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Abstract
In this paper we consider the multipoint boundary value problem for one-dimengidreglacian
(¢p@h) + ft,u)=0, 1€(0D),
subject to the boundary value conditions:
n—2 n—2
¢p( @)=Y aigp(W' &), u@ =) biu)
i=1 i=1
whereg, (s) = Is|P=2s, p>1,& € (0, ) with 0 < &1 <& < --- < &,_o < 1, anda;, b; satisfyq;, b; €
[0, o], 0 < Zl’.’;lza,» <1, andzl’.’:_fb,» < 1. Using a fixed point theorem for operators on a cone, we
provide sufficient conditions for the existence of multiple (at least three) positive solutions to the above
boundary value problem.
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1. Introduction

In this paper we study the existence of multiple positive solutions to the boundary value prob-
lem (BVP) for the one-dimensional-Laplacian

(¢p(u/))/+f(t u)=0, te(0,1), (1.1)
n—2

(' (0)) Zm«p,, W &E),  u@® =) bu), (1.2)

i=1

whereg,(s) = |s|P"%s, p > 1, € (0, ) with0 < & <& < --- < &,—p < Landa;, b;, f satisfy

(H1) a;,b; €10, 00] satisfy 0< Y "—Za; <1, andy"—2b; < 1;
(Hz) feC([0,1] x [0, 00), [0, 00)).

The study of multipoint boundary value problems for linear second-order ordinary differential
equations was initiated by II'in and Moiseev [1]. Since then there has been much current attention
focused on the study of nonlinear multipoint boundary value problems, see [2—4,7].

In recent papers [5,6] the authors have investigated the following BVP for one-dimensional
p-Laplacian:

($p)) +a() f(t,u)=0, t€(0,1), (1.3)
m—2
w©0=0, u)=) au), (1.4)

whereg, (s) = |s[?"2s, p > 1,& € (0, ) WithO< £ <& < -+ < &2 < landy "2 a;& <
and

(6p@)) + f,u)=0, 1€(0,1), (1.5)
m—2 m—2

WO =) biu'E),  u@ =) au), (1.6)
i=1 i=1

whereqs,,(s) =|s|P%, p>1,& €0, withO<& <& <--- <&,_2 <1 anda;, b; satisfy
0<Y iy 2q; <1, Zl’»":_lzbi <1.
In paper [5] the authors claim that:

It is easy to check that system (1.3) and (1.4) has a solution(¢) if and only if u solves
the operator equation

N

t
M(t)=—/¢q(/a(r)f(t,u(r))dr> ds
0

0
faw Za; fo bq(fo d(f)f(f u(r))dr)ds
1- 2: =1 al&
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o dulpa)f (. utm)dr)ds
1- Y Paig

whereg, (s) is the inverse function te,, (s).

)

In fact this statement is not true. It is also easy to checkittdies not solve Eq. (1.3).
In paper [6] the authors also claim that:

It is easy to check that system (1.5) and (1.6) has a solutien:(¢) if and only if u solves
the operator equation

t s 2, :
wn=-| w(f (ruo) df) ds 1 21 P00 lle T (@ u(e) d)
0 0

S hi— 1
1 s
+%</¢q</f(t,u(r))dr>ds
1-Y 0 a
0 0
m—2 & S
_ Zaifgbq(/f(r,u(t))dt) ds)
i=1 0 0

N S Z?i&zwqif_oz" £z, u(r) dr) (1_’"2—2%_ gi).
1-Y T a Y bi—1 i=1

Unfortunately this statement is also wrong. So the conclusions of [5,6] should be reconsidered.
The aim of this paper is to show the existence of multiple positive solutions to the BVP (1.1)
and (1.2).

By the positive solution of (1.1) and (1.2) one means a functigr), which is positive on
0 <t < 1 and satisfies the differential equation (1.1) and the boundary conditions (1.2).

To obtain positive solutions of (1.1) and (1.2) the following fixed point theorem in cones is
fundamental.

