
that

sup [lu(-, 750, uon) | cvry < 00.

Thus {u(-,T;0,u,)}n>1 has a convergent subsequence in the open compact topology in E(T). Hence
Py is a compact map. Therefore, Schauder’s fixed theorem implies that there is u* € FE(T) such that
u(-,T;0,u*) = u*. Clearly (u(:,-;0,u*),v(-,-;0,u*)) is a T-periodic solution of (1.1) and can be extended
uniquely to a positive entire solution.

(iv) For every n > 1, let T}, =  and ug, € CZ;(RY), such that (u(z,t;uoy), v(z,t;up,)) is a positive

u
Asup

T,,-periodic solution of (1.1) with l‘:—u; < sup(, 4 u(x, t; ugn) < —r

Claim 1: There is L > 1 such that

inf sup ugn(x + x9) > 0. 3.11
n>1,zq9€RN |x|<pL 0"( + 0) ( )

Let ap = 2t and Lo > 1 be fixed such that the principal eigenvalue Az, of (2.6) is negative for every L >
Ly. Note that for every nonnegative uniformly continuous function ug(x) in Dr, L > Lo, with [Juo|| g (p,) >
0, we have that ||u(-,t;up)|cc — 00, as t — o0, where u(z,t;ug) solves the initial-boundary problem
(2.5). Hence, by (2.10), for ever L > Ly, there is o(L) > 0 such that if sup,cp, o<i<1 |beo (2, )] < €0,
be,(x,t + 1) = be,(z,t) for every z € Dy, t > 0, then for every nonnegative continuous function wug(z) on

Dy, with |lug||p~(p,) > 0, we have that

sup (UL,bEO(L)(t;O)uO)(x) = 00, (3.12)
z€Dp,t>0

where Us,,,,1(,;0)ug solves the initial boundary value problem (2.8) (with T = 1).



896 R.B. Salako, W. Shen / J. Math. Anal. Appl. 464 (2018) 883-910

Taking T =1, M = baf%w and € = rnin{m7 eo(Lo)}, it follows from Lemma 2.3 and inequal-

ities (2.3) and (2.7) that there is Ly > Lo and §p > 0 such that for every L > L,

u(z, t+to;uo) < &, v(x,t+to;to, up) < e, and |Vu(x,t+to;to,uo)| <e VOo<t<l1l, VezeD (3.13)

whenever 0 < ug(z) < g for |z| < 3L, i=1,---,N. Suppose that there is some n > 1 and xq € RY, such
that
sup  ugn (T + o) < do- (3.14)
|z]oo <3L1

Thus, since (u(x,t;0,ugy), v(z,t;0,u0,)) is T-periodic with T;, < 1, it follows from (3.13) that

Ut(, 3 07 uOn) = A’LL(, 3 07 U0n> - X(v’Uvu)(, ) 0) uOn) + u(a/ - (b - X/j/)u - X)‘U)
> Auls, -5 0,u0n) — x(VoVu) (-, - 0, uppn) + %u(-, +0,u0n), | —x0] <Ly, t>0.

Therefore, by comparison principle for parabolic equations, since L; > Lg, we have that
u(z + 20,10, u0n) > Us, L, (ac,t;O)uOn|DLO7 V2o < L1, ¥E >0 (3.15)

where Uon|p,,, denotes the restriction of ug, on Dr, and b, (x,t) = Vu(x + zo,t;0,up,) for every x €
Drp,,t > 0. It follows from (3.12) and (3.15) that sup, ;, u(x,t;0,uo,) = oo, which is a contradiction. Hence
claim 1 follows.

By a priori estimate for parabolic equations, we might suppose that ug, — u* € C’gnif(RN ) in the open
compact topology. Let ut(z,t) = u(x,t;0,u*).

