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1. Introduction

The aim of this paper is to study the existence and concentration of nontrivial complex-valued solutions
for the following nonlinear Schrodinger equation with critical growth:

(5V — A(:zc))2 u+V(z)u= f(|ul®)u+ u* "2u in RV,

uwe HY(RN,C), (1.1)

where € > 0 is a small parameter, N > 3, 2* = % is the critical Sobolev exponent, A € C1(RY ,R¥Y) is a

magnetic vector potential, V € C(R”",R) is an electric potential and f : R — R is a subcritical nonlinearity.
Here the magnetic Schrodinger operator is defined by

E-mail address: v.ambrosio@Qunivpm.it.

https://doi.org/10.1016/j.jmaa.2019.06.070
0022-247X/© 2019 Published by Elsevier Inc.

Please cite this article in press as: V. Ambrosio, Concentrating solutions for a magnetic Schrédinger equation with critical
growth, J. Math. Anal. Appl. (2019), https://doi.org/10.1016/j.jmaa.2019.06.070



https://doi.org/10.1016/j.jmaa.2019.06.070
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:v.ambrosio@univpm.it
https://doi.org/10.1016/j.jmaa.2019.06.070

Doctopic: Partial Differential Equations YJMAA:23299

2 V. Ambrosio / J. Math. Anal. Appl. see (sees) ese—see
€ 2 9 2¢ 9 e ..
(—V—A(m)) u=—¢eAu— —A-Vu+ |A*u— -udiv A.
1 1 1
When N = 3, the magnetic field B is the usual curl operator of A, while for higher dimensions N > 4 it is

the 2-form given by B;; := 0;Ar — OxA; with 1 < j,k < N. The main driving force for studying (1.1) is
related to the following time-dependent Schrodinger equation:

ov 2
th = (fv - A(a:)) U+ U — gz, |U)T in RY x R, (1.2)
?
when we look for standing waves, that is, solutions having the form W(z,t) = u(z)e™ %, where h is the

Planck’s constant and F € R. In fact, it is clear that ¥ solves (1.2) if and only if u satisfies (1.1), with ¢ = A,
V(z) =U(z) — E and g(z, |u|*)u = f(|u|?)u+ |u|*>" ~2u. Equation (1.2) appears in quantum mechanics and
describes the dynamics of a particle in a non-relativistic setting. It arises in different physical theories, e.g.,
the description of Bose-Einstein condensates and nonlinear optics; see [9,30] for more physical background.
Indeed, the analysis of the existence and shape of standing wave solutions in the semiclassical regime, that
is, as h — 0, is motivated by the fact that the transition from Quantum Mechanics to Classical Mechanics
can be formally performed by sending the Planck’s constant to zero.

In recent years, a great attention has been devoted to the nonlinear Schrédinger equations without
the magnetic field (i.e. A = 0) and for which several existence, multiplicity and qualitative property of
standing wave solutions have been established, see [3,4,11,16,18,21-23,29] and the references therein. On
the other hand, when we consider the case A # 0, the first result is probably due to Esteban and Lions
[20] that used the concentration-compactness principle [27] and minimization arguments to establish the
existence of a ground state solution in dimensions N = 2 or N = 3. Subsequently, Kurata [25] proved,
via variational methods, that a subcritical magnetic Schrédinger equation has a least energy solution for
any ¢ > 0, assuming a technical condition linking V' and A. Chabrowski and Szulkin [13] applied minimax
arguments to deduce the existence of nontrivial solutions for a critical magnetic Schréodinger equation when
the potential V' changes sign. In [14,15] the authors used Ljusternik-Schnirelmann theory to obtain multiple
solutions for a subcritical magnetic Schrodinger equation assuming the following global condition on the
potential V' proposed by Rabinowitz [29]:

inf V(x) < liminf V().
zeRN |z]—o00
Alves et al. [6] combined penalization technique and Ljusternik-Schnirelmann theory to relate the number
of solutions with the topology of the set where the potential attains its minimum value. They considered

subcritical nonlinearities and assumed local conditions on V inspired by the following conditions introduced
by del Pino and Felmer [18]:

(V1) there exists V7 > 0 such that V; = inf cgn~ V(2),
(Vo) there exists a bounded open set A C RY such that

0 < Vo= inf V(z) < min V(x).
o= inf V(z) < min V(z)
We also mention the papers [5,8,10,17,19] for other interesting results related to (1.1).
Motivated by the above papers, in this work we focus our attention on the existence and concentration of
nontrivial solutions for a magnetic Schrédinger equation with critical growth. Along the paper, we suppose

that the nonlinearity f : R — R is a continuous function such that f(¢) = 0 for ¢ < 0 and satisfies the
following conditions:

(f1) f(t) = 0ast— 0T,
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(f2) there exist ¢, € (2,2*) and A > 0 such that

g—2 t
)= M >0, Jim ¢ _y

Soo 1252
where A is such that
e A>0if either N >4, or N=3and 4 < q <6,
o ) is sufficiently large if N =3 and 2 < ¢ < 4,
(f3) there exists ¥ € (2,0) such that 0 < 2F(t) < tf(t) for all t > 0, where F(t) = fot f(s)ds,
(f4) the map t — f(¢) is increasing in (0, c0).

