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Abstract

In this paper we consider the multipoint boundary value problem for one-dimensionalp-Laplacian(
φp(u′)

)′ + f (t, u) = 0, t ∈ (0,1),

subject to the boundary value conditions:

φp

(
u′(0)

) =
n−2∑
i=1

aiφp

(
u′(ξi)

)
, u(1) =

n−2∑
i=1

biu(ξi ),

whereφp(s) = |s|p−2s, p > 1, ξi ∈ (0,1) with 0 < ξ1 < ξ2 < · · · < ξn−2 < 1, andai , bi satisfyai, bi ∈
[0,∞], 0 <

∑n−2
i=1 ai < 1, and

∑n−2
i=1 bi < 1. Using a fixed point theorem for operators on a cone,

provide sufficient conditions for the existence of multiple (at least three) positive solutions to the
boundary value problem.
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1. Introduction

In this paper we study the existence of multiple positive solutions to the boundary value
lem (BVP) for the one-dimensionalp-Laplacian(

φp(u′)
)′ + f (t, u) = 0, t ∈ (0,1), (1.1)

φp

(
u′(0)

) =
n−2∑
i=1

aiφp

(
u′(ξi)

)
, u(1) =

n−2∑
i=1

biu(ξi), (1.2)

whereφp(s) = |s|p−2s, p > 1, ξi ∈ (0,1) with 0< ξ1 < ξ2 < · · · < ξn−2 < 1 andai, bi, f satisfy

(H1) ai, bi ∈ [0,∞] satisfy 0<
∑n−2

i=1 ai < 1, and
∑n−2

i=1 bi < 1;
(H2) f ∈ C([0,1] × [0,∞), [0,∞)).

The study of multipoint boundary value problems for linear second-order ordinary differ
equations was initiated by Il’in and Moiseev [1]. Since then there has been much current at
focused on the study of nonlinear multipoint boundary value problems, see [2–4,7].

In recent papers [5,6] the authors have investigated the following BVP for one-dimen
p-Laplacian:(

φp(u′)
)′ + a(t)f (t, u) = 0, t ∈ (0,1), (1.3)

u(0) = 0, u(1) =
m−2∑
i=1

aiu(ξi), (1.4)

whereφp(s) = |s|p−2s, p > 1,ξi ∈ (0,1) with 0< ξ1 < ξ2 < · · · < ξn−2 < 1 and
∑m−2

i=1 aiξi < 1,
and (

φp(u′)
)′ + f (t, u) = 0, t ∈ (0,1), (1.5)

u′(0) =
m−2∑
i=1

biu
′(ξi), u(1) =

m−2∑
i=1

aiu(ξi), (1.6)

whereφp(s) = |s|p−2s, p > 1, ξi ∈ (0,1) with 0 < ξ1 < ξ2 < · · · < ξn−2 < 1 andai, bi satisfy
0<

∑m−2
i=1 ai < 1,

∑m−2
i=1 bi < 1.

In paper [5] the authors claim that:

It is easy to check that system (1.3) and (1.4) has a solutionu = u(t) if and only if u solves
the operator equation

u(t) = −
t∫

0

φq

( s∫
0

a(τ)f
(
τ,u(τ)

)
dτ

)
ds

− t

∑m−2
i=1 ai

∫ ξi

0 φq(
∫ s

0 a(τ)f (τ,u(τ )) dτ) ds

1− ∑m−2
i=1 aiξi
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idered.
(1.1)

es is

at
+ t

∫ 1
0 φq(

∫ s

0 a(τ)f (τ,u(τ )) dτ) ds

1− ∑m−2
i=1 aiξi

,

whereφq(s) is the inverse function toφp(s).

In fact this statement is not true. It is also easy to check thatu does not solve Eq. (1.3).
In paper [6] the authors also claim that:

It is easy to check that system (1.5) and (1.6) has a solutionu = u(t) if and only if u solves
the operator equation

u(t) = −
t∫

0

φq

( s∫
0

f
(
τ,u(τ)

)
dτ

)
ds + t

∑m−2
i=1 biφq(

∫ ξi

0 f (τ,u(τ)) dτ)∑m−2
i=1 bi − 1

+ 1

1− ∑m−2
i=1 ai

( 1∫
0

φq

( s∫
0

f
(
τ,u(τ)

)
dτ

)
ds

−
m−2∑
i=1

ai

ξi∫
0

φq

( s∫
0

f
(
τ,u(τ)

)
dτ

)
ds

)

− 1

1− ∑m−2
i=1 ai

·
∑m−2

i=1 biφq(
∫ ξi

0 f (τ,u(τ)) dτ)∑m−2
i=1 bi − 1

(
1−

m−2∑
i=1

aiξi

)
.