Claim 2: u*(x,t) = u*(x) for every x € RN, and t > 0.
Without loss of generality, let us suppose that g, — u* in the open compact topology. Let € RY and
t > 0 be fixed. For every n > 1, we have that

ut (2, t) — u*(z) = u(z, t;0,u*) — u(z,t;0,u0, ) +u(x, t; 0, uon) — u(w, [nt]Tp; 0, uoy)

Il_’"(m,t) Igyn(ii,t)
+ u(x, [nt]Ty; 0, upp) — u* . (3.16)

I3 pn(x,t)

Since u(zx, t; 0, ugy) is T,-periodic, then
I3 (2, t) = upn(z) —u*(z) -0, as n— o0

in open compact topology. It follows from the variation of constant formula that

t—[nt]T,

I n(x,t) = —x / e(tf["t]T"fs)(Afl)V(u(x, s+ [nt]Ty; 0, ugn ) Vo(z, s + [nt]Th; 0, ug,))ds

(e}

I3, (,t)
t—[nt]T,
+ / e(t=[nt]Tn—s)(A=1) (((a+1=bu)u)) (z,s + [nt]Ty; 0, ug,)ds
0

I3, (x:t)
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Since [Juon|lcoc < M, there is a constant C' depending only on M such that

t—[nt]T,

|13, (z, 1) < C / (t — [nt)T, — s)" 2" IMITn=9) gs < O(t — [nt]T,)? — 0, as n — oo,

(=)

and

t—[nt]T,
|I22,n(337t)| <C / e =t Tn=s) gy — (1 — ==Y 0, as n — oco.

(e}

Hence Iz ,(x,t) — 0 as n — oo in the open compact topology. Since ug, — u* in the open compact
topology, then by Lemma 2.2, we have that I ,(x,t) — 0 as n — oo in open compact topology. Therefore,
we conclude from (3.16) that u*(z,t) = u*(x), which complete the proof of Claim 2.

Next, it follows from Claim 1 that there L > 1 such that

inf  sup u*(z+zp) > 0. (3.17)
2R |¢] o <L

Suppose by contradiction that u}; = 0. Then there is a sequence {x,, },,>1 such that u*(z,) — 0 as n — oo.
Let u,(z) = u*(x 4+ x,) for every n > 1. By a prior estimate for parabolic equations, as above, we may
suppose that u,, — @ in the open compact topology of RY and @ is a steady solution of (1.1). Furthermore,
(3.17) implies that ||i||oc > 0. Hence by comparison principle for parabolic equations, we that @(0) > 0. But
@(0) = limy, 00 u*(x,) = 0, which impossible. Thus uf; > 0. Therefore u*(z) is a positive steady solution
of (1.1). O

4. Uniqueness and stability of strictly positive entire solutions

In this section we study the uniqueness and stability of strictly positive entire solutions of (1.1) and
prove Theorem 1.5 and Theorem 1.6. First, we study these questions for general logistic type source function
flz,t,u) = u(a(x,t)—b(x, t)u), and prove that there is a positive constant yo such that for every 0 < x < xo,
(1.1) has a unique exponentially stable positive entire solution. Next, we examine two frequently encountered
cases of logistic source in the literature, mainly space independent logistic source function fo(z,t,u) =
u(a(t) —b(t)u) and logistic source function of the form fi(x, ¢, u) = b(z,t)(k —u)u, £ > 0, and derive explicit
lower bound for xg. In this section we shall always assume that (H1) holds, so that pointwise persistence
phenomena occurs in (1.1) (see Theorem 1.2 (i)). Furthermore, for every initial function uy € C°_(R")
with inf, ug(x) > 0 and every initial time tg € R, it follows from Remark 1.1 that there exists T} (ug) > 1
such that the unique nonnegative global classical solution (u(x,t+to;to, ug), v(x, t+to; to, ug)) of (1.1) with
(u(z, to; to, ug) = up(x) satisfies

O > Ty(ug), Vo € RY, Vg € R. (4.1)

0 <m(ug) <ulzx,t+to;tg,up) <
(1) < ul e

Henceforth, we shall always suppose that 0 < g inf < Ugsup < ﬁ. Note that, by a variation of constant

formula, we have that
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¢
(-t + t1 + tosto, ug) = T(t)u(-,t1 + to; to, up) — X/T(t —8)V - (uVv) (-, s + t1 + to; to, uo)ds
0
t
+ /T(t —$)((a+ 1 —ub)u)(-, s + t1 + to; to, uo))ds, (4.2)
0

where {T(t)};>0 denotes the analytic semigroup generated by A — I on X := C° (RY). We let X7,

unif
0 < B < 1, stands for the fractional power spaces associated to I — A. Thus, it holds that (see [7]) Xzth g
continuously embedded in C*L (RN) with

unif

VNT(B) B+3 1
[Vullge  @vy < mllullxw, Vue X7z, V0<pB< o (4.3)
lullcr  @ay < llullxs, YuweX®, VO<p<l, (4.4)
and
T ullxs < CotPe lulloo, V>0, Vue X5, V0<B<L. (4.5)

The next Lemma provides an a priori bound on the sup-norm of gradient of positive entire solutions to

(1.1).

