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1. Introduction and main results

In the past decades, a great attention has been given to the following Schrédinger-Poisson system

—Au+V(z)u+ Mpu = f(z,u), =RV, (11)

—A¢ =u?, x € RY, .
where V(z) is a smooth function and A > 0. System (1.1) derives from time-dependent Schrodinger-Poisson
equation, which describes quantum (nonrelativistic) particles interacting with the electromagnetic field
generated by the motion. For more details on the mathematical and physical background of the system
(1.1), we refer the readers to the paper [10,30,31] and the references therein.
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Since so-called nonlocal term A¢, (x)u is involving, system (1.1) is called the nonlocal problems. The
appearance of nonlocal term in the equations embodies its importance in many physical applications, but
it brings some difficulties and challenges from a mathematical point of view. This fact makes the study of
system (1.1) particularly interesting. Therefore, a lot of researches have been carried out in the past decades,
such as those in [3,4,9,13-16,18,19,21,23,24,28,29,33,36,41,42] and the references therein.

Recently, some authors began to focus on sign-changing solutions of system (1.1) [1,2,9,12,20,22,25,26,
32,34,35,37]. Especially, when R? is replaced by a bounded domain with smooth boundary, Alves and Souto
[1] studied the existence of least-energy sign-changing solution for system (1.1). Later, Alves, Souto and
Soares [2] improved and generalized results obtained in [1] to whole space R3. In case of f(z,u) = |u|P~'u,
p € (3,5), combining constraint variational method with the Brouwer degree theory, Wang and Zhou [37]
got the existence of sign-changing solution for system (1.1) for all A > 0 and proved that if V(z) = 1,
the energy of least-energy sign-changing radial solution of (1.1) is strictly larger than the least energy for
A > 0 small. Shuai and Wang [32] noticed that the method used in [37] strongly depends on the fact that
the nonlinearity is homogeneous, which cannot be applied to a more general nonlinearity f(u) directly,
they studied the system (1.1) in which f(x,u) was replaced by f(u). Via the constraint variational method
and quantitative deformation lemma, they obtained the existence and asymptotic behavior of least-energy
sign-changing solution for system (1.1). Later, under some more weaker assumptions on f (especially, Nehari
type monotonicity condition been removed), Cheng and Tang [12] improved and generalized results obtained
in [32]. However, to the best of our knowledge, few people have studied the existence and asymptotic behavior
of sign-changing solutions for Schrédinger-Poisson system in case of critical growth except for the study in
[43]. In [43], Zhong and Tang considered the following Schrédinger-Poisson system with critical growth

{ —Au+u+k(z)ou = |u/*u+ \f(z)u, x € R3, (1.2)
—A¢ = k(z)u?, r € R3, '

where k£ and f are nonnegative functions, 0 < A < A; and \; is the first eigenvalue of the problem
—Au+u = Af(z)u in H'(R?). Via the constraint variational method, they obtained the existence of
least-energy sign-changing solution for system (1.2) and showed that its energy is strictly larger than two
times of the least energy. However, if k(xz) = 1, their method seems invalid because their results depend
on k € LP(R3) N L>=(R?) for some p € [2,00). Furthermore, they did not study the asymptotic behavior of
sign-changing solution.
Motivated by the above references, in this article, we are interested in the existence of the least-energy
sign-changing solution for the following Schrédinger-Poisson system with critical growth
{ —Au+ V(z)u+ Apu = |u|*u + pf(u), z€R3, (1.3)
—A¢p =u?, x € R3, ’

where p, A > 0. As in [32,37], to make it easier to check the compactness, we always assume that V €
C(R3,R*) and satisfies:

(V) H Cc H*(R?) such that, for 2 < p < 6, the embedding H < LP(R?) is compact, where H is given by

HYR?) = {u € H'(R?) : u(x) = u(|z|)}, if V() is a constant,
H= {u € D'2(R?) : /V(x)uzd:r < oo}, if V(z) is not a constant,
R3

with the norm
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R3

As for the function f, we assume f € C*(R,R) and satisfies the following hypotheses:

(f1) limypo g = 0;
(f2) There exists g € (4,6) such that lim;_, It — o

ta—1

(f3) % is an increasing function of ¢ € R\{0}.

Before presenting our main results, we denote LP(R®) a Lebesgue space with the norm |ul, :=
(fgs lu[Pdz)?, 1 < p < oo.

It is well known that, by the Lax-Milgram Theorem, for given u € H, there exists a unique ¢,, € DV2(R3)
such that —A¢, = u?. Furthermore,

ou0) =4 [y, (1.4
R3

Substituting (1.4) into system (1.3), we can rewrite system (1.3) as the following equivalent form
—Au+ V(2)u + Apuu = |u|u+ puf(u), = € R3. (1.5)

Therefore, the energy functional associated with system (1.3) is defined by

1 A 1
If(u) = 3 /(|Vu|2 + V(2)u?)dx + 1 /gﬁuuzda: - /L/F(u)dx ~5 / |ulSdx,Yu € H.
RS RS RS RS

Moreover, I} (u) belongs to C*(H,R) and

(1) (w),v) = /(Vu - Vo + V(z)uv)de + )\/(buuvdx — u/f(u)vdm - / lu|*uvdz
R3 RS RS

R3

for any u,v € H.

