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1. Introduction

It is well known that Mills’ ratio R(z) is defined to be the normal probability beyond a certain point
divided by the normal density at that point, that is,

R(z) = &%/ / 12y,

x

For the purpose of computation, it has been studied for a long history. Many lower and upper estimates
were obtained by varied mathematicians, see Birnbaum [5], Steck [13] and Lu and Li [9] for reference.
The inverse Gaussian distribution, also known as Wald distribution, is a two-parameter family of contin-
uous probability distributions with support on (0,00). And its density is
«@ 3 _ (a—px)?

flz;a,8) = x2e” 2= x> 0.

V23

In Lu [8], a method of evaluating the Mills’ ratio of the inverse Gaussian distribution had been studied.
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The skew-normal (SN) distribution, introduced by Azzalini [4], has been studied and generalized exten-
sively. Its density is defined in the following form with parameter A,

f(z0) =20(2)P(A2),z e R, € R,

where ¢(x) and ®(z) are the standard normal density and distribution, respectively. We denote a random
variable Z with the density by Z ~ SN(A). The parameter A controls skewness. This distribution has been
studied and generalized by many researchers, such as Sharafi and Behboodian [12], Fathi-Vajargha and
Hasanalipour [6].

There has been a growing interest in the construction of flexible parametric distributions that exhibit
skewness and kurtosis which is different from the normal distribution. For example, the Beta SN distribu-
tion introduced by Mameli and Musio [10], the skew-generalized normal (SGN) distribution considered by
Arellano-Valle et al. [1], as well as the Beta SGN distribution in Oskouei [11].

Arellano-Valle et al. [1] considered a generalization of SN(A) by the name of SGN distribution defined as

f(@; A1, A2) = 2¢(x) P (ﬁ) ¢ € R,
where A\; € R, Ay > 0. This distribution is denoted by X ~ SGN (A1, A2). In Oskouei [11], some properties of
the SGN distribution were introduced. The SGN model has singularity problems for the Fisher’s information
matrix (see Arellano-Valle et al. [2] for more detail). Some particular cases are studied, such as the particular
case Ay = A? considered by Gomez et al. [7], which is called skew-curved normal (SCN), and the case Ay = 1
by Arrue et al. [3].
The Mills’ ratio of the SGN distribution is defined as

oy = 0B e

(1.1)

20(0) ()

with parameters A\; € R, Ao > 0. However, we find that there are very few papers on estimating the Mills’
ratio of the SGN distribution in the literature. This is the motivation of our work in this paper.

We aim to establish some lower and upper bounds with explicit expressions for I(z). We concern the
asymptotic of I(x) as * — +o0o. And pairs of lower and upper estimates for I(z) are obtained, which are
asymptotic and sharp approximation. We also provide some conjectures about a series asymptotic expansion
of I(x).

The rest of this paper is arranged as follows. In Section 2, we provide some definitions and propositions
that will help the functions associated with the SGN distribution. Based on these propositions, some lower
and upper bounds for I(z) are obtained. In Section 3, some numerical computations are listed to show
the efficiency of our bounds. Some proofs are given in Section 4. In the last section, some conjectures are
brought out.

2. The lower and upper bounds for Mills’ ratio of the SGN distribution

Throughout the paper, we denote f(V)(z) as the ith order derivative of f(z) and f©(z) = f(x).
The following definitions and corresponding propositions play important roles in the article.

Definition 2.1. Let a > 0 be a constant. A non-negative function P(z) is said to be the nth order completely
monotonic function on (a,00), denoted by (n)-cmf, if there exists an integer n > 1, such that

(—)*PP(x) 20
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holds for any integer 0 < k < n when x € (a,00).

Definition 2.2. Let a > 0 be a constant. A non-positive function Q(z) is said to be the nth order Bernstein
function on (a,00), denoted by (n)-bnf, if there exists an integer n > 1, such that

(-D* QW (x) <0
holds for any integer 0 < k < n when z € (a, 00).

Definition 2.3. Let a > 0 be a constant. A function G(z) is said to be the nth order logarithmically completely
monotonic function on (a,o0), if In G(z) is (n)-cmf on (a, c0).

