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Abstract

We obtain the strong asymptotics for the sequence of monic polynomials minimizing the norm

N 1/2
lglls = <Z||q<">||}f) :
k=0

where || - ||xg, k=0,...,N — 1, are L2 norms with respect to measures supported on the same rectifiable Jordan closed curve or
arc I',and || - || v is the L? norm corresponding to a weight supported on I", which satisfies the Szeg6 condition, plus mass points

in the unbounded connected component of C \ I".
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1. Introduction

Let I" be an arc or a closed rectifiable Jordan curve in the complex plane. For simplicity, we assume that the
parametrization of I" with respect to the arc length is a complex valued function f defined on an interval [a, b] C R.
We assume that I” € C**; that is, f has second derivative which satisfies the Lipschitz condition

|7 x) = f"| < Clx = y|*,

for some constants C, « > 0 and for all x, y € [a, b].

By 2 we denote the unbounded connected component of C \ I'. Throughout this paper we assume that
{z1,...,zm} C £2 is a finite set of points, and {Mk}livzo a set of N + 1 finite positive Borel measures supported on I,
where py is such that duy (§) = pn (§)|d&]. On the vector space of polynomials P, we consider the inner products

(P. @)k =/p(s)q(?duk(s>, k=0,...,N—1, (1

r

(p.q)n = / pE)qE)pn (E)IdE| + p(Z)Aq(2)*,

r
p(Z)=(p1), ... P21, p2)s ooy P (22)s o P@m)s - P (2)), ©)
and
N
(p.g)s=Y_(p*.qV),. 3)
k=0

where p® denotes the kth derivative of p, p(Z)* is the transposed conjugate vector of p(Z), and A is a hermitian
positive definite matrix of order M =m + Zlm: 1 di. The norms corresponding to (1), (2), and (3) on [P are denoted
Il -1l Il - lIv, and || - || s, respectively. (3) is called a Sobolev inner product and (2) a discrete Sobolev inner product.
Notice that only derivatives of order > N are evaluated at the points zx, k =1, ..., m, in (3). The nth monic orthogonal
polynomial with respect to the inner product (3) is the unique polynomial Q,, of degree n and leading coefficient equal
to 1, such that

kn = 1 Qull2 = inf{llgl}: g(2) =2"+---}. "

In the past two decades, the study of the algebraic and asymptotic properties of sequences of Sobolev orthogonal
polynomials has attracted much attention. Let us mention some results related with special cases of (3) dealing with
general classes of measures.

For N =0, in [4] the authors study the limit of the sequence {Q,/P,}, n € N, where {P,}, n € N, is the sequence
of monic orthogonal polynomials with respect to o and i, > 0 on its support consisting of a bounded interval of R.
In [1], the authors consider a similar problem for general measures ¢ in the Szegd class supported on an arc or a
closed rectifiable Jordan curve in C.

When N > 0 and A = 0 (known as the continuous case) the strong asymptotic of Sobolev orthogonal polynomials
and their first derivative (N = 1) was studied in [5] assuming that pp and w; belong to the Szegd class. A natural
extension when N > 1 was given in [6].

In this work, we extend the results on strong asymptotics contained in the papers mentioned above. To this aim,
we compare the norms and the monic orthogonal polynomials Q, with respect to the general inner product (3) with
the norms and the monic orthogonal polynomials with respect to (2).

Let 1 be a finite positive Borel measure supported on I” and u = p(§)|d&| + s its Lebesgue decomposition on I”
with respect to |d&|. We say that u satisfies the Szegd condition on I, and we write u € S(I"), if

/(logp(é))l<1>’(§)||d$| > —o0, (5)

r
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where @ is the conformal mapping of §2 onto the exterior of the unit circle such that

@ (00) = 00 @’(c0) = lim 2@ _ 1 >
T Tz C(D)

C(I') is the logarithmic capacity of I". In particular, (5) implies that o > 0 almost everywhere on I". If 1 is absolutely
continuous with respect to |d¢| and verifies (5), we write p € S(I"), and use p in place of p in the notation of norms
and polynomials.

Set

w=ILally = inf Rl ©)

n(2)=7"+
where L,(z) =z" 4 - - -. Our first result establishes the asymptotic behavior of the Sobolev norms (4).