The solution of system (1.3) is the critical point of the functional I{'(u). If u € H is a solution of
system (1.3) and u® # 0, then u is a sign-changing solution of system (1.3), where u* = max{u(z),0},
u~ = min{u(zx),0}.

In fact, there are some essential differences between A > 0 and A = 0 when we study the sign-changing
solutions of system (1.3). Since these differences are obviously caused by the nonlocal term A, (z)u, some
good methods of seeking sign-changing solutions for local problems, for example [5-8,11,39,44], seems not
be applicable to nonlocal problems. Therefore, as in [1,12,17,32,37,38], to overcome the difficulties and
challenges stem from the nonlocal term, we borrow some ideas from [5]. Specifically, we first try to seek
a minimizer of the energy functional I§ over the constraint M4 = {u € H,u® # 0 and ((I}) (u),u’) =
(1Y) (u),u™) = 0}, and then prove that the minimizer is a sign-changing solution of system (1.3).

Since system (1.3) involves critical exponent in the nonlinearity, it is rather difficult to show that
nfy e pe I{(u) is achieved in MY because of the lack of the compactness caused by the critical term.
As we will see later, this problem prevents us from using the way as in [1,12,32,37]. So we need some new
ideas to deal with this essential problem (see Lemma 2.2 and Lemma 2.3).
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The main results can be stated as follows.

Theorem 1.1. Suppose that (f1) — (f3) are satisfied. Then, there exists p* > 0 such that for all p > p* and
each A > 0, the system (1.3) has a least-energy sign-changing solution uy, which has precisely two nodal
domains.

Theorem 1.2. Suppose that (f1) — (f3) are satisfied. Then, there exists p** > 0 such that for all p > p**
and each X > 0, the ¢ > 0 is achieved and I\ (uy) > 2¢*, where ¢* = inf,epnm I (u), N = {u €
H\ {0}((I§) (u),u) = 0}, and uy is the least-energy sign-changing solution obtained in Theorem 1.1. In
particular, ¢ > 0 is achieved either by a positive or a negative function.

Remark 1.1. Theorem 1.2 shows that the energy of any sign-changing solution for system (1.3) is strictly
larger than two times of the least energy. If A = 0, this property is called energy doubling by Weth in [39].

Theorem 1.3. Suppose that (f1) — (f3) are satisfied. Then, there exists p*** > 0 such that for all p > >,
for any sequence {\,} with A, — 0 as n — oo, there exists a subsequence, still denoted by {\,}, such that
uy, converges to uy weakly in H as n — oo, where uy, is a least-energy sign-changing solution of system
(1.3) with A = X\, and ug is a least-energy sign-changing solution to the following problem

—Au+V(z)u = |u|tu + pf(u), ze€R3. (1.6)

Remark 1.2. It is noticed that, although our paper and [43] both study the critical problem, the method
used in our paper to overcome difficulties COMING from the critical term is different from the one used in
[43].

2. Technical lemmas

Proposition 2.1 (/13,28,/1]). For any v € H, we have
(i) there exists C > 0 such that [ps ¢pyuide < Cllul|* Vu € H;
(ii) ¢u >0, Yu € H;

(iii) ¢ppy = t2py, ¥t >0 and u € H;

(iv) if up, — u in H, then ¢, — ¢ in DV2(R3).

Now, fixed u € H with u™ # 0, we define function ¢, : [0,00) x [0,00) — R and mapping W, :
[0,00) x [0,00) — R? by

Yu(s,t) = I (sut + tu™),
Was,0) = (UL (sut -+ tu™), sut), (1L (sut -+ tu™), b)),

Lemma 2.1. Assume that (f1)-(f3) hold, if w € H with u* # 0, then 1, has the following properties:

(©) The pair (s,t) is a critical point of 1, with s,t > 0 if and only if sut +tu™ € MK;

(@) The function i, has a unique critical point (Sy,ty,) on (0,00)x (0, 00), which is also the unique maximum
point of 1, on [0,00) x [0,00); Purthermore, if ((I})' (u),ut) <0, then 0 < sy, t, < 1.

Proof. (i) By definition of 1, we have that

Vibu(s,t) = (((IR) (su + tu™),u’), ((I5) (su” +tu™),u”))



2288 D.-B. Wang et al. / J. Math. Anal. Appl. 479 (2019) 2284-2301

= (é((ﬂ@’(su*’ +tu), sul), %<(I§\L)/(S’U/+ Ftu) tun)).