Remark 2.1. A nth order logarithmically completely monotonic function G(z) is also (n)-cmf.
In fact, we can get more detailed results related to those definitions without proofs.

Proposition 2.1. If P(x) is (n)-cmf and Q(z) is (n)-bnf on (a,00), for any integer 0 < k < n/2, it is easy
to get that
PRI (2) <0,QP(x) <

0,
PR () >0,V (x) > 0.

Y

In addition, P®*=V(z) is (n 4+ 1-2k)-bnf, and Q¥ (z) is (n-2k)-bnf, while Q¢ () is (n + 1-2k)-cmf,
and PR (z) is (n-2k)-cmf.

Proposition 2.2. If P(x) and Q(x) are both (n)-cmf on (a,00), then F(z) = P(x)Q(x) is (n)-cmf on (a,o0).

Proposition 2.3. If P(x) is (n)-cmf and Q(z) is (n)-bnf on (a,00), then F(x) = P(z)Q(x) is (n)-bnf on
(a,00).

Proposition 2.4. If P(x) and Q(x) are both (n)-bnf on (a,o0), then F(z) = P(x)Q(z) is (n)-cmf on (a,00).

Because ®(—A1z) = 1—®(\z), we only consider the case in which A\; > 0. And when Ay = 0, the special
SGN distribution is also the SN distribution, and % = A\it. We focus on the case extra.

T+ Aat2
Denote
)\11’ _ <I>(9I+u)
O, = ————,Pu(x) =", Qulz) = ——=.
T e T = gy
And concern the case that = > 0.

It’s easy to obtain that

A S W R e L

= 4(1 +)\2x2)3/2 B (1 +)\21:2)5/2

for x > 0.
On the one hand, we give an asymptotic estimate for I(z), via L-hospital law, that is,

. L2200 (mm)dt [ (1) @(8,)d
T bRy i @) o

1
= lim — =0.
—oo I
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On the other hand, using variable substitution for (1.1), we can obtain

fxoo 2gb(t)q)( 111;\529 )dt 612/2 00 g
= Nz = @(0,5)6 dt
2¢(x)(1)(\/1+)\2x2) é(gz) %

[ e e ®Oura) [

_ u/2 —ux Ttu _ u®/2

/e e 3(0,) du /e P, (z)Q.(x)du.
0 0

I(x)

(2.1)

The following propositions are useful in the proof of our main results.

Proposition 2.5. With Ao > 0, for any fized integer n > 1, there exists a positive constant x, such that

)\%x 3o
1 + )\2$2)2 1 + )\2{E2

olx) = ¢ (2.2)

is (n)-emf on (xy,00), where x,, depends on n (see more details for x,, in Section /).

Proposition 2.6. With Ao > 0, for any fized integer n > 1, Q. (z) = qﬁi@:;” is (n)-cmf on (2, 00).

Proposition 2.7. When Ao = 0, for any fixed integer n > 1,

P(0riu) _ P(M(z+u))

Qu(w) = (0, (Mo

is (n)-emf on (z,,00).
Using Proposition 2.6 and Proposition 2.7, we provide some lower and upper bounds for I(z) as follows.

Theorem 2.1. For any fived integer n > 1, there exists a positive constant x,, such that when x € (z,,00),
I(x) is (n)-cmf, namely

(~D)* W (z) >0

holds for any integer 0 < k < n.
Besides, the lower and upper bounds for I(x) are as follows,

Mo () Mo (2)
P <I(z) < P (2.3)
for any integer 1 < k < n/2, where
{ my(z) = x — g((gi))ﬁgl)’ { mg(x) = m,(qlzl(x) + mg—1(x)mq (), (2.4)
M(z) =1, Mi(x) = M, (2) + mg_1 (z) My (2). '

The following corollary are brought out to simplify the calculation of (2.4).