Our main result can be stated as follows:

Theorem 1.1. Assume that (V1)-(V2) and (f1)-(f1) hold. Then, there exists €9 > 0 such that, for all € €
(0,&0), problem (1.1) admits a nontrivial solution u.. Moreover, if z. € RN denotes a global maximum point
of |ue|, then

lim V(z:) = V.
e—0

The proof of Theorem 1.1 is obtained using suitable variational arguments. Since we do not have infor-
mations on the behavior of V' at infinity, we use a variant of the penalization argument introduced in [18]
which consists in modifying appropriately the nonlinearity outside the set A, solving a modified problem and
then check that, for € > 0 small enough, the solutions of the modified problem are indeed solutions of the
original one. We emphasized that, even for the modified problem, it is rather tough to obtain compactness
in view of the critical growth of the nonlinearity. Indeed, compared with the subcritical case considered in
[6], a more careful analysis will be needed to overcome this obstacle. More precisely, after proving that the
modified energy functional has a mountain pass geometry [7], we use a suitable truncated complex-value
function inspired by Brezis and Nirenberg [12], which takes care of the presence of the magnetic field A, and
the concentration-compactness principle of Lions [27], to verify that the Palais-Smale condition is regained
below a suitable level related to the best constant of the Sobolev embedding H'(RY,R) into L? (RN, R);
see Lemma 3.2 and Lemma 3.3. Finally, making use of the diamagnetic inequality [20] and Kato’s inequality
[24], we show that the solutions of the modified problem are solutions of the original one; see Lemma 3.6.
To the best of our knowledge, this is the first time that the penalization argument is used to obtain the
existence and concentration of solutions to (1.1) under local conditions (V;)-(V2).

The paper is organized as follows. In Section 2 we give the notations and collect some useful preliminary
results. In Section 3 we introduce the modified problem and we prove the existence of a positive solution
for it via mountain pass theorem [7]. In Section 4 we give the proof of Theorem 1.1.

2. Preliminaries

Let us denote by Bgr(z) the ball of radius R and center at . When x = 0, we write Bg = Br(0). Let
1 <r<ooand A C RY. We denote by |u|zr(4) the L"(A)-norm of a function u : RN — R belonging to
L"(A), and by |ul, its LI(RY)-norm. We define D12(RY R) as the closure of C2°(RY R) with respect to

V% = / Vul?dz.
RN

Let us denote by H'(RY R) the set of functions u : RN — R such that u, Vu € L?(RY,R) endowed with
the usual norm
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lull* = [Vul3 + [uf5.
We remark (see [1]) that there exists a sharp constant S, > 0 such that for any u € DV2(RY | R)

Jul3. < S7HVul3.

Moreover, H*(RM ,R) is continuously embedded in LI(R¥ R) for any ¢ € [2,2*] and compactly in
L9

loc

(RN, R) for any ¢ € [1,2*). We recall the following compactness-Lions type result [26]:

Lemma 2.1. Let N > 3 and r € [2,2%). If {un}nen is a bounded sequence in HY (RN R) and if

lim sup /\un|’"dx:O, (2.1)

n—oo yERN
Br(y)

where R > 0, then u,, — 0 in L*(RY,R) for all t € (2,2%).

In what follows, we collect some useful estimates which will be needed to overcome the difficulty coming
from the critical exponent.
For any € > 0 and y € R, we consider the following family of instantons (see [31])

Ueyle)=e U (“"”?) . Ulx) = NN =2) « 2)2V

where U € DM2(RY,R) is a solution to
~AU=U*"" inR".

Moreover, we have |[VU |3 = |U|3. = S*%.
Let ¢ be a C'(RM,R) function such that ¢ (z) = 1 in |z —y| < ¢ and ¥(z) = 0 if | — y| > J. Let

; 2
= |ww5’1|’2* . Then, arguing as in [12], we can prove that:
e,y

Wey = YUy and we
Lemma 2.2. The following estimates for we , hold true:

|vw€,y|3 =5+ O(5N72)a

O(g?) if N >4,

we yl3 =4 O(e?log(L)) if N =4,

O(e) if N =3,

and
_(N-2) .

oEN (N:)q) ifq> 75,
|We,yla > 0(5](\;_ ) qug(%)) if = %’
O(e =) ifq < 5.

In order to study (1.1), it is important to introduce the Hilbert space H. = H.(R™,C) obtained by the
closure of C°(R¥ C) under the scalar product

(u,v)e =R / VuVev + V(e x)uvde |

RN
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where R(w) denotes the real part of w € C, w is its conjugate, V.u = (Dlu,...,DNu) and Diu =
1719;u — Aj(ex)u for j =1,...,N. The norm induced by this inner product is given by

Jull2 = [ 1Vl + VieauPas
RN
As proved in [20], for any u € H. it holds the following diamagnetic inequality:
[Vul| < [Veul. (2.2)

Consequently, if u € H, then |u| € H(RN,R). Moreover, the embedding H. C L4(RY,C) is continuous for
all ¢ € [2,2*] and H. C L(A,C) is compact for all ¢ € [1,2*). We also recall the following distributional
Kato’s inequality [24] (see also Theorem X.33 in [30]):

Alu| > —R(sign(u)D?*u) Vu € H., (2.3)

where D? = ZL(D;’)Q and

& ifu#£0
; D .
sign(u) { 0 ifu=0.

3. Variational setting

Using the change of variable x — £, we can see that the study of (1.1) is equivalent to investigate the
following problem

(3.1)

(AV = A () u+ Ve(@)u = f(lul)u+|ur ~2u  in RV,
u € HY(RYN, C),

where A, (z) = A(ex) and V.(x) = V(e x). Now, we introduce a penalized function [18] which will be useful
to obtain our results. First of all, without loss of generality, we may assume that

0OeAand V(0)=Vp = mj&n V.