Thus, item (%) holds.
(ii) Firstly, we prove the existence of s, and t,.
From (f1) and (f2), for any € > 0, there exists C. > 0 such that
If ()| < elt| + C.|t]97Y, for all t € R. (2.1)

Then, by Sobolev embedding theorem, we have that
(I8) (sut +tu), sut) > s?||ut|® — s° / |ut|%dx — pes? / lut|?dz — pCes? / |u™|9dx
R3 R3 R3
> s%[lu™|? — C1s®llu™ | — peCos?||u™||* — pC-Css?lu @
> (1 peCa)s?||lut||* = Cas®||lu™||® — pCusu™|7.
Choosing € > 0 such that (1 — peCy) > 0. Since ¢ > 4, we have that ((I{)'(sut + tu™),sut) > 0, for s
small enough and all ¢t > 0.
Similarly, we obtain that ((Z§)'(sut +tu™),tu™) > 0, for ¢ small enough and all s > 0.
Therefore, there is 6; > 0 such that
(I (bru™ + tu™), 61ut) > 0, (1Y) (sut + d1u™),81u™) >0, for all s, ¢ > 0. (2.2)
On the other hand, by (f1) and (f3), we have that

F)t>0,t#0; F(t)>0,t€R. (2.3)

Therefore, choose s = §}, > 41, if t € [§1, 5] and § is large enough, it follows that
() Gy +t0),85u) < @2t P + (82 [ duslu P+ 35)" [ 6 fu*P
RS R3

_ (5’2)6/|u+|6dx <.
R3

Similarly, we have that

(([f\‘)/(su+ +tu ), tu") < 152||1FH2 + t4/\/¢u7 |u*|2da: + sztz)\/gbu+|u*|2d:r
R3 R3

— ¢ / |u~|%da.
R3
Let d; > 04 be large enough, we can obtain that
(I8) (Squ™ + tu™), 6ou™) < 0, (1Y) (su™ + dou™),82u~) < 0, for all s, t € [61,5a). (2.4)

Combining (2.2), (2.4) with Miranda’s Theorem [27], there exists (sy,%,) € (0,00) X (0,00) such that
Wu(s,t) = (0,0), ie., syut +t,u™ € MX.
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Secondly, we prove the uniqueness of the pair (s, t).
Case 1. u € M¥.
If u € MY, we have that

||ui||2+A/¢ui|ui|2d$—|—/\/¢u¢|ui|2dx: /|ui|6d1:+,u/f(ui)uidx.
R3 R3 R3 R3

Now, we show that (s,,t,) = (1,1) is the unique pair of numbers such that s,u* + t,u™ € M}.

Let (so,to) be a pair of numbers such that sou™ + tou™ € MK with 0 < sg < tg. So, one has that

5(2)||u+||2+sé>\/q§u+|u+|2dx+sgt3)\/gbuf\uﬂde:58/|u+|6dx+u/f(sou+)sou+dx,
R3 R3 R3 R3

t%||u_|\2+t§)\/q§uf|u_|2dx+sgt?)/\/¢u+|u_|2dx:t8/|u_|6dx—i—u/f(tou_)tou_dx.
R3 R3 R3 R3

Thanks to 0 < s < ¢y and (2.7), we have that

(tou

R3

—n2 _
||“t_2H + A/(ﬁuf\uﬂzdx + A/¢u+|u_|2da: > t%/|u‘|6d:v —I—M/[f(toiu)g}(u_)‘ldx.
0 R3 R? R?

Combining (2.5) with (2.8), we obtain that

(tlg ~ D |? > (£ - 1)/|u6dm+u/[{t(§$i;§ - {ﬁ;g](uy‘d%
R3

R3

2289

If tg > 1, the left side of above inequality is negative, which is absurd because the right side is positive by

condition (f3). Therefore, we obtain that 0 < so < tg < 1.
Similarly, by (2.6) and 0 < sg < tg, we get

(T 60 [l o 1 - G e
R3

50
R3

In view of (f3), we have that so > 1. Consequently, so = to = 1.
Case 2. u ¢ MA.

Suppose that there exist (s1,¢1), (s2,t2) such that uy = syut +tiu™ € MK, ug = sou™ + tou™ € M¥.

So,

82 to _ to
uy = (;)81qu + (a)tlu = (E)UY + (E

Ju; € MK.

Thanks to u; € MY, we get that 2 = i—'z’ = 1. Hence, s; = s9, t1 = to.
Next, we prove that (s,,t,) is the unique maximum point of ¥, on [0, 00) x [0, 00).

In fact, by (2.3), we have that

Yu(s,t) = IV (sut +tu™)

= 2+ S 12+ 20 [ gutut o+ Ex [ oo fu-2a
= 5 llu 5 llu 1 wt ™ [Pdz + u-|u"|?dx
R3 R3
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$242
t)‘/(bu |u+|dx+ A/q§u+|u|dx— /Fsu

58 t6
—,u/F(tu_)dx— €/|u+|6dac— E/|u_|6dx
R3 R3 R3

2

s
2

5%t? 5%t?
)\/(bu lut|? d:c+—)\/¢u+|u |*de — = /|u+|6dx— —/|u °dz,

<

a2 + || S —A/¢u+|u+| o+ = A/m ™ 2d

which implies that lim|(s )| 500 Yu(s,t) = —00.