Corollary 2.1. When Ay > 0, for any fized integer n > 1, there exists a positive constant x, such that when
x € (xp,0),

Mgk(x)

ka (.’E)

Moy,
< 2k 1(13)

< I(x) Toor1(2)

(2.5)
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holds for any integer 1 < k < n/2, where

{ﬂjl(w) =, { () = g () + g ()7 (), 26

Mi(e) =1 | M) = M, () + i () V5 (),

{ (@) = o = s { i () = i) (@) 4 g ()i (2), 27
My(r) =1, My () = M2, (@) + g () M ()

When Ao =0, (2.6) and (2.7) still hold, but m;(z) and M,(x) are replaced by

ml(l') =T — 2)\1,

Ml(x) =1.

Remark 2.2. High-order derivatives of %95}’ causes the computation for (2.4) too complex. To deal with

this problem, Corollary 2.1 enlarges the range of %99), and makes g (z), My(z), mg(z) and My(z) in

the form of polynomials. Although the estimate for I(x) in Corollary 2.1 may be not as sharp as Theorem 2.1,
the estimate in Corollary 2.1 is also good enough. More details are provided in Section 3.

3. Application and numerical studies

Mp(z) Mok (w) and Mag—1(z)

The general representations of are not provided in Theorem 2.1 and Corol-

my(x)’ mak(z) Mak—1(T) - 0
lary 2.1. However, through the computations in this section, we find that M2 Ms(@) = Ma(x) ) q Ms(z)
ma(z)’ ma(x)’ ma(w) m3 ()
are sharp enough as the lower and upper estimates for I(x) respectively when x > 10.
Denote J\W{:Ez; by Iy(x), k=1,2,---,6, and we list I(z) in the form of polynomials as follows,

1 d 1
I(z) EJF_éJFO(?)’
1 1 144 1
Ir(x) _E—E-l- = O(ﬁ)v
1 1 3+dy do +6 1
Ig({l?) _E__3 5 + 7 +O E ,
1 1 3+4+d do d 1 (3.1)
1 2 3
14("3)_;_ 3 R 7+$9+O< 11>7
1 1 3+ dy do ds + 21 dy + 2o 1
15(:”)_;_133"' s Tt T T 9\ @)
1 1 3+ dy do ds + =1 dy 1
@)= -Gt Tt~ T tolm)

where dy, do, d3, d4, and z1, 29 are all positive constants. When Ay > 0, those constants are comprised of

®( %) and 7. And when Az = 0, ®( ) is replaced by 1.

Denote ri(z) = Ix(z) — Ix41(x), 1 < k <5, which is the error of the upper and lower bounds, that is,

n@) =5+ 0 (%) ralo) = =5 +0 (5 ) rate) = %+ 0 (5 ),

.1?9
z 1 z 1
ra(z) = — x_sly—’_o (E) 75(x) = x—fﬁo (m)

(3.2)
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On the one hand, we can see from (3.2) that as © — oo, ri(z) converges to 0 faster than r,_1 (), meaning
that Io,(x) and Iok_1 (), as a pair of lower and upper bounds for I(x), has better estimate than the former
ones, namely

Il((E) — IQ(QL’) > Ig(x) — I4(IL') > I5(fE) — IG((E)

for = large enough.
On the other hand, from (3.1), we can see that

I(z) < Iy(z) < Ie(x) < Is(z) < Is(z) < I(x) (3.3)

for x large enough.
We also give the computations of Corollary 2.1, and compare the results with Theorem 2.1.
Denote I (x), k=1,2,---,6, as the upper and lower bounds for I(x) from Corollary 2.1, that is,

Hw=28 a0 (L),
Jg(a:)f;’((g;;+qmﬁw+0(;>’ (3.4)

: 3.4
B = w0 ()

when Ay > 0, where ¢; = )\23—)‘/12
2

And we calculate their errors r}(x) as follows,

ma(z)  ms(z) a® x?

