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1. Introduction

It is well known as the Hardy-Littlewood-Sobolev theorem that the fractional integral operators I, on
the Euclidean space R™ is bounded from L, to Ly for 1 < p < ¢ < 00,0 < a@ < nand —n/p+a = —n/q. For
any BMO function b, Chanillo [2] proved the same boundedness of the commutator [b, I,]. This boundedness
was extended to Morrey spaces by Di Fazio and Ragusa [5]. For the boundedness on Orlicz spaces, see [6,25].
On the other hand, Paluszynski [21] proved that, for any -Lipschitz function b, 0 < 8 < 1, the commutator
[b, I,] is bounded from L, to L, for —n/p+a+ 8 = —n/q and from L, to the Triebel-Lizorkin space Fﬁw.

In martingale theory, based on the result by Watari [26, Theorem 1.1], Chao and Ombe [3] proved the
boundedness of the fractional integrals I, for H,, L,, BMO and Lipschitz spaces of the dyadic martingales.
They also proved the L,-L, boundedness of the commutator [b, I,]. These fractional integrals were extended
to more general martingales in [23] and the boundedness on martingale Morrey spaces was established by
[15-18]. See also Hao and Jiao [7] for fractional integrals on Hardy spaces with variable exponent.
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In this paper we consider generalized fractional integrals I, as martingale transforms. We prove the
boundedness of I, and the commutator [b, I,] on Orlicz spaces, where b is a function in generalized martingale
Campanato spaces which contain martingale BMO and Lipschitz spaces as special cases. Moreover, we prove
the compactness of the commutators.

Let (2, F, P) be a non-atomic probability space and let {F,},>0 be a nondecreasing sequence of sub-o-
algebras of F such that 7 = o(|J,, Fn). We suppose that every o-algebra F,, is generated by countable
atoms, where B € F, is called an atom (more precisely a (F,, P)-atom), if any A C B with A € F,, satisfies
P(A) = P(B) or P(A) = 0. Denote by A(F,,) the set of all atoms in F,,. The expectation operator and the
conditional expectation operators relative to F,, are denoted by E and FE,,, respectively.

We say a sequence (f,)n>0 in L; is a martingale relative to {F, }n>0 if it is adapted to {F,}n>0 and
satisfies E,[fn] = fn for every n < m. It is known as the Doob theorem that, if p € (1,00), then any
L,-bounded martingale converges in L,. Moreover, if p € [1,00), then, for any f € L,, its corresponding
martingale (fy)n>0 with f, = E, f is an L,-bounded martingale and converges to f in L, (see for example
[19]). For this reason a function f € Ly and the corresponding martingale (f,,)n>0 will be denoted by the
same symbol f.

We first recall the definition of generalized fractional integrals of martingales.

Definition 1.1 (/18]). Let (7,)n>0 be a decreasing (i.e. non-increasing) sequence of non-negative bounded
functions adapted to {F, } >0 such that lim,,_,+ v, = 0. For a martingale (fy, ), >0, its generalized fractional
integral I, f = ((Iy f)n)n>0 is defined as a martingale by

(Iyf)n =D We-1(fe = fr-1)
k=0

with convention yv_1 =y and f_; = 0.

Our definition of I, is based on the notion of martingale transform in the sense of Burkholder [1]. For
quasi-normed spaces M; and M of functions, we denote by B(Mj, M) the set of all bounded martingale
transforms from M; to My, that is, I, € B(M7, Ms) means that

sup [[(Iy f)nllar, < Csup [ fullar,
n>0 n>0

for all M;-bounded martingales f = (fn)n>0-
Let

BeA(Fy)

For a > 0, let v, = 3,”, n > 0. Then I, f is the fractional integral of f introduced in [15] which is denoted
by I f. It is known that I, € B(Lp, L), if 1 <p < g < oo and —1/p+ a = —1/q, see [15, Corollary 5.4].
In this paper we prove I, € B(Lg,Ly) for the Orlicz spaces Ly and Ly under suitable conditions.
Moreover, we consider the commutator [b, I,] generated by a function b. For f € L, which is regarded as
an Lo.-bounded martingale f = (fn)n>0 with f, = E, f, (Iyf)n)n>0 is also an L-bounded martingale.
Then, by the martingale convergence theorem, the sequence ((If)n)n>0 converges almost everywhere and
in Ly ([12, Theorem 1.3.2.9]). We denote by I, f the limit function, that is, I, f = ((I,f)n)n>0- In this case
the commutator [b, I,|f = bI, f — I,(bf) is well-defined for all b € Lo,. In this paper we prove that, for any
function b in generalized Campanato spaces (see Definition 1.2 below), the commutator [b, I,] is well-defined
as a bounded operator from Lg to Ly and from Lg to F}f\P under suitable conditions, where Fg’\y is the
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Triebel-Lizorkin-Orlicz space, see Definition 3.1 below. Conversely, we also prove that, if [b, I,] is bounded
from Lg to Ly or from Lg to Fg\y, then b is in a generalized Campanato space. Moreover, we characterize
b so that [b, I,] is compact.

The definition of the generalized Campanato space is the following:

Definition 1.2 (/13]). For p € [1,00) and ¢ : (0,1] — (0, 00), let
Los={f€Lly: Hf”g;»qb < oo},

where

1/p

1 1
flle-, = 5w sup [1r=Eaasrar|
Mllers =28 530, oty \ Py ) Vo]

with convention E_; f = 0.

From [13, Theorem 2.9] it follows that, if ¢ is almost increasing, i.e., there exists a positive constant C
such that ¢(r) < C¢(s) if r < s, then

1 les, < Wfllez, < Collf ez, (12)

for each p € (1,00), see Theorem 5.1 below.

In the second section we recall the definitions and basic properties of Young functions and Orlicz spaces.
Then we state main results in Section 3. More precisely, in Subsection 3.1 we state the boundedness of the
fractional integrals I, as martingale transforms, and the boundedness of the fractional maximal operator
M, from Lg to Ly. In Subsection 3.2 we state the equivalence between b € Li é and the boundedness of
[b, I,] from Lg to Ly. Moreover, we define Triebel-Lizorkin-Orlicz spaces F z; by using the sharp maximal
operators Mi and state the equivalence between b € Ei o and the boundedness of [b, I,] from Lg to F f\p
In Subsection 3.3 we define a subset Ci s In [,i » and state the equivalence between b € Ci s and the
compactness of [b,I,] from Lg to Ly or from Lg to ng} We prove the boundedness of I, and M, in
Section 4 and the pointwise estimates of the commutators by sharp maximal functions in Section 5. Then,
combining these boundedness and estimates, we prove the results on the boundedness and compactness of
[b, I,] in Sections 6 and 7, respectively.

At the end of this section, we make some conventions. Throughout this paper, we always use C' to denote
a positive constant that is independent of the main parameters involved but whose value may differ from
line to line. Constants with subscripts, such as C,, is dependent on the subscripts. If f < Cg, we then write
f<gorgz fiandif f < g < f, we then write f ~ g.

2. Orlicz space

First we define a set & of increasing functions ® : [0, 00] — [0, 0] and give some properties of functions
in @.

For an increasing function @ : [0, 00] — [0, 00, let

a(®) =sup{t >0:®(¢t) =0}, b(P®)=inf{t >0: D(t) = oo},

with convention sup ) = 0 and inf ) = co. Then 0 < a(®) < b(®) < oo. Let @ be the set of all increasing
functions @ : [0, oo] — [0, o] such that
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0<a(®) <oo, 0<bP)<oo, (2.1)
tlirﬁo(b(t) = ®(0) =0, (2.2)
® is left continuous on [0, b(®)), (2.3)
if b(®) = oo, then tlgrolo D(t) = P(00) = 00, (2.4)
if b(®) < oo, then t%ll)i(gl)_oé(t) =P(b(P)) (< ). (2.5)

In what follows, if an increasing and left continuous function ® : [0,00) — [0,00) satisfies (2.2) and
Jlim @(t) = oo, then we always regard that ®(c0) = oo and that € P.

Definition 2.1. A function ® € & is called a Young function (or sometimes also called an Orlicz function) if
® is convex on [0, b(P)).