Hence, (Sy,ty) is the unique critical point of %, in [0,00) x [0,00). So it is sufficient to check that a
maximum point cannot be achieved on the boundary of [0, 00) x [0, 00). By contradiction, we suppose that
(0,%p) is a maximum point of 1, with tg > 0. Then, we have that

82 54 36
Gulssto) = Sllut1P 4 5 [ ouelut o = [ 1t Pdo— [ Flsut)da
R3 R3 R3

t, — . to P B -
+§Hu H—i—z)\ Dy || dx—g [ut|®dz — | F(tou™)dx
R3 R3 R3
2t2 $242
/asu P+ °A/¢>u+|u .
Therefore, it is obvious that
’ +112 3 +2 st +12 st -2
(u)5(s,t0) = sl|u™||* + $°A | ¢u+|u™|*dx + 7>\ Gy uT|*dx + 7)\ Gyt |u”|dx
R3 R3 R3
s° / lut8dz — /f(su+)u+dx > 0, if s is small enough.

3 3

That is, v, is an increasing function with respect to s if s is small enough. This yields the contradiction.
Similarly, 1, can not achieve its global maximum on (s,0) with s > 0.

Lastly, we prove that 0 < s,,t, < 1if ((I§)'(u),u®) < 0.

Suppose s, > t, > 0. By s,ut 4+ t,u” € MY, we have

Bt 2 + st A/¢u+\u+|2dx+s A/qbu P
> s2||u+||2+s4)\/¢u+|u+|2dx+s ) /gi) |uT|?da

=s /|u |6dx+u/f syut)s,utda. (2.9)
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On the other hand, by ((I{)'(u),u") < 0, we have

||u+|\2+A/¢u+|u+|2dx+A/¢u |ut|?dx < /|u+|6dx+u/f( utde. (2.10)

R3
So, according to (2.9) and (2.10), we have that

i_ w 2 u 6 o (Suu+)_f(u+) U 41’
(5~ Dl /\ *odz 4 /[(3 D).

P ()

Thanks to condition (f3), we conclude that s, < 1. Thus, we have that 0 < s,,t, <1. O

Lemma 2.2. Let ¢ = inf,epge 1§ (u), then we have that limy, e cy = 0.

Proof. For any u € MY, we have

w14 [ sl o+ A [ oo e = o [ ftyutdo s [t s,
R3 R3 R3

R3
Then, by (2.1) and Sobolev inequalities, we have that

w2 < g / FluyuEde + / it dz < peCh |2 + pCallut | + Callu|°.

Thus, we get (1 — peCy)[u||* < pCollu™||? + Cslu*||°.
Choosing € small enough such that (1 — peCy) > 0, since ¢ > 4, there exists p > 0 such that ||u®|| > p

for all u e M¥.

On the other hand, for any u € MX, it is obvious that ((I})’(u),u) = 0. Thanks to (f3), we obtain that

H(t) == f(t)t — AF(t) > 0, (2.11)

and H(t) is increasing when ¢ > 0 and decreasing when ¢ < 0.

Then, we get

i«f’;y(u),w

1
= _|| 1% + /|u|6dac +7 /[f(u)u — 4F (u)|dx > ZHUHZ’ for any u € MX.
R3

5 (u) = I3 (u) —

From above discussions, we have that I{'(u) > 0, for all w € M¥. So, I} is bounded below on MY, that

is, ¢y = inf, e pqn 15 (u) is well-defined.
Let u € H with u®™ # 0 be fixed. According to Lemma 2.1, for each 1 > 0, there exist Sy, > 0 such

that s,u® +t,u” € M4,
Therefore, by (2.3) and Proposition 2.1, we get

0<ct = ug}\fw]“( u) < I (sut +t,um)

< llsut vt P 5 [ s lsu® o+t o
RS

N —
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_ ACs? o
< spllu 1P+ Rl 1P+ e+ e

To our end, we just prove that s, — 0 and ¢, — 0, as u — oo.
Let @, = {(su,t,) € [0,00) x [0,00) : Wy (su,tu) = (0,0), u > 0}, where W, is defined as in Lemma 2.1.
Then, we have that

sz/|u+|6dx+tg/|u*\6dx§sﬁ/|u+|6dz+tﬁ/|u*\6daﬂ
R3 RS R3 RS
+u/f(5,Lu+)s“u+dx+u/f(tuu*)tuu*da:
R3 R3

= st [P 4 A [ G s+t P
R3
201 4112 201, — 2 4y, 414 FRT—
< 28y llu||7 + 2t [JuT |IF 4+ 200 s JuT||* 4 2AC, [[u” |7

Therefore, ®,, is bounded.

Let {un} C (0,00) be such that w, — oo as n — oo. Then, there exist so and t¢ such that, up to a
subsequence, (s, ,tu,) — (So0,t0) as n — oo.

We claim sg = to = 0. Suppose, by contradiction, that sg > 0 or to > 0. Thanks to s, u™+t, u~ € M
for any n € N, we have

”sunu+ + tunu_H2 + A/¢SuHU++tunu_ |5unu+ + t#nu_|2dx
RS

= / |8yt A+t u” 0 de + g / Flspau™ + b, u” ) (s,u’ +t,u”)de. (2.12)
R3 R3

According to s, u™ — sou™ and ¢, u” — tou” in H, (2.1) and (2.3), we have that

/f(sunu"’ + b u” ) (s ut b, uT)de — /f(sou+ +tou” ) (sout +tou” )dr > 0, as n — oc.
R3 R3

So, it follows from p,, — oo as n — oo and {s,,u™ +t,,u"} is bounded in H that we have a contradiction
with the equality (2.12).
Hence, sp = top = 0. That is, lim,, o i =0. O

Lemma 2.3. There exists p1* > 0 such that for all p > p*, the infimum ¢ is achieved.

