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1. Introduction

Let p be a Borel probability measure with compact support K in R™. If there exists a countable set A
such that Fy := {e2™ ™) : X\ € A} is an orthonormal basis for L?(u), then we say that u is a spectral
measure, A is a spectrum of u, and (u, A) is a spectral pair. Moreover, if K has positive Lebesgue measure
and p is the Lebesgue measure on K, then we say that K is a spectral set. The existence of spectral measures
is a basic and important problem in harmonic analysis, and it has a long history.

Recall that the compact set K is said to be a translational tile if there exists a countable subset J C R™
such that K+ J =R and {K +j : j € J} is a disjoint family up to sets of Lebesgue zero. There is a
large literature concerning the translational tiles (see [13], [14], [23-27] and the references therein). In 1974,
Fuglede [12] mentioned an interesting conjecture connecting the spectral sets with the tiles in his seminal

paper.
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Conjecture 1.1. Let K be a compact subset of R™ with positive Lebesque measure. Then K is a spectral set
if and only if K is a translation tile.

Although the conjecture has been proved to be false in both directions in dimension 3 and higher dimen-
sions [10,18,22], it is still suggestive in the research of spectral measure theory. In dimension 1 and 2, the
conjecture is still open in two directions.

Let {¢a(x)}aep be iterated function system (IFS) [16] defined by

¢a(x) =R '(z+d), zeR", deD, (1.1)

where R is an n x n expanding real matrix (all the eigenvalues of R have moduli > 1), and D is a finite
subset of R™ with the cardinality |D|. Then it arises a unique nonempty compact set T := T'(R, D), called
an attractor, and a Borel probability measure y := pg p, called a self-affine measure and supported on T,
satisfying

T = Ui 6u(T). 1) = o7 31065 () (1.2)

deD

In 1998, Jorgensen and Pedersen [17] gave the first example of singularly spectral measure, and showed
that the k-th Cantor measure is a spectral measure if k is even. This surprising discovery received a lot of
attention. Later on, many researchers concentrated their work on fractal measures and the construction of
their spectrums (see [1-9], [11], [15], [19-21]).

Recently, Dai, He and Lai [5] studied the self-similar measure generated by the integer R and the consec-
utive digit set D = {0,1,..., N — 1}, and showed that it is a spectral measure provided that N divides R.
Fu, He and Lau [11] considered the spectral properties of the self-similar measure with the modulo product-
form (or product-form) digit set on R, and showed that the self-similar set is a spectral set under some
assumptions.

In this paper, we also consider the measure ur p generated by a product-form digit set, and get the
following theorem.

Theorem 1.2. Let R = N? and D ={0,1,...,N —1} & N?{0,1,..., N — 1}, where the integers ¢,p > 1 and
N > 2. Then the self-similar measure ugr p defined by (1.2) is a spectral measure if and only if q t p.

Theorem 1.2 gives a sufficient and necessary condition for the self-similar measure g p to be a spectral
measure when R and D are of the special forms. Specially, when p = 1, ug p is a N>-Bernoulli measure. In
this case, pug p is a spectral measure if and only if R = N2k for some k € Z [6]. Moreover, the spectrality
of such measures has been completely considered in [4] and [5] by Dai et al.

In the last of this paper, we consider the case R = |D|, i.e., ¢ = 2. Using Theorem 2.1 in [23], we show
that T(N2, D) is a translational tile if and only if 2 { p, i.e., p is an odd number (see Proposition 3.5). This
implies that Fuglede’s conjecture is true in the special case.

Corollary 1.3. Let R= N? and D = {0,1,...,N — 1} & N?{0,1,..., N — 1}, where the integers p > 1 and
N > 2. Then the self-similar set T(R, D) defined by (1.2) is a spectral set if and only if it is a translational
tile.