By the convexity, any Young function ® is continuous on [0, b(®)) and strictly increasing on [a(®), b(P)].
Hence @ is bijective from [a(®P),b(D)] to [0, D(b(P))]. Moreover, ® is absolutely continuous on any closed
subinterval in [0,b(®)). That is, its derivative ®’ exists a.e. and

t

(1) = / ®(s)ds, te[0,b(®)). (2.6)

0
For ®, U € &, we write ® ~ ¥ if there exists a positive constant C' such that
O(C~ M) < V(t) < ®(Ct) for all t € [0,00].
Definition 2.2.
(i) Let @y be the set of all Young functions.
(ii) Let @y be the set of all ® € & such that ® ~ ¥ for some ¥ € dy.
(iii) Let ) be the set of all ® € $y such that a(®) = 0 and b(P) = .

For ® € @, we recall the generalized inverse of ® in the sense of O’Neil [20, Definition 1.2].

Definition 2.3. For ® € & and u € [0, o], let

o) {inf{t >0:®(t) >u}, wuel0,00), 2

00, U = 00.
Let ® € ¢. Then ®~! is finite, increasing and right continuous on [0, c0) and positive on (0, 00). If & is
bijective from [0, co] to itself, then ®~! is the usual inverse function of ®. Moreover, we have the following

proposition, which is a generalization of Property 1.3 in [20].

Proposition 2.1 (/25, Proposition 2.2]). Let ® € &. Then

O(@ Hu) <u< @ HP(u)) for all u € [0, 00]. (2.8)
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For functions P, Q : [0,00] — [0, 00|, we write P ~ @ if there exists a positive constant C' such that
C™'P(t) < Q(t) < CP(t) forallt e [0,
Then, for ®, U € @,
PV & AU (2.9)
For a Young function ®, its complementary function is defined by

B(1) = {sup{tu —®(u):ue0,00)}, te(0,00),

00, t = o0.

Then @ is also a Young function, and (D, &)) is called a complementary pair. For example, if ®(t) = t?/p,
€ (1,00), then ®(t) =t9/q with 1/p + 1/q = 1. If ®(t) = ¢, then

() = 00, te€ (1,00].

- {0, teo,1],

Definition 2.4. For a function ® € @y, let

Lo = {f € L°: E[®(e| f])] < oo for some e > 0},
[fllze = mf{A>0: E[@(|f|/N)] <1},

wLe = {f e L: sup ®(t)P(ef,t) < oo for some € > 0} ,
t€(0,00)

||f|WL¢:inf{)\>0: sup <I>(t)P(f//\,t)§1},

te(0,00)

where P(f,t) = P({we Q:|f(w)] >t}).

Then Lg and wLg are complete quasi-normed spaces and Ly C wLe. If & € @y, then Lg is a Banach
space. Let ®, U € . If ® ~ ¥, then Ly = Ly and wLe = wLy with equivalent quasi-norms, respectively.

Remark 2.1. Let ® € @y It is known that

sup ®(t)P(f,t) = sup t P(®(|f]),1), (2.10)
te(0,00) te(0,00)

see [8, Proposition 4.2] for example.
Let (@, &)) be a complementary pair of functions in @y. Then it is known that
t<® DD (t) <2, te0,00] (2.11)

It is also known that

Ellfgll < 2[|fllzsllgllzy- (2.12)

By the definitions of || - ||z, and || - |wL, We have the following lemma:
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Lemma 2.2. Let ® € @y . Then, for all A € F, its characteristic function x4 is in L C wLe and

1

IXallLe = lIxallwre = S 1/PA) (2.13)

Definition 2.5.

(i) A function ® € @ is said to satisfy the Ay-condition, denote ® € Ay, if there exists a constant C' > 0
such that

O(2t) < CP(t) forallt > 0. (2.14)

(i) A function ® € & is said to satisfy the Vy-condition, denote ® € Vs, if there exists a constant k > 1
such that

1
D(t) < o B(kt) for all t > 0. (2.15)
(iii) Let Ay =Py N A2 and Vo = &y N ?2.
Remark 2.2.

(i) Ay C Y and Vo C @y ([11, Lemma 1.2.3]).
(ii) Let ® € @y. Then ® € A, if and only if ® ~ ¥ for some ¥ € Ay, and, ® € Vy if and only if & ~ ¥
for some ¥ € V,.
(iii) Let ® € @Py. Then ® € A, if and only if the set of simple functions is dense in L.
(iv) Let ® € @y . Then &~ satisfies the condition

O Hu) < ® 1 (2u) <20 Y (u) forall u € [0, 0],

by its concavity.
(v) If ® € Vs, then there exists § € (0, 1) such that ®((-)?) € Vy ([25, Lemma 4.5]).

3. Main results

To state the main results we first recall some notion on positive real-valued functions. We say that a
function 6 : (0,00) — (0, 00) satisfies the doubling condition if there exists a positive constant C' such that,
for all r, s € (0, c0),

L_00) o g

c =905 =

<2 (3.1)

DN | =
w3

We say that a function 6 : (0,00) — (0, 00) is almost increasing (resp. almost decreasing) if there exists a
positive constant C' such that, for all r, s € (0, 00),

O(r) < Cl(s) (resp. 8(s) < CO(r)), ifr<s. (3.2)
8.1. Fractional integrals and fractional maximal functions

For a martingale f = (f,,)n>0 relative to {F,}n>0, the maximal function is defined by

M f = sup|fnl.
n>0
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We denote by My, the set of all Ly bounded martingales f = (fy,)n>0. It is known that, for all f € My,
1M fllwzo < Cosup | fullz,, if © € Py,
1M fllz < Cosup | fallL., if € Va,
see Section 4 for their references. Our first result is the following:

Theorem 3.1. Let &, ¥ € &y Assume that u+— U1 (u)/® 1 (u) is almost decreasing and that there exists a
positive constant C' such that, for alln >0,

i(ml — ) @1 (é) + 79, @71 <B1n> <CU- (;ﬂ) (3.3)

k=0

Then, for any positive constant Co, there exists a positive constant Cl such that, for all f € My, with

f ¢ 07
M(1,f) ) ( Mf )
Y (Cclp sup, > [|fnllLe =® Cosup,>o | fullze ) (3.4)

Consequently, I, € B(Le,wLy). Moreover, if ® € Vs, then I, € B(Ly,Ly).

Let S, be as in (1.1). For a function p : (0,1] — (0, c0) satisfying the condition

1
/#dm 50, (3.5)
0
let
B"'L t
'Yn:/?dt; n=0,1,2,---. (3.6)
0

In this case we denote I, by I,. Namely, for a martingale f = (fn)n>0, let

Bk—l
- t
f = (1 Dse: =3 [ 2ae) (-5 (3.7
k=0 \
If p(t) = at® and « > 0, then ﬁ" ! "T = (Br—1)* and I, is the fractional integrals I, introduced by

[15].
The stochastic basis {}—n}nZO is said to be regular, if there exists a constant R > 2 such that

holds for all n > 1 and all nonnegative martingales (f,)n>0. If {Fn}n>0 is regular, then the inequality
Bn < Bn—1 < Rp, holds, see [15, Lemma 3.1]. Hence,
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ﬁk—l

S (et — )@ (1/8) Z@ (1/8) /@dt
k=0 B

Br—1
- =H(1/t)p(t)
~ — =t
B o1y
- [,
t
Bn
That is, (3.3) is equivalent to
Brn Bo o-1(1
/@ dt® 1 (1/8,) + / M dt <CU~(1/B,) forall n>0. (3.9)
0 Brn

For I, we have the following corollary.

Corollary 3.2. Let {F,}n>0 be reqular, and let &,V € ®y. Assume that u +— V1 (u)/® 1 (u) is almost
decreasing and that there exists a positive constant A such that, for oll r € (0,1],
T 1 o 1 1
t t) P t
/M dt 7 1(1/r) + / M dt < AUT(1/r). (3.10)

t
0 r

Then, for any positive constant Co, there exists a positive constant Cl such that, for all f € My, with

[#0,
M(1,f) ) < Mf )
v (C’&, sup,>o || follLe =2 Cy sup,>o | fulls : (3.11)

Consequently, 1, € B(Ls,wLy). Moreover, if & € Vs, then I, € B(Lg, Ly).

The above result can be compared with the boundedness of I, on Orlicz spaces defined on the Euclidean
space R™ by [4,14].

Example 3.1. Let o € (0,00), and let p : (0,1] — (0, c0) satisfy the condition (3.5) and
p(r) = (log(1/r))~*"" for small r. (3.12)

Then

dt ~ (log(1/r))™ for small r.