Proof. According to definition of ¢4, there is a sequence {u, } C M} such that lim, . I§ (u,) = c}.
Obviously, {u,} is bounded in H. Then, up to a subsequence, still denoted by {u,}, there exists u € H
such that u,, — u.
Since the embedding H < LP(R?) is compact, for all p € (2, 6), we have

tp = u in LP(R3), u,(z) = u(z) ae. z € R3,
So,

ot in Hyubr —»u® in LP(R?),ul(2) - uF(2) ae xR

Up,
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Denote § := %S%, where

S 1
-
weH\(0} ( [gs |ulfdx)3

According to Lemma 2.2, there is * > 0 such that ¢§ < g for all p > p*.

Fix p > p*, it follows from Lemma 2.1 that I§ (su} + tu;, ) < I{(uy) for all s,¢ > 0.

Therefore, by using Brezis-Lieb Lemma, Fatou’s Lemma and Hardy-Littlewood-Sobolev inequality, we
have that

2 t2
T - 5 + 2 +112 v - 12 -2
lim inf Iy (suy, +tuy) 2 o lm ([l — o7+ o")%) + 5 dim (flug =77+ fle7]7)

Ast P At _p2
+ —liminf | ¢ +|u;|*de + — liminf [ ¢ - |u,|*dx
4 n—oo Un 4 n—oo Un
R3 R3

6 6
_S5 + 4|6 +i6y B - 6 —6
o Jm (Juy — s+ [u”lg) — & Hm (juy, —u”lg + [u”[g)

—u/F(qur)dm—u/F(tu_)dx

R3 R3
As?t? 9 As?t?
L. _ L. 42
+— hnniloréf/d)uﬂuﬂ dr + 1 lgglo%f/d)uﬁu” dx
RS R3

82 2

t
> Ii(su® +tu”) + o lim fluy —wb 4 o lm g —u” |2
6

ST
— = lim |u} —u
6 n

+|6
n—oo 6

2 i fuy
g e
_ s? 58 t2 16
= I5(8U+ + tu ) + 5141 — gBl + 5142 - gBQ,

where
Ay = lim fluf — b P Ay = lim flug — | By = lim Juf —ut]g By = lim fuy —u”[3
So, we have that
s2 s8 t2 t6
I (su™ +tu™) + EAl -5 B+ EA2 B < ck, for all s > 0 and t > 0. (2.13)

Firstly, we prove that u* # 0.
Since the situation v~ # 0 is analogous, we just prove u™ # 0. By contradiction, we suppose ut = 0.
Case 1: B; =0.

If Ay =0, that is, v} — w™ in H. In view of discussions in Lemma 2.1, we obtain [[u™|| > 0, which
contradicts our supposition. If A; > 0, it follows from (2.13) that §A1 < ¢4 for all s > 0, which is absurd.
Anyway, we have a contradiction.

Case 2: B; > 0.

According to definition of S, we have that 8 = %S% < 4 AL y3,

1

It is easy to see that %( (BAl)l )%
1)3

2
= maxszo{%Al — =

82 86
B < rgggc{gAl - EBI} < B,
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which is a contradiction.
From above discussions, we have that u* # 0.
Secondly, we prove that B; = B, = 0.
Since the situation By = 0 is analogous, we only prove By = 0. By contradiction, we suppose that B; > 0.
Case 1: By > 0.
Let § and ¢ satisfy

32 50 52 58 at? 16 2 16
- - = - - — - = - - _B .
5 Ay 5 By r£1>aé({ 5 A 5 Bl}, 5 Aq 5 By I{l>ag({ 5 Aq G 2}

According to [0,3] x [0,1] is compact and ), is continuous, there exists (sy,t,) € [0,3] x [0,#] such that
bu(Sustu) = MaX( efo 5x[0,7 Yuls:t)- N

In the following, we prove that (s,,t,) € (0,5) x (0,1).

If ¢ is small enough, we have that

Yo (s,0) = I{ (su™) < I (su™) + I{ (tu™) < I (sut 4+ tu™) = y,(s,t), for all s € [0,3].

So, there exists to € [0, ] such that 1, (s,0) < ¥, (s, ), for all s € [0,3].

That is, any point of (s,0) with 0 < s < § is not the maximizer of ,. Hence (sy,t,) ¢ [0,3] x {0}.
Similarly, we have that (s,,t,) ¢ {0} x [0,1].