Lemma 4.1. There is a positive constant C independent of x, a, b, A and p such that for any positive entire
solution (uf (x,t), v} (2,t)) of (1.1), it holds that

VNI (3)

W(%Moeitf% (1+ CMgt%)e%(F(%)MQ)“, Vi € R, Vt >0, (4.6)
4

[Vuy (-t +to)]loe < Cs

where My = 32— and My = 2asup + 1 + xuMo and My := Cs ( %ﬁﬁ;m + Ml) and Cs is given by
in T Z
(4.5).

Proof. Observe from (4.2) that for every ¢ > 0 and to € R, u] (-, + 1) can be written as

ul (st +to) = T(t)uf (-, to) — X/T(t —5)(Vul - Vol) (s + to)ds
0

+ /T(t —5) ((a +1—x ) —(b— Xu)u;)u;) (s +to)ds. (4.7)

Note from [25, Lemma 2.2] and (1.20), that [|Vv (-t + o) oo < L2 u (- + to) oo < L2 M. Thus, it
follows from (4.5) and (4.3) that

t
HX/T(t —8)(Vuf - Vol ) (s + to)ds|| 5
0

<XM\/NC'%
VA

My [ e—(t—s) .
/(t—s)ﬁ”vux('7s+t0)||ood3
0
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3 \|Vu+(-, s+ t0)]|cods

_XHNT( CaMO/t o
t— X
J
5), we obtain

Vo TEY

Similarly since Al[vf (-, ¢ +t7)]loo < xplluf (-t + 1) |00 < xptMo, using (4.4) and (4.

~

t
I 7= 5)((a+ 1= = (= ) ) (s + to)ds]
0
e 75
SC%(ahup+1+x/\sup\|v;(~,7-)||oo+(bsup Xu)sup”u T)|loo /t % (-, 8 +t0)]lcods
T 0
¢ —S
<Oy (20 +1 4 x05) [ e+ )t
) (t=
NT Slut (-, 8 +t0)]loo
NI g [ 0l
J (t—s)a

1
Mot~% +Cs (WF(;%)

Therefore, we have from (4.7) that
::Mg

llefut (-t + t0)||X% <Cs

Therefore, it follows from [1, Theorem 3.1.1] that there is C' > 0 such that
le'uf (-t + o) 3 <C3 Mot~ 5 (14 CMyt 1) (M)
Combining this with (4.3), we obtain (4.6). The Lemma is thus proved. 0O
NT(;
\/_ (f)Moe_l(l + C’Mg)ez(r( ) M)
4

)
(x,t)) is a positive entire solution

vVt € R,

RRVZE N

Remark 4.1. It follows from Lemma 4.1 that

IVuy (5 O)llee = VU (14 (¢ = 1))[loo < C3
where C', Mo, My and My are given by Lemma 4.1 whenever (u (,1)
). Therefore, by setting
Moot € R, (uf (z,t),v] (x,1)) is a positive entire solution of (1.1)} (4.8)
ii(:)f\é—:, it follows from

of (1.1
Co(x) = sup{||Vuy (
we have that Cy(x) < oo for every 0 < y < %2t Moreover taking C;(x) = 1+

=0,

(1.21) that
lim X/JCI( ) Xsup
x—=0F (bing — X,u) Uy inf
t)) of (1.1). Thus, we introduce the following definition
C
XuC Ry S gy (4.9)

) satisfying
( inf — X,LL) me

for any positive entire solution (uf (z,1), v} (
Vo< x<x 3(

binf
)

X0 :=sup{x € (
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Lemma 4.2. For given ug € C?_.;

N oy . . . + +
(RY) and positive entire solution (uf (x,t),vy (z,t)) of (1.1) we let
’U,(QL', t + to; to, uU)

’U(l‘,t + to;to,Uo)
ui (z,t + o) '

Uz, t+to;to,ug) := T (et o)
X )

and V(x,t+to;to,up) :=
Then U(x,t + to; to, ug) satisfies
X

Uy =AU+ VU -V(2In(u)) — xv) —i—X()\(v;‘ —v)+Vin(u)) - V(o] - v))U—i— (b—xp)uf U1 —-U). (4.10)

In particular, if uf (x,t) = uf(t), that is, u is space independent, then

Uy = AU = xVU - Vo+ (XA = V)U + (b = xi)U(1 = U) uf (¢). (4.11)

Proof. We have that

1
U :(u;)Q (u; (Au —xV - (uVv) + (a — bu)u) - u(Au; —xV- (u;Vv;) + (a — bu;)u;))
1
-7 (Au—UAw; ~x (V- (@Vv) = UV - (uf Va) ) ) + buf U1 - U)

=AU +2VU - VIn(u}) — (V - (uVv) =UV - (u;Vu;)) +bufU(1-U).