We arrange this paper as follows. In Section 2, we will recall some basic concepts, and give several
propositions and lemmas, which we will need to prove our main results. In Section 3, we will give the proof
of Theorem 1.2 and Corollary 1.3 in detail.
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2. Preliminaries

We define the Fourier transform of a probability measure p in R™ by

fle) = [ e dauto), ¢ R

R

Let ¢q, pr,p be defined by (1.1), (1.2) respectively. Then it follows from [9] or (1.2) that

(oo}
irp(€)=[mp(R"), ¢eRr?, (2.1)
n=1
where R* denotes the transposed conjugate of R, and

_ 1 2mi(d,z) n
mD(x)—mge , x€eR™

It follows from (2.1) that
Z(pir.p) = UpZ R (Z(mp)), (2.2)

where Z(f) denotes the set of all the zeros of the function f. For Aj, Ao € R™,

<e27ri()\1,a:)’627”‘()\2,:10)>L2(HR7D) _ /ezﬂﬂ)\li}\z’w)dﬂR,D(l’) _ ﬁR,D(Al o )\2)
Rn

It is easy to see that for a countable subset A C R™, E, is an orthonormal set in L?(upg p) if and only if

(A =A)\{0} C Z(iir,p)- (2.3)

Now, we consider the case in R. Assume that the integers p,q,L > 1 and N > 2. When there is no
confusion, we will take the same assumptions for p,q, L, N in this paper. Let the digit set

D=1{0,1,...,N—1}® N?L{0,1,...,N — 1}. (2.4)

Then we can calculate the zeros of mp(z). Let D1 = {0,1,..., N —1}, and let Dy = M Dy with M = NPL.
From D = Dy @ D>, it follows that

mp(x) = mp,(x)mp,(x) = mp, (x)mp, (Mz).

Note that
N-1
1 in 1 e?‘n’er
mp, (z) = N ZQQ = Ny r¢N
n=0

It is easy to see that Z(mp,) = {£ : N {k}. Since

1
—Z(le),

Z(mD) = Z(le) @] M
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we can get
k
Let
1
= N ({-1,0,1,...,N =2} ® N?{0,1,...,N — 1}). (2.6)

Then the following proposition tells us that there exists a distance between the attractor T(N?,C) and the
zeros of mp.

Proposition 2.1. Let D be defined by (2.4) with L = 1. If g1 p, then mp(x) # 0 for each x € T(N?,C).

Proof. Let C = Cy @ NPCy, where Cy = {-1,0,1,...,N —2} and Cy = {0,1,..., N — 1}. The assumption
q 1 p implies that there exist m € N and r € [1,q — 1] NN such that p = mq + r. Then it follows from the
left equality in (1.2) that

8

T(N9,C) = Z N-™(C = i N~y + i NP,

n=1 n=1 n=1

8

- N—"Cy + Z:]\[tz(ﬂ%ﬂ')+rcv2 + Z Na(m=i)+r

=1 j=1 Jj=m+1
m—1

= 3" NUTC, ZN "(Cy + N"Cy) := A+ B, (2.7)
j=0 n=1

where we define A = () if m = 0. Making use of the definition of C; and C3, and noting that the integers
N,q > 2, we can check that

Nan C Ni—1~ b

-2 NH(N ~1), (N—1)NT14+N-2
supB<Z N N )= N1 < 1.

This implies that the set B lies in the interval (—1,1).

Next, we will prove this proposition by contradiction. Suppose there exists £, € T(N?,C) such that
mp(&) = 0. From NPHIT(N?,C) = T(N4,C), it follows that NP*1¢y € T(N9,C). Moreover, using (2.5),
we can find an integer k with N { k such that & = N or N,’fﬂ

Case 1: & = £ It follows from (2.7) that there exist £ € B and a finite sequence {cj};-”:_ol C Oy such
that

m—1
ENP = NPHLg) = ¢ + Z qu+rcj
i=0

Note that NP*L&,, Z;.'Zol N#*re; € Z and € € (—1,1). Therefore the above equality holds if and only if
£ =0.Since p=mq+r with 1 <r < ¢g—1, we have

,_.

m—

N -1
NU=—m)a 0,1
> & €10, 71 € 0,1).