On the other hand, it is easy to see that

52 50 t2 t6 ~
?Al - EBI > 0 for all s € (0,3], EAQ - EBQ > 0 for all ¢ € (0,1]. (2.14)
Then,
5 50 £ 6 at? i° 52 5"
ﬁSEAl EBl—l- AQ_EBQ fOYtE[O ﬂ 5 AQ—EBQ'F AI_EBl fOI“SE[OA']

Therefore, according to (2.13), we have that 1, (s,t) < 0, 1,(5,t) < 0 for all s € [0,3] and all t € [0,1].
0, (sustu) & {8} x [0,7] and (s, tu) ¢ x[0,3] x {t}.
At last, we get that (s,,t,) € (0,5) x (0,t). By Lemma 2.1, (s,,t,) is a critical point of v,. Hence,
syt + tyum € MK,
So, combining (2.13) with (2.14), we have that

" " + i 55 at? t8 " "
ch > I (syu” +tyu) + A —gBl-i-—A _EBQ>I (squ® +t,u”) > k.

That is, we have a contradiction.

Case 2: B, = 0.

In this case, we can maximize in [0, 5] x [0, 00). Indeed, it is possible to show that there exists ¢y € [0, 00)
such that I{(su® + tu™) <0, for all (s,t) € [0,3] X [to,00). Hence, there is (sy,t,) € [0,3] x [0,00) such
that 1y (su, tu) = maXs,t)e[0,5] x [0,00) %(5 t).

In the following, we prove that (sy,t,) € (0,5) x (0, 00).

It is noticed that 1, (s,0) < 1, (s,t) for s € [0,5] and ¢ is small enough, so we conclude that (s,,t,) ¢
[0,5] x {0}.

Meantime, 1,,(0,t) < 1, (s,t) for t € [0,00) and s 1s small enough then we have (s,,t,) ¢ {0} x [0, 00).

On the other hand, it is obvious that 8 < as A — —31 + & Ag, for all ¢ € [0, 00).

Hence, we have that 1,(5,t) < 0 for all t € [0,00). Thus7 (Sustu) & {5} x [0,00). And 80 (8y,t,) €
(0,5) x (0,00). That is, (Su,t,) is an inner maximizer of ¢, in [0,3) x [0,00). So, s,u™ + t,u~ € M.
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Therefore, according to (2.14), we have that

2 6 2

t
A > I (syu™ +tu”) + %Al — %Bl + ?“Ag > IV (syu™ +t,u) > .

That is, we have a contradiction. Therefore, we deduce that By = By = 0.

Lastly, we prove that ¢ is achieved.

For u* # 0, according to Lemma 2.1, there exist s,,t, > 0 such that u := s,u™ + t,u~ € Mf\b
Furthermore, it is easy to see that ((I%)'(u),u*) < 0. So, we have that 0 < s,,t, < 1.

Since u, € MK, thanks to (2.11), B; = By = 0 and the norm in H is lower semicontinuous, we have that

< I G) - () @), )
= JlaP+ i+ i (@i - aF@)ds

R3

1 _ -
= 7 llsuu™ I + [l (%) + 75 (Isur™ s + [tun™[6)

12(

) sunt) — 4B o+ [(F ) ta) — 4P (b )lda
R3 R3
< P+ g5l + 5 [ - 1P @)da
R3
< timnf [T () — {8 () )]
= hnrgloréfl (un) = ck.

Therefore, we conclude that s, = ¢, = 1, and c‘)f is achieved by uy == u™ +u~ € ./\/l‘)f O
3. The proof of main results

Proof of Theorem 1.1. In fact, thanks to Lemma 2.3, we just prove that the minimizer uy for ¢y is indeed
a sign-changing solution of system (1.3).
Since uy € ./\/l’)f, according to Lemma 2.1, we have that

IV(suf +tuy) < I (uf +uy) =c, for (s,t) € (Ry x Ryp)\(1,1). (3.1)

If (1) (un) # 0, then there exist § > 0 and 6 > 0 such that |[(I{)"(v)|| > 6, for all |lv — u,|| < 34.
Choose o € (0, min{1/2, m}) Let D := (1 —0,1+0) x (1 —0,1+0) and g(s,t) = sul + tu,,
(s,t) € D. In view of (3.1), it is easy to see that

ch = I N 2
¢y =maxlog <c) (3.2)

Let € := min{(cy —¢)/2,05/8} and S5 := B(uy,0), according to Lemma 2.3 in [40], there exists a
deformation n € C([0, 1] x H, H) such that

n(1 if v ¢ (I5) 7 ([} — 26, ¢\ + 2] N S26);
n(1, (1§ ciﬁﬂs) (I3~
4 I{(v) for all v € H.
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Firstly, we need to prove that

Jnax Iy I{(n(1, g(s,1))) < <. (3-3)

In fact, it follows from Lemma 2.1 that I} (g(s,t)) < ¢k < ¢y + . That is, g(s,t) € (I{)°x*. On the other
hand, we have

lg(s,t) —uall = (s = Duy + (t = Duy |
< 2((s = 1 [lul * + (¢ = D?[lux [I*) < 20]ual* < 67,

which shows that g(s,t) € S for all (s,t) € D.
Therefore, according to (b), we obtain I{'(n(1, g(s,t))) < ¢y — e. Hence, (3.3) holds.
In the following, we prove that (1, g(D))NMY # @, which contradicts the definition of ¢§. Let h(s,t) :=

n(1,g(s,t)) and
Wo(s,t) := (((15) (g(s, 1)), ux), ((I3) (9 (s, 1)), ux)
= (@t(svt)a@u(svt))v

W (5,8) 1= (L) (bl 1)), (s, ) 5 (LY (R, 0), (bl 1)) )
By direct calculation, we have that

0y (5,1)

|(11)—||“/\H2+3/\ ¢+|u)\|dx+)\ G- |u)\|dx
ds

_5|u>\|6 /f u/\ UA dz,

0 t)
Sﬁu(s [ = 2/\/¢ |U+2d ( )|(11)*2>\/¢ \U,\|d9€

02 (s,t)

P = P +33 [ 6, fuxPde 43 [ o, lus Pdo
R3 R3

=ty [ 3 5 P
R3

Let

59% ) | JLACR)) (S t) |

3%(5 t)| 5%(8 t)|
ot 1(1,1) ot 1,1

By (f3), we conclude that f’(s)s*> — 3f(s)s > 0 for s # 0.
Then, since uy € MY, we have that

det M = 2[uf | + 20u[§ + 22 [ 6, o+ [ ()0 = 3£ ]
R3 R3
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< 2+ 2§+ 22 [ @l P+ 17/)03)? = 3705 3 )
R3

R3

—4)\2/¢u;r\u;|2dx/¢u;\uj{|2dx > 0.
R3 R3

Since Wo(s,t) is a C! function and (1,1) is the unique isolated zero point of Wy, by using the degree
theory, we deduce that deg(¥o, D,0) = 1.

So, combining (3.2) with (a), we obtain g(s,t) = h(s,t) on D. Consequently, we obtain deg(¥;, D,0) = 1.
That is, W1 (so,t0) = 0 for some (so,ty) € D, so that 1(1, g(so,t0)) = h(so,to) € MX. By (3.3), we have a
contradiction. Therefore, we conclude that u)y is a sign-changing solution for system (1.3).

Finally, we prove that u) has exactly two nodal domains. To this end, we assume by contradiction that
uy = U1 + U + uz with

w; # 0,u1 > 0,us < 0 and suppt(u;) Nsuppt(u;) =0, for i # j, 4,5 =1,2,3

and ((I§')"(ux),u;) =0, for i = 1,2,3.

Setting v := u; + us, we have that v+ = u; and v~ = us, i.e., v* # 0. Then, there exists a unique pair
(8v,ty) of positive numbers such that s,uq + t,us € MXK. So, I§ (s,ur + tyug) > k.

Moreover, since ((I§)’(uy),u;) = 0, we obtain ((1{)’(v),v*) < 0.

So, according to Lemma 2.1, we have that (s,,t,) € (0,1] x (0, 1].

On the other hand, we have

1 1
0= T8 (un), us) = s> + / Bua s Pz + / Suals P + / Dus s
— —/|U3|6dx— —/f uz)uzde < I{ (us3) /¢ul|u3| dr + = /qu\u?,\ dz.

So, by (2.11), we have that

1
A < I (spur + tyus) = IN (syur + tyug) — = ((I§) (spur + tous), (spur + tyus))

4
|
= s+ feual?) + [ Gsun) ) = 4P (s,
R3
8 1t tn) ~ 1F )i + 35 [ nlPde+ 35 [ fualie
R3 R3 R3
1 2 K
< 2 (el + [[uz|?) + Z [f(u1)ur — 4F (uq)]dz
+%/[f(uz)u2 — 4F (ug)]dx + —/\u1|6dx—|— —/\uQ|6dx
]RS
L 1 "
= I{ (u1 + ug) — Z<(I§\ ) (u1 + u2), (ug + uz))
< I (ur) + I (ug) + I / Gustusn P + 5 / Gurtusluade + 5 / Gurtualus |z

= I\ (uy) = ¢k,
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which is a contradiction, this is, u3 = 0 and u) has exactly two nodal domains. 0O

By Theorem 1.1, we obtain a least-energy sign-changing solution uy of system (1.3). Next, we prove that
the energy of u) is strictly larger than two times the least energy.

Proof of Theorem 1.2. Similar to the proof of Lemma 2.3, there exists pu7 > 0 such that for all 4 > p7 and
for each A > 0, there is vy € N} such that I{(vy) = ¢* > 0. By standard arguments, the critical points of
the functional I§ on N} are critical points of I§ in H. So, we obtain that (I§)'(vy) = 0. That is, vy is a
ground state solution of system (1.3).

For all p > p*, according to Theorem 1.1, for each A > 0, we know that the system (1.3) has a least-energy
sign-changing solution w) which changes sign only once.

Let p** = max{u*, uf}. Suppose that uy = ut + u~. As the proof of Lemma 2.1, there exist s,+,t,- €
(0,1) such that s,+ut € N, t,~u™ € N{.

Therefore, in view of Lemma 2.1, we have that

2" < I (syru®) + I (ty-u™) < I (syvut +t,-u™) < IV (uh +u”) =,
which shows that I¥(ux) > 2¢* and ¢* > 0 cannot be achieved by a sign-changing function in H. O

Lastly, we shall analyze the asymptotic behavior of uy as A — 0. In the following, we regard A > 0 as a
parameter in system (1.3).