Lemmal1.1[8,9]. LetK be a cone in a Banach spade Let D be an open bounded subsetof
with Dk = DN K # ¥ and Dx # K. Assume thatA: Dy — K is a compact map such that
x # Ax for x € dDg. Then the following results hald

(1) If |Ax|| < ||x|l, x € 3Dk, thenix (A, Dg) = 1.

(2) If there existse € K\{0} such thatx # Ax + Ae for all x € 3Dk and all » > 0, then
ix(A, Dg)=0.

(3) LetU be open inX such thaty ¢ Dk.Ifix(A, Dx) =1andig (A, Ux) =0, thenA has a
fixed point inDx \U k. The same result holdsiig (A, Dx) =0andikx (A, Ux) = 1.

2. Thepreliminary lemmas

In this paper we assume th@i;) and(H>) hold. ¢, (s) is the inverse function tg, (s).
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Lemma 2.1. The BVP(1.1)and(1.2) has a solution(¢) if and only ifu(¢) solves the equation

2.1)

t s
u(t):—/qsq(/f(r,u(t))dt—X)ds—i—g,
0 0
where
G Xitafy [ u@)ds
1-Yita ’
5_ Jo gy frou@@)dr — Ayds — Y1 72b; [5 ¢g(fy f(z.u(v)dr — A)ds
1- b '
Lemma 2.2. The solution of BVF1.1)and (1.2) satisfies:(r) > 0, ¢ € [0, 1].
Proof. Let
@(s) = ¢y (/ f(r, u(‘c)) dt — K)
0
Since
s S n—2 i
- =20 (5 f (e, d
/f(r, u(t)) dt — A= / f(l', Lt(‘E)) dr + i=1 & fo f(fzu(‘[)) T >0,
1-> 0 1a
0 0
theng(s) > 0.
According to Lemma 2.1, we get
1 n—2 i 1 n—2 1
~ ds =) _Tb;i |3 d i—1 bi [¢ o(s)ds
w0 = § = Jo#W)9s Z';fz Jo #(s)ds :f(p(s)ds+ =1 fi’_ﬁ >
1- Zi:l bi 0 1- Zi:l bi
and
‘ 7 ; "2b; [Lo(s)ds
u(l):—/w(s)ds—}—B=—/(p(s)ds+/<p(s)ds+ n’_z
1- Zi:l bi
0 0 0
Y= 2bi [ p(s)ds y
T Y
If t € (0, 1), we have
t ~ 1 n—2 Si -1
1
u(t) = —/(p(s)ds t+——== /gﬁ(s)ds - Zbi /go(s)ds
0 1_Zi=1 bi LD i=1 0 i
1 - 1 n—2 & -
> — $)ds + —— / (s)ds — bi/ (s)ds
0/¢ 1—2?’;12’%_0(/) ; 0(p |
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"_Zb. 1 1 S &
_ i=1 Vi /
=—————— | ¢(s)ds — b; /(p(s)ds
_2 1 ~n—2,
1_2?:1171'0 Zn bi 4 0
1 n—2 1
= b-/(p(s)ds
> i
1-300hi i=1 i

Sou(t) >0,r€[0,1]. O

Lemma 2.3. The solution of BVR1.1)and (1.2) satisfies

inf u@) > ul|,
0t u(t) > yalu

where
Y 2h(1-&)

Yi= — .
1- Y12 b

Proof. Clearlyu’(r) = —¢(r) < 0. This implies that
lull = u(0), IEHPAH]M(I) u(l)

Itis easy to see that (1) < u/(z1) for anyry, to € [0, 1] with 71 < 12. Henceu/(¢) is a decreas-
ing function on[0, 1]. This means that the graph @f(z) is concave down o0, 1).
Foreach €{1,2,...,n — 2} we have

u) —u@ _ u© —ud)
1-& = 1 '

u(é) —&iu(d) = (1—&)u0)

so that
n—2

Zb u(&) — Zb Eu(l) > Zb (1—&)u(0)
and, with the boundary condition(1) = Z;’:—f b;u(&;), we have
YI2bi(1—&)
1— Y0 bk
This completes the proof.O

u(l) > u(0).