X
uy
On the other, we have

V- (uVv) = UV - (uf Vo)) =Vu - Vo + Uuf Av = UVL] - Vol — Uuf Av*
=UufA(w—vf)+UVu} - V(o —of)+ufVU- Vo
2
=XUu (v =)+ pul)’UQ - U) +UVu] - V(v — o)
+ufVU - Vo.

Hence, (4.10) holds. (4.11) follows directly from (4.10). O

We note that, to show the stability of the positive entire solution u;(z,t), it is enough to show that
|U(-,t + to; to, up) — 1]]oc — 0 as t — oco. We first prove the following Theorem, which will be useful for the
proof of our main result in this section.

Asup
bing—Xxp’

Theorem 4.3. For every e > 0, ug € Cg (RN satisfying 0 < uginf < Uo sup < and n > 1, there is

Te n > 0 such that

nif

< e, Vt>T,., toeR,  (4.12)

C1 (x)ud n ‘
HU(',t"‘to;thO)—lHoo < ( XH 1(X> sup ) (b Gsup

(binf - X/u')u;inf inf — Xﬂ)u;sup

Co()VN

here C' =1
where C1(x) - uf e VA

then T; ,, can be chosen such that

and Cy is given by (4.8). Furthermore, if uf (z,t) = uf (t) is space independent,

n
JUCot+ toito,uo) = Uloe < (20— ) B b, V2T, to€R (4.13)
binf — XK (binf - X,U)UX inf
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Proof. The proof of this theorem is divided in two parts. In the first part, we shall give the proof of the
general case. Next, in the second part, we consider the proof of the particular cases.

Since, by [25, Lemma 2.2], ||V (v —v) (-, t + to; to, uo) oo < % [(uw —uf)(-, t 4 to; to, uo) leo and [[A(v —
o) (5t 4 tos to, uo)|loe < pll(w —uf) (-t + to;to, uo) |l for every t > 0, we have from Remark 4.1 that

|(A(v — v;) + Vln(u;) -V(v-— U;))(yt + t0; to, o) |loo

Co(x)V'N
ul A

x inf

§(1+ )ull(u—u;)(-,ttho;to,uo)Hoo

=C1(x)
<O U gyt + 1)U — 1)1+ o3t o) oo ¥ £ > 0, (4.14)

where Cy(x) is given by (4.8). Observe that from Theorem 1.1 (i) and Theorem 1.4 (i) that

(-, + tos to, o) — U fleo < ——E— V£ >0, Vo €R
bint — XH

Thus it follows from the first inequality in (4.14) that

[(A(v —vf) + VIn(u)) - V(v —v))(-, t + to; o, to)]loe < %, Ve >0, Vitp eR.
This combined with (4.10) yields that
Uy < AU + VU - V(2In(u]) — yv) + %U + (b= xwui U - U), (4.15)
and
U, > AU + VU - V(2In(u) — xv) — %U + (b= xput UL = U). (4.16)

Let U,(t) denotes the solutions of the ODE

C Asu
% = _Xﬂbinlf(i(;u pQ + (binf - X/J’)u;gmfg(l - Q)

U(0) = min{ g2t 1}

ux

and U (t) denotes the solutions of the ODE

T C (x) tenp 7 _ _
9T = X T7 (b — Xp)u 1 U (1 = 0)
= binf— +. +m

U(O) = max{ Z&S"p7 (bint = XH)UY ins bing—XH }

x inf (binf*X#)“;mf

Thus, it follows from comparison principle for ODE’s that

x#C1(X)@sup
Ui(t) > 1+ —=X and 0< U (t) <1 Vt>0. (4.17)
(binf - X:U’)UX inf

Furthermore, it holds that

xpC1(x)asup xpC1(x)asup
lim U, (t) = (1 — o hmemxit ) oand lim Ug(f) =14 —DmeeXe (4.18)
t—>00 1(®) (bint — X/,L)u;imc + t—00 (bint — xu)u:inf
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We claim that
U, (t) <U(z,t +to;to,ug) < Us(t), Yo eRVt>0, Vi;€R. (4.19)