)

—~
H‘@#

~—

0/
We denote by L,(log L),, and exp L, the Orlicz spaces Lo generated by ® € & such that

= ]-a € Oa )
O(t) = tP(logt)Pr  for large t, b p1€[0,00), or
€ (1’00)7 p1 € (700700)5
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and
O(t) = exp(t?) for large t, p € (0,00),
respectively. Then
d Y (u) ~ u/P(logu) /P for large u,
and
&L (u) ~ (logu)'/? for large u,
respectively. In this case I, is in

B(L1(log L)p,,wL1(log L)p, +a)s
B(Ly(log L)p,, Ly(log L)p, +ap), ifp>1,
B(exp(Ly),exp(Ly)), ifp<g<ooand —1/p+a=-1/q.

We also consider the cases p(r) = r*(log(1/r))~** (loglog(1/r)) 2, etc.

Example 3.2. Let p : (0,1] — (0,00) satisfy the condition (3.5), and let p*(r) = [ @dt. For a Young
function ®, if p satisfies the doubling condition and r + 7¢p*(r)®~1(1/r) is almost decreasing for some
€ > 0, then there exists a Young function ¥ such that I, is bounded from Lg to Ly. To show this we first

prove that
1 T
/p(t) (1)) dtg/@dt B=1(1/r). (3.13)
0

Since p(r) ~ fTT/Q @ dt < p*(r), if 1/2 < r <1, then

~p(r) @7 (1/r) S p*(r) @7 (1/1).

jvxw@%1ﬁ>ﬁ
t

If 0 < r <1/2, then

(0 3 (1/1)

1
€ % - 1
t e dt <rep*(r)® 1(1/T)/t1+6 dt

A

S Y~

t

/pw¢1uﬁu

@dt o (1/r).

~

Hence we have (3.13). Next we set Q(u) = p*(1/u)®~!(u) and show that @ is pseudo-concave, which is
equivalent to

Q(su) S max(1,s)Q(u) for all s,u € (0,00), (3.14)



10 R. Arai et al. / J. Math. Anal. Appl. 487 (2020) 123991

see [22, Lemma]. By the assumption we see that u — u~“Q(u) is almost increasing and then @ is also.
Hence, if 0 < s < 1, then (3.14) is true. If s > 1, (3.14) is also true, since p* is increasing and ®~1! is
concave. Therefore we can find a concave function @ such that Q ~ Q. By the assumption we also see that
Q(u) — o0 as u — oo. Then we may assume that Q is continuous, increasing and bijective from [1,00) to

[Q(1), 00). Let ¥ be a Young function such that ¥~ (u) = Q(u) for v > 1. Then

r

/@dt @1(1/r)+/wdt~ﬁfl(l/r)7 r e (0,1].
0 T

By Corollary 3.2 we have the boundedness of I, from L to Ly.

Next, for a sequence v = (y,,)n>0 of positive measurable functions, let
My f=supn|Enfl, f € L. (3.15)
n>0

If v, =1, then M, f is denoted by M f, which is the maximal function of f.

Theorem 3.3. Let &, ¥ € &y Assume that u +— W1 (u)/®7(u) is almost decreasing and that there exists a
positive constant A such that, for alln >0,

T @ 1(1/B,) < AVL(1/B,). (3.16)

Then, for any positive constant Cg, there exists a positive constant Cg such that, for all f € Lo with f # 0,

M N oM
v (CfpllfllL@) = <C¢||f||L¢> ' (3.17)

Consequently, M, is bounded from Lo to wLy. Moreover, if ® € Vs, then M., is bounded from Lo to Ly.
3.2. Boundedness of commutators

To state the results for the commutator [b, I,]f = bI, f — I, (bf), we first define a function space £ 4(Fo)
as the set of all b € Ly such that

1
_ = - P < o Nl
||b||£1,¢(}—°) B:X(I;-'o) ¢(P(B))P(B) B/ b <o 1

where A(F) is the set of all Fo-atoms. Then £ s C £ 4(Fo) C L1 and

b
¢(1)

bl < Wy ym) < Wl

if ¢ is increasing. If the number of the elements in A(F) is finite, then £, ,(Fo) = L1 and

1 1
——1bll, < ||b]] A= < —
18llzy < Wbllzr (7)< minge () #(P(B))P(B)

For the commutator [b, I,] we have the following theorems.
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Theorem 3.4. Let ¢ : (0,1] — (0,00), and let &,V € Py

(i)

Assume that &, € Ay NVy. Assume also that ¢ is almost increasing and that there exists a positive
constant A and a function © € Vs such that u — O~ (u)/®(u) is almost decreasing and that, for
allm >0,

zn:(vm — )@ ! (i) + @ (%) < A0 <ﬁ—1n> , (3.19)

k=0 n

$(8,)07" (%) < AP (ﬂ%) : (3.20)

Then there exists a positive constant C such that, for all b € E£¢ and all f € Ly,
b 1)l < CUBle= 1z (3:21)

Conversely, let {F,}n>0 be reqular and o > 0. Assume that ¢ satisfies the doubling condition and that
there exists a positive constant A such that, for alln > 0,

v (ﬁi) < 4B, 6(,)0! (ﬂi) . (3.22)

Ifb e Ly 4(Fo) and [b, 1] is bounded from Lo to Ly with operator norm ||[b, Lo]||Le—1Ly » then b is in
£;¢ and there exists a positive constant C, independently of b, such that

W, , <€ (I Lallaza + Ble;, m ) -

For ¢ : (0,1] — (0, 00), we define the sharp maximal function M:; by

Mf = sup &(5n) ' Enlf = En-rfl, f € Ly, (3.23)

with the convention F_;f =0 and 5_1 = Sy. If ¢ =1, we denote Mg by M?*, that is,

MEf = sup | — By ] (3.24)

Then we define the Triebel-Lizorkin-Orlicz space as follows.

Definition 3.1. For ® € @ and ¢ : (0,1] — (0,00), let

where

Ff, ={f € Lu: [fllgp < oo}

IFleg, = 1Ml

If ®(¢t) = t? and ¢(r) = r*, then FZ)@ coincides with the Triebel-Lizorkin space Fj . introduced by
Sadasue [24].
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Let

¢~ (Bn) = ¢(Bn-1) (3.25)

with convention S_; = f3y. We define Fg; by [|f]l po- = HMi,fHLq), where Mj),f is defined by (3.23) with
Ly

¢~ instead of ¢. Then we have the following theorem.

Theorem 3.5. Let ¢ : (0,1] — (0,00), and let &,V € Dy,

(i)

Assume that ®, ¥ € Ay N Vy and that u— U~ (u) /D (u) is almost decreasing. Assume also that ¢
s almost increasing and that there exists a positive constant A such that, for alln >0,

kzn;)(%l - )2 <é> + 7,07 (%ﬂ) < A (é) : (3.26)

Then there exists a positive constant C such that, for all b € ﬁl—,qﬁ and all f € Lg,
1. L)l < CUBlL e 1 (3.27)

Conversely, let {Fy}n>0 be regular and let o > 0. Assume that ¢ satisfies the doubling condition and
that there exists a positive constant A such that, for all n > 0,

¢! <%> < AB, @7t <%> ) (3.28)

Ifbe Ly ,(Fo) and [b, I.] is bounded from Lo to F}f; with operator norm ||[b, L]l then b is

Le—FP 7

n ‘Cl_,aﬁ and there exists a positive constant C, independently b, such that

e, <0 (108l e + bl iy )

Corollary 3.6. Let {F,,}n>0 be regular and o > 0. Assume that @, ¥ € ANV, Assume also that ¢ is almost
increasing and satisfies the doubling condition. If b € Efd)(}'o), then the following conditions are equivalent:

(i)
(i)

(iii)

be L] ,.
[b,Ia]_Lg; bounded from Lg to Ly, if Bn® ¢(Bn) P 1(1/Bn) ~ ¢(B,)O 1(1/B,) ~ $=L(1/B,) for some

O € V,. B
[b, I,] is bounded from Lo to Fy_ , if Bu® @~ 1(1/B,) ~ U1 (1/By).

3.8. Compactness of commutators

Finally, we state the compactness of the commutators. Let Ly be the set of all F-measurable functions,
and let

L={f € Ly: f is F,-measurable for some n > 0}.

Define
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Wie=Li,NL,

where £, , N L stands for the closure of £, , N L in £y ,. Further, let A(Fo) = {Ax}3Z, and let D, =
UZ:l Ak. Let

Le={f€Ly: f=xp,[ for some n >0},
and define
Cry=Li,NLNLec,

where £i¢ N L N L¢ stands for the closure of E£¢ NLNL¢ in £i¢. If the number of the elements in A(Fp)
is finite, then Le = Lo and W;¢ = C;¢.
For the compactness of [b, I,], we have the following theorems.