Theorem 1. Let {/Lk},ivz_ol be a set of N finite positive Borel measures supported on I' € C**, duy (&) = py (§)|dE|,
with py € S(I'), and {z1, ..., zm} C $2 a fixed set of points. Then

li ol 1 %)
m ———— = 1.
n—oo n2Ng, _y

Consider the extremal problem
* — 2 _ * 12
Vo) = it 1 20,y = 15 Vg ®)

where H = {f € HX(£2, pn): f(o0) =1, fW(z;)=0, j=0,....d;, i =1,...,m} (see Section 2 for the definition
of H*(£2, py)). Standard arguments show that a minimizing function F* € H exists and is unique. Notice that

(FHU(z)=0, j=0,....d;,i=1,....,m. )

The function F* allows to describe the asymptotic behavior of the Nth derivative of the polynomials Q,,.
By lim,— o0 ¢y = ¢ in §2, we denote local uniform convergence in the region §2 of the sequence of functions
{¢n}nen as n — oo (i.e. uniform convergence on each compact subset of £2).

Theorem 2. Under the assumptions of Theorem 1, we have

oM () =n"[c(Me @] " F @) (1 + 6. (2)), (10)
where lim, . €, = 0 in 2. Equivalently,
(N)
lim O @ =1 in$2. (11)

n—oonNL,_n()

Notice that the asymptotic behavior of { O ,EN)} only depends on the weight px and the interaction matrix .A. Some of
the measures ug, k =0, ..., N — 1, may even be zero as long as (-,-)s is an inner product in the space of polynomials.
If we assume additionally that the measures {/Lk},ivz_ol satisfy the Szegd condition on I, the asymptotic behavior of
the polynomials O, and all its derivatives can be described as follows:

Theorem 3. If u; € S(I"), j =0, ..., N, and juy is absolutely continuous, then for k € Z

' C(F)n—Nq)(Z)n—k
(@'(2))N K
where lim,,_, « &, = 0 in $2. Equivalently, for k € Z

0P (z)=n

F @ (1 +&2), (12)

lim W@ — !
n—oconkL, 1(z) ~ ([C(I)®] (z))N—*k

in 2. (13)
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From (9), (12), and Hurwitz’ theorem, the asymptotic behavior of the zeros of the polynomials Qj, is derived. Let
G =C\ £2; therefore, G is an open connected set if I" is a closed curve, and it is empty if I" is an arc.

Corollary 1. Under the assumptions of Theorem 3, for n sufficiently large, each point z;, i = 1, ..., m, attracts exactly
d; + 1 zeros of Q,. The rest of the zeros accumulate on I' U G.

The paper is organized as follows. The next section, includes the definitions and auxiliary results needed in the
sequel. Section 3 is dedicated to the proof of Theorem 1. Finally, Section 4 contains the proof of Theorems 2 and 3.

2. Definitions and auxiliary results

In order to give a unified treatment to the cases of an arc and a closed curve, we will consider a rectifiable Jordan
arc as a two sided cut of the complex plane. If I" is an arc and g is an analytic function in §2 with boundary values
almost everywhere on I (with respect to the Lebesgue measure) when we approach the arc from each side, we denote
by g+ (§) and g_ (&) the two boundary values of g at a given point § € I".

If g+ and g_ are integrable on I" with respect to the weight p, we define

f ¢(&)p(®)|dE| = / g4 (©)p(®)ldE| + f g (6)p(®)\dE].

r r r

When I" is a closed curve and g is analytic on §2 with boundary values g (&) for almost all £ € I'", we define

jﬁg(é)p(é)lda=/g<s>p<s>|d5|.
I I

Assume that p is a finite positive Borel measure supported on I” € C** anddp = p(&)|dE|, p € S(I'). Let P, (p; 2)
denote the nth monic orthogonal polynomial with respect to p, and

mio) = [P o pldel = int [ p@f peldel. (14)
r r

Set I =®d '({w e C: |w|=r}), r > 1. Since I" € C?*, by Carathéodory’s theorem (see [7, Chapter 2]), @ and
@~ have one-to-one continuous extensions to the boundary of their respective domains of definition (considering in
the case that I” is an arc that it has two sides) and |@(§)| =1 (|®4+(§)|=1if "isanarc) forall & e I'".