Indeed, by setting

LI (U) =AU + MU + (b(z,t +to) — xp)uf U1 —U)
inf —

and

£5(U) = AU = Mgy ) U - U),

bint — X
it follows from (4.17) that
dU, g n = —
L1 (U1 = ((bine = X)tcine — (02,8 +t0) = xp)uy)Us(1 = Us) 2 0 (4.20)
and
U, - + +
W £7(U) = (s~ 0t — (bl £+ 10) = X U (1~ ) < 0. (1.21)

Therefore, using (4.15), (4.16), (4.20), (4.21), and comparison principle for parabolic equations, we deduce
that (4.19) holds. Thus, it follows from (4.18) and (4.19) that for every € > 0 there is T7 . > 1 such that

x1C1 (X)asup xpCh (X)asup

1- (b fb_in;:;u+ _ES U(xat+t0;t07u0) S 1+—(b flin;:;u+ +€, VtZT1’57V$€RN7 tO ER,
in X inf n: X inf

which is equivalent to

X#C1(X)asup

Ut 4 tosto, uo) — 1o < @l’# +e, Vt>Ti., VigeR.
inf — X inf

This completes the proof of (4.12) for the case n = 1. Next, let us suppose as induction hypothesis that
(4.12) holds up some n > 1. We show that (4.12) also holds for n + 1. Indeed, using the last inequality in
(4.14), we may suppose that for every 0 < & < 1,

(A = o) + VIn(ui) V(v — o)) (-t +tos to, uo)|loo
SCI (X)Mu;bup(t + tO)”(U - 1)(a t+ tO; tO) UO)”OO

x1C1(X)udyp )"
(binf — X:U’)u:inf (b

(4.22)

S L& Vi>T,. z€RY, fhER,
inf — X,U,)’U,X sup

SMCI (X)u;?sup (t + tO) (

for some T), > 1. Therefore, similar arguments as in the case of n = 1 from (4.15) to (4.21) by replacing

i LC1(X)asup s + x1C1 (X)ujup n Gsup o
the expression == ~"=e with nC1(x)uy sup<(binf7w)u;mf (it =) 0F wum + £, yield that
xuC1 (udy, \" su -
xCh (X)ﬂ’u;sup ( (binf,lw)w t f) (bmf:;u;uisup +é
U (-t + tos to, ug) — 1lso < -

(bing — X,U)U: inf
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a ( x1C1 () Uy )nH
sup (binf_XU’)u;inf

1
iy — ) Vi>Taas VieeR,
(bint — X/ Uy sup ( (int — xu)u;n) )

for some T}, 41 ¢ > 1. Which shows that (4.12) also holds for n + 1.

If uf (,t) = u} (t), then using (4.11) instead of (4.10) in the proof of the general case given above, (4.15)

and (4.16) become

Uy < AU = XVUVv+ (xpllV = 1ol + (b= x)U (1 = U) )t (1), (4.23)

and
U, > AU — x\VUVv + ( [V = 1T + (b — xp)U (1 — U))u;g(t). (4.24)
Observe that ||V (-, ¢ +to; to, up) — 1]|ec < —— 22— for every t > 0, to € R. Hence, by considering U, (t)

~ = (bint =X i
and U (¢) solutions of the ODEs

dU sup
ks < - XMmQﬂL (binf — xm)U(1 — Q))U;(t +to)

U(0) = min{ Lt 1}
and

&= (xumﬁ + (e = )T (1= ) ) (¢ + o)

T(0) = maxflgze 14 (pa_) —tom

+ ’
X inf (binf_Xlt)uX inf

similar arguments as those used in the general case, (4.17)-(4.21), yield that (4.13) also holds. This completes
the proof of the Theorem. 0O

Remark 4.2. We note that the type of comparison principles arguments used in the proof Theorem 4.3 have
been used in the literature to study the stability of constant equilibria solution of some chemotaxis models
(see [3,24,26,29]). However, the arguments as presented in these works can not be directly applied to (1.1)
due to the heterogeneity of the underlying source functions. Hence, a very careful and nontrivial refinement
of the technique is required to handle the stability of the positive entire solutions of (1.1) in the general
heterogeneous media.