Theorem 3.7. Let {F,}n>0 be reqular. Let ¢ : (0,1] — (0,00) be almost increasing and ®, ¥ € ®dy. Let
be Ly,

(i) Assume that &,V € Ay NV, Assume also that there exists a positive constant A and a function
O € Vy such that u — ©~(u)/® 1 (u) is almost decreasing and that, for all n >0, (3.19) and (3.20)
hold. If b € Cy 4, then [b, I,] is compact from Lo to Ly.

(ii) Conversely, let a > 0. Assume that u +— u~*"<®~1(u) is almost increasing for some € > 0, that ¢
satisfies the doubling condition and that there exists a positive constant A such that, for all n > 0,
(3.22) holds. Assume also that

(3.29)

nh_}rrgo b —bxp, £y, (F) = 0.

If [b, 1] is compact from Lg to Ly, then b is in Crg

Remark 3.1. (i) If b € C; 4, then b satisfies (3.29).

(ii) If the number of the elements in A(Fp) is finite, then every b € L, satisfies (3.29).
Recall that ¢~ is defined by (3.25).

Theorem 3.8. Let {F,,}n>0 be regular. Let ¢ : (0,1] — (0,00) be almost increasing and let ®,¥ € &y Let
be Ly,

(i) Assume that ®, 0 € Ay NV and that u — U~ (u)/® ' (u) is almost decreasing. Assume also that

there exists a positive constant A such that, for all m > 0, (3.26) holds. If b € Ci¢’ then [b, ] is

compact from Lg to F‘f;

(ii) Conwversely, let o > 0. Assume that u — u=>"®"(u) is almost increasing for some € > 0, that ¢
satisfies the doubling condition and that there exists a positive constant A such that, for all n > 0,
(3.28) holds. Assume also that b satisfies (3.29). If [b,I,] is compact from Lg to Ff’;, then b is in
Clo

Corollary 3.9. Let {F,,}n>0 be regular and o > 0. Assume that ®,¥ € Ay N Vs. Assume also that v —
u= "¢ ®L(u) is almost increasing for some € > 0, and that ¢ is almost increasing and satisfies the doubling
condition. If b is in ﬁl_@ and satisfies (3.29), then the following conditions are equivalent:
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(i) be .
(ii) [b,Ia]1 ?s compact from Lo to Ly, if B,% ¢(Bn) @ 1(1/Bn) ~ &(B,)O 1 (1/Bn) ~ $=L(1/8,) for some

O € V,.
(iii) [b, I4] is compact from Lg to Fzﬁ;, if Bn® @ Y(1/Bn) ~ UH(1/B,).

4. Proofs of Theorems 3.1 and 3.3
Recall that, for a martingale f = (f,,)n>0 relative to {F, }n>0, the maximal functions are defined by

Mf=sup|ful, Mpf= sup |fml
n>0 0<m<n

Recall also that a function f € L, and its corresponding martingale (fy,)n>0 with f, = E,, f will be denoted
by the same symbol f. In this case, for f € Ly,

Mf = sup [Enfl; Mnf = S |Em f1.

It is known as Doob’s inequality that (see for example [27, pages 20-21])
1M, < —E Ul F €Ly (0> 1), (4.1)
IMfllwe, < flle,, f € L (4.2)
Doob’s inequality (4.1) were extended to Orlicz spaces in [12, Theorem 3.3.3]. Moreover, (4.2) were

extended to a class of Banach function spaces including Orlicz spaces by [9, Theorem 1] and [10, Theorems 1
and 3]. That is, for any Young function ®, there exists a positive constant Cg such that, for all f € Lg,

IMfllwes < Callfllze-
Moreover, if & € V5, then

[IMfllLe < CallfllLe-
In other words, for all f € My,

M fllwes < Casup || follLs, (4.3)

IMfllLe < Cosup|[fullLe, if @€ Vo (4.4)

To prove Theorem 3.1 we state two lemmas.

Lemma 4.1. Let ® € @y. Then, for any f € Lo with sup,,>q || fullL, = 1 and for any n > 0,

|1y f)n] <2 (Z(wl — )7 (1/ k) +7n<1>_1(1/5n)> : (4.5)

k=0

Proof. First note that

|fn| < 2(1)71(1/670, n > 0.
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Actually, using (2.12), (2.13), (2.11) and || fn|lz, < 1, we have that, for any B € A(F,),

)] = /fn < )uanL@annL

<207 Y(1/P(B)) =20 *(1/Bn(w)), as.w € B.

Next, we use the equality

n

Z’Yk—l(fk — fo—1) = Z('Yk—l — )k + Ynfn, n >0, (4.6)

k=0 k=0
with convention yv_; =7y and f_1 = 0. Then

n

(Ll <D (o1 = W) fxl + vl £l
k=0

<2 <Z Vo1 — )@ (1/Br) +%‘I’_1(1/,6n)> .
k=0

This is the conclusion. O

Lemma 4.2 ([16, Lemma 2/). Let (vn)n>0 be a decreasing sequence of non-negative bounded functions adapted
to {Fntn>0. Let f = (fn)n>0 be a martingale. Then,

Ly f)m — Iy fln-1| < 291 M f (4.7)
for all 0 < n < m with convention (I,f)_1 = f_1 =0 and v_1 = 7o.

Proof of Theorem 3.1. We may assume that ®, ¥ € &y. We may also assume that sup,,>q || fullz, = 1.
Combining (3.3) and Lemma 4.1, we have

(L f)n| ST (Bi) for n > 0. (4.8)

Since (3.3) implies v,,—1 < C¥ ! ( )/<I> ( ) using Lemma 4.2, we have

v ()
|(Ivf)m—(17f)n_1|§17Mf for 0 <n <m, (4.9)

/N
o |7
N—

with convention (I, f)—1 = 0. Let

NS s

Ca
and define measurable subsets €21, Q5 and Q3 of Q by

O ={N=o00}, Q={N=0}, Q5={0<N < oo}
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Case 1. Let w € €. Since /3;((*1) is increasing with respect to n, we have 7 1(w) <o (%g")) for all n > 0.
Hence, by (4.8) we have

(L, F)uw)] S 0 (%@) <y <q> (M({fy)) for all n > 0.

Then (3.4) holds on €.

Case 2. Let w € Q. Then 515 > ® (ng). If Mf(w) = 0, then (I,f)m(w) = 0 for all m > 0. Let

M f(w) > 0. Using (4.9) with n = 0, the almost decreasingness of u +— ¥~=1(u)/®~(u) and (2.8), we have

v (ﬁo%w)) v ((I) (%»
|y lm(w)| < WMJE(W) S o1 ((I) (%)) Mf(w)

Then (3.4) holds on Q.

Case 3. Let w € Q3. Then, we can take an integer n > 1 such that

ot (fa?) = moe(fa)

If m < n — 1, then, using (4.8), we have

wnorse (sl) v (52 2o ((44)

If m > n, then, using (4.8), (4.9), the almost decreasingness of u + ¥~!(u)/®~(u) and (2.8), we have

[y P)m (@) <Ly -1 (@) + (L3 f)m(W) = (Iy fln-1(w)]

= <ﬂ”1 “(59)

cors (o (2260)) G
Cyp

~ Ol (cp (Mgiw)» .

That is,

Then (3.4) holds on Q3.
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Consequently, for the constant Cg in (4.3), we have

M(L M
sup tP(\I' (M),t) < sup tP(<I> (—f>,t> <1,
t€(0,00) Co t€(0,00) Cs

which and (2.10) show
sup [|(Zy f)nllwre < 1MLy f)llwey < Co-

Moreover, if ® € Vs, for the constant Cg in (4.4), we have
elv (Fg2)) =2 2 (&))<
cj Co

sup || (I fnllLy < IMIyf)lLy < Co.

which shows

Therefore, we have the conclusion. O

Proof of Theorem 3.3. We may assume that ®,¥ € &y. We may also assume that || f|j, = 1. Let B €
A(F,),n>0,and w € B. If M f(w) =0, then M, f(w) =0. Let M f(w) > 0. If

(%) m

then, using (2.12), (2.13), (2.11) and || f||z, = 1,

L Yn
" P(B)E[fdp S2m||f||L¢‘|XBHL&)

Conversely, if

()<

then, by (3.16), the almost decreasingness of u — ¥~1(u)/® !(u) and (2.8) we have

() v (M) v (o (442))
) T e (e )y ST e

for some positive constant C, which implies
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, %B/fdP < ACCeU™! (‘D (M({*SJ)»'

Hence, letting C} = 2A + ACCyp, we have

which shows (3.17) by (2.8). O
5. Pointwise estimate by the sharp maximal function

We first state a John-Nirenberg type inequality without the regularity of {F,}n>0.