My(z)  Ms(z) _c1+2+6)\1+8+0(1>

ri(z) = My(@) _ Ma(x) _ 1 6 ;7601 +0 (%) : (3.5)

ri(z) = My(z) Ms(x) __a 6c1 0 (%) ’

() = Ms(x)  Ms(x) e 6o Lo <i9>
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Table 1
Simulations for ri(z), 1 < k <4, when A1 = 20, Ay = 0.
T r1(x) ro(x) r3(x) ra(x)
50 7.99680 x 10~ —6.38977 x 1079 7.65243 x 10712 —1.22097 x 10~
200 1.249969 x 10~ 7 —6.24938 x 10712 4.68645 x 10716 —4.68563 x 1072
1000 1.00000 x 10~° —2.00000 x 10718 5.9999 x 10~ 2! —2.39996 x 10726
Table 2
Simulations for ri(z), 1 < k <4, when A\; =2, Ay = 1.
T r1(x) ro(x) r3(z) r4(z)
50 7.99680 x 1076 —6.38978 x 107° 7.65243 x 10712 —1.22097 x 10~
200 1.24997 x 10~7 —6.24937 x 10712 4.68645 x 10716 —4.68563 x 10720
1000 9.99999 x 10~° —2.00000 x 107 1° 5.99995 x 10721 —2.39996 x 10726
When Ay = 0, we have
My(z) 12X\  4)2 1
I* = e _— _— O _—
1) mi(x) = * x2 + a3 * zt )’
1 1 1 1 1
I* _ 2(1’) - = o o=
2(7) mo(z) = a3 et 27 )’
T 12X\ AN —1  8X3 —6) 1
L) = 2@ 1 2 -1, L2 4+0(=),
ms(x) x  x? a3 x xb (3.6)
Myz) 1 1 3 15 81 1 '
I* = =— - — _ = — —_ O J—
i(@) my(z) = a3 tE Tt et %)’
12X 422 -1 8X3—6)\ 160% — 2425 + 3 1
I _ 5(z) _ M 1 1 1 o=
5(7) ms(xz) = 2 T T + xd + 26 )7
Mg(z) 1 1 3 15 105 1
I = -4+ =4+ —4+0—,
5(7) me(x) = a3 * x® 2" * x? + xtt
M (z My(z 2\ AN +1 1
rf(x):f()f?():—;+ L —10(—],
my(z) ma(z) =z a3 x
M. M. 201 4\ 83 —6A 1
ri(z) = ~2(35) _ 73(@ A A ) WA SO 7
ma(x)  ms(x) x? a3 a4 x®
. I3(z)  My(z) 2M 4\ 8A3 —6); 1
= - =442 Lo = 3.7
ra(@) ma(z)  mg(z) a2 PR + xzb )’ (37)
t(z) = Io(x)  Ms(z) 20 4AF 8AT—6A  16A] —24)\ Lo 1
4 ma(z)  ms(z) x2 x3 xt x® x6 )’
Ms(z)  Mg(z) 2\ 4X1  8A3 —6A; 16X — 24\ 1
: = — = — + — o(—|.
rs(@) ms(x)  mg(z) a2 + a3 + xt + a® + b
From (3.4), (3.6), (3.5) and (3.7), we have
L(z) < Ij(z) < I§(z) < IZ () < I3(x) < Ij (z) (3.8)

for = large enough.

Using (3.2) and (3.5), Table 1, Table 2, Table 3, Table 4 and Table 5 are obtained.
On the one hand, according to Table 1, Table 2, Table 3 and Table 4, we can see that |ri(z)| is always
much smaller than |r,_1(z)| for £ > 1. According to Table 5, |r5(x)| is smaller than |7} (z)|, as well as |rj(z)|

is smaller than |r;(x)|, but |rj(x)| is gradually stable as k increases from 3.
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Table 3
Simulations for ri(z), 1 < k <4, when A\ =2, Ay = 4.
T r1(x) ro(x) r3(x) ra(x)
50 7.99680 x 10~° —6.38977 x 107° 7.65242 x 10712 —1.22097 x 10714

200 1.24997 x 10~ 7 —6.24937 x 10712 4.68645 x 10716 —4.68563 x 10720
1000 1.00000 x 102 —2.00000 x 1012 5.99995 x 10~2! —2.39997 x 10726
Table 4
Simulations for ri(z), 1 < k <4, when A\ =5, A2 = 3.
T r1(x) ro(x) rs(x) ra(x)
50 7.99680 x 1076 —6.38977 x 1072 7.65243 x 10712 —1.22097 x 10~