We now present the proof of Theorem 1.5, which is based on the previous result.
Let U(x,t;to,u0) = U(x, t;to;up) — 1 and V(x, t;tg,u0) = V(x,t;to,up) — 1. Then it follows from (4.10)
that U(x, t;to, ug) satisfies

U =AU + VU - V(2 In(u}) — xv) — (b(z,t) — Xu)u;f(t)f]

i (4.25)
+ XU()\(U —0f)+Vin(ul) - V(v - U;(r)) — (b(z,t) — X,u)u;UQ.
Let @, (t,s) be the solution operator in C? . (RY) of
u = Au+Vu-V(2In(ul) — xv) — (b(x, ) — xp)ulu. (4.26)

Thus, by the comparison principle for parabolic equations, we have

@, (t,5)]| < e~ ) Cmmxmusine ¢ — 5> 0. (4.27)
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Proof of Theorem 1.5. We shall give the proof of the general case. The proof of the particular case follows
similar arguments. We suppose that 0 < x < xo, where xq is given by (4.9). Hence, by definition of xq,
there is a positive entire solution of (1.1) (uf (z,t),v{ (z,t)) satisfying

ﬂ. : Xﬂcl( ) Xsup

< 1.
(binf X,LL) me

Exponential stability of (u](z,t),v} (z,t)): By Theorem 4.3 we may suppose that there are t, > 1 with
0 < t, < tpy1, such that

XNCI( ) sup n

1T (-, + to: tos wo)|loe = U (- + to; to, o) — 1o < 2(
(blnfixlu) Xlnf

, Vit>t,, toeR. (4.28)

By the variation of constant formula, it follows from (4.25) that for every ¢ > 0,
U(-t+ tn + tosto, uo) = I1n(tito) + XI2m(tito) — Isn(t, to), (4.29)
where

Ln(tyto) = Oy (t 4ty +tostn + to)U (- tn + to; to, ug), ¥t > 0,¥ n > 1,
t

I (t, to) = /@X(t +tn +to, s+t + to) (U()\(v — )+ Vin(ul) V(v - v;))) (-, +tn +to)ds,

0

and
t
I3n(t, t) == /(I)X(t +tn +to, 5+t +t0) (b — xp)ul U (-, s + t, + to)ds.
0

Next, it follows from (4.28) and (4.27) that for every n > 1, to € R, and ¢ > 0,

~ o + ~
(@ ( + tn + to; tn + t0)U (-, tn + to; to, to)| oo <€t OmI XMW Uint || T (-, ,, + to; to, o) oo

§2( M )”e Hbine XU 1 (4.30)
(binf X/’(’) Xlnf
=Kin

Next, for every 0 < s <t,n > 1, and ty € R, we have

1@t 4t + o5+t + L) (U (Aw = 0) + VIn(ud) - V(0 = 6)) (5 + ta +t0) )
Se*(tfs)(bmffxu)u;rmfu(U(A(v—v )+ Vin(u)) - V(v—v;)))(s+tn—|—to)\|o@

Lo XHCI U, \n ||(A<v—v;§>+vm<u+>~v<v—v+>)<s+tn+to>||oo
( N <(bmf—xu) me) ) o (t=8) (bine =Xp)u ¢

4.31)
Cilx)ut, \n VN (
§(1+2((bw o )) ’ ) )(1+—CO+( o \ )Mll(u—ui)(sﬂn+to>||ooe*“*5>< ind XY ins

inf — XMU)U me Uy ing

XMCl( ) sup n O( )\/ —(b
< - @ == inf — XIJ/)UX]nf(t s)
7(1+2((bmfiw) me) )(1+ T f> 1 g 10y 5+t + to) e

=Ko p
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We also have
[y (t + tn +to, 5+ tn + to) (b — xp)uf U (-5 + tn + o) oo

c no
< (M) 1T (-1 5 + b + to) e 5 it mxpuily (4.32)

<2 (bsup - XM)UX sup \ P X,Uf)
n X inf

::K3,n

Thus, it follows from (4.29), (4.30), (4.31), and (4.32) that

HU('vt + tn + to; to, UO)HOO

t
SKl’ne_(binf—XM)t + (xKam + K3.) /6_(t_s)(binf_xu‘)uj;sup||U(.’ $ 4+t + to;to, o) sods,
0

which is equivalent to

et (Bine— xm)ud qup

U(yt 4ty + to; to, u0) ||
t

<K+ (a4 Ka) [ et
0

U8 + tn + tos to, uo) || cods, ¥ > 0.