Take K > % > 1 and a > 0 such that f(a) + 0 T = %, and we define

f(t)_{f(f)ﬂt*) = ift<a,

% if t > a,

and

g(@,t) = xa(@)(f(1) + () 77) + (1 = xa (@) F(2) MiG@ﬂ:/%MM&
0

It is easy to check that g satisfies the following properties:

(91) }in(l) g(z,t) = 0 uniformly with respect to x € RV,
—

(92) gz, t) < f(¥) 5 forallz € RN, ¢t >0,
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(g93) (i) 0 < 2G(x,t) < g(z,t)t for all z € A and t > 0,
(i1) 0 < G(z,t) < g(z,t)t < ¥t for all z € RV \ A and ¢ > 0,

(g4) for each z € A the function g(z,t) is increasing in (0, 00), and for each x € RY \ A the function g(z, )
is increasing in (0, a).

Then, we consider the following modified problem

2
1
(—V - Ag(x)> u+Ve(z)u=glez, |uf*)u  in RV, (3.2)
)
In view of the definition of g, we look for weak solutions to (3.2) having the property
lu(z)] < va VYre RN\ A,

where A, = A/e. In order to study (3.2), we seek the critical points of the following functional 7. : H. — R
defined as

1 1
T.w) = 52 = 5 [ Glewluf?)da.
RN

By the growth assumptions on f and Sobolev embeddings for H., it is easy to check that J. € C*(H.,R)
and its differential is given by

(T (u),v) =R / VouVov + Vouvdr — / glez, |u*)uv dx
RN RN

for any u,v € H.. Let us note that [J. possesses a mountain pass geometry [7]:

Lemma 3.1. The functional J. satisfies the following properties:

(a) there exist a, p > 0 such that J.(u) > a with |jull. = p;
(b) there exists e € We such that ||e||c > p and J.(e) < 0.

Proof. (a) By (91), (92), (f2), we can see that for any £ > 0 there exists C¢ > 0 such that
lg(z,t)| < &+ C’dtﬁsz for any (z,t) € RY x R. (3.3)

Therefore, we obtain that

1 1 1 .
T.w) = g2 = 5 [ Gl uf?) do > 5l - €CYull2 - CeClul
RN

Hence we can find a, p > 0 such that J.(u) > a with [ju|. = p.
(b) By (g3)-(i) we can see that for any u € C2°(R¥,C) such that u # 0 and supp(u) C A

< LR G 2d
Je(ru) < lulz = 5 [ Gle, |ruf”) da
AE
2
< %Hu”? - C1Tﬂ/|u\ﬂdx+02 VT >0, (3.4)
As
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for some positive constants C; and Cs. Since ¥ € (2,2*), we get J.(Tu) = —oc0 as 7 — +oo. O

In view of Lemma 3.1, we can define the minimax level

ce = inf max J.(v(t)), where T.={veH,:T(0)=0,T(y(1)) <0}
~vET. te[0,1]

As in [32], we can use the equivalent characterization of ¢, more appropriate to our aim given by

= el T

In order to obtain the existence of a nontrivial solution to (3.2), we need to prove the next fundamental
result.

Lemma 3.2. There exists v € H. \ {0} such that

vf2

S .

1
nep ) <

N
In particular, c. < %Sﬁ .

Proof. Set wp = wp, o, with wy,, defined as in Section 2, and we consider up(z) = @y, (x), where
0(z) = — Zjvzl A;j(0)z;. Then, (A+V6)(0) = 0 and by the continuity of A at 0 we have [(A+ V) (z)]> < ¢
for all |z| < d1, with d; > 0 sufficiently small. Assume that supp(y) C Br where r = min{d,d:} and § > 0
is such that Bs € A. We note that

/|vguh\2 + Velup |de = / |Vwy|? + wi|Ae + VO|* + Vows da
RN RN

< / |th|2 + (C—‘r |V|Loo(A))|wh|2 dz. (3.5)
RN

Then, using (f2), we can see that

t2 , 1 5 2
Je(tun) = Sllunlz = 5 | F(tlunl®) do — o funls.

RN
t2 9 9 tQ*
Bl (IVeunl3 + Vg aylunl3) — Xt upll — 27|Uh

IN

g*ﬁfoo as t — oo,

so there exists t;, > 0 such that
T (thup) = I?Za3< T (tup).
Let us show that there exist A, B > 0 such that

A<t, <B for h > 0 sufficiently small. (3.6)

Since (J!(tpup),up) = 0, we deduce that

Please cite this article in press as: V. Ambrosio, Concentrating solutions for a magnetic Schrédinger equation with critical
growth, J. Math. Anal. Appl. (2019), https://doi.org/10.1016/j.jmaa.2019.06.070




YIMAA:23299

Doctopic: Partial Differential Equations
V. Ambrosio / J. Math. Anal. Appl. see (sees) ese—see

8 .
Jun 2 = / Fltun ) un]? d + (0)2 2 un 2. (3.7)

RN

If ¢, — oo as hy, — 0, by (3.7) it follows that

o
2%

ln, |12 > (t,)* 2 [un,
which gives a contradiction in view of 2* > 2 and Lemma 2.2
— 0 as hy, — 0. From (f1), (f2) and (V1) we can see that for any £ > 0

Now, assume that there exists t;ln
there exists C¢ > 0 such that

N un, > dz < Elun, |3 + Ce(th,)* 2|un, |3-

/f |t tn,,
(3.9)

< o I+ C(th, )7 2lun, 5
1

Choosing £ = 4+, and using (3.7) and (3.8), we obtain
1 . . . .
gllun, |2 < Ce(th,)* ~2lun, 3+ + (t,)* ~*lun, [3-

which leads to an absurd. Therefore, (3.6) holds true.