This implies that k = 0, which contradicts with N { k.
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Case 2: 6% = W ~er. Similarly, it follows from (2.7) that there exist & € B and a finite sequence
{c 1yt ! < Cy such that

m—1
k=N =€+ Y NI,
j=0

By the similar way, we have £’ € N, which implies that £ = 0. Hence it follows from the above equality that

,_n

m—
N Jr’r‘ /
j=0

This contradicts with N { k, since the integer r € [1,¢ — 1]. O

Noting that T(N9,C) is a compact set, and making using of Proposition 2.1 and the finite covering
theorem, we can find a small positive real number 7 such that mp(z) # 0 for each z lying in T), := {z :
dist(z, T(NY,C)) < n}. Define

B :=inf{|{mp(z)| : z € T, }.

Then we can conclude that § > 0, since T}, is compact and |mp(x)| is continuous. For the Fourier transform
fna.p(§), we have the following proposition.

Proposition 2.2. Let D be defined by (2.4) with L = 1. If ¢ { p, then there exists ¢ > 0 such that [fina,p(§)] > ¢
for each £ € T;,.

Proof. We can claim that [mp(N~"9€)| > § for each positive integer n if £ lies in T}, In fact, if £ € T,
then there exists & € T(NY?,C) such that dist(&,&y) < 5. Using the left equality in (1.2), and noting that
0 € C, we can obtain N™9T(N?,C) C T(N4,C). Therefore it follows that N~9¢, € T(NY,C), which implies
that

dist(N79¢, T(NY9,C)) < dist(N79,N79,) < N~ <.

Hence we can obtain that N~"9¢ lies in T}, for each positive integer n by induction. By the definition of 3,
we complete the proof of our claim.

Since |fine, p(0)] = 1 and fine,p(€) is continuous in R, there exists p > 0 such that |fiye, p(§)| > 1/2 for
each point in the closed disk || < p. Let

M = sup{ly| : y € T;;}.

Since T}, is a compact set, M is finite. Let ng be the least integer such that N~"°9M < p. Therefore we can
obtain that |finyae p(N~"09€)| > 1/2, since N~"04[¢| < p for every point { contained in Tj,. Thus it follows
from (2.1) that

e p(©)] = | T mp (1) = | [ mpN—)|| T mp(N-"2¢)]

n=1 n=1 n=nog+1

. n n 5”0
= |fina,p(N7"09E)] H [mp(N~"¢)| =

Hence we complete the proof by choosing ¢ = ™0 /2. O
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Next, we will introduce two useful lemmas. Let A be a countable subset of R, and let

QA(e) = Y _IaE+N)], E€R.

AEA

Then the following well-known lemma gives an important criterion for a measure p to be a spectral measure.

Lemma 2.3. [17] Let p be a Borel probability measure with compact support in R. Then
(i) Ey is an orthonormal set in L*(pn) if and only if QA (€) < 1 for each £ € R;
(ii) Ep is an orthonormal basis of L?(p) if and only if Qx(€) = 1 for each & € R;
(iii) QA (&) is an entire function if Ex is an orthonormal set in L*(u).

Using Lemma 2.3, we can obtain the following lemma, which can be used to show that a measure is a
non-spectral measure.

Lemma 2.4. [6] Let = py * o be the convolution of two probability measures p;, i = 1,2, and they are not
Dirac measures. If Ex is an orthonormal set in L?(uy), then Ex is also an orthonormal set in L?(u), but
A cannot be a spectrum of p.

In the last, we will end this section by introducing something useful about the translational tile. Recall
that D is said to be a tile digit set if T(R, D) is a translational tile. It is a challenge to characterize the
structure of all tile digit sets for a given matrix. In the following, we will introduce a criterion for it.

Lemma 2.5. [23] For the expanding matriz R € M, (Z) and the digit set D with |D| = | det(R)|, the following
three conditions are equivalent:

(i) D is a tile digit set of R;

(ii) for each k > 1, the set Zﬁ:l R"D contains | det(R)|* distinct elements;

(iii) for each s € 7™\ {0}, there exists a nonnegative integer k = k(s) such that s is the zero of the
function

1 ek
h = 2mi<R d7w>' 2.

3. Proof of the main results

In the first, we will prove the necessity of Theorem 1.2 in more general case.
Theorem 3.1. Let D be defined by (2.4) with N t L. If q | p, then una p is a non-spectral measure.