Therefore, by Grownwall’s inequality, we obtain that
Ot X S eup [T (- 4t 4 o3 o, o) [loo < Ky peXS2nHKam), > 0.
That is
O (-t + ty + to; to, u0)||oe < K pe™ (O xm) e sy =xKam=Kan)t =y ¢ > 0, (4.33)

By (H), we have

lim K, = hm Kz, =0 and lim Ky, =

n—o0 n—oo

(1+ CO(X)\/N) + +

\/Xu+. . KUy sup = /JCl (X)ux sup”
X in
Since (H) holds, then there is ng > 1 such that

ay = sup ((bint — xp)uy Uy sup — X2 — K35) >0

n>ngo

This combined with (4.33) yield that

(-t + tny 4 toi to, uo) — w (t+ tny 4 t0)loo < uf upKimee™ " Vi >0,

X sup
which implies that (uf (z,t),v} (2,1)) is exponentially stable.

Unlqueness of (uf (x,t), v (x,t)): Let (@] (,t), 0] (x,t)) be a positive entire solution of (1.1). Then, since
0 < uX mt < U qup < 00, it follows from the exponential stability of (u}(z,t),v{(x,t)) that there is a
such that

positive constant K depending only on @,

at -‘r
me’ X sup’? Xinf7 a‘ndu

X sup’
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|t ) ut . +
=laf(,n+ t—n)t—nul(t—n)) —uf(,n+{E—n)t—nul(t—n)lw
<Ke "x, Vn>1.

Letting n — oo in the last inequality yields that u;‘(x,t) = 11;(“ (x,t). This completes the proof of Theo-
rem 1.5. 0O

Next, we present the proof of Theorem 1.6.

Proof of Theorem 1.6. The proof of this result follows from the arguments used in the proof of Theorem 4.3.

So, lengthy detail will be avoided.
. 3 ()
(i) Let U(x,t) = Z:Jr(:t)
that U(z,t) satisfies

for z € RV and t € R. Then, it follows from similar arguments leading to (4.10),

=AU+ VU - V(2In(ug ) — xvy)) — xU(Av; + Vin(ug) - Vv;) +b(x, tug (2, ) UL - U).  (4.34)
Observe that
(v + Vin(uo) - o ) (oo <IAVC, ) oo + 11 (T In(uo) - T0 ) (- D)lloc
<2yl D)llow + 9 I () oo V05 (1) o

VN
<2+ = sup [V I () oo ) 05 (1) o
A teR

VN na
< (24 —=sup||VIn(ud (-,t _sup
( VA teﬂgn (o ( >)”oo> binf — XK

=K

Thus, the last inequality combined with (4.34) yields that

U, < AU + VU - V(2In(ug) — xoi) + ZW%U bz, thud (z,) UL -U), zeRY, teR, (4.35)
inf — XM

and

Uy, > AU + VU - V(2In(ud) — xvy) — %U + bz, ud (2, 0U(1—U) zeRY, teR.  (4.36)
inf —

As in the proof of (4.19), letting U(¢) denote the solution of the ODE

40— X0 KT 4y (1= T), 8> 0

U(0) = max{sup, , U(z,1),

XHasup K
binf — XK }
b‘“fuo inf

binftg i+

it follows from (4.35) and comparison principle for parabolic equations that

Uz, t+t) <U{), Vt>0,Vity R, VareRY. (4.37)
Observe that
— bmfu in + —X“asupK
lim T (t) = —— 0l bmexat

+
oo binfUg i
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Thus, it follows from (4.37) that
— binfu+in + X'.uas_“pK
Ulz,t) < lim Ut —to) = Ol bmext vz e RN, VieR. (4.38)
fo=r—eo Ding U ing
On the other hand, letting U(¢) be the solution of the ODE
dU Sup
G = e U+ bintugd; U(1 —U),t >0
U(0) = min{inf, , U(x,t),1},
it follows from (4.36) and comparison principle for parabolic equations that
Uz, t+t) >U(t), Vt>0,VtyeR, VreRY, (4.39)

Observe also that

+ sup K
lim U(f) = (binfUq p — iNT—;H )+
fmoo DintUg int
Hence inequality (4.39) yields that
wpK
(g — 22, K
Ulx,t) > lim Ut —tg) = ——000 _Pwoxp 78 5 g X2 © gy cgN pe R (4.40)
to—>—o0 binfu() inf (binf - X/j')binfuo inf

Therefore, it follows from (4.38) and (4.40) that

X Hasup K

||U({L‘,t) - 1”00 <
(binf - X,uf)binfu;)rinf

, VteR.