200 1.24997 x 10~ 7 —6.24937 x 10712 4.68644 x 10716 —4.68563 x 10720
1000 1.00000 x 102 —1.99999 x 1012 5.99995 x 10~2! —2.39996 x 10726
Table 5
Simulations for 7} (z), 1 < k <4, when A1 =5, Ay = 3.
x ri(z) r5 () r3 () ry(z) rs(z)
50 8.003 x 10~ —1.253 x 1078 6.1513 x 107° —6.1437 x 107° 6.1437 x 107°
200 1.250 x 1077 —1.226 x 10711 6.0136 x 10712 —6.0132 x 10712 6.0132 x 107°
1000 1.000 x 10~° —3.924 x 107 1? 1.9245 x 10715 —1.9245 x 10712 1.9245 x 107°

On the other hand, comparing Table 4 and Table 5, we can see that Io;(z) and Iogy1(x), as lower and
upper bounds, have better estimate than I3, () and I3, ,(z) when k > 2. However, ra(z) and r3(x) are
small enough, that is, Is(x) and I5(z) as well as I (z) and I(x), as lower and upper bounds for I(x), are

sharp enough.

4. Proofs

In this section, we give the proofs of Proposition 2.5, Proposition 2.6, as well as Theorem 2.1 in Section 2.

4.1. Proof of Proposition 2.5

2
Let F(t) = ﬁ, a) = 2’\\/—1\—2, as = 3v/ Ay and t = /Asx. Using variable substitution from (2.2), we have

9(2) = —ar FO(t) + ast F (1) 2 §(t).

Thus,

3™ (1) = —a1 F(8) + agt F™ (1) 4+ agnF ™D (4).

We know that

—2t 6t2 — 2
FOH=—2 @y =_—_=
( ) (1 +t2)2? ( ) (1 +t2)37
—24¢3 4 24¢ 120t* — 2402 4 24
FO@) = 022 p g = -
(1+t2)4 (1+2)°

Denote F(™)(t) as %7

and A, ; as the coefficient of ¢* in f,(¢), then

fi(t) = =2t, faot) = 6t2 — 2, f3(t) = —24t> + 24t, f4(t) = 120t* — 240t> + 24,
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and
A =6 A3,3 = 7247 ﬁ4’4 i (])-20’
A = _92 22— U, A32:O 43 — Y,
Al’l _ 0 ’ A271 = O, A ’ _ 221 A4’2 = —2407
1,0 5 A270 — _27 A3,1 —0 ) 41 = 0
3,0 ’ A4 0= 24

Assume that for(t) = Zzzg Aoy 2it*, k > 1, then

i=k 2
_ Dizg Aok2it”™

2k
FEO(1) (14 ¢2)2+1

and

=k o - i— i=k i
F(2k+1)(t) :Zizl 21A2k721’t2 ' _ Zi:o 2(2k + 1)A2k,2it2 i
(1 + t2)2k+1 (1 + t2)2k+2

(1 + (2)2k+2
(4.2) can also be induced to

t2i+1

(2k+1) Soime Azkr1,2i41
F (t) = (1+ 2)2h+2 '

where

Askyi.26+1 = —(2k + 2) Aok ok,
Aopy1,2i-1 = 20 Aok — (4k +4 — 20) Ao 0i2, i=1,...,k.

Furthermore, we also get

i=k+1
(2k+2) (t) = Zz:o Aokt2,2i

(1+¢2)2k+3

t2i

where

Aokyook+2 = —(2k + 3) Aokt1 2641,

Agpy22i = (20 + 1) Agkg1 2001 — (46 +5 — 20) Agpr1 261, i=1,...

Aspyo,0 = Aokt1,1-

Through mathematical induction, we can verify that

i=k i i=k ;
F(Zk)(t) _ Ei:o A2k,2it21 F(2k+1)(t) _ Z;:o ‘4216-%172z‘+17521Jrl
(]_ + t2)2k+1 ’ (1 + t2)2k+2

hold for any integer k& > 0. Meanwhile, combining (4.3) and (4.4), it’s easy to have
A2k,2k = (Zk + 1)' >0, A2k+l.2k+1 = 7(2]43 + 2)' < 0.