Since p € S(I"), there exists a unique function D(p; -) analytic on £2 satisfying:

(1) forall z € £2, D(p;z) #0,

(2) D(p;00) >0,

(3) foralmostall &£ € I', D(p; -) has non-tangential limit D(p; &) (D4 (p; €), D_(p; &) if I'isan arc) and | D(p; &)| =
p (&) (ID+(p; &)= p(§)).

If g(z; 00) =log|®(z)| denotes the Green function of 2 with singularity at infinity, and 9/97n denotes the exterior
normal derivative to I, then

1 0g(&;
D(p; o0) =exp{gy§logp<s>%f‘”|ds|}. (15)
r

An analytic function f on £2 is said to belong to E'(£2), if

supf|f(z)||dz| < o0.
r>1F

By HZ2(82, p) we denote the space of analytic functions f on 2 such that f2D(p,-) € EN().
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Each f e H 2(02, p) has a non-tangential limit f (&) (f(£), f—(§) if I" is an arc) at almost all £ € I". Moreover,
F(&) € L2(p), (f+(6). f-(€) € L2(p)). The inner product

(f. & m2ge.pm= f F©EE)p(&)ldE|, (16)
r

makes HZ2(£2, p) a Hilbert space. By the Riesz representation theorem it follows that there exists (see [8, §7]) a
function K (¢, z), called Szegd reproducing kernel, such that for any f € H(£2, p)

F@={fK(.D)pq, €2 (17)

Let | - || H2(2.p) be the norm induced by (16). The extremal property (14) of the polynomials P, (p; -) motivates the
following extremal problem:

v(p) =min{[l fI3p .o ¢ f € HA (2. p), f(o0)=1}. (18)
It has a unique minimizing function, which we denote by F, satisfying additionally (see [8, §6 and §7])
D(p; 00)
F ) =@ () —", z€K2,
D(p; 2)
v(p) =27 D(p; 00)C(I'), (19)
F(@)=v(p)K(z,00), z€52. (20)

The function F and the extremal constant v(p) are intimately connected with the asymptotic properties of the orthog-
onal polynomials P, (p; -). In fact,

An(p)

nsoo C(I)2" V(). @b
Pu(p;2) = [C(NP @] F@) (1 + &n(2)), (22)

where lim,,_, o &, =0 1in £2.
In [1], the following extremal problem is considered

V¥ (p) = min || f|? , (23)
Y feH f HZ(Q‘p)

where H = {f € HX(£2, p): f(oo)=1, fW(z;)=0, j=0,...,d;, i =1,...,m}. Let F* be the extremal function
for the problem (23). There exists a close connection between the extremal constants and functions of problems (18)
and (23) (see [2,3]). In fact,

F*() =B@)F(2), (24)

m
v¥(p) = v(p) [ ]| @ @), (25)
i=1
where
m

D(2) — P(z) |a>(z,»)|2>df+‘
B = —_—
@ 111(‘15(2)‘1’(&)—1 D(z;)

has the following properties:

(1) Be HX(2,p), B(co) =1,
(2) BY(z;))=0,j=0,....di,i=1,...,m,
B) 1BEO|I =TT 19@)I4 T g e I (1BL®)] =[]/, 19 @)%, if I is an arc).

The authors of [1] prove that

2 (0) T =20 D)
i § (GO : 26)

i=1

lim
n—oo
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and the relation of the extremal function F* and constant v*(p) with the asymptotic behavior of the orthogonal
polynomials L, with respect to (3) with N =0 is

. I
Jm e =V e @D
L,(2) =[C(MP@)]"F* @) (1 +&,(2)), (28)

where lim,,_, o &, =0 1in £2.

Notice that the asymptotic formulas (27) and (28) coincide in form with those given in (21) and (22) for A, (p) and
P,(p, ), respectively, only the extremal constant and function change.

The following result shows that for functions in H>(£2, p), estimates of I" in the L? norm imply estimates on
K C £2 in the uniform norm (see [8, Corollary 7.4]).