Theorem 5.1. Assume that ¢ : (0,1] — (0,00) is almost increasing. Then, for every p € [1,00), there exists

a positive constant C), such that

£l -, < Collfll- .
Actually, we already proved that, under the same assumption,
£l < Collflley,

in [13, Theorem 2.9], where

1/p

1 1 /
., =sup sup — E,f|PdP
Mlewe =308 .55, spen \ Py J = 0]

Then, for B € A(F,).

. 1/p
o | 1~ B ap
’ 1/p 1/p
< P#B)/V—Empdp +<%/|E7lf—En_1f|de
’ 1/p ’ P
= %m/|f—Enf|de + (%/ %/(f—Ean)dP dP
B B B
1/p
<\ gy [\ -Batvar |+ 1= Buasiap
B B

< (G +De(PB)ISl; -

This shows (5.1).

1/p

(5.1)

In this section, we prove the following two propositions. We always assume that (vy,)n>0 is a decreasing

sequence of non-negative bounded functions adapted to {F, }n>0.
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Proposition 5.2. Assume that ¢ : (0,1] — (0,00) is almost increasing. Let
Yo =Yn-1, n=>0. (5.4)
Then, for any n € (1,00), there exists a positive constant C' such that, for all b € £f¢ﬂLoo and all f € Lo,

ME(, L)) < Ol (Mol ) + (Mg (1£17) 7). (5.5)

where
Myf =sup @(Bu)|Enfl,  Mgy—ynf =sup(o(Bn)v, )| Enfl-
n>0 n>0

Proposition 5.3. Assume that ¢ : (0,1] — (0,00) is almost increasing. Then, for any n € (1,00), there exists
a positive constant C' such that, for all b € £i¢ N Ly and f € Lo,

MY (b, L)) < Clel gy, (ML) + (M (1£7) ) (5.6)

where
M0 f = sup(y;)"|Enfl, ME_f = Sup 6 (Bu) ™' Bulf = Bn-1 1.
To prove Propositions 5.2 and 5.3 we prepare several lemmas. For n > 0 and f € Ly, let

I f =1, f ~ (I, ).

Then
I,(Y")(fg) = (L(Y”)f)g for all F,,-measurable functions g. (5.7)
Let
I f = I f + mEnf.
Then
o0 (o)
= 3"y a(Bof — Eerf) + mBnf = Y (-1 — W) Exf. (5.8)
k=n+1 k=n+1

Note that L[YO} =I,. Let L[Y_l] = IA[YO]. Then (5.8) holds for the case n = —1 also with convention y_; = 7
and E_1f =0.

In the following, let n,7" € (1,00) and 1/n+ 1/n" = 1. Moreover, let C, be the constant in (5.1) for
p=n'. For b€ Ly, let b, = E,b. Assume also that ¢ is almost increasing with the constant Cy, that is,

o(r) < Cpo(s), ifr<s. (5.9)

Then we have the following sequence of lemmas, whose proofs will be given later.



20 R. Arai et al. / J. Math. Anal. Appl. 487 (2020) 123991

Lemma 5.4. Let f be in Loo. Let n € [1,00). Then, for alln >0,
B (|11 FY T < a En (| 7)) (5.10)
with convention L[fl] = L[YO] and y_1 = Yo-

Lemma 5.5. Let b € £;¢ NLs and f € Ly. Then

1
Eo|[b, 1) [ < 2Cy [Ib] ¢, 6(Bo)vo (Foll £171) . (5.11)
Lemma 5.6. Let f and b be in Lo. Then, for alln > 1,
Eng7 I’y]f - En—l([bv I’Y]f)}
< Ep|(0 = b )1 f |+ Byt [ (0= bpn) I ]

+ En| 110 = bp1) )] + 1 Bna| (b= ba1) f)|
+ ‘(I'yf)n—1|En|b - bn—1|'

Lemma 5.7. Let be L7 , N Ly, and f € Ly,. Then, for alln > 1,
1,9

B (b= bu-) 17U F| < Coplbll 2 &(Bn)m— (Eullf17)", (5.12)
176 = bam) )] < Cor bl (Bn) v (Bl A7), (5.13)
Bt |(b = bu) L0 F| < CoCo bl 6(Bu1)n—1 (Baa [£17) 7, (5.14)
-1 En1| (0 = bu-1) f| < CoCop bl ;- S(Bn-1)pa1 (Buallf17)". (5.15)

Now we prove Propositions 5.2 and 5.3.
Proof of Proposition 5.2. For n = 0, Lemma 5.5 implies

Eo|b, 11| < 20 6]l (Mg (1LFM)"”,

since 79 = 7, . For n > 1, Lemma 5.7 implies that
En|(b—bp1) I U + Enoa (b — 1) I |
< (14 Co) OBl o, (Mg (1£17) ",
En|[ 1800 = by 1) /)| + Yn-1Bn1|(b = bu_1) f)]
< (14 Co)Cy bl 2, (Mg (1) ",

since yp—1 < 7,,_;. From the almost increasingness of ¢ it follows that

‘(Ivf)nfl ’En|b - bnfl‘ < |(Ivf)n71 |¢(ﬁn)||b‘|£1’¢
< Cy|(Iy a6 (Bn )l
< C¢||b||c;¢M¢(Ivf)~

Combining these and Lemma 5.6, we have the conclusion. O
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Proof of Proposition 5.3. For n = 0, Lemma 5.5 implies

1/
Eo|[b, )] < Cyro(Bo) bl o, (Mes-)n (LF)
Next, let n > 1. Combining the almost increasingness of ¢ and Lemma 5.7, we have

Ep|(b = bp— 1) I f| + Enoa (b — b1 U |
<20y Cod(Bu-)bll e, (Miy-ya (1),
E’VL|If[yn71]((b - bn—l)f)‘ + ’Yn—lEn—1|(b - bn—l)f‘

<20y Cod(Bu-1)bll e, (Miy-ya (1)

Moreover,

| (I )1 Balb = bar | < [(Iyf)nr| @)Dl -
< C¢¢(5n71)||b”z:;¢M(I’yf)~

By Lemma 5.6 we have the conclusion. O
In the left of this section we show the lemmas.

Proof of Lemma 5.4. Let n > 0. By (5.8) we have

oo

(U< (vt — W) Exl - (5.16)

k=n

Then, for n =1,

En I8 UF1 <Y Bal(vk-1 = w)lf1) < vn1Bnl -

k=n

For n > 1, applying Hoélder’s inequality to (5.16), we have

- /n /o 1/n
g < (Zm_l - vk)<Ek|f|>"> <Z<w—1 - w)

k=n k=n

00 1/n
<l (Z('Yk:l - ’Yk)Ek(|f|n)> :

k=n

Then

00 1/n
n— 1 !
B [J1=1 g7 < 51/ (Z Bl 1 — vk>|f"}>

k=n

S ’YnflEn(l.ﬂn)l/na

which shows the conclusion. 0O
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Proof of Lemma 5.5. By Holder’s inequality we have

/

Bolor £l < (B [17]) " (o L, 1) 7.

Using Theorem 5.1, we have

’

77/ 1/m
(B0 [1o17]) ™ < CroBolbl: -
Applying Lemma 5.4 to L, f = L[,_”f, we have

(BolZ, £1) ™ < 70 (Bol|£7) ™",
Then
EolbL, f1 < Co [l ., 6(Bo)vo (Eoll 1) """
Next, using Lemma 5.4, we have
EolL, (bf)| < 70 Eolb/].