Now, we note that for C, D > 0 it holds

2t 1/ C
50—2—*DSN<DNN2) fOI'a.HtZO
Thus, using (3.5) and (3.6), we get
2
— L\uh g

B e
< Dllunli2 = Mglunls —

J=(thun)

- N

) 2\ %
<|th2 + (c+ |V|L°°(A))|wh|2) — A wp 2.

In the light of the following elementary inequality
(a+b)" <a" +r(a+b) b foralla,b>0,r>1,

and gathering the estimates in Lemma 2.2, we can deduce that
if N >4,

L% 4 O(hN=2) + O(h?) — AA%|wy|8
Je(thup) < %S% + O (h? (1 4+ 1og(1/h))) — AMA%wy |1 if N =4,
L83 4+ O(h) — AA|wy g it N =3,

At this point we distinguish several cases. Let N > 4. Then ¢ > 2 > % and using Lemma 2.2 we have
1~
Teltnun) < 552 + O(WN2) + O(1?) = O(W"~ Srta),

Now
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N—(N27_2)q<2<]\f—2,

because of ¢ > 2 and N > 4, so we can infer that

Loy

\%(thuh) < NS* )

provided that h > 0 is sufficiently small.
Assume that N = 4. Thus, ¢ > 2 = % and in view of Lemma 2.2 we obtain

1 N
T=(thun) < ~No¥ +0 (h? (1 +1log(1/h))) — O(h*™9),
and observing that 2 < ¢ < 2* = 4 yields

I W
nso b2 (1+ log(1/h) 0

we get the conclusion for A small enough.
Finally, we consider the case N = 3. Suppose that 4 < ¢ < 6. Then,

>4>1= N
q T N2

from which
1 x 3_4q
Je(thun) < NS*Q + O(h) — O(h°™2).
Using the fact that 4 < ¢ < 6 implies that 0 < 3 — 4 < 1, we have for & > 0 small enough

oL
N

vz

je(thUh) S* .

Now, we assume that N =3 and 2 < ¢ < 4.
When 2 < ¢ < 3 then, for A > 0 small, it holds

Je(thun) < %S? + O(h) = MO(h?)

and noting that £ > 1, we can take A = h™*, with p > %, to get the thesis for A > 0 small.

If ¢ = 3, then
1 x :
Tetun) < 5752 +O(h) = XO(h* [log(h)))

and taking A = h™*, with p > %, we can deduce the thesis.
When 3 < ¢ < 4, we have

Je(thup) < %S? +O(h) — )\O(hB’%)

and choosing A = h™#, with u > 2 — Z, we have again the desired estimate. O

In the next lemma, we prove that 7. satisfies a local compactness condition. More precisely:

YIMAA:23299
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N
2

Lemma 3.3. Let c € R be such that ¢ < %S* . Then J: fulfills the Palais-Smale condition at the level c.
N
Proof. Let {u,},en be a (PS). sequence at the level ¢ < %Sﬁ , that is
Je(up) —c and  J(up) — 0in HZ.

In view of (g3), we can deduce that

¢+ on (V) tinlle = Te(ttn) — (T (tn), 1)

9
(9 —=2 5 1 9 5 U 9
— (%7 Ml 5 [l PP = GG
RN\A.
1 s o D , 11 / -
Y n n - -F n 9 o n
5 (Ul ual? = Sl + (5= ) [ do
Ac A

29 J
RN \As

9 —2 , [(0-2) 1 )
> (= I e
> (S 2= (557) & [ VeolnPa

RN\A,
9 —2 1
> —= - = 2,
_( y )(1 K) a2

Since ¥ > 2 and K > 1, we can conclude that {u,},en is bounded in H,.. Moreover, from (2.2), we know
that {|un|}nen is bounded in H'(RY,R). Taking into account (J!(u,),un) = 0,(1), we can see that

9 —2 1 0
> (Sl [l = S 6 2 d

lunll? = /g(ex,lun|2)lun|2d$+0n(1)- (3.9)
RN

On the other hand, it is easy to check that

(u'fh 410)8 — (ua @)Ea
R( [ oenlumPrunpds ) >R | [ oo luPupds ).
RN RN
for all p € C°(RY,C), which together with J(u,) — 0 and the density of C>°(R¥ C) in H., implies that
(T!(u), ) =0 for all ¢ € H,. In particular,
Jull2 = [ afe . fuP)luf? do. (3.10)
RN

Hence, in view of (3.9) and (3.10), it is enough to show that

/g(sx, |t |?) [t |? d2 = /g(sx, [ul?)|u|? dz + 0, (1) (3.11)
RN RN
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to deduce that |lu,||? — |Ju|? which together with the fact that H. is a Hilbert space yields u,, — u in H..
In order to achieve our goal, we first prove that for all > 0 there exists R = R,, > 0 such that

n—oo

lim sup/ IVetn)? + Velun|? dz < 0. (3.12)
B

Let us consider the function g € C*°(RY) defined as

() = 0 ifze€ Bpg,
R )1 if x ¢ Bapg,

and |Vngle < C/R. Take R > 0 sufficiently large such that A, C Bg. Since (J/(un), nrun) = 0,(1) and
Vs(unﬂR) = W V1R + NRVeln,

we can use (g3) to get

1
/(|V€un\2 + Velun|*)ng dz < 7 / Velun|*ng dz + R / — 1, Veu, Vnrde | + on,(1).
RN RN RN