Plugging (4.1) into (4.5) yields that

(=2k — 2) Agpe ot + sz[(—ﬁlk — 4+ 2i) Ao 2i—2 + 2iAgg o|t* 1

(4.5)
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G (1) = — ay FERFD (1) 4 apt FCR) (1) + ag2k FRD (1)
k—1 )
ay (2k + 2)12F 1 — gy Z Aoi1,2i41t% !
=0
k—1
+agt(1+2)(2k + DIF + ast(1 +¢2) Y Aoy pit™
1=0

1
(14 t2)2k+2 [

k—2
— a22k:(1 + t2)2(2k‘)!t2k71 + a22k(1 + t2)2 Z Agk_1721‘+1t2i+1]
1=0
1

= e 2R i (1),

where fgk_H(t) is a polynomial of ¢ with 2k 4+ 1 degree. Therefore, there exists a positive constant to such
that

G () > 0 for t > toy. (4.6)
Analogously,

GHFV(t) = — ag FCR2 (1) 4 agt PRV (1) 4 ag (2k + 1) FCR) (1)

k
1 .
_ _ 't2k+2 —a ZA _t2z
svarrs a1 (2k + 3)! 1 2k+2,2i
(1+12%) par
k—1
— agt(l + t2)(2]€ + 2)!t2k+1 + a2t<1 + t2) Z A2k+172i+1t21+1
=0

k—1
+az(2k + 1)(2k + D1+ 2)*%F + ap(2k + 1)(1+ %)% Agp2:t™]
1=0

1 ~
=y 022k DI (1)),

where fgk+2(t) is a polynomial of ¢t with 2k 4 2 degree. Therefore, there exists a positive constant tof11 such
that

GV (1) < 0 for t > Loy (4.7)

For any fixed integer n > 1, combining (4.6) and (4.7), there exists a positive constant ¢, such that when
t>tfand 1 <k <n/2

G2V () < 0and g (t) > 0

both hold.
Let x, =t /\/)\a, then g(z) is (n)-cmf on (x,,,00).

4.2. Proof of Proposition 2.6
Let

H(z) =InQyu(x) = s(z) — I(z),
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where
s() =In®(luts), l(z) =1nd(6,),

and u > 0 be a constant. We respectively denote s, lj as the kth order derivative of s(x), I(z). It’s easy to
know s1 < [q.
For the fixed integer n > 1, we want to find the expressions of s,, and [,, with support on (,, 00).

_ W) = L0uts) y1)
s1 =5 (x) = ——+%0,{, >0,
' ( ) (I)(eu-‘rac) *
59 = — 52 — s1h(x)
2 w02
= — Sl — 81 0I+u0:1;+u - 0(1) < O,
T+u
where
A2 (2 + u) 32z + u)

W) = g(x +u) =

1+ X(x+u)?)? 1+ XN(z+u)?

And from Proposition 2.5, we know that h(z) is (n)-cmf when z + u > x,, that is, for 0 < k <n,
(=R ® (z) > 0 (4.8)
holds. From (4.8), we have

83 = — 28189 — sah(x) — slh(l)(w)

=253 + 3h(x)s? 4 [h(z) — KV (z)]s; > 0.
Without loss of generality, let s; = A;js] + Zz;ll Aji(x)si, j=1,2,---, and A;o(z) = 0. Then we have

Al = 17
Ay = —1, A271(.’E) = —h(l‘) <0,
A3 =2, Azo(x) =3h(z) >0, As;(x)=h%*z)—h"(x)>0.

From Proposition 2.1 and Proposition 2.2, it is easy to judge that As1(z) is (n)-bnf, As1(x) is (n-1)-cmf,
and Az o(z) = 3h(x) is (n)-cmf respectively. For any 1 < k < n, we have

k—1
Spa1 =kApsilsy + Z (Z.Ak,i(l‘)si_182 + A,(CIZ (x)si)
i=1
N k
:Ak+18]f+1 + Z Akyl(a:)sll,
i=1

where

Aps1 = —kAy,
Apt1p(z) = —kAgh(z) — (K — 1) Ag -1 (), (4.9)
Apsri(z) = AL (@) — iApi(@)h(z) — (i — D Apioi(z), 1 <i <k -1,
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From (4.9) we have Ay = (=1)*=1(k — 1)!. Assume that

Api() = (n-k)-cmf, if k is an odd number,
k(@) = (n-k)-bnf, if k is an even number.