Lemma 1. Letr K C $2 be a compact set and p € S(I'). Then, there exists a constant A(K), which only depends on K,
such that for all f € H*($2, p)

2
max| £ <A Wiz -

3. Asymptotics of the Sobolev norms

We begin establishing two auxiliary results needed for the proof of (7) in Theorem 1.
Let IP* be the family of monic polynomials in IP. Fix a point & € I" and consider the mapping /T : P* — P* given
by

z
R ="+ = H(R)(Z)::(n—i—l)/R(E)d“;‘,
=)

that is, IT(R) is the monic primitive of the monic polynomial R that vanishes at &). Now, define ITp = I (the identity
operator on P*), ITy =T o ITy_1,k e N.If R(z) =z7" + - - -, then deg(/T; (R)) = n + k and for each j € {0, ..., k}

k)!
WO R, (29)

H;Ej)(R)(Z) = m

Lemma 2. Let j be a finite positive Borel measure supported on I", diw(§) = p(&)|d&|, w a monic polynomial whose
zeros lie in C\ I, degw = M, W = |w|*> and P, = P,(Wp; -) the nth monic orthogonal polynomial with respect to
the measure Wpl|dg|. If 1/p € L'(I"), then for each k € N, the sequence of polynomials

n!  Ii(wPy—pm)(2)

k) = O S W)

is uniformly bounded on I" and tends to zero for all z € I' as n — oo.

neN, n>M, (30)

Proof. Let [ be the length of I" and £ =£&(¢), t € [0,1], £(0) = &) = &, & € I, be the parametrization of I" with
respect to the arc length. If z € I',

(e L T@P@) /
T4l (W)

A(2)
where A(z) = €0, s] denotes the arc along I" from & to z, following the orientation given by the parametrization,
and p, = p,(Wp; ) is the nth orthonormal polynomial with respect to the measure Wp|d&]|.

If 1 4(z) is the characteristic function of A(z), then
W(E@)p(E())

n1(2) = / L) () =—==—"""—pn-m(E®) s/(z)dr=/(,—;s> n—m EYW(E)p(&)|dE|
o1 (2 / A )a)(é(t))p(g(t))p m(E®) Ffz . ,

(&) pn—m(§)d§ =/w(é(t))pn—M(E(t))E/(t)dt,
0

=(f @), Pnem)r2(wp)- 31
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where

La (§)E' (1)
@) p®E)

Thus, a,,1(z) is the conjugate of the (n — M)th Fourier coefficient of f(z; -) with respect to the orthonormal system
{pn}in L2(Wp). Since 1/p € L'(I"), then forall z € I",

f(z:8) = el

1
Iz ||Z(Wp) = / |f @& WE)pE)IdE] < ‘ p 32)
r

L'(F).

Using (31), (32), and the Bessel inequality, we obtain

1/2
, zel',n>M,
LY(I)

1
e @] < 176 o < 5

lim o, 1(z) =0, zeT,
n— o0

which establishes Lemma 2 for k = 1. For the case of k > 2 one can proceed by induction making use of the identity
Z
O k+1(2) =/an,k(x)dx, nkeN, n>M, zeC,
)

and the Lebesgue dominated convergence theorem. 0O

For what follows, we fix the notation

m m
0@ =]]c-w%"", M=dgo=m+) d. W=lo (33)
i=1 i=1

Lemma 3. Assume that the assumptions of Theorem 1 are satisfied and let P, = P,(Wpy; -) be the nth monic orthog-
onal polynomials with respect to the measure Wpn|d&|, with W given in (33). Then

lim sup fn 1, (34)

<
n—00 ”ZZN)\n—N—M(WpN) h

where k, = || Qy ||§ and Jn(Wpn) = || Py “iZ(WPN ldED)

Proof. Let us assume initially that piN € L'(I'). By the extremal property of Q,, we have

N-1
kn =11 0nll5 < Z [ (HN(an_N_M))(k) ||i + (HN(an—N—M))(N) “fv
0
1

I

— n! ? 2 n 2 5
< . n—k)! HHN—k(an—N—M)||k+ m ||an—N—M||N~

(=]

Hence

[(n_N)T K gNzl[m—N)T||HN_k(an_N_M>||£ L
n! M—n-m(Won) =] (n —k)! An—N-m(Wpon)

and

Kn
2N xu—N—m(Won)

N—1
2
< E lletn—n, N—kllg + 1.
=0
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From Lemma 2 and the Lebesgue dominated convergence theorem, it follows that

lim flew-ny n—k7 =0, k=0,...,N—1.
n—00

Consequently, we have (34) when 1/py € LY(I).