By the Holder inequality and the boundedness of {uy,},en in He we deduce that
1 _
[ 1Vawbrnds (1= 5 ) [ VelunlPede < a0lalFeun ol Vel + 0001
RN RN

C
S E + On(1)7
from which

lim limsup/ |V otn)? + Velug|? dz = 0,
R—o00 noo
B

that is (3.12) holds true.
Using (3.12), (g2), (f1), (f2) and the Sobolev embeddings, we obtain that for n large enough,
| stemunPlunf? do < O+ 0t +0%), (313)
RN\ Bp
On the other hand, taking R large enough, we can suppose that
/ g(ex, [u|*)|u)® dz < .
RN\Bg

The above expression and (3.13) imply that for n large

/ g(ex, \un|2)|un|2 - / g(ex,|ul®)|ul? dz| < Cn. (3.14)
RN\Bp RN\Bg
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Now, we note that, in view of the definition of g, there holds
2 2 2 2 2 W 2. mN
ge @, [ununl” < f(lunTlunl” + 0™ + Flunl” in RT\ A

Since the set Br N (RY \ A.) is bounded, we can use the above estimate, (f1), (f2) and the dominated
convergence theorem to conclude that

9(e 2, [tun]?)|un? = / g(ex, [ul)ul dz + on(1). (3.15)
BrN(RN\A,) BrN(RN\A.)

In what follows, we aim to show that

/|un|2* de = / [u|?" dz + 0,(1). (3.16)
As AE

Indeed, if we assume that (3.16) holds true, we can use (g2), (f1), (f2) and the dominated convergence
theorem to deduce that

/9(8% [n| ) |un|* = /9(5% [ul*)[uf® dz + 0n(1). (3.17)

€ As

Therefore, (3.11) is a direct consequence of the above expression, (3.15) and (3.17).
Now, we show the validity of (3.16). Using the boundedness of {uy, }nen in He and (2.2), we may assume
that

IV|un||? = pand |u,|* — v (3.18)

in the sense of measures. Moreover, in view of (2.2) and (3.12), {|un|}nen is a tight sequence in H!(RY R),
so, using the concentration compactness principle [27], we obtain an at most countable index set I, sequences
{i}icr CRY, {pitier, {vi}ier such that

w> | Viu|? + Z,uiﬁ%, v=l|u* + Zui&ci and S*I/?/Q* <u Viel (3.19)
iel iel

Thus, it is enough to prove that {z;};c; N As = 0. Suppose by contradiction that there exists ¢ € I such that
z; € A.. For any p > 0, we define ¥,(z) = ¥((x — x;)/p), where ¢ € CZ°(RM,[0,1]),% =11in By, ¥ =0 in
BS and |V¢)|o < 2. We may assume that p is chosen in such a way that supp(¢,) C A.. Since {¢pun }nen
is bounded in H. and (J!(un), ¥pun) = 0,(1), we can use (2.2) to see that

< % /mnvaunvadx +/f(|un\2)|un|21/1pdac
RN RN

+ / Polun|? dz + 0, (1). (3.20)
RN

Since f has subcritical growth and v, has compact support, we get
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p—0n—o0

lim lim / £ (n?)un 4 d = lim / F(uf?)ul?p, da = 0. (3.21)
p—
RN RN

Applying the Holder inequality, and using the boundedness of {uy},en in He, the strong convergence of
{|tn|}nen in L7 (RY R), |u| € L¥" (RV,R), |V¢,| < Cp~' and |B(z;,2p)| ~ pV we have

1/2

lim sup /zﬂnvgunvadx < lim sup / un >V, | dx |V ctin 2
n—oo

n—00
RN Bap(zi)

1/2
<C / 2|V, |? do
By (zi)
1/2*
<C / lul?” da —0as p—0,
Bap ()
which gives
lim lim sup /zﬂnvgunva dx| = 0. (3.22)
p=0 nooo
RN

Then, taking into account (3.18), (3.20), (3.21) and (3.22), we can conclude that v; > p;. This combined
with the last statement in (3.19) yields that

v > SN2, (3.23)

Now, in the light (g3) and (f4), we obtain

L (T (n), t4n) + 0 (1)

c= je(un) - 5

1

=5 [ oenuPlunl? - Gle, ) do

RN\A.
1

b [l = FlQunf)dz + [ a2 do -+ 0,01
Ac

Ae
> L funl? dz 4 0n(1)
— | |uy, T+ oy,
- N
A

v

1 N
N/|un|2 Yy dx + op(1).
Ae

Taking the limit and using (3.19) and (3.23) we get

w2

62% > wp(xi)l/i:% > VZ-Z%S*

{iel:x; €A} {iel:x; €A}

which does not make sense. This ends the proof of (3.16). O
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In view of Lemma 3.1, Lemma 3.2 and Lemma 3.3, we can apply the mountain pass theorem [7] to deduce
that for all € > 0 there exists u. € H. such that

Je(ue) = ¢ and J.(u.) = 0. (3.24)

Now, we deal with the following autonomous problem, with p > 0,

(3.25)

—Au+ pu = f(|lul?)u+ [u> 2u  in RV,
u€ HY(RY R), u>0inRY.