Unfortunately this statement is also wrong. So the conclusions of [5,6] should be recons
The aim of this paper is to show the existence of multiple positive solutions to the BVP
and (1.2).

By the positive solution of (1.1) and (1.2) one means a function,u(t), which is positive on
0< t < 1 and satisfies the differential equation (1.1) and the boundary conditions (1.2).

To obtain positive solutions of (1.1) and (1.2) the following fixed point theorem in con
fundamental.

Lemma 1.1 [8,9]. LetK be a cone in a Banach spaceX. LetD be an open bounded subset ofX

with DK = D ∩ K �= ∅ and DK �= K . Assume thatA :DK → K is a compact map such th
x �= Ax for x ∈ ∂DK . Then the following results hold:

(1) If ‖Ax‖ � ‖x‖, x ∈ ∂DK , theniK(A,DK) = 1.
(2) If there existse ∈ K\{0} such thatx �= Ax + λe for all x ∈ ∂DK and all λ > 0, then

iK(A,DK) = 0.
(3) LetU be open inX such thatU ⊂ DK . If iK(A,DK) = 1 andiK(A,UK) = 0, thenA has a

fixed point inDK\UK . The same result holds ifiK(A,DK) = 0 andiK(A,UK) = 1.

2. The preliminary lemmas

In this paper we assume that(H1) and(H2) hold.φq(s) is the inverse function toφp(s).
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Lemma 2.1. The BVP(1.1)and (1.2)has a solutionu(t) if and only ifu(t) solves the equation

u(t) = −
t∫

0

φq

( s∫
0

f
(
τ,u(τ)

)
dτ − Ã

)
ds + B̃, (2.1)

where

Ã = −
∑n−2

i=1 ai

∫ ξi

0 f (τ,u(τ)) dτ

1− ∑n−2
i=1 ai

,

B̃ =
∫ 1

0 φq(
∫ s

0 f (τ,u(τ)) dτ − Ã) ds − ∑n−2
i=1 bi

∫ ξi

0 φq(
∫ s

0 f (τ,u(τ)) dτ − Ã) ds

1− ∑n−2
i=1 bi

.

Lemma 2.2. The solution of BVP(1.1)and (1.2)satisfiesu(t) � 0, t ∈ [0,1].

Proof. Let

ϕ(s) = φq

( s∫
0

f
(
τ,u(τ)

)
dτ − Ã

)
.

Since
s∫

0

f
(
τ,u(τ)

)
dτ − Ã =

s∫
0

f
(
τ,u(τ)

)
dτ +

∑n−2
i=1 ai

∫ ξi

0 f (τ,u(τ)) dτ

1− ∑n−2
i=1 ai

� 0,

thenϕ(s) � 0.
According to Lemma 2.1, we get

u(0) = B̃ =
∫ 1

0 ϕ(s) ds − ∑n−2
i=1 bi

∫ ξi

0 ϕ(s) ds

1− ∑n−2
i=1 bi

=
1∫

0

ϕ(s) ds +
∑n−2

i=1 bi

∫ 1
ξi

ϕ(s) ds

1− ∑n−2
i=1 bi

� 0

and

u(1) = −
1∫

0

ϕ(s) ds + B̃ = −
1∫

0

ϕ(s) ds +
1∫

0

ϕ(s) ds +
∑n−2

i=1 bi

∫ 1
ξi

ϕ(s) ds

1− ∑n−2
i=1 bi

=
∑n−2

i=1 bi

∫ 1
ξi

ϕ(s) ds

1− ∑n−2
i=1 bi

� 0.