Now, assume that the weight py € S(I") is arbitrary. Take a constant § > 0 (to be fixed later) and define py (&) =
pn(E) + 6. Let Pn = P (Wpp; +) be the nth monic orthogonal polynomial with respect to the measure di(§) =

W (&)pn(§)|dE], and let i, 1 be the sequence defined in (30) corresponding to the measure ji. Then

N—1 .
Kn Z Gn—n. N k|| +1 M
N p,_n— M(W,ON) " k An—N—m(Wpon)

But 1/5y € L' (I"); therefore, from Lemma 2 and (35), we have that
Kn < 1 An—N-m(WpN)
v < lim ———MmM———,
I—N-m(Wpn) ~n=00 hy_N_m(Wpn)
Since py € S(I"), then Wop, Woy € S(I'). Therefore, from (21), (18) and (15), we obtain
lim An—n—mWpn)  v(WpN)
n—00 An_n—py(Wpn) — v(Wpn)

lim sup
n—oo N

1
ZCXP{ZN/[IOg(PN‘l‘S)_lngN](S) 8(8i 00 )Idél}
r

It remains to use the continuity of the extremal constant v(p), p € S(I"), in the metric

(S 00)
dist(p, o) = / llog p —logo|€) 22 jag | p. o e s(r).
In fact, by the Lebesgue dominated convergence theorem
dist(pn, pn) — 0, §— 0.
Then, for an arbitrary fixed ¢ > 0, we can take § > 0 in (37) so that

. An—nN-— M(W,ON)
hm _— 1+8
n—>00 hy_n_m(Won)

Now, (34) follows from (36), (38), and the arbitrariness of ¢ > 0. O

Proof of Theorem 1. By the extremal property (6), for all n € Z,, n > N, we have

N-1 )
v Z;) [P 1c+ 121 > 1251 > ((n N)v> e

Therefore,
Kn
" >
lbﬂg%fnzN, " >1.
On the other hand,
Kn Kn An—N—m(Wpn) An—n(pN)
n?No,_ny  n?Nrn_m(Won)  Au—n(pN) TN

According to (21) and (19), we have

. A—n-u(Wpn) DWpn;00) 1 d 2(di+1
lim =2 = : 537 :H\@(zi)| @+ ),
n—oo  A,_n(pN) D(pn;00) C(I)

since due to (15),

D(Wpn; 00) — ()M l—[|¢(zi)|2(d,-+1)_

D(pn; o0) Pl

(35)

(36)

(37

(38)

(39)
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Using (26) and (34), we conclude that

. Kn
limsup ——
n—oo N Th_N

Now, (7) follows from (39) and (40). O

<. (40)

4. Asymptotics of Sobolev polynomials
The following two lemmas pave the way for the proof of Theorem 2.

Lemma 4. Assume that the assumptions of Theorem 1 are satisfied and let

i (n—N)!
Wn—N(Z)=ﬂn—Nm(Z), where nn_sz, neN, n>N. 41)
Then {¥,,_ N} is uniformly bounded on compact subsets of §2 and
lim ¢ (z)=0, j=0,....dj,i=1,....m. (42)
n— o0
Proof. From the definition of «,,, we have
N-1 R 5
Monkn = Y Man |O8F g + [ma=n @S 1y + 1w O (D AQN (2)*, 43)
k=0
Using (7) and (27), it follows that
lim n2_ykn = v*(on). (44)

n—o00

On the other hand, (43) and (44) imply

limsup ||¥,_n ||? <v*(ow).
n—>oop ” n N”HZ(.Q,pN) X ION
Therefore, the sequence {¥,_y} is bounded in H 2(2, pn) and Cauchy’s integral formula renders that {¥,_y} is
uniformly bounded on compact subsets of 2.
For A hermitian and positive definite,

x*Ax

min =i >0,

xeCM, x#£0 X*X
where A1 > 0 is the smallest eigenvalue of A. In particular, for every x € CY,
N x*Ax

x*x < o (45)