Proof. It follows from the assumption that there exists a positive integer s such that p = sq. Divide the
digit D into Dy @ Ds, where D; = {0,1,..., N — 1} and Dy = NPLD;. Then it follows from (2.2) and (2.5)
that

~ o n k ~ L) n—s k
Z(iine,p,) = Up N q{N 1k €Z,N1k}, Z(fine,p,) = UL N ‘)q{ﬁ ke Z,N{k}.

Note that pne p = N, D, * fina, Dy, which implies that Z(fine, p) = Z(line,p,) U Z(fine,p,). Then we will
divide the proof into two cases.

Case 1: gcd(N, L) = 1. For each point z lying in Z(fina p, ), there exist a positive integer n and an
integer k such that 2 = N"? - £ and N t k. From ged(N, L) = 1, it follows that N f kL. Thus we see that
x=N".£L ¢ Z(jine p,). This implies that Z(fine,p,) C Z(fine,p,), and hence Z(fine,p) = Z(fina,p,)-
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Therefore it follows from (2.3) that E} is an orthonormal set in L?(pns,p) if and only if E is an orthonormal
set in L?(una,p,). Then pnae p is a non-spectral measure by Lemma 2.4.
Case 2: gcd(N,L) =d > 1. Let N = N'd and L = L'd, where gcd(N’,L’) = 1. Let

Dy ={0,1,...,d—1}y®d{0,1,...,N' —1} := D} @ D3.

Then it is easy to see that

k
dN'

—~ 0o n k ~ oo n
Z(fina,pr) = Upy N q{g tk € Z,dtk},  Z(linep2) =UpZ N"Y 1k e€Z,N"{k}.

For every point z contained in Z(fiys pz), there exist a positive integer n and an integer k such that
x = N". -k and N’ { k. Hence it follows from ged(N’,L') = 1 that N’ { kL’ and N { kL. This implies

AN’
that @ = N™ - £ ¢ Z(fiyq p,). Hence we obtain that

Z(fina,p2) C Z(line,D,)-

Let w1 = pne,p2, and let po = pya pr * pinae,p,. Then it is easy to check that pne,p = p1 * p2 and
Z(1) C Z(2). This implies that Z(line,p) = Z(l2). Using Lemma 2.4 again, we can show that uya p is
also a non-spectral measure in this case. 0O

In the second, we will prove the sufficiency of Theorem 1.2. In the following, we assume that ¢ 1 p. Let
D be defined by (2.4) with L = 1, and let p,, = dy-ap * -+ * dy-nap. Then p, converges weakly to pna p,
and it follows that

fin() = [[ mp(N"*%), ¢eRr
k=1

Let C be defined by (2.6), and define
A, = NIC + N?C+ .-+ N™MC, A=U2,A,. (3.1)
Theorem 3.2. Let u,, and A, are defined in the above. Then A, is a spectrum of p, if ¢t p.

Proof. Let T, = 22:1 N~*4D. Then the finite set T}, is the support of the measure p,, and hence the
dimension of L?(u,) equals to the cardinality of Tj,. Moreover, we can claim that the cardinality of T;,
equals to the cardinality of A,. In fact, we can find a bijective mapping f from T, to A,. For each given
point z lying in T,,, there exist dy,...,d, € D such that z = ZZ:1 N—9%d,.. Then there exist dii1,di2 €
Dy :={0,1,...,N — 1} such that d = dp1 + NPd o for 1 < k < n. We define the value of the point x by

1 n
f(z) = Nt Zqu(dn-‘rl—k,l — 1+ NPdp 1 p1)-
k=1

Then we will show that the map f is well defined. Let 2’ be contained in T,,, and hence there exist
dy,...,d, € D such that 2’ = 7, _; N~%d;. Then there exist dj, ,,dj, , € Dy such that dj = dj, , + N?dj_,
for 1 < k < n. Thus it follows that

NP+ n 3 n B
N (@) = f@)) =Y N"%(dx1 + NPdya) = Y N"*(d}, + NPdj,) = — 2.
k=1 k=1
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This implies that f can be well defined in T},, and f is injective. Noting that N?*1C = (D; — 1) © NP Dy,
we can easily see that f is a bijective mapping from T;, to A,,.