Combining formula (4.9) and Proposition 2.1-Proposition 2.4, it is obtained that

Ao () — (n-k-1)-bnf, if k is an odd number,
kr1i(T) = (n-k-1)-cmf, if k is an even number.

Based on mathematical induction, it yields that
(—l)ksk <0
holds for 1 < k < n on (x,,0). In addition, (4.9) are also the recursion formulas for A, and Ay ;(z) in the

expression of sg.
Analogously, we can obtain that

k=1
Ik = Bilf + > Bra()li,

i=1

and the recursion formulas for By and By ;(z), i = 1,...,k — 1, are as follows,

Bj+1 = —kB,
Bit1,k(z) = —kBrg(z) — (k — 1) Beg—1(2), (4.10)
Biey1,i(z) = By )(2) — iBri(2)g(x) — (i — 1)Bi-1(z), 1 <i <k — 1.

We also have By, = (=1)*"1(k — 1), and By ;(z) is (n-k)-cmf when k is an odd number, or negative and
(n-k)-bnf when k is an even number on (z, c0). In addition, it yields that

(—l)klk < 0.

On the one hand, it’s easy to see that for 1 < k < n and x € (x,,00), the signs of s; and I alternate
when k increases, namely

SkSk—1 < 0, lxlp_1 <O.
Besides, si and [ always have the same sign, that is,
sili > 0.
On the other hand, with h(x) and g(z) being (n)-cmf on (z,,00), we have
B®) ()| < g™ (2)] (4.11)
for 0 < k < n. Plugging (4.11) into (4.9) and (4.10), it yields that

|Ag,i(x)| < |Bg,i(x)|.
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Returning to H*)(z), we have

k—1 k—1
H(k) (I) =8, — I = Akslf + ZA&@(I)S% — Bkllf — ZBk,i(l’)li
=1 =1

E

-1
=(=1) Mk = DY —17) + Y [Agi(2)si — Bra(@)l3].

i=1

Let

k-1

Ti(z) = (1" (k = DIsT — 1), To(e) = ) [Ari(w)si — Br()li]-
i=1

Now that |Ag ;(z)| < |Bg,i(z)| and 0 < s1 < [y,

(—1)’“ (Ak’i(x)si — Bk’i(x)li) >0
holds for 1 <4 < k — 1. Hence, we have

(=D)*Ty(x) > 0, (=1)*Ty(x) > 0,
thus

(=D)FH® (2) = (—1)*(Ty + T») > 0

holds, that is, @, () is (n)-logarithmically completely monotonic function, also (n)-cmf.
4.8. Proof of Proposition 2.7

The Proof is similar to Proposition 2.6, but here g(x) = A2z, which is different from Proposition 2.6.
Let

H(z) = InQu(z) = s(z) — (),
where
s(z) = I B(0usa), U(z) = InD(0,),
and
Oure = M(u+2), 0, = Mz,

and let © > 0 be a constant.
We respectively denote si, I, as the kth order derivative of s(x), I(z). It’s easy to know s1 < [;.
For the fixed integer n > 1, we want to find the expressions of s,, and [,, with support on (z,,,c0).
We have

¢’(9u+x)
(I)(equz)

59 =— 87 — s1h(x) <0,

s1 zs(l)(x) =\ >0,
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where
h(z) = g(x +u) = N (x + u).
Then
s3 = 255 + 3h(z)s2 + [h%(z) — KV (z)]s1 > 0,
when © > 1/)\;.
54 = —6s7 — 12h(x)ss + [8h%(x) — 4)2]s? — [h3(x) — 3\2h(x)]s1; < O,

when x > v/3/;.
Through the proof of Proposition 2.6, sy = Ak+18]f+1+2f:1 Apy1,i(x)si, k=1,2,--+,and Agy10(z) =
0, where

A1 = —kAg,
Apt1,6(2) = —kAph(z) — (k — 1) Ak p—1(2), (4.12)
Apsri(z) = AL (@) = iApi(e)h(@) — (i = D) Api-1(z), 1 <i <k —1.