Lemma?2.4. Let

K= !u ueClo,1], u>0, Omln1>y||u||}

\\

wherey = y1y», y1 is defined in Lemma.3and
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Vz—[Zb <1+ _212“) Zb (é, _Zla’s’)]

| (1 ZEE) S (o T Y]

Define operatod : K — K,

t S
(Au)(t) = —/¢q(/f(r,u(r)) dt —A’) ds + B(=u(), u(t)eKk. (2.2)
0 0

ThenA: K — K is completely continuous.

Proof. It is easy to check that & y1,y2 <1 and K is a cone inC[0, 1]. According to
Lemma 2.3, we easily obtain

u>0 and inf (Au)(?t) > y1|Aull > y||Aul foru e K.
t€[0,1]
This means that K C K. Itis easy to see that : K — K is completely continuous. O
We define
K,={xeK: x| <p}.
Q:{ € K: min x(r }:{: e C[0,1], x >0, < min x(t }
p=1X Ogtglx()<yp x:x€C[0,1], x ylxll Ogtglx()ﬂ/p
Lemma2.5[9]. £2, has the following properties
(a) $2, is open relative taK .
(b) KypC 2, CK,.
(c) x € 382, ifand only ifminpg; <1 x(t) = yp.

(d) If x €382, thenyp <x(t) < p forz € [0, 1].

Now for convenience we introduce the following notations. Let

I = min{tggq] J(;i(p) uelyp, p]},
1y = max{ max Fa. u €0, p]},
1€[0,1] ¢p(p)
7= s, Qﬁf&?
fo = lim inf min G (o := 00 or O),

u—a  te0,1] ¢p(u)

11 1 "2k 2 "20.8 \1
tt (o Sy S ]
moq 1-3 1 7b 1->01a — D=1 Gi
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1 1 1 n—2 < nffal : n—2 alél
i a8 Bee y S, Se )]
M g 1—2;’;1%,-[; ' 1-Y 24 Z l 2 :

Remark 2.1. By (Hy) itis easy to see that@m, M < oo andMy = My1y2 = y1m < m.

Lemma 2.6. If f satisfies the condition
8 <¢p(m) and x+#Ax forxedk,, (2.3)
thenix (A, K,) = 1.

Proof. By (2.2) and (2.3), we have for(r) € 0K ,,,

N

/f(t,u(r))dr—Z:/f(r,u(r))dt—i—
0

0

ﬁfm/afxruu»dr
_ Zn fal

Z? falgl
< @pm)pp(p)s + ——=————0¢, (M), (p)
1- Zl a
i a;&;
=www¢m@+;7§7;)
so that
n— ZaIEl -1
o) =¢, (/ T, u(t))dr— ) (s+ =1 ) .
2 1-Y1Fa
Therefore,

(Au)(1) < B

:ﬁ([(p(s)ds—Zb /(p(s)dS)

1 1 n=2,.& \q¢ "2 n—2_ ¢ \4q
st (e T )5 (o T
g 1-3 " 1b 1->i1ai i—1 1-> 0 1a
This implies that| Au|| < |lu|| for u(t) € 90K,. By Lemma 1.1(1), we havix (A, K,) =1. O

Lemma 2.7. If f satisfies the condition
[l >¢p(My) and x+#Ax forxeof,. (2.4)
thenig (4, £2,) =0.

Proof. Lete(r) =1 fort € [0, 1]. Thene € dK;. We claim that
u#Au+xre, ucdf2,, r>0.