The Euler-Lagrange functional associated with (3.25) is given by
1 9 9 1 9 1 2
Tu(u) = (VB + i) — 5 [ Flluyde - o [ )2 a.
RN RN

Let us denote by X,, the Sobolev space H!(RY,R) endowed with the norm

lullf, = [Vul3 + plul3.
The Nehari manifold associated with Z,, is given by

Ny = {u e X, \ {0} : (Z/,(u),u) = 0}.

It is standard to check that Z,, has a mountain pass geometry and we denote by ¢, its mountain pass level.
Moreover, arguing as in [32], we can show that

ey = ij{/lfI# = u@g}{{o} I?Zag(l'(tu).

As proved in [2], we know that

Theorem 3.1. For all > 0, problem (3.25) admits a positive ground state solution uy € X,,. Moreover,

1 oy
Cu < NSK .
Next, we establish a very useful relation between c. and cy;,:

Lemma 3.4. It holds limsup c. < cy, .
e—0

Proof. For any ¢ > 0, we set u.(z) = ¢ (x)uo(z)e?® | where ug is a positive ground state of (3.25) whose
existence is guaranteed by Theorem 3.1, and 9. (z) = (e ) with ¢» € C°(RN,R), ¥ € [0,1], ¢(x) = 1 if
|z| < 1 and ¢(x) = 0 if |z| > 1. For simplicity, we assume that supp(¢)) C By C A. Arguing as in Lemma
3.2 in [14], we can see that

el = [luoll¥, as e — 0. (3.26)

Now, for each € > 0 there exists t. > 0 such that
L7e<teu5) = I?Zag{ je(tue)-

Hence, (J!(teue), ue) = 0 and this implies that
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e = / Flltue ) uel? de + 622 / e 2 d. (3.27)
RN RN

In view of (f1)-(f3), (3.26), (3.27), it is easy to see that t. — to > 0 as ¢ — 0. Then, taking the limit as
e — 01in (3.27) and using (3.26) we get

ol = [ Qo) luol? do +52 [ fuol® .
RN RN

From ug € Ny, and assumption (fy) we deduce that tg = 1.
Therefore,

< —
Ce [>aOX j (tu ) = j (1 ;/U/E)
Wthh lmphes thal

limsup c. < Ty, (ug) = cy,. O
e—0

Now, we prove the following useful lemma.

Lemma 3.5. There exist R, 3,¢* > 0 and {y.} C RN such that

luc|?dz > B, Ve € (0,e%). (3.28)

Br(ye)

Proof. Firstly, using (3.24) and (g1), (g2), we can note that there is 4 > 0 (independent of ) such that
luelle > >0 Ve>D0. (3.29)

Now, we show that for any sequence {e, },en C (0, 00) with &, — 0, the limit below

lim sup /|u5n|2d:c:O

n—oo ZIERN
B (y)

does not hold for any r > 0. Otherwise, if it holds for some r > 0, we can use Lemma 2.1 to see that
lue, | — 0 in LI(RYN R) for all g € (2,2*). In particular, by (f1) and (f2) it follows that

[ Fltue, e = [ e, P, P = on1),
RN

RN

This implies that

2K

1 1 " 1%
5 / Glen, e, Pz < o / e, [2"d + L / e, [2dz + on(1) (3.30)
RN A, U{lue, |2<a} A, {|ue, [P>a}

and

. 1%
[ oenmluc, Pluc,Paz = [ e, o

RN Ay U{lue, |?<a} Ag, N{lue, [?>a}

luc, |*dx + o0, (1),  (3.31)
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where we used the notation AS = RN\ A, . Taking into account (J/ (ue, ), ue,) =0 and (3.31), we deduce
that

2 W

% 2 da 4 op(1). (3.32)

Jue, o

Ag, N {lue, [*>a} Ac,, U{lue, [2<a}
Let ¢ > 0 be such that
Vi

HuEann K
Ag, {lue, [*>a}

|u5n|2dx — /.

It is easy to see that ¢ > 0, otherwise u., — 0 in H., and this is impossible in view of (3.29). It follows
from (3.32) that

e, |* de — €.

Ac, H{lue, [*<a}

Using Tz, (e, ) — 5 (T (ue, ) ue,,) = =, (3.30) and (3.31) we can see that £ < N liminf,_, c.,. Now, by
the definition of S, (V1) and (2.2) we obtain that

"

||u5n||§n - K ‘u5n|2dx

Ag, N{lue, [*>a}

1
> / Ve, ue, |*de + Vi (1 — E) / |lue, |*da
RN

Ag, M{luep, [>>a}

> / IV |ue, ||*dx

RN

> S, / e, 2 de
RN

)
o

|
o

> 5, / e, [P da |
Acp U{lue, |2<a}
that is
2
2
Vi .
||u€ann - ?1 |u5n|2dx > S |u5n|2 dx
Ag n{lue, [2>a} Ac, U{lue, 2<a}

and taking the limit as n — oo we can infer that ¢ > S’*Ezl*. Then we can deduce that

.. 1
liminfe,, > NS*Q

n—oo

which contradicts Lemma 3.4. O
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We conclude this section by proving the following compactness result which will be fundamental for
showing that the solutions of the modified problem are solutions of the original problem.

Lemma 3.6. Let ¢, — 07 and {u,}nen C He, be such that J., (un) = ¢, and J! (un) = 0. Then there
exists {Gntnen C RY such that the translated sequence

Un () = lun|(2 + §n)

has a subsequence which converges in H'(RYN R). Moreover, up to a subsequence, {Yn tneN = {&n Uin }neN
is such that y, — yo for some yo € A such that V(yo) = V.