By Holder’s inequality and Theorem 5.1 we have

EolL ()] < 50 (o [1b7]) " (o [1F17)77 < ol o o0 o) (Bl A7)
The proof is complete. O
Proof of Lemma 5.6. Let n > 1. Noting that
byt I f =T (b1 f) and  [by—1, IV f =0,
we have

b, L1 = [, IS V1f + [b, B L) f
=[b— b1, ISV f 4+ 0L 1 — (I (Bf))n1-

Noting that En_l[If(ynfl)(b —bp—1)f] =0, we obtain

|[ba I’y]f - En—l([bv I’y}f)|
<[ b LI~ B = b L1 16— B )(E )

< ’(b — bn_l)Ign—l)f — E,1[(b— bn_l)jgn—l)f”
+ 1D (b — by £
+ (1 f)n-1(b = by1)|

< (b= bu) IS = Buca[(b— o) 1]

+ ’I’[Yn_l](b - bn—l)f’ + ’Yn—l'En—l[(b - bn—l)f]l
+ Iy f)n-1(b = bn-1)l,

which implies the conclusion. O
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Proof of Lemma 5.7. Let n > 1. Then, by Holder’s inequality, Theorem 5.1 and Lemma 5.4, we have
n— ! 1 ! n— 1
(b= b )| < (Bl = b)) (Bl p17)
1/
< Gyl -, 6Bnar (Bl F7) ",

which is (5.12). By (5.12) and the almost increasingness of ¢, we also have
e 1
B (b= b ) I 1] < CuCp Bl - 6By (Ball717) "

Taking the conditional expectation E,_; of the both side, we have (5.14).
We now show (5.13). By Lemma 5.4, we have

En| 11 ((b = bp1) £)] < Yn1En| (b = buzi) f]- (5.17)
Then, by Hélder’s inequality and Theorem 5.1, we have
NV 1
’ynflEn|(b - bnfl)f| < 'anl(En[l(b - bnfl)ln ]) X (Ean‘n]) /m (518)
1
< Coplbll oz, S(Ba i1 (Eall 7).

Combining (5.17) and (5.18), we have (5.13).
Using the almost increasingness of ¢ and taking the conditional expectation F,_; in (5.18), we have
(5.15). O

6. Proofs of Theorems 3.4 and 3.5
We first note that, for 6 € (0, ),
9 6
gl llze = (H9||Ld><<»>6>) : (6.1)
We use the following theorem to prove Theorem 3.4 (i) and Theorem 3.5 (i).
Theorem 6.1 ([12, Theorem 3.5.7]). Let ® € Ag. If M f € Lo, then
IMflle < CIM*f| Ly, (6.2)
where C' is a positive constant which is independent of f.
Proof of Theorem 3.4 (i). We may assume that &, ¥ € A;NVs and O € V,. We may also assume that b is
real valued, since the commutator [b, I,]f is linear with respect to b and ||§R(b)|\£1_¢, ||9y(b)|\£1_¢ < ||b||£1_¢.

Let

k, if b(z) > K,
be(x) = S b(x), if —k <b(x) <k,
—k, ifb(z) < —k.

Then by € Lo, and ||bk||£1_¢ < (9/4)Hb||£1—¢. For f € Lo, brf lies in Lo, thus I,(byf) lies in Ly since
Lo C Ly. Likewise, by I, f also lies in Ly. Then M{b, I,] f is also in L. From this fact and Proposition 5.2
and Theorem 6.1 it follows that
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11ow, 1 fllzo < 1M (ks V) 2o S 1M [k, 1] )| 2.

100y, (1Mo ) + | oo 171)

)
L\p>

here, we can choose 1) € (1,00) such that ®((-)/7) and ¥((-)!/7) are in V5 by Remark 2.2 (v).
We now show that

1MoL Dl + || Moy ()| S 11

By Theorems 3.1 and 3.3 we see that I, is bounded from Lg to Le and My is bounded from Leg to Ly,
respectively. Then we have

IMo(I11 Dl v S My fllze S 1 llza-
From (3.19) and (3.20) it follows that
(6(Ba)rs )" (27H(1/Ba))" < AP (T7H(1/Ba))"

By using Theorem 3.3, we have the boundedness of M4y —)n from Lg((.y1/n) t0 Ly((.y1/7). That is,

H(]\4("5””"(mn))l/thn - (HM(M*)"(|f|n)|‘m<<->1/">)1/n
< (A1 o)™ = 1 2
Therefore, we obtain
11bxs L) llpe S 10l [z forall f & Lo,

By the standard argument we deduce that, for some subsequence of integers kj, [bx;, I,]f — [b,I,]f a.e.
Letting j — oo and using Fatou’s lemma, we have

116 L) f e S Wbl ey I fllze  forall f & Loo.

Since L is dense in Lg (see Remark 2.2 (iii)), it follows that the commutator admits a bounded extension
on Lg that satisfies (3.21). O

Proof of Theorem 3.5 (i). We may assume that @, ¥ € Ay N Va. We may also assume that b is real valued.
Define by, in the same way as the proof of Theorem 3.4 (i). Then, from Proposition 5.3, it follows that

)
L\p)

here, we can choose 1) € (1,00) such that ®((-)'/7) and ¥((-)!/7) are in V5 by Remark 2.2 (v).
We show that

Ilbes L1F Ny = IME - ([brs ) )| s

S0y, (1M, + Ot 1)

M)l + || (M (), S 1

Since M is bounded on Ly by (4.4) and I, is bounded from Lg to Ly by Theorem 3.1, we see that
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ML Py S llzs-

By Theorem 3.3 we have the boundedness of M('y—)" from Lé((,)l/”) to L,I,((,)l/,,,). That is,

1/n 1/n
| (v 01717) H (U150 LA pocerrrm))
1/
S (M pacerrmy) " = 1f s
Therefore, we obtain

1ok, )Nl o= S 1Bl Il for all f € Loo
Fry 1.9

By the density argument used in the proof of Theorem 3.4, we obtain the conclusion. O
Next, to prove Theorem 3.4 (ii) and Theorem 3.5 (ii), we show the following lemmas.
Lemma 6.2. Let b € Ly. Let B € A(F,), n >0, and let f € Lo, with fxp =0. Then,
XBEn|[b,1a]f — Enllb, 1] f]]| = xBLaf|Enlb — Eyb|.
Proof. From the assumption, it follows that
Iof = Enllaf]; 1a(fb) = En[la(fb)] on B.
Hence, we have
[0, I,)f =bE,[Inf] — En[la(bf)] on B.
Therefore,
[0, I,)f — En([b,1s)f) = (b— Exb)E,[Iof] = (b— Eb)I,f on B,
and
En|[b,Ia)f — Enl[b, L] f]| = o f|En|b — Enb| on B,
which shows the conclusion. O
Lemma 6.3 ([15], Lemma 8.8). Let {F,}n>0 be regular. Then every sequence
By>B;D>---D>B,D>--, B,€A(F,),
has the following property: For each n > 1,
B, =Byu-1 or (1+1/R)P(B,) < P(B,-1) < RP(B,),

where R is the constant in (3.8).

25
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Lemma 6.4. Assume that {F, }n>0 is regular. Let B € A(Fy,), n > 2, and let
B=B,CB,_1C--C By, BjeA(F).
Assume that 0 < £ < m < n, where
m = max{k : P(B,) < P(By)}, {=max{k:P(B,,) < P(By)}.
Let h = xp,\p and let b € Ly. Then
CrxP(B)*En|b — Enbl < xBEn|[b, Ialh — En([b, 1a]h)|,
where Cr is a positive constant depending only on the constant R in (3.8).

Proof. Since hxp = 0, we have I,h = E,[I,h] on B. Then, observing Lemma 6.3, we have

xslah = x5 Y (Bx-1)"(Exh — Bx_1h)
k=0

x5 3 (Be1)® — (BO)®) B + x5(Ba_1)*Euh
k=1

> 5 (80" — (Bn)®) Ewh

=XB (P(Bg)a — P(Bm)o‘) (1 — P(B) )

> CrxP(B)%,

where Cpg is a positive constant depending only on R. Hence, by Lemma 6.2, we have

CrxBP(B)*Ey|b— Enb| < xplahEy|b — Enb|l = XpEy|[b, Io]h — En([b, Io]h)).

This is the conclusion. O
We state one more definition:
Definition 6.1. Let n > 0. For B € F,,, take By € A(Fk) (0 < k < n) such that
B=B,CB,_1C---C By,
and let Np be the number of elements in the set {k:1 < k < n, By # By_1}.

Proof of Theorem 3.4 (ii). We show that

1
sup  sup

— [ b—EbdP < (bl o= oy 4 [0y Lol o L -
HEOB’EA(J:”H)Qb(P(B/))P(B,)jB//' | H H51,¢(-7:0) ”[ ]HL —L

Then we have

(6.6)
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sup sup

_— b— E,_1bldP
b b S(P(B > /' 18]

1
< _ _— — E,b|dP
(1Bl 2 (]:)_'—SL;pOB’Gjl(l_E,H_l) ¢(P(B’))P(B’)/|b bl d

S bl ) + 1B Tl

This is the conclusion.
Now, let n > 0 and B’ € A(F,+1). Take B € A(F,) such that B’ C B. Let B, € A(F;) (0 <k <n)
such that

B =B,,1,CB=B,CB, 1C--C By. (6.7)

Let Np be the number as in Definition 6.1.
Case 1: N = 0. In this case, B = By € A(Fy). Then P(B’) < P(By) < RP(B’) by Lemma 6.3. Using the
regularity condition on {F,},>¢ and the doubling condition on ¢, we have
XBEnt1]b — Enb| < RxpEn|b— Enb|l = RxpEolb — Eob|
< 2RxpEo|b| < 2R¢(P(Bo))|bll -

~ ¢(P(B/))||b‘|ﬁi¢(fo)'

;¢(-F0)

Case 2: Np = 1. In this case, there exists an integer k such that 1 < k < n and that B = By g Bi_1 = Bg.
Then P(B’) < P(By) < RP(B) < R?P(B’) by Lemma 6.3, and we have

XBEnt1|b— Enb| < RxpEy|b — Eb| < 2RxpEx|b| < 2R*XpEy_1b|
= 2R*xpEo|b| < 2R*¢(P(By))|bll

~ d)(P(B/))”bH[J;qb(]—'o)'

£¢(F0)

Case 3: Ng > 2. In this case, we can apply Lemma 6.4. Let h be as in Lemma 6.4. Then, using the

boundeduness of [b, I,] from Lg to Ly and [|A||L, < ﬁ we have
P(B)

XBEn|[b, Ia]h — En([b, I]h)| < 2xBE,|[b, 1a]h]|

1
< s pgy Ixslleg Ixal Lokl L,

< axpu! (%) Il b Tl
sm—l( 5) ( >||bf [N
S O(P(BNPBY b, Lol o

Combining this and Lemma 6.4, we have
XBEni1|b = Enb| < RxpEn|b — End| < ¢(P(B)I[b; La]llLs—Ly-

Thus, we have (6.6) and the conclusion. O
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Proof of Theorem 3.5 (ii). We show that

1
su su —_ b— Eyb|dP < ||| - + ||1b, Lo —. 6.8
M iR, ) HPBNPE) B/ o= B tlAE S WPl s W Eell g (65)

Let n > 0 and B’ = Bp41 € A(Fpt1). We use (6.7). If Ng = 0 or Ng = 1, then in the same way as the
proof of Theorem 3.4 (ii), we have

XBEni1|b— Enb| S ¢(P(B/)>||b”L;¢(]-‘o)‘

For the case N > 2, let h be as in Lemma 6.4. Then, using the doubling condition on ¢, the boundedness

of [b,1,] from Lg to Fzr and ||Al|L, S —A—, we have
v ¢71(W)

¢(P(Bn-1))
d)(ﬂn—l)

< @(P(B)) essinf Mi_([b, La]h)

XBEn|[b, I]h — E,([b, Ia]h)| < 2x5 Ey|[b, Ia]h — En_1([b, 1a]h)|

4(P(B))
< s B/ M2 (b, ,]h) dP
S X el I3 (0. T

S O L PO A

S oP(B)PBY b Lol -

Combining this and Lemma 6.4, we have

X5 Eusrlb = Eb < RxpEalb— E,b| S 6(P(B)||Ib, 1]

Le—Fp "
Thus, we have (6.8) and the conclusion. O
7. Proofs of Theorems 3.7 and 3.8

First we show a lemma to prove Theorem 3.7 (i) and Theorem 3.8 (i).

Lemma 7.1. Let f € LT ,. Then, f belongs to Wy, if and only if
1,6 1,¢
nl;mm IIf— Enf||£;¢ =0. (7.1)

Proof. For B € A(F,,), if m —1 > n, then
L/|E’f—E (Enf)|dP =0
P(B) n m—1 n -
B

since E,,_1FEnf = Enf. If m <n, then
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57 | VEnf = Ena(Bal)|dP = 5z [ 1Baf = Bu(Bnaf)ldP
B B
< i [ Bolf = Ewoafldp
> P(B) J n m

= WB/M - Em—1f|dP
B)

1
< 6(PBITI-
Then,
1Bz, < flls, (72)

for all n > 0. Hence, we have E, f € L7 ;N L. Therefore, (7.1) implies f € Wi 4
For the converse, let f € Wy & Then, for any € > 0, there exists g € £, ; such that g is F;,,-measurable
for some ng > 0 and that || f — gHL;q5 < €. In this case, if n > ng, then

1 = Buflles, <1 =glles, + 1Balg = Plley, <20F — gl < 2

This shows the conclusion. O

Since Cl—«b =Li,NLNLc= Wi, N L, we have the following corollary:
Corollary 7.2. Let f € £i¢. Then, f belongs to Ci¢ if and only if
Jim [|f = xp, Enfllz, =0 (7.3)
We now prove Theorem 3.7 (i) and Theorem 3.8 (i).

Proof of Theorem 3.7 (i). Let b be in £ ,. We show that, if b € C|,, then [b, [,] is compact from Le to
Ly. Note that b € C; , implies that b satisfies (3.29). From

XD, Enb, 1) f = [XD, Enb, I + B, L) f = X, En([Enb, L)),

we obtain that the range of the commutator [xp, Enb, I,] is finite dimensional, since the number of the
elements in {B € A(F,) : B C D,} is finite for each n > 0 by the regularity of {F,},>0. Besides, by
Theorem 3.4,

116, 1) = XD Enb, I Lo~ 10 < Cllb = XD, Enbl 2 -
Combining this with Corollary 7.2, we obtain
T ([5.1,] = [xp, Eab, L] 241, = 0.
Thus, we have the compactness of [b, I,] from L¢ to Ly. O

Proof of Theorem 3.8 (i). Let b be in £ ;. We show that, if b € C; 4, then [b, I,] is compact from Lo

to Ff; In the same way as the proof of Theorem 3.7 (i), we obtain that the range of the commutator
(XD, Enb, I,] is finite dimensional. Besides, by Theorem 3.5,
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1151 = (e, Bab Ll g < Cllb=x0, Enblle
Combining this with Corollary 7.2, we obtain

lim |[b, 1,] = [xp, Enb, L] =0.

L¢—>F}f\;
Thus, we have the compactness of [b, I,] from Le to Fz’; O
To prove Theorem 3.7 (ii) and Theorem 3.8 (ii) we show more three lemmas.

Lemma 7.3. Assume that {F;,}n>o is reqular and that ¢ satisfies the doubling condition. Let f € Ly ,(Fo).
Then

||Ean£;¢ < 2(RC¢7R)H||JC||L;¢(]-‘O)’ (7.4)
where Cy r s a positive constant which satisfies ¢(Rt) < Cy ro(t) for all 0 <t < 1.
Proof. Let g=E, f. Then g — Ex_19 =0 for k > n+ 1. For each B € A(F), 1 <k <mn,
xBEk|g — Er-19] < Rx5Er-1|9g — Ex—19| < 2Rx5E)-1|g9| < 2R"xpEo|g|.

Take By € A(Fo) such that B C By. Then P(By) < R*P(B) by Lemma 6.3, and we have

x5Elg — Br19] < 2R*6(P(Bo)) gl = 7,y < 2(RC. ) 6(PB) o5 7

which shows

1 /
gll,- = sup Sup N o oy 9= B g w
gl , 0<k<n Bea(r) $(P(B))P(B) ) | ?

< 2(RO¢,R)n||fH/;;¢(]:O)~
This is the conclusion. O

Lemma 7.4. Let f € £i¢. Assume that {Fy, }n>0 is regular, that ¢ satisfies the doubling condition, and that
f satisfies (3.29). Then, f belongs to C; , if and only if f belongs to Wy ,.

Proof. If f € C ,, then f € Wy, by the definition. Conversely, let f € W, . Then, by Lemma 7.1, for any

1L¢?
€ > 0, there exists n > 0 such that ||f—Ean£1—¢(FO) < e. By the assumption (3.29), there exists ko > 0 such

that, if & > ko, then ||f — XDkf‘|£;¢(]-'0) < €/(2(RCy r)™). Hence, || E,(f — XDkf)H£;_¢ < € by Lemma 7.3.
In this case, ) '

||f - XD;CJCHL;G5 < ||f - Enf”g;(ﬁ + HEnf - XDkEan£;¢ + ”XDk(Enf - f)”ﬁ;q5

<N = Baflles, +1Balf = xouH)lles, + 1 = Bafll g, < e

This show that f € C; ,. Therefore, we have the desired conclusion. O
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Lemma 7.5. Assume that {F,}n>0 is reqular and that ¢ satisfies the doubling condition. Let Cy r be the
same constant in Lemma 7.3. Let b be in Ly , and satisfy (3.29) with Hb”£f¢ = 1. For a positive constant
¢, choose an integer J such that 1

16 =b0xp,llp, (7) < 8R20¢R

If B € A(F,) satisfies

P(B) < R?min{P(A;): A; € A(F),1 <j<J} (7.5)
and
[ b= Bablap = cPB)o(P(B) 2 (7.6)
B

then Ng > 2, where Ng is the number as in Definition 6.1.

Proof. If B C Dy, then we see that Ng > 2 by (7.5) and the regularity on {F,,}n>0. If B C Q\D,, we also
conclude that Ng > 2. Indeed, if Np < 1, using a similar way to the proof of Theorem 3.4 (ii), we have

/ b— Eb|dP = / e, b — Enb|dP
B B

< 2R*Cy pP(B)o(P(B))b = bxp, | o7 (7 < cP(B)O(P(B))/4,
which contradict (7.6). O

Further, let £, 4 be the generalized Campanato space equipped with [|f||z, , defined by (5.3). We recall
the boundedness of I,:

Theorem 7.6 (/18, Theorem 11 and Corollary 17]). Assume that {F,}n>0 s regular. Let p € (1,00) and
p, 6,1 : (0,1] = (0,00). Suppose that

o) [ pls)
0221 to/ . ds < 0. (7.7)

Then I, is bounded from Ly, 4 to Ly -

Remark 7.1. (i) Let p € (1,00). By Holder’s inequality we have ||I,fllz,, < [[I,flc, .. Assume that
{Fa}n>o is regular. If ¢ is almost increasing and satisfies the doubling condition, then || fllz, , < Cpllfllz, ;-
Moreover, from E,|f — E,f| < 2E,|f — E,_1f| it follows that | f|lz,, < 2Hf||£;¢. Then, under the

assumption (7.7), I, is bounded from £ ; to L1,y.
(ii) Assume that {F,},>0 is regular and ¢ satisfies the doubling condition. If Eyf = 0, then ||f‘|g—¢ <
P,

C|fllz,.,> where C is independent of f, see [13, Lemma 5.1].
We now prove Theorem 3.7 (ii) and Theorem 3.8 (ii).

Proof of Theorem 3.7 (ii). Let Hb||£— = 1. We may assume that ¢ is increasing. We show that, if b & C; ,
then [b, I,] is not compact from Lg to Ly, which contradicts the assumption.
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We first note that we can find a Young function © such that I, is bounded from Lg to Leg as in
Example 3.2. In this case ©~}(1/r) ~ r*®~1(1/r) and ©~!(u) — oo as u — oo. We also note that I,
is bounded from £y , to L1 with 9(r) = r*¢(r) by Remark 7.1 (i). We denote their operator norms by
ollLe—Lo and ||Ia||£;¢—>£1,w’ respectively.

Now, by Lemma 7.4, b ¢ C; 4, implies b ¢ W, ;. Then limsup,_, [|b — Ekb||L;¢ > 0 by Lemma 7.1.
Observing Remark 7.1 (ii), we see that ¢ := limsup,,_, ||b — Exbl/¢, , > 0. Hence, the set

1 c

is infinite. By the fact lim, o, max{P(B) : B € A(F,)} = 0 and Lemma 7.5, we can choose an increasing
sequence {n;};>1 in N(c) and a sequence {B,,, };>1 of F;,;-atoms, inductively in the following manner. Let
n1 = minN(c) and let B,,, € A(F,,) satisfy

/ b Ey,b|dP > cP(By,)$(P(Ba,))/2.

By,
Next, we choose ny <ngz <... and B, € A(Fy,), j = 2,3,..., satisfying
[ b= B ap = cP(B,,)o(P(B,,) 2 (73)
Bn;
P(B,,) < P(By,_,), (7.9)
Cr L 1 . 1
— P(B,,)*® — | ||1 1
BP0, (55 ) > 07 (g ) Melsansse (7.10)
cCr 1 1 -1 1
8 ® (P(B7LJ)> @ <P(Bn]1)) HIOL||L1_1¢4)£’1W7 (711)
Np, >2, (7.12)

where Cg is the constant in Lemma 6.4, IV B, is the constant as in Definition 6.1. Note that we do not need
to choose as By, C By,_,.
For each n; above, we define an integer m; by

mj; = max{m : m < n; and 3B € A(F;,) such that B,,, C B, P(By,,) # P(B)},

and let

1
h; = (I)_l <—> (XBm- _Xan)a Bm;’ € A(fmj)v Bn]' C ij'
J P(an) j j . .

By the regularity of {F,,},>0, it is easy to see that
[hjlle <R forall j>1. (7.13)
Therefore, to prove that [b, I,] is not compact, we only have to show

inf ||[b, La](hj — hi)|lLy > 0. (7.14)
J#k
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In the following we show (7.14). Let k < j. Then h; — hy, and I, (h; — hg) are JF, ,-measurable. Hence

XB,, En,;|[b, 1a](h; — hi) = En,[[b, La](hj — hu)]| (7.15)
= XB,, En, [|01a(hj — hi) — En, [B]1a(hj — hu)

—{Ia[b(hj — hi)] = En, (Ia[b(hj — hi)]) ]
Io(hj = hi)|En, b — En bl = X8, |hj — hi| B, [1a(b) — En, (Ia(D))]

> XBn,

= J1 — JQ, say.

In the above we use the property of (5.7). In the same way as (6.5) in the proof of Lemma 6.4, we have

1
XBn; T XBn; CrP(By,)*®"! (m) . (7.16)

Further, by (7.13) and (7.10)

1
XB,,. |Iahk| = XBn. 55 / |Iahk‘ dP (717)
7 7 P(By,)

n

1
2 —_ NI h
< 2xs,, P(Bnk)||XB”k lgl ahkll Lo

1
<2 -1
~ RXan@ <P(

B ) Valiaoie

< %XB P(By,)* @ (P(;n')>.

J

Then (7.16) and (7.17) imply

Cr -1 1
C— > — () .
Moty =)l = G, P, 07 (5o )

J

Combining this with (7.8), we have

Bz, PP B0 (55 ) (7.18)
Besides, by (7.11) we have
T2 = X, I o 1 (8) — B (1 (8) (7.19)
<o, 0 (g ) HPED I Ole,.
<x0, 07 (g ) PPEDLaler e,
<xs,, T (P(; ))P<an>a¢<P(an>>.

Thus, combining (7.15), (7.18) and (7.19), we have
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X, B |10 L)y = i) = B [0, Lol by — )] (720
C _ 1
> Jy = Ja = X, P(By,) 6(P(B,,) ! (P(Bm)>'

By the assumption (3.22), we see that

cC 1
X By 10 ol = 1) = B [0 oy = )l = S0 (g ) on B

which shows

1
. — N > -1 B
Eny|[b La)(hie = hy)| = 7559 (P(an)) on By,

By Jensen’s inequality we have

1
B, [¥(|[b, Ia] (A /C Ep b, Io](hy /C) > on By,
( WV 2 ¥ (5| BI/C) 2 pas
where C' = cCr/(16A), that is
11b; La](hj = )| Ly = C-
Therefore, we have (7.14). The proof is complete. O
Proof of Theorem 3.8 (ii). Let ||bH£7 = 1. We show that, if b ¢ C,, then [b, I,] is not compact from Le

to Fﬁj;, which contradicts the assumption.
We take the same sequence {h;};>1 in the proof of Theorem 3.7 (ii). Then, using (7.20) and the assump-
tion (3.28), we obtain that, for k < j,

XB,., En;|[b; Ia](h; _hk) n; [0, Lol (hj — )]

B ) AP

4 cCr -1 1
XB., My ([b, La](hj — hi)) = <A X8, Y <P(Bn.)> '

J

TR

which shows

Since ¢(Br) ~ ¢(Bn—1) by the regularity of {F,},>0 and by the doubling condition on ¢, we see that
11b; o] (hj = o) | po- = C.
Ly
This shows the conclusion. 0O
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