In fact, if not, there exisiig € 352, andig > 0 such thatig = Aug + Age.
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By (2.2), (2.4) and Lemma 2.5(d), we have faf [0, 1],
a5 f(, uo(r))df
1-300 Lai

n—2
>¢p<My>¢p<p>s+E i

ff(r, uo(t))dr — A = / f(t,uo())de +
0 0

bp(My)$p(p)

1“1

n— 2
=¢,(My)¢,(p) (s + ==t “’S’ )

Z =1 az
so that
p B n— 2a,§l -1
<po(S)=¢q(ff(r,uo(r))dr—A> >M)/p(s+ =1 ) .
5 -2 “l
Therefore,

uo(t) = Auo(r) + Age
1 1

n—2 &
1
- [oords + iy ( [eowras=3 b | wo(S)dS> o
1->01bi 5 i—1

0 = 0

n—2 n—2p &

1

. b ‘/ )

i=1"1 i=1"1

=——"—— [ po(s)ds — 7_/%@) ds + o
1=y 0 b 1= 2hi /

> MV,O_ g b < i el >
= : 2 1
- b Zi_—;] aj

This implies thatyp > yp + Ao which is a contradiction. Hence by Lemma 1.1(2) it follows that
ik(A,£2,)=0. O

3. Main results
We now give our results on the existence of multiple positive solutions of BVP (1.1) and (1.2).
Theorem 3.1. Assume that one of the following conditions holds

(H3) There exisps1, p2, p3 € (0, 00) with p1 < y02 and p2 < p3 such that

f < @p(m), ff,gZ)de(My), x#Ax forxedag, and
f $§¢p0n)
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(Hy4) There exisfp1, p2, p3 € (0, 0co) with p1 < p2 < yp3 such that
I = dp(My), 152 < ¢p(m), x# Ax forxedkK,, and
Ty = Gp(My).

Then systen(il.1) and (1.2) has two positive solutions ik . Moreover, if in(Hs) f(fl < @p(m)
is replaced byf(fl < ¢, (m), then systen(l.1)and(1.2) has a third positive solutionz € K, .

The proof is similar to that given for Theorem 2.10 in [9]. We omit it here.
As a special case of Theorem 3.1 we obtain the following result.

Corollary 3.1. If there existso > 0 such that one of the following conditions halds

(Hs) 0< fo<¢p(m), ffp > ¢p,(My), x # Ax forx € 082, and0 < [ < ¢, (m),
(He) ¢p(M) < fo< 00, f§ <¢p(m), x # Ax for x € 3K, and¢, (M) < foo < 00,

then(1.1)and(1.2) has two positive solutions i .

Proof. We show that Hs) implies (Ha). It is easy to verify that & f9 < ¢, (m) implies that
there exists1 € (0, yp) such thatf(f1 < ¢p(m). Letk € (f*°, ¢,(m)). Then there exists > p
such that max o 1) f (¢, u) < k¢, (u) for u e [r, 0o) since 0< 0 < ¢p(m). Let

[— . L
ﬁ—max{g{l(%f(hu)- ogugr} and p3>¢q(¢p(m)—k>'

Then we have
tggg}ﬁ f(t,u) <kgpu)+ B <kgp(ps) + B < ¢p(m)py(ps) foru e |0, ps].
This implies thatfcf3 < ¢, (m) and(H3) holds. Similarly(He) implies (Hs). O
By an argument similar to that of Theorem 3.1 we obtain the following results.

Theorem 3.2. Assume that one of the following conditions holds

(H7) There exispz, p2 € (0, 00) with p1 < yp2 such thatf§* < ¢,(m) and f,3, > ¢,(My).
(Hs) There exispy, p2 € (0, 00) with p1 < p2 such thatf}3, > ¢,(My) and f{? < ¢, (m).

Then(1.1)and(1.2) has a positive solution i .
As a special case of Theorem 3.2 we obtain the following resuilt.
Coroallary 3.2. Assume that one of the following conditions holds

(Hg) 0< £ <¢,(m) andeg,(M) < foo < 0.
(Hi0) 0< ™ < ¢p(m) andd)p(M) < fo < o0.

Then(1.1)and (1.2) has a positive solution ik .
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