Proof. Taking into account J., (un) = cc,,, (I, (un),u,) =0 and Lemma 3.4, we can argue as in the proof

of Lemma 3.3 to deduce that {u,},en is bounded in H, . Therefore, proceeding as in Lemma 3.5, we can
find a sequence {f,}nen C RY and constants R, a > 0 such that

n—oo
BR (ﬂn)

lim inf / |un|?dz > o

Set @i, () := |un|(x + §n). Then, by (2.2), it follows that {i, },en is bounded in H'(RY,R), and we may
assume that

iy, — @ weakly in H'(RY R). (3.33)

Moreover, @ # 0 in view of

/ |u2dz > o (3.34)
Br

Now, we set Yy, := & Jn. Let us begin by proving that {y, },en is bounded. To this end, it is enough to
show the following claim:

Claim 1. lim,, o dist(yn, A) = 0.

Indeed, if the claim does not hold, there exists 6 > 0 and a subsequence of {y,}nen, still denoted by
itself, such that

dist(yn,A) >3 Vn € N.
Then we can find » > 0 such that B,.(y,) C A¢ for all n € N. Since @ > 0 and C°(RY,R) is dense in
HY(RN,R) (see [1]), we can find a sequence {1;};en C C°(RY,R) such that 1; > 0 and ¢; — @ in
H'(RV,R).
Now, thanks to Kato’s inequality (2.3), we can note that @, satisfies (in weak sense)

Al + V(enz + €0 §n)iin < glen 4 €n G, [iin]?) iy in RV, (3.35)

Then, fixed j € N and taking 1, as test function in (3.35), we get

/ Vi, V; dx + / Vien + en Gn)unt;de < / g(en T+ €n Un,s |an\2)an¢j dx. (3.36)
RN RN RN
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Since i, ¥; > 0 and using (g2), B, (yn) C A® and that g(x,t) = f(t) < Y for (z,t) € A° x R, we have
[ enwt entnslinP)intyde = [ glens+ 2Py do
RN Br/en

RN\B

r/en

g% / iint); dav + / ()it + 75 ) do

BT/ en RN\BT/ en
which together with (3.36) implies that

Vi, Vi dz + ity da < Flin )y + a2 ;) d (3.37)
R[ujx,uo/ujx /(uuju ])x

RN RN\B

v/ en
where po = V1 (1— %) By (3.33), ¥; has compact support in RY and e,, — 0 we can deduce that as n — oo

/Vﬂnij dx — /Vﬂij dz

RN RN

and

/ (f(\anP)anwj +a3{‘—1¢j) dz — 0.

RN\BT/ En

The above limits and (3.37) yield

/vawj dm—l—uo/ﬂwjdng

RN RN

and taking the limit as j — oo we obtain that

|all7, = 1Val3 + polal < 0
which contradicts (3.34). Hence, there exists a subsequence of {y, },en such that y, — yo € A.
Claim 2. yy € A.

Using (g2) and (3.36) we can see that

/VﬂnV% dm+/V(€nw+€nﬂn)ﬂn% dz < /(f(\ﬂn|2)ﬂn+ﬂ3:71)¢j dx.

RN RN RN

Letting n — co we get

/vawj dac—i—/V(yo)ﬁwj dx < /(f(|a\2)a+a2*—1)¢j de,

RN RN RN
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and passing to the limit as j — oo we obtain
[wap st [veolapde< [ rQa)ap+aP d
RN RN RN

Accordingly, we can find 7 € (0,1) such that 7@ € Ny (y,). Hence, denoting by cy(,,) the mountain pass

level associated with Zy (), and using (2.2) and Lemma 3.4, we have

CV(yo) < Ty (y)(Tu) < liminf T, (ue,) = liminfc,, < cy,

n—oo n—oo

from which we deduce that V(yo) < V(0) = V4. Since Vy = inf1 V', we can infer that V(yo) = Vo. By (V2),
it follows that yo ¢ OA, that is yo € A.

Claim 3. @, — @ in H'(RY,R) as n — oco.

Put
An:A_gngn7
En
and define
A (2) = 1 ifzeA,,
Xl =N 0 iz e RN\ Ay,

Xn(2) =1 =Xy (2).

Now, we introduce the following functions for all 2 € RV

9
1

1) V(en + en n)lin (@) 251 (2)

2

5) Vewlate)

1 1

2 0

w2 = |(

36zt el G0 2 (3

B () = (%g@nx € Gns i (2) [P ()2 —
_ [% (f(|ﬂn($)\2)|an($)|2 + \ﬂnwlz*)

() = % (Fla@)P)la@)? + la@)*") - (;

1
) V(en + &n §n)|in(z)* +

3

59(En @+ &0 G, [in (7)) 1 ()

)

L Gen s+ n i, |an<x>2>) ()

1
9

1

K) V(e + en i) |iin (2) 252 (2)

2
1

2

F(lin (@) + o ()

)

Fla()P) + el

In view of (f3) and (g3), we can observe that all the above functions are nonnegative. Moreover, using (3.33)

and Claim 2, we can see that

Enn — Yo €A,

a.e. z € RV,
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which imply that
XL(x) = 1, bl (x) — hl(z), R (x) = 0 and A2 (x) — h3(x) a.e. 2 € RY.