Proof of Theorem 1.3. For any A > 0, let uy € H be the least-energy sign-changing solution of system (1.3)
obtained in Theorem 1.1. We shall proceed through several claims to complete the proof.

Claim 1. If A\, — 0 as n — oo, then {uy, } is bounded in H.

Choose a nonzero function n € C°(R?) with n* # 0. Similar to discussion as in Lemma 2.1, for any \ €
[0, 1], there exists a pair positive numbers (1, p2) independent of A, such that ((I{')"(u1n™ +pen™), pn™) <
0, (1Y) (uan™ + pan™), pan~) <O0.

Hence, according to Lemma 2.1, for any A € [0, 1], there is a unique pair (s,()),t,(\)) € (0,1] x (0,1]
such that 77 := s, (\)pan™ + t,(N)pon™ € MK.

Thus, for any A € [0, 1], in view of (2.1), we have

1

() < 1) = 10 = (5 (.7
1
= qll+ 4 [iren - ar dx+—/|77\ da
R3
< gl + 4 [+ camas + 45 / fl°de
R3

IN

1 _ _
S+ 5 [ o P+ Gl Prde + 4 [ (ol (14 Capaly 7)o
R3 R3
6 6
H1 167 o F2 16y := C*
e [ o B2 [ s =,
R3 R3

where C* > 0 is a constant independent of A. So, let n — oo, it follows that

1 1
O+ 12 I} (un,) = Iy, (un,) = 2(U5,) (ur,) un,) = 1||UAH||2a
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which implies that {uy, } is bounded in H.

Claim 2. System (1.6) possesses one sign-changing solution ug.

Since {uy, } is bounded in H, according to Claim 1, going if necessary to a subsequence, there exists
ug € H such that

uy, — ug in H, uy, — ug in LP(R?) for p € (2,6), uy, — ug a.e. in R3. (3.4)

On the other hand, thanks to {uy, } is a weak solution of system (1.3) with A = \,,, we have that

/(Vu% Vo + V(x)uy,v)de + /\n/(,zbuM uy, vdx — p/f(u)\n)vdx - / lux, |*ux, vdz =0,  (3.5)
R3 R3 R3

R3

for any v € C2°(R3).
Combining (3.4), (3.5) with Claim 1, we have that

/(Vuo Vo + V(z)ugv)de — /f ug)vde — / luo|*uovdr = 0,

R3

for any v € C2°(R?). That is, ug is a solution of system (1.6).
We claim that uf # 0. In fact, since uy, € MY, we have that

o, I + A /¢ AR /wm |2dx—/|uk|dx+u/f< s e

R3

So, by Claim 1, there exists p5 > 0 such that, for all u > p3, we have that
p < ||uil\|2 /|u/\ |6dx+u/f u)\ dz < Qu/f u/\ dx.

Then, we have that 0 < [ps f(ui)usda.
Since ug is a solution of system (1.6), we have that

% Hz—,u/fx uy) dx+/|ug[|6dx>u/f(u0)u0dx>0

R3

Therefore, u(j)[ # 0.

Claim 3. System (1.6) possesses a least-energy sign-changing solution vg. Furthermore, there exists a
unique pair (sx,,tx,) € [0,00) x [0,00) such that sx,v5 +tx,v5 € MY and (s,,tx,) = (1,1) as n — oo.

By a similar argument to the proof of Theorem 1.1, there exists p3 > 0 such that, for all 1+ > p3, we obtain
that system (1.6) possesses a least-energy sign-changing solution vy, where I} (vy) = i and (I})’(vo) = 0.

Let p*** = max{u*, u3, u5}. Hence, by Lemma 2.1, it is easy to see that there exists a unique pair
(5x,,tx,) € (0,00) x (0,00) such that sy, vg +tr, vy € MY . Then, we have

sx, [vg I + Ansy, /¢ g Pde + Ansy 13, /¢ |vg |2

= s / log |®da + ,u/f(sAnvar)s)\nvgdx, (3.6)
R3 3
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2 — 112 4 —12 2 42 —12
Bullog I+ Mnth, [ 6,105 P+ 2k B, [ 60zl
R3 R3

=15 / lvg |®dx + u/f(t,\nvo_)t,\nvo_d:z:. (3.7
R3 R3

According to (f3) and A, — 0 as n — oo, {sx,} and {t»,} are bounded. Up to a subsequence, suppose
that sy, — so and tx, — to, then it follows from (3.6) and (3.7) that

o2 = 8 / o6 + / F(sovd ) sovi de, (3.8)
R3 R3

tollug I> =t / lvg |%dx + p / f(tovg Vtovg da. (3.9)
R3 R3

Thanks to vy is a sign-changing solution of system (1.6), we get

o1 = [ litodo+u [ 050 (3.10)
R3 R3

Hence, in view of (3.8)-(3.10), we can easily obtain that (sg,t9) = (1, 1).
Now, we can prove ug is a least-energy sign-changing solution of system (1.6). According to Lemma 2.1,
we have

I (vo) < Iff(ug) = lim I§ (ux,) < lim I§ (sx,vf +ta,v5) = I§ (vg +vg) = 1§ (vo).

n—oo n—oo

Hence, the proof of Theorem 1.3 is completed. O
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