Therefore we only need to prove that Ej, is an orthogonal set of L?(uy,), i.e., A, — A, € Z(fi,) U {0}.
Let 0,0’ be two different points lying in A,,. Then there exist ix, i) € Dy — 1, ji,j, € Dy for 1 <k <n
such that

1 n
> NF(iy + NPjy), o =

JR— , .
~ NpH Zqu(’;chijllc)‘
k=1 =

Np+1
k=1

Then it follows that

g-0o _Zqu NP+l +Zqujm_ -

m=1

By calculations, we have

Z(fin) = Up_ 1qu{— ke Z,NtEk}uup_ N™*{

N Y :k€Z,Ntk}. (3.2)
Then we can give the proof into three cases.

Case 1: i, = 1) for all 1 < k < n. Let k; = min{k : ji # j;,1 < k < n}. Then k; can be well defined,
and it follows that

o—o = Z qujk Nqu(]klN.]kl + Z N (k—k1)a— 1(]k_Jk))
k=k1 k=k1+1

It is easy to check that ji, — jj, ¢ NZ and N(k=k)a=1(j — i) € Z for k > ki + 1. Hence it follows from
(3.2) that o — o’ € Z(jiy).

Case 2: j, = j; for all 1 < k < n. Let ks = min{k : iy # i},1 < k < n}. Then ko can be well defined,
and it follows that

n . . n

Y
o — 0_/ — Z qu Z;;Vp+21k _ ngq . N—(p+1) (ikQ _ 2;62 4 Z N(k—kfz)q(l'k _ Z;c))
k=ko k=ko+1

It is easy to check that iy, — i}, ¢ NZ and N=k2)a(j — ity € NZ for k > ko + 1. Hence it follows from
(3.2) that o — o’ € Z(jip).

Case 3: i, # i), and j; # j; for two integers k,! € [1,n]. Let k1 = min{k : iy # i},,1 < k < n}, and
ke = min{k : ji # j;.,1 < k <n}. Then it follows that

n

. n oy
oo = Y NMCE 3 Ve (33)
k:kl k':kQ

Let p = mq + r with the integer r € [1,q — 1]. We will divide this case into two subcases.
Subcase I: k1 > m + ky. It follows from (3.3) that

. _a n n
o — o = Nk (”‘Tjk + 30 Nhemma ) G gy 4 3T Nk —j,;>> :
k=k, k=ka+1

Noting that ji, — ji, ¢ NZ, and using (3.2), we can obtain that o — o’ € Z(jiy).
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Subcase II: k1 < m + ko. It follows from (3.3) that

1 < -
o—o =Nka. ol (ik1 — g, + Z N9 (G — i) + Z N=k)ate(j, —jzlg)> :
k=ky+1 k=k2

For k > ko, it follows that
N(k—kl)q+p — N(k—k1+m)q+7“ — N". N(m+k—k1)q e N7Z.
Noting that iy, — i, ¢ NZ, and using (3.2), we conclude that o — o' € Z(ji,,). O

In the similar way, it is easy to check that E, is also an orthonormal set of L?(puna,p). Moreover, we will
show that Fj is an orthonormal basis of L?(una p) in the following theorem.

Theorem 3.3. Let D be defined by (2.4) with L =1. If ¢{p, then une p is a spectral measure.

Proof. Let A, and A be defined by (3.1). Then we will show that A is a spectral of une p. Let

Qu(©) = > linepE+ N7 Q) = [Anep(E+ N

AEA, AEA

For every n > 1, making use of (2.1) and the definition of u,,, we have the following equality:

Q&) = Qu(©) + Y |Anap(E+ NI

A€A2n\Ay
~ - §+A
=Qu©+ D |Ban(&+ N PlANep (G,
)\EAZn\An

Next, we will prove that Q(§) = 1. Since @ is an entire function, we only need to determine the value of
Q(&) for |¢] < (< 1), where 7 is the same as Proposition 2.2. Obviously, N =279\ € T(N9,C), if A € Ag,.
This implies that for |¢| < n,