Thus, by Fatou’s Lemma, Lemma 3.4 and (2.2) we get

1
¢y, > limsupe,, = limsup (jgn (up) — 7<j5’n (un),un>)

n—roo n—oo 19

1 1
> lim sup < - ) Vi |5 + /(h}l +h2 + h3)dx

nooo | \2 9
RN
11
> liminf | (= — = |van|§+/(h;+hi+hi)dx
n—oo 2 9
RN

1
> (% - 5) | Va3 + /(h1 + h*) dz > ey,

RN
which yields
lim |Vi,|; = |Vil3 (3.38)
n—oo
and
hl — h', A2 — 0 and h3 — B® in L'(RY,R).
Therefore,

n—oo

lim /V(5n$+5ngn)|ﬂn|2d$: /V(y0)|’L~L‘2de‘7
RN RN

from which we deduce that
Cs 2 ()2
nh_{]go |in |3 = |al3- (3.39)
Putting together (3.38) and (3.39) and using the fact that H'(R",R) is a Hilbert space, we obtain
[ — aHQ = Hﬂn||2 - Hﬁ”2 + 0n(1) = 0n(1).
This fact ends the proof of lemma. O

4. Proof of Theorem 1.1

This last section is devoted to the proof of Theorem 1.1. Firstly, we prove the following result:

Lemma 4.1. Let &, — 0 and u,, € H., be a mountain pass solution to (3.2). Then, up to a subsequence,
U = |tn|(-+3n) € L2(RY,R), where {§, }nen is defined as in Lemma 5.6, and there exists C > 0 such that

[vnleo < C for all n € N.

Moreover, v,(x) — 0 as |x| — oo uniformly in n € N.
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Proof. The proof of this result can be obtained arguing as in Lemma 4.1 in [6]. Alternatively, we can use
Kato’s inequality (2.3) and (V1) to see that v, satisfies

—Av, 4+ Viv, < f(02 v, +02 71 in RV,

In view of assumptions (f1) and (f2) and using a Moser iteration argument [28] (see Proposition 2.2 in [13]),
we can prove that v, € L (RY R) and |v,|e < C for all n € N, for some C' > 0 independent of n (we use
the fact that {u,},en is bounded in H. ). In particular, arguing as in Lemma 5 in [25] or Proposition 2.2
in [13], we can see that v, (z) decays at zero (in exponential way) as |z| — oo uniformly in n € N. O

Now, we are ready to give the proof of the main result of this work.

Proof of Theorem 1.1. We begin by proving that there exists £y > 0 such that for any e € (0,2() and any
solution u. € H, of (3.2), we have

|te| L ®M\A,) < V- (4.1)

Assume by contradiction that for some subsequence {e, },en such that €, — 0, we can find u., € H, such
that Je, (ue,) = ce,,, «75/" (te,) =0 and

[te, | Lo (RN \A.,) = Va. (4.2)

In view of Lemma 3.6, there is {f,}nen C RY such that @, = |u., |(- + §n) — @ in H*(RY,R) and
En Un — Yo for some yy € A such that V(yy) = V5.

Now, if we choose r > 0 such that B, (yo) C Bar(yo) C A, we can see that BEL(é’—O) C A., . Then, for any
y € Bz (jy) it holds '

1 2
‘y — =1 < |y =G| + |Fn — LOAS —(r+o,(1)) < = forn sufficiently large.
n En En En
Hence,
R\ A, € RY\ B () (43)

for any n big enough. Using Lemma 4.1, we can see that
Un(x) — 0 as |z| = o (4.4)
uniformly in n € N. Therefore there exists R > 0 such that
in(z) < va for |x| > R,n € N.

Consequently, |u., (x)| < v/a for any x € RY \ Br(7,) and n € N. On the other hand, (4.3) implies that
there exists v € N such that for any n > v we have

RY \ A, C RY \BSL (gn) c RY \ BR(gjn),
which yields |u., ()| < v/a for any # € RV \ A, and n > v, and this contradicts (4.2). Now, since u. € H.

satisfies (4.1), it follows from the definition of g that w. is a solution of (3.1). Since 4(x) = u(z/¢) is a
solution to (1.1), we can conclude that (1.1) has a nontrivial solution. Finally, we study the behavior of the
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maximum points of solutions to problem (1.1). Take €, — 0 and consider a sequence {u,}n,en C He, of
solutions to (3.1) as above. Let us observe that (g1) implies that we can find v > 0 such that

1

Vi
glex, t)t? < ?tQ for any x € RV, ¢ < . (4.5)

Arguing as before, we can find R > 0 such that

|[Un| Lo RM\Br(5,)) < V- (4.6)

Moreover, up to extract a subsequence, we may assume that

[Un|Lo(Br(g.)) = V- (4.7)

Indeed, if (4.7) does not hold, in view of (4.6) we can see that |un|s < . Then, using (J! (un),un) = 0
and (4.5) we can infer

%
funl, = [ oot unPunf? do < 2 [ e
RN RN

which yields ||uy]le, = 0, and this is impossible. Hence, (4.7) is satisfied.

Taking into account (4.6) and (4.7), we can deduce that the maximum points p,, € RY of u,, belong to
Br(§n). Therefore p, = @n + ¢n, for some g, € Br. Consequently, 1., = €, ¥n + €n gpn is the maximum
point of |G, |(x) = |un|(z/en). Since |¢,| < R for any n € N and &, §, — Yo, by the continuity of V' we can
deduce that

lim V(7e,) = V(vo) = Vo.

n—oo

This ends the proof of Theorem 1.1. O
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