Without loss of generality, let

Agi(z) = Y CrihF ¥ (), (4.13)
=0

which is a polynomial of h(x) with k — ¢ degree, where Cf; ; is a constant, and Cj ;o is the coefficient of
RF=tin A ().
We have

A271(J}) = —h(.]?) <0,
Azi(x) = 3h(x) >0, Aza(z)=h%(x) —hM(x) >0,

when © > 1/)\;.
Agq(z) = —12h(z) <0, Ago(x) = —8h3(z) — 4A] < 0, Ayz(x) = h*(x) —3)3 <0,

when 2 > v/3/);.

Assume that there exists a constant xj, such that when = > xy, Ap - Agr—1(z) > 0, and Ay i(z) -
Agi—1(x) > 0 both hold.

According to (4.12), it yields that

Apg1 - Aggre(z) >0,
A1) - Ag p-1 () <0, (4.14)
Crt1,i0(7) = —iCy i o(7).

Combining (4.14) and (4.13), there exists a constant zyy1, such that Agi1,(x)- A1 > 0 and Agyq () -
A <0 when © > zp41.

Based on mathematical induction, it yields that, for any fixed integer k, there exists a constant z,, such
that
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(—l)ksk <0
holds when z > z,,.
Analogously, we can obtain that
k—1
Ik = Blt + Y Bra(x)li,
i=1

and the recursion formulas for By and By ;(z), i = 1, ...,k — 1, are as follows,

Bgt1 = —kBk,
Bk+1 (:L') = 7kBkg( ) — (k — 1)Bk,k—1($)a (415)
Biy1i(z) = B (2) = iBra(@)g(w) — (i = VBrioa(w), 1<i <k — 1.

We also have By, = (—1)*71(k — 1)!, and By ;(x) is (n-k)-cmf when k is an odd number, or negative and
(n-k)-buf when k is an even number on (z, 00). In addition, it yields that

(=11, < 0.

On the one hand, it’s easy to see that for 1 < k < n and = € (z,,00), the signs of s; and [} alternate
when k increases, namely

SpSkp—1 <0, lglp_1 <O0.
Besides, si and [l always have the same sign, that is,
skl > 0.
The rest of the proof is the similar with Proposition 2.6, and we delete the rest proof.

4.4. Proof of Theorem 2.1

Through Proposition 2.6 and Proposition 2.7, it yields that for any integer n > 1, @, (z) is (n)-cmf on
(p,00). It is easy to see that P,(z) = e ** is also (n)-cmf on (z,,00). Combining Proposition 2.2 and
formula (2.1), we obtain that I(x) is (n)-cmf on (x,,00), that is,

(—DFI® (z) > 0 (4.16)

holds for any integer 0 < k < n on (z,, o).
Meanwhile, from (1.1),

is obtained, which yields
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where
{ m(e) = @ - gy,
Mi(z) =
Let
10 (@) = my(2)1 () — Mi(a), (4.17)
then
155 () =mi (@)1(@) + mi (@)1 (2) = M (@)
=my11(2)1(2) = Miy1(2),
where

{ i () = mi (@) + mi(a)ma (),
My () = M () + () Ma (2).
Combining (4.16) and (4.17), (2.3) holds. The proof is complete.

5. Conjecture

In view of (3.2), (3.3), Table 1, Table 2, Table 3, Table 4 and Table 5, we conjecture that

M. M Mo,
2@)  Male) | Menl@) gy
mo(x)  my(x) Map ()
May,— M. M
v Mona(@) 0 Ms(@) 1(15),
Man—1(2) ms(x) — m(x)
and
M,
i O
for = large enough.
In addition, by power series expansion, I(x) can be written as
1 1 di 5 di d;
I(x):E‘l-F'FE'F 7+—9+ 11+ s

for x large enough, where di, d3, d3, dj,

., are positive constants relying on the parameters A\; and \s.
I(x) can also be written in the form of continued fraction as

where e, es,e3, - are constants relying on A\; and As.

These are interesting and challenging problems. Of course, this is also a direction of our future work.
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