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1. INTRODUCTION

Let X be a topological space, Y a metric space, C(Y) ={a € 2¥: 4 is
closed and convex}, where 2¥ is the set of all nonempty subsets of Y.
Suppose A CY and denote B(A, &) as the set {x € Y:d(x, A) < &}
where d(x, A) = inf, . , d(x, y).

A continuous mapping f: X — Y is called a continuous selection of a
multivalued mapping F: X — 2V if f(x) € F(x) for all x € X.

F:X — 2" is called lower semicontinuous (1.s.c) at x, € X, if for each
yo € F(x,) and &> 0, there exists a neighborhood N(x,) of x, s.t.
B(yy, &) N F(x) # Jforall x € N(x,). F is called lower semicontinuous if
F is lis.c. at each point of X.

In 1956, E. Michael [1] established the following continuous selection
theorem.

THEOREM A. Let X be a paracompact space and Y a Banach space. Then
every l.s.c. mapping F : X — C(Y') admits a continuous selection.
! Supported by the National Natural Science Foundation of China.
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Since then, this result has been generalized in many aspects, such as
from Ls.c. cases to various other kinds of ls.c. cases, and from convex
valued to non-convex valued cases (see, e.g., [2, 3, 6-10]). In 1985, F. S. De
Blasi and J. Myjak [3] introduced weakly Hausdorff lower semicontinuity.
That is, a mapping F : X — 2V is called weakly Hausdorff lower semicontin-
uous (H,-ls.c) at x, € X if given £ > 0 and a neighborhood V' of x,,,
there exist a neighborhood U (U c V) of x, and a point x' € U s.t.
F(x') € N,cy B(F(x), &). If x' = x, we call F Hausdorff lower semicontin-
uous (H-ls.c.) at x,. F is weakly Hausdorff lower semicontinuous (resp.
Hausdorff lower semicontinuous) if F is H -ls.c. (resp. H-ls.c.) at every
point of X. Obviously, a H-1.s.c. mapping is L.s.c. and H,-1.s.c. A continu-
ous selection theorem was given in [3] as the following.

THEOREM B. Let X be a paracompact space and Y a Banach space. Then
every H, -l.s.c. mapping admits a continuous selection.

Since a H,-l.s.c. mapping F: X — 2V is not necessarily ls.c, and vice
versa, Theorem A and Theorem B do not follow from each other.

In Section 2 of this paper, we establish a continuous selection theorem
which is a generalization of both Theorem A and Theorem B. We also
investigate the continuous selection of a class of multivalued mappings, say
partial lower semicontinuous mappings, in Section 3. In addition, as some
simple applications, we give a fixed point theorem and a theorem about
differential inclusions, which generalize some known results.

2. THE CONTINUOUS SELECTIONS OF r-LOWER
SEMICONTINUOUS MAPPINGS

Let X be a topological space and Y a metric space. F: X — 2V is called
almost lower semicontinuous (a.l.s.c.) at x, € X (see [2]) if for each £ > 0,
there exists a neighborhood N(x,) of x; s.t. N, ey BF(X), &) # O. F
is called almost lower semicontinuous if F is a.l.s.c. at every point of X.

DEFINITION 2.1.  Letting r € (0,1), F: X - 2¥ is r-lower semicontinu-
ous (r-ls.c.) at x, if F is a.l.s.c. at x, and the following statement is true:

(P) For every & > 0 and every neighborhood N(x,) of x,, if y, €
Nye Ny BUF(X), &), there exists a neighborhood N(x) of every x; €
N(x,) s.t.

yo€B| (\ B(F(x),re),e|. (2.1)
xeN(xy)

F is r-lower semicontinuous if F is r-l.s.c. at each point of X.
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If » > 1 in Definition 2.1, we may choose N(x;) = N(x,) and then the
statement (P) is self-evident. That is why we focus on the case r € (0, 1).

PROPOSITION 2.1.  IfF: X - 2Y isLs.c. or H -l.s.c., F is r-Ls.c. for each
r € (0,1).