This implies that

+
X HlsupUg gup B

(binf - X,U/)binfuginf

Juf (2, t) — ug (2,1)]| 00 < , VteR, zeRV.

Thus inequality (1.24) follows.

(ii) Next, we prove inequality (1.25). For, let ug € C? ,;(RY) with ugine > 0. Observe that [lu(-,t
to;to, 10)|lco < max{ugsup, 5 ‘e for every t > 0 and to € R and ||V, (-, ¢+ to; to, uo) oo < %Hux(-,t

inf — XM
to; to, uo)|lo- Hence, for every t > 0, to € R, and 0 < x < by, it follows from (4.2) that

|ty (-, t + tos to, uo) — uo(-, t + tosto, uo) ||

<X [T = )V (P s+ tosto, o)) s

+/ It — ) (a1 4 oy — o)) oty — 100)) ) -5 + o fo, ug) il

SE

t
—(t— s)
/ (1 Vo) (- 5 + o3 to, o)) [l oods
0

_l’_
_|_
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+/e—(t—s)|| ((a + 1+ buy, — uo))(uy — UO)))(', s + to; to, uo) [l

t
NxvN 9 Qs 2 e (t=9)
< ——— max{Uf sup» ( L ) / ds
V7 {0 bint — XM J ) Vi=s

t

sy

+(asup + 1 + bsup maX{UO sup» ﬁ}) /H(UX — U0>(~7 s+ tO; tO,’UzO)Hoo
0

t
< CVi+Ch / 1, = t0) (- 5 + 03 0 ) oo,
0

2
where Cy = 2N—\/‘7{—)\ﬁ max{u? sup> (bi::f‘;w) }and Cy := (asup + 1 + beyp max{ug sup, b:fs%w}) Thus, by

Grownwall inequality, we have that
||UX(',t+t0;t0,U0)—UQ(',t—i-tQ;to,Uo)Hoo SXCl\/iecﬁ, vVt >0,V tg € R, V0<X<bmf. (441)
In particular, taking t = 1, we obtain for every tg € R and 0 < x < by,

Uy (-, 1+ 203 to, up)
uo (-, 1 4 to; to, uo)

1 016C2
— 1o € = luy (-, 1 4+ to3to, uo) — uo(-, 1+ tos to, uo)|leo < X ) (4.42)

| s s

where C3 := infy>4 pern 1oer Uo(2,t;to, ug) > 0.
Taking x = 0 in (4.2) and differentiating both sides with respect to space variable yield that

N
Cy = sup (2+ﬁ”vln(uo(-,w1+to;to,uo))lloo)

t>0,t0€R
NV N a a
< (2 + 7(671 + 1 + asup + bsup max{uo sup, P max{ug sups ﬂ}) < 0.
\/X binf binf

By setting U(x,t) = % for x € RY and t > 0, similar arguments leading to (4.37) and (4.39)
yield that

U(t) < ’LLX($,t+ 1 +t0;t0,U0)
- - UO(.T,t—l—l—‘rto;to,uO)

IN

Ut), VxRN, Vt>0, tg €R, (4.43)
where U (t) and U(t) are solutions of the ODE’s

asupC.
= —Mtewli U 4 by C3U(1 - U),t >0

. e} binfCS_M
U =min {(1-x%572) L (“maes) )

and

47— X Ca T 4 by CyU (1 - T),t > 0
bing Cg+ X25up O

U(0) = max {1 + )(Cl(,%c2 ; o }7

bintC'3
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respectively. Note that we have used (4.42) and comparison principle for parabolic equations to obtain
(4.43). Tt is easy to see that U(0) < U(t) and U(t) < U(0) for every ¢t > 0. Therefore, it follows from
inequality (4.43) that

Uy (z,t + 14 to;t0, uo)
uo(z,t + 1+ to;to, uo)

U(0) < <U0), YzeRY, Vt>0, ty €R,

which implies that

luy (-t + 1 4 to; to, uo) — uo(-,t + 1+ to5to, uo)|oo

Cy
Gsup } max { Cie HasupCy } V>0, to€R.

<y max {u , T )
X sy Cs 7 (bing — xt)bintC3

This combined with (4.41) yields (1.25). O
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