£+ A

dist( Vg

T(N%,C)) <

From Proposition 2.2 and Theorem 3.2, it follows that

Qn(&) = Qu(&) +¢ D |f2n(€ + MNP

/\EAQH\An
= Qu©) + (1= > &+ NP). (34)
AEAH

For every point A contained in A,, it follows that

2 n
N_an|§+)\| SN—2nq <1+ (Np—‘rl)(N—l)(Nq-i-N 94...+ N Q)) < N-(n=Da,

Nptl

Define [,, = minj¢j<ny—na [line,p(§)| for n € N. Then it follows that lim, .. [, = 1. Hence we can obtain
that
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N A .
[finva,p (€ + A)| = [fi2n (€ + A)HMNQ,D(%” 2 ln—1lfi2n (£ + A)]. (3.5)
By (3.4) and (3.5), we get
Q2al€) 2 @ul) + (1= = Qu(€))

Letting n — oo, we can obtain that Q(£) > Q(&)+c*(1—Q(€)). Since E, is an orthonormal set of L?(unq p),
it holds that Q(§) < 1 for every point £ € R. This implies that Q(§) =1 for || < n. Therefore we complete
the proof of this theorem. 0O

Remark 3.4. Let R = N9, and let D be defined by (2.4). If ged(L, N) = 1, we conjecture that Theorem 3.3
is also true. However, if ged(L, N) > 1, then pr p maybe a non-spectral measure even though ¢ { p. For
example, let N = 4, p = 5 and ¢ = L = 2. Although 2 { 5, we can claim that the measure uy« p is a
non-spectral measure. In fact, D and R can be rewritten as D = {0,1} @ 2{0, 1} @ 2'1{0,1} & 2'2{0, 1} and
R = 2*. Hence it follows that

MR,D = H24 0,1} * H24 2{0,1} * 24 211{0,1} * HU24 212{0,1} ‘= M1 * 2 * (3 * [ig.

By (2.5), we have
-~ k -~ oo od(n—3) K
Z(f) = u;?:124"{§ ke2Z 41}, Z(fy) = U, 2% 3>{5 k€22 41},

Then it is easy to check that Z(fiy) C Z(jis) C Z(jis), where ps = po * 3 * pg. Using i1 * fis = fiy - Us,
we can see that Z(fig,p) = Z(fi5). Let Ex be an orthonormal set in L?(ug p). Then it follows from (2.3)
that Fy must be an orthonormal set in L?(us5). Noting that ug p = p1 * ps, and making use of Lemma 2.4,
A cannot be a spectrum of g p, i.e., E cannot be an orthonormal basis of L?(uug,p). Since E, is arbitrary,
our claim is true.

In the last, we will prove the following proposition to complete the proof of Corollary 1.3.

Proposition 3.5. Let R = N?, and let D be defined by (2.4) with gecd(L,N) = 1. Then T(R,D) is a
translational tile if and only if 2 1 p.

Proof. We will use Lemma 2.5 to prove this proposition. Firstly, we will prove the sufficiency. Assume
that 2 t p. By (2.8), we only need to show that for any s € Z \ {0}, there exists an integer k such that
hi(s) == mp(53) =0, i.e.,

m

® € Z(mp) ::{% i N fm}U{smrg NV Em).

N2k

In fact, there exist nonnegative integers n and s’ such that s = N™s’ with N { ¢'. If n € 2N + 1, we can

choose k = L. Then it follows that 5 = SN/ € Z(mp). If n € 2N, we can choose k = %p"'l. Noting

that 2 {p and ged(L, N) = 1, we obtain that 1% = % € Z(mp). Therefore we complete the proof the
sufficiency.

Secondly, we will prove the necessity. Assume that 2 | p. Let s = N2. Then we only need to prove that

~or is not contained in Z (mp) for each integer k > 1. Otherwise, there exist integers kg > 1 and m with

N {m such that

S50 M So m
N2k — N % N2Re T NpHIL
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Obviously, the above two equalities can not hold since p € 2Z. This shows that D is not a tile digit set of
Rif2|p. DO
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