From (43) and (44) we have that the sequence {nﬁ_ N Qf,N)(Z)AQ,(lN)(Z)*}neN is bounded; that is, there exists a

constant C > 0 such that

[na-n OV (D)) A[m-n O (2)*] < C. VneN. (46)
Hence, by (45), sequence

{m-n OV(2)*}, .y T, 7

is uniformly bounded with respect to the Euclidean norm. Since in a finite-dimensional space all norms are equivalent,
we conclude that sequence (47) is bounded with respect to the uniform norm; that is,

N+j . .
v O @} o J=0,ciidi i=1,....m,

are uniformly bounded.
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We have
(N+))
(N+7j) N)! n=N—j n
N Qu (@] = ( ,C(F)jy @) )—[C(m@]n =7 (@)
and
_N! N
lim u|¢(zi)|” N=J = .
n—o00 n
Therefore,
(N+J)
(zi)=0, j=0,....,d;,i=1,...,m, (48)

M ierer v
and convergence takes place with geometric rate. Let us see that
’(1N ) (0] . .
nILH;O<W> (zi))=0, j=0,....d;,i=1,...,m, (49)

also converges with geometric rate.
According to the Leibnitz formula,

NG NN 1 (=4
— ) ()= I —— ). 50
([C<F>¢]”N> @) Z(k)Q” (Z)([arm"N) @) 0

k=0

The derivative of order /, [ € N, of the function 1/[C(I" )@]”_N , is of the form

I t
C

-1 —N S VR — , 51

t;( >U(” DR © (51)

where C;(z), t = 1,...,1, do not depend on n, but only on C(I") and on some of the values ®'(2),..., 2D (7).
From (50) and (51), we have
(N+k)

(N) o) c,
_=xn ; 1 _N n l 52
<[C<”‘D1"‘N> 0 ,;)< )Z( )H(n e P iamer P Y

Now, using (52) and (48), we obtain (49). Finally, (42) follows from (41) and (49). O

Associated with the extremal function F* and the conformal mapping @, we consider the sequence of func-
tions {H,'}, defined almost everywhere on I" by

() = FE)o"(8), if I is a closed curve,
n FEE)DLE) + F* (€)D" (§), if IMisanarc.

Lemma 5. Under the assumptions of Theorem 1, we have

N
lim |H* L =0 (53)
00 n—N — nN C([')an L(on) .

Proof. Obviously,

|H =m0 |3, (54)

In connection with the first term of (54), if I" is a closed curve, then

= | Hy N||L2(pN)+||’7" noY ”LZ(p ) —2Re(H,_ ., 1ln— vo >L2

(on) — (on)’
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2(n—N)

|72 = f FAGIEEIG] pN<s>|ds|=7§|f*<s)|2mv@)|dé|
r

= ”f*”HZ(Q oN) =V (pN) (55)

since F* is the solution of the extremal problem (23) and |®(§)| =1 for & € I". If I is an arc, we have
” N||L2(pN) (f* q)n N +}~* ®n N f* (pn N +]_~>¢< q)n N>L2(pN)

2(n—N) 2(n—N)

=/\f1(e>| 18, )" ™ on (©)1de] +/!Fi(§)!2\¢f(§)\
I r
+2Re[Fro" N, Fron V)

pN (§)|dE]

L2(pn)

=?§|f*(€)}2p1v(€)ld§| +2Re/cDi_N(S)‘Pf_N(S)fi(f)ff(é)pzv(S)IdéI

r r

= IF* 3., +2Re / o N @SV @ FLEOFEE) pn (©)1dE), (56)
r

and the second term tends to zero when n — oo (see [8, Lemma 12.1]). Therefore, if I" is an arc or a closed curve,

lim H NHLZ(,ON) v*(on). (57)

n—o00

Let us consider the second term in the right-hand side of (54). We have

UQ<N>||L2(W |o™ |3 <1Qal} =k

Hence,
2
2 (N) |2 (n—N)! Kn Tn—N
M—N ” Qn HL2(pN) < < 0 TN C(F)Z(”—N) . (58)
From (27), (7) and (58),
. 2
timsup||n,—n Q3" [ 12,y < V¥ (ow). (59)
n—>oo