Proof.  Obviously, F is ls.c. or H -Ls.c. implies that F is a.ls.c. Let
re 0,1, x, € X, e >0, and N(x,) be a neighborhood of x, s.t.

o€ ) B(F(x),s). (2.2)

x€N(x()

By (2.2), we may find a point y, € F(x,) N B(y,, &) for every x, € N(x,).
If F is ls.c., there exists a neighborhood N(x;) of x;, st y, €
Ny e nexy BUF(x), re). Then (2.1) holds. Thus F is r-ls.c.

If F is H,-ls.c.,, since N(x,) is a neighborhood of every x, € N(x,),
there exist a neighborhood N(x;) of x; (N(x,) € N(x,)) and a point
x' € N(x,) s.t.

F(x')c () B(F(x),re).

x€N(xy)

At the same time, (2.2) implies that y, € B(F(x'), ¢). Then (2.1) holds, so
that F is r-l.s.c. The proof is complete.

The converse of Proposition 2.1 is not true. For example, F: R — 2% is
defined as

poy _ [[0052) =0,
() =1 (—w0], ifx<o.

It is easy to verify that F is not ls.c. or H,-l.s.c. at x = 0, but F is r-Ls.c.
for each r € (0,1).
Now we are in a position to give our main result in this paper.

THEOREM 2.1. Let X be a paracompact space and Y a Banach space.
Then every r.l.s.c. mapping F: X — C(Y) admits a continuous selection,
where r € (0, 1).

Proof. We construct a sequence of continuous mappings f,: X = Y
such that

(i) Foreach x € X, f,(x) € B(F(x),r"), n =1,2,..., and

fu(x) = b G, i (X) Vo5

iel,
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where {, J;c, is a partition of unity, and subordinate to some locally
finite open cover {Q, };c; of X. Foreach i €/, Q, ; is a subset of a
neighborhood N(x, ;) of some point x, ; s.t.

y..€ () B(F(x),r").
x€N(x, ;)

i

(i) Foreach x € X, [If,(x) —f,_ (O <r"" 2, n=273,....

Step 1. Construct f, satisfying (i). For each x, € X, since F is a.ls.c.,
there exist a neighborhood N(x,) of x, and a point y, €Y s.t. y, €
Ny e Ny BAF(x), 7). Since X is paracompact, the open cover {N(x): x €
X} of X has a locally finite refinement {Q, ;};c ;. Then Q, ; € N(x, ;) for
each i € I, where N(x,,) is a neighborhood of some point x,,, and
Y1.i € Nyen, p BF(X), 7). Suppose that {¢y, J;c,, is a partition of unity
and subordinate to {Q; J;c . Set

fi = b (X)) yy-

iel,

It is trivial to check that f, satisfies all our requirements.

Step 2. Supposing that we have f, satisfies (i) up to n = k and construct
fis 1 satisfying (i) and (ii). Set I,(x,) = {i € I, : x, € Q, } for each x, € X.
Then I, (x,) is a finite set, and y,; € N, <y, ) BF(X), r¥) for each
i € [(x,). Since F is r-ls.c., for each i € I,(x,), there exist a neighbor-
hood N,(x,) of x, and a point y; € B(y, ;, r*) s.t. for all x € Ni(x)

y; € B(F(x),r*" ). (2.3)

Let N'(xg) = Mic 100 Ni(x0)s Yo = Lic 1,00k, (x0)y;- Then (2.3) holds
for all x € N'(x,) and i € I,(x,). Since B(F(x),r*"') is convex, for all
x € N'(x,) we have

Yo = Z Py, i (X0)y; = Z Py, i(X0)y; eB(F(x),rk“). (2.4)

iel(x) i€l

Since y; € B(y, ;, %),

||J’o _fk(x(])” =X e i(x0)y; — > P i(X0) Vi i
1= =
< X i i(x)lly; — vyl
iel,

< rk,
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On the other hand, since f,(x) is continuous, there exists a neighborhood
N"(x,) of x, s.t. for all x € N"(x,)

I £e(xo) = fi(x) || <r*t =7k

Thus, for each x € N"(x,) we have

lyo = fel) | <71 (25)

Let N(x,) = N'(xy) N N"(x,). Then y, satisfies both (2.4) and (2.5) for
each x € N(x,). Since X is paracompact, the open cover {N(x,): x, € X}
of X has a locally finite refinement {Q,, };c; - Then foreachi e[,
there exist a neighborhood N(x,, ;) of some point x,,,; and a point
Virri St Quyy; ©N(x ) and y,,  ; satisfies

Yir1,i € N B(F(x)arkﬂ) (2.6)

xENQxgiq,)

and

Yir1,i € N B(fk(x)”’kfl)- (2.7)

XN )

Suppose that {¢, };c; , is a partition of unity and subordinate to
{Qk+1,i}ielk+l' Set

frsi(x) = > v 1,i(X) Yisr,i-

i€1 4

Obviously, f,,, is well-defined and continuous. For each x, € X, (2.6)
implies f, (x,) € B(F(x,),r**1), and (2.7) implies |If; . ,(x,) — f(x)ll
< rk=1 Hence f,,, satisfies (i) and (ii).

Now we have constructed the continuous sequence {f,} satisfying (i) and
(ii) by induction. By (ii), {f,} is a uniformly Cauchy sequence, and there-
fore converges uniformly to a continuous f: X — Y. It follows from (i)
that f(x) € F(x) for every x € X. This completes the proof.

Remark 2.1. By Proposition 2.1, we know that Theorem 2.1 is a
generalization of both Theorem A and Theorem B.

3. CONTINUOUS SELECTIONS FOR PARTIAL LOWER
SEMICONTINUOUS MAPPINGS AND APPLICATIONS

DerFINITION 3.1. Let X be a topological space and Y a Banach space.
F:X —2Y is a partial lower semicontinuous (p.ls.c.) at x, € X, if
FY(x,) = {y, € Y:for each &> 0, there exists a neighborhood N(x,) of
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Xo St Yo € Nyc iy BF(X), &)} # . F is partial lower semicontinuous
if F is p.Ls.c. at every point of X. F® is called the main mapping of F.
Generally, for each n € N, F is partial lower semicontinuous of order »n if
F"~ D js pls.c. (where F© denotes F), and the main mapping F of
F"~Y js called the main mapping of order n of F.

ProprosSITION 3.1. (1) If F is p.l.s.c., FV is closed-valued and F"(x)
C F(x) foreachx € X.

(2) If F is convex-valued p.l.s.c., F is convex-valued.

(3) If F is closed-valued, F is ls.c. if and only if F is p.l.s.c. and
F=FO,

(4) If F has a continuous selection f, F is p.l.s.c. of order n for each
n € N and f is a continuous selection of F™.

Proof. By the definition, it is easy to verify that (1), (2), and (3) hold. To
prove (4), suppose f is a continuous selection of F. Given x, € X and
£>0,let y, = f(x). Then f(xy) € N, <y, B(f(x), &) for some neigh-
borhood N(x,) of x,. Thus y,=f(x)) € N,c v, BF(x), &), which
shows that F is p.Ls.c. at x, and f(x,) € F®)(x,). Since x, is arbitrary, F
is p.Ls.c. and f is a continuous selection of FV. Take F in the place of
F in the above discussion. We know that F is p.ls.c. and f is a
continuous selection of F®. Repeat this discussion finite times. Then we
get that F is p.l.s.c. of order n for each n € N, and f is a continuous
selection of F™. This completes the proof.

By Proposition 3.1(3), if F is p.ls.c. of order n, and F" is Ls.c,
F™ = F"*0 for every k € N. By Proposition 3.1(4), if F is p.ls.c. of
order n, to discuss the continuous selections of F, it is sufficient to
consider those of F). By Theorem 2.1 and Proposition 3.1, that F is
r-Ls.c. for some r € (0,1) implies that F is p.ls.c. of order n for every
n € N, and we can immediately obtain the following theorem which is
actually Theorem 2.1 when n = 1.

THEOREM 3.1. Let X be a paracompact space and Y a Banach space.
F:X - C(Y) is p.L.s.c. of order n for some n € N, and F"~V is r-l.s.c. for
some r € (0,1). Then F admits a continuous selection.

The following example is a modification of a counterexample (men-
tioned in [2]) which was kindly communicated by Professor F. Deutsch.

ExampLE 3.1. Suppose that F:[0,1] — 2R% is defined as

04, ifxe( :

1
n+1>n

OA,, if x=0,

Flx) = l.n=12,...,
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where OA,, is the line segment from O = (0,1) to A, == (1,0), and OA,,
from O to A, = (1,2),n=1,2,....

It is not difficult for us to verify that, for every r € (0,1), F is not r-l.s.c.
at x = + for n sufficiently large. So Theorem 2.1 cannot be applied here.
But it is easy to verify that F is p.Ls.c. and

0, ifx=%,n=1,2,...,

FO(x) =
(x) F(x), otherwise.

By definition, it is easy to check that FV is H-ls.c. at x # 0, and H ,-ls.c.
but not Ls.c. at x = 0. Thus F" is r-Ls.c. for each r € (0, 1). By Theorem
3.1, F has a continuous selection.

Furthermore, it is easy to see that

0 if x =0
) _ ) B
F2(x) {F“)(x), if x € (0,1],

and F@ is H-Ls.c., consequently ls.c., and then F® = F™ for all n > 2.

Theorem 2.1 and Theorem 3.1 guarantee the existence of continuous
selections for multivalued mappings. So the fixed point theorems concern-
ing the continuous single-valued mappings can be naturally generalized to
the multivalued case. The following theorem is one which generalizes
Schauder’s fixed point theorem.

THEOREM 3.2. Let X be a Banach space and K C X be convex compact.
If F: K - C(K) is p.Ls.c. of order n for some n € N, and F"~ is r-l.s.c.
for some r € (0,1), then F has a fixed point in K.

The proof of Theorem 3.2 is an immediate consequence of Theorem 3.1
and Schauder’s fixed point theorem.

The following Theorem 3.3 about differential inclusions is a generaliza-
tion of [4, Theorem 2.1]. The proof of Theorem 3.3 is a slight modification
to that one, so we omit it here.

THEOREM 3.3. Let Q C R X R" be open with (0,x,) € Q. If F: Q —

C(R") is p.Ls.c. of order n for some n € N, and F"~ Y is r-l.s.c. for some
r € (0, 1), then there exists some interval [ = (0_, 0, ), w_< 0 < w, and at
least one continuously differential function x: 1 — R", a solution to the
Cauchy problem for differential inclusion

x'(t) € F(t,x(t)), x(0) =x,.

Moreover either w, = + o or the solution x(t) tends to the boundary of Q as
t = w, and analogously for w_.



—_

MULTIVALUED MAPPINGS 409

REFERENCES

. E. Michael, Continuous selection, I, Ann. of Math. 63 (1956), 361-382.

. F. Deutsch and P. Kenderov, Continuous selections and approximate selections for
set-valued mappings and applications to metric projections, SIAM J. Math. Anal. 14
(1983), 185-194.

. F. S. De Blasi and J. Myjak, Continuous selections for weakly Hausdorff lower semicon-
tinuous multifunctions, Proc. Amer. Math. Soc. 93 (1985), 369—372.

. J. P. Aubin and A. Cellina, “Differential Inclusions,” Springer-Verlag, Berlin, 1984.

. K. Deimling, “Nonlinear Functional Analysis,” Springer-Verlag, Berlin /Heidelberg, 1985.

. V. G. Gutev, Selection theorems under an assumption weaker than lower semicontinuity,
Topology Appl. 50 (1993), 129-138.

. K. Przeslawski and L. E. Rybifiski, Concepts of lower semicontinuity and continuous
selections for convex valued multifunctions, J. Approx. Theory 68 (1992), 262-282.

. D. Repovs and P. V. Semenov, E. Michael’s theory of continuous selections: Develop-
ment and applications, Uspekhi Mat. Nauk 49 (1994), 151-190.

. P. V. Semenov, Paraconvexity of graphs of Lipschitzian functions, J. Math. Sci. 80, No. 5
(1996), 2130-2139.

. L. Pasicki, Multivalues selections, Bull. Polish Acad. Sci. Math. 45, No. 1 (1997), 81-88.



	1. INTRODUCTION
	2. THE CONTINUOUS SELECTIONS OF r-LOWER SEMICONTINUOUS MAPPINGS
	3. CONTINUOUS SELECTIONS FOR PARTIAL LOWER SEMICONTINUOUS MAPPINGS AND APPLICATIONS
	REFERENCES