If t ∈ (0,1), we have

u(t) = −
t∫

0

ϕ(s) ds + 1

1− ∑n−2
i=1 bi

[ 1∫
0

ϕ(s) ds −
n−2∑
i=1

bi

ξi∫
0

ϕ(s) ds

]

� −
1∫
ϕ(s) ds + 1

1− ∑n−2
i=1 bi

[ 1∫
ϕ(s) ds −

n−2∑
i=1

bi

ξi∫
ϕ(s) ds

]

0 0 0



148 Y. Wang, C. Hou / J. Math. Anal. Appl. 315 (2006) 144–153

-

=
∑n−2

i=1 bi

1− ∑n−2
i=1 bi

1∫
0

ϕ(s) ds − 1

1− ∑n−2
i=1 bi

n−2∑
i=1

bi

ξi∫
0

ϕ(s) ds

= 1

1− ∑n−2
i=1 bi

n−2∑
i=1

bi

1∫
ξi

ϕ(s) ds

� 0.

Sou(t) � 0, t ∈ [0,1]. �
Lemma 2.3. The solution of BVP(1.1)and (1.2)satisfies

inf
t∈[0,1]u(t) � γ1‖u‖,

where

γ1 =
∑n−2

i=1 bi(1− ξi)

1− ∑n−2
i=1 biξi

.

Proof. Clearlyu′(t) = −ϕ(t) � 0. This implies that

‖u‖ = u(0), min
t∈[0,1]u(t) = u(1).

It is easy to see thatu′(t2) � u′(t1) for anyt1, t2 ∈ [0,1] with t1 � t2. Henceu′(t) is a decreas
ing function on[0,1]. This means that the graph ofu′(t) is concave down on(0,1).

For eachi ∈ {1,2, . . . , n − 2} we have

u(ξi) − u(1)

1− ξi

� u(0) − u(1)

1
,

i.e.,

u(ξi) − ξiu(1) � (1− ξi)u(0)

so that
n−2∑
i=1

biu(ξi) −
n−2∑
i=1

biξiu(1) �
n−2∑
i=1

bi(1− ξi)u(0)

and, with the boundary conditionu(1) = ∑n−2
i=1 biu(ξi), we have

u(1) �
∑n−2

i=1 bi(1− ξi)

1− ∑n−2
i=1 biξi

u(0).

This completes the proof.�
Lemma 2.4. Let

K =
{
u: u ∈ C[0,1], u � 0, min

0�t�1
� γ ‖u‖

}
,

whereγ = γ1γ2, γ1 is defined in Lemma2.3and
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γ2 =
[

n−2∑
i=1

bi

(
1+

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q

−
n−2∑
i=1

bi

(
ξi +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q
]

÷
[(

1+
∑n−2

i=1 aiξi

1− ∑n−2
i=1 ai

)q

−
n−2∑
i=1

bi

(
ξi +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q
]
.

Define operatorA :K → K ,

(Au)(t) := −
t∫

0

φq

( s∫
0

f
(
τ,u(τ)

)
dτ − Ã

)
ds + B̃

(= u(t)
)
, u(t) ∈ K. (2.2)

ThenA :K → K is completely continuous.

Proof. It is easy to check that 0< γ1, γ2 < 1 and K is a cone inC[0,1]. According to
Lemma 2.3, we easily obtain

Au � 0 and inf
t∈[0,1](Au)(t) � γ1‖Au‖ > γ ‖Au‖ for u ∈ K.

This means thatAK ⊂ K . It is easy to see thatA :K → K is completely continuous.�
We define

Kρ = {
x ∈ K: ‖x‖ < ρ

}
,

Ωρ =
{
x ∈ K: min

0�t�1
x(t) < γρ

}
=

{
x: x ∈ C[0,1], x � 0, γ ‖x‖ � min

0�t�1
x(t) < γρ

}
.

Lemma 2.5 [9]. Ωρ has the following properties:

(a) Ωρ is open relative toK .
(b) Kγ ρ ⊂ Ωρ ⊂ Kρ .
(c) x ∈ ∂Ωρ if and only ifmin0�t�1 x(t) = γρ.
(d) If x ∈ ∂Ωρ , thenγρ � x(t) � ρ for t ∈ [0,1].

Now for convenience we introduce the following notations. Let

f ρ
γρ = min

{
min

t∈[0,1]
f (t, u)

φp(ρ)
: u ∈ [γρ,ρ]

}
,

f
ρ
0 = max

{
max

t∈[0,1]
f (t, u)

φp(ρ)
: u ∈ [0, ρ]

}
,

f α = lim
u→α

sup max
t∈[0,1]

f (t, u)

φp(u)
,

fα = lim
u→α

inf min
t∈[0,1]

f (t, u)

φp(u)
(α := ∞ or 0+),

1

m
= 1

q
· 1

1− ∑n−2
bi

[(
1+

∑n−2
i=1 aiξi

1− ∑n−2
ai

)q

−
n−2∑

bi

(
ξi +

∑n−2
i=1 aiξi

1− ∑n−2
ai

)q
]
,

i=1 i=1 i=1 i=1
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1

M
= 1

q
· 1

1− ∑n−2
i=1 bi

[
n−2∑
i=1

bi

(
1+

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q

−
n−2∑
i=1

bi

(
ξi +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q
]
.

Remark 2.1. By (H1) it is easy to see that 0< m,M < ∞ andMγ = Mγ1γ2 = γ1m < m.

Lemma 2.6. If f satisfies the condition

f
ρ
0 � φp(m) and x �= Ax for x ∈ ∂Kρ, (2.3)

theniK(A,Kρ) = 1.

Proof. By (2.2) and (2.3), we have foru(t) ∈ ∂Kρ ,

s∫
0

f
(
τ,u(τ)

)
dτ − Ã =

s∫
0

f
(
τ,u(τ)

)
dτ +

∑n−2
i=1 ai

∫ ξi

0 f (τ,u(τ)) dτ

1− ∑n−2
i=1 ai

� φp(m)φp(ρ)s +
∑n−2

i=1 aiξi

1− ∑n−2
i=1 ai

φp(m)φp(ρ)

= φp(m)φp(ρ)

(
s +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)
so that

ϕ(s) = φq

( s∫
0

f
(
τ,u(τ)

)
dτ − Ã

)
� mρ

(
s +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q−1

.

Therefore,

(Au)(t) � B̃

= 1

1− ∑n−2
i=1 bi

( 1∫
0

ϕ(s) ds −
n−2∑
i=1

bi

ξi∫
0

ϕ(s) ds

)

� mρ
1

q
· 1

1− ∑n−2
i=1 bi

[(
1+

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q

−
n−2∑
i=1

bi

(
ξi +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q
]

= ρ.

This implies that‖Au‖ � ‖u‖ for u(t) ∈ ∂Kρ . By Lemma 1.1(1), we haveiK(A,Kρ) = 1. �
Lemma 2.7. If f satisfies the condition

f ρ
γρ � φp(Mγ ) and x �= Ax for x ∈ ∂Ωρ, (2.4)

theniK(A,Ωρ) = 0.

Proof. Let e(t) ≡ 1 for t ∈ [0,1]. Thene ∈ ∂K1. We claim that

u �= Au + λe, u ∈ ∂Ωρ, λ > 0.

In fact, if not, there existu0 ∈ ∂Ωρ andλ0 > 0 such thatu0 = Au0 + λ0e.
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hat

(1.2).
By (2.2), (2.4) and Lemma 2.5(d), we have fort ∈ [0,1],
s∫

0

f
(
τ,u0(τ )

)
dτ − Ã =

s∫
0

f
(
τ,u0(τ )

)
dτ +

∑n−2
i=1 ai

∫ ξi

0 f (τ,u0(τ )) dτ

1− ∑n−2
i=1 ai

� φp(Mγ )φp(ρ)s +
∑n−2

i=1 aiξi

1− ∑n−2
i=1 ai

φp(Mγ )φp(ρ)

= φp(Mγ )φp(ρ)

(
s +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)
so that

ϕ0(s) = φq

( s∫
0

f
(
τ,u0(τ )

)
dτ − Ã

)
� Mγρ

(
s +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q−1

.

Therefore,

u0(t) = Au0(t) + λ0e

� −
1∫

0

ϕ0(s) ds + 1

1− ∑n−2
i=1 bi

( 1∫
0

ϕ0(s) ds −
n−2∑
i=1

bi

ξi∫
0

ϕ0(s) ds

)
+ λ0

=
∑n−2

i=1 bi

1− ∑n−2
i=1 bi

1∫
0

ϕ0(s) ds −
∑n−2

i=1 bi

1− ∑n−2
i=1 bi

ξi∫
0

ϕ0(s) ds + λ0

� Mγρ
1

q
· 1

1− ∑n−2
i=1 bi

[
n−2∑
i=1

bi

(
1+

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q

−
n−2∑
i=1

bi

(
ξi +

∑n−2
i=1 aiξi

1− ∑n−2
i=1 ai

)q
]

+ λ0

= γρ + λ0.

This implies thatγρ � γρ + λ0 which is a contradiction. Hence by Lemma 1.1(2) it follows t
iK(A,Ωρ) = 0. �
3. Main results

We now give our results on the existence of multiple positive solutions of BVP (1.1) and

Theorem 3.1. Assume that one of the following conditions holds:

(H3) There existρ1, ρ2, ρ3 ∈ (0,∞) with ρ1 < γρ2 andρ2 < ρ3 such that

f
ρ1
0 � φp(m), f ρ2

γρ2
� φp(Mγ ), x �= Ax for x ∈ ∂Ωρ2 and

f
ρ3
0 � φp(m).
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(H4) There existρ1, ρ2, ρ3 ∈ (0,∞) with ρ1 < ρ2 < γρ3 such that

f ρ1
γρ1

� φp(Mγ ), f
ρ2
0 � φp(m), x �= Ax for x ∈ ∂Kρ2 and

f ρ3
γρ3

� φp(Mγ ).

Then system(1.1)and (1.2)has two positive solutions inK . Moreover, if in(H3) f
ρ1
0 � φp(m)

is replaced byf ρ1
0 < φp(m), then system(1.1)and (1.2)has a third positive solutionu3 ∈ Kρ1.

The proof is similar to that given for Theorem 2.10 in [9]. We omit it here.
As a special case of Theorem 3.1 we obtain the following result.

Corollary 3.1. If there existsρ > 0 such that one of the following conditions holds:

(H5) 0� f 0 < φp(m), f
ρ
γρ � φp(Mγ ), x �= Ax for x ∈ ∂Ωρ and0� f ∞ < φp(m),

(H6) φp(M) < f0 � ∞, f
ρ
0 � φp(m), x �= Ax for x ∈ ∂Kρ andφp(M) < f∞ � ∞,

then(1.1)and (1.2)has two positive solutions inK .

Proof. We show that(H5) implies (H3). It is easy to verify that 0� f 0 < φp(m) implies that
there existsρ1 ∈ (0, γρ) such thatf ρ1

0 < φp(m). Let k ∈ (f ∞, φp(m)). Then there existsr > ρ

such that maxt∈[0,1] f (t, u) � kφp(u) for u ∈ [r,∞) since 0� f 0 < φp(m). Let

β = max
{

max
t∈[0,1]

f (t, u): 0� u � r
}

and ρ3 > φq

(
β

φp(m) − k

)
.

Then we have

max
t∈[0,1]

f (t, u) � kφp(u) + β � kφp(ρ3) + β < φp(m)φp(ρ3) for u ∈ [0, ρ3].

This implies thatf ρ3
0 < φp(m) and(H3) holds. Similarly(H6) implies(H4). �

By an argument similar to that of Theorem 3.1 we obtain the following results.

Theorem 3.2. Assume that one of the following conditions holds:

(H7) There existρ1, ρ2 ∈ (0,∞) with ρ1 < γρ2 such thatf ρ1
0 � φp(m) andf

ρ2
γρ2 � φp(Mγ ).

(H8) There existρ1, ρ2 ∈ (0,∞) with ρ1 < ρ2 such thatf ρ1
γρ1 � φp(Mγ ) andf

ρ2
0 � φp(m).

Then(1.1)and (1.2)has a positive solution inK .

As a special case of Theorem 3.2 we obtain the following result.

Corollary 3.2. Assume that one of the following conditions holds:

(H9) 0� f 0 < φp(m) andφp(M) < f∞ � ∞.
(H10) 0� f ∞ < φp(m) andφp(M) < f0 � ∞.

Then(1.1)and (1.2)has a positive solution inK .
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