Consider the third term in (54). If I is a closed curve,
(N )

,;r*> .
o H2(2,py)

r

If I" is an arc,

(0. Hi ) = / 06 A @

(M@ FEE@TNE) + 0N @ FE &) D" N (©)) o (§)dE|

oM (&)
o" N )

"J\ "1\“1

(V)
(Q &) O +

W ]'—*(5)>,0 (6)dE|

(N)

N

W) =

@n—N’ 2 ’
H=(£2,pn)

o=N(§)

S FEE) o (©)1dE| = <

where we used again that |<D| =1(|@+| =1)on I'. Therefore, if I" is an arc or a closed curve, from the definition of
v,_n, (24), (25), (20), and the properties of B(z), it follows that
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<’7 —N Qn P * )Lz(p y (llllan’ ]:*>H2(.Q,p/v) = V(PN)(II/anv BK(, oo))Hz(.Q,pN)

n—N

—V(,ON)< |BI%, K(~,OO)>

H2(22,pN)

. @,
=v (,ON)< (60)

B >H2(fz,pN>'

Notice that (¥,_y/B)(c0) =1, and ¥,,_n/B ¢ H2(£2, PN), since the points z;, i =1, ..., m, are poles of this
function. For all n e N,
d; (l J)

Y-~ () = 2 _
50 ;g Zl)/+gn(z) gn € H(R2. py). gn(00) = 1. (61)

Substituting (61) in (60) and using property (17) of the reproducing kernel, we obtain

(N) u ) )
<’7 -N Oy H >L2(p1v) v (’ON)<] +Z Zan N<(z—z )’ (’OO)>H2(Q,,0N)>‘ ©2

i=1 j=0

Now, suppose that
hmmfRe(n,, N Q< ) CHY )LZ( <v*(oN). (63)
Let A C N be such that

. (N) R TI (N)
ilerg Re(”’l—N 0, H:—N>L2(PN) - I}lrgnge(nn_NQ,, ’ HI_N) (¢4

L2 (pn)"

Since {¥,,_y} is uniformly bounded on compact subsets of §2, there exists A’ C A and ¥/, holomorphic in £2, such
that for j € Z,

lim ¢ =w' in 2 wherene A'. (65)
n—o0
From (42) and (65), we have that
v (z)=0, j=0,....dj, i=1,....m. (66)
Using the definition of B(z), (65) and (66), we have that W,/ /B € H%(2, pn) and for n € A’,
v, "N
lim /Y = "2 in 2\ {z1,...,2m) Where n € A'. (67)
n—oo B B

On account of (61) and (67), we conclude that a v—0,j=0,...,d;,i=1,...,m,forn e A’, and from (62), we
obtain

lim Re(n, - O3, Hi_ )2, = V" (o8- (68)
Since A’ C A, (64) and (68) contradict the assumption (63). Therefore,
timinfRe(H,_ . mu-n Of") () > V" (o)- (69)

Taking upper limit on both sides of (54), (53) follows from (57), (59) and (69). O

Proof of Theorem 2. If I" is a closed curve,

. (—N)! o . =N o
F* - " TN = Hy-n — | n—N ’
n: [C(F)¢] HZ(Q,PN) n: C(F) Lz(pN)

Lemma 1 and (53) imply
(N)

n1—>oo—nN[C(1“)<p]n v @ =F"(2) ing,

which is (10). Due to (28), (10) is equivalent to (11).



G. Lopez Lagomasino et al. / J. Math. Anal. Appl. 340 (2008) 521-535 533

If I is an arc, using (17), we have

(N)

m—N) 0 ()_<(n—N)! i K. )>
a e T\ T emer g
N o™
— O e OKE Do ©)lds]

&N (E)K (£, 2) pn (§)|dE|

r
B yg n—N)1 oM @)
- n!  C(IN

(@17 N (@)K (5,2) + D" N (E)K_(£,2)) pn (§)|dE]

r
B f n-N)1 oM@
N n!  C(I)"N
r

=(Hy 5. @ VK () + VK (. Z)>L2(101v)
n—N) oM

—(H* ,, — ,
< n=N n! C([‘)an L2(py)

Using the Cauchy—Schwartz inequality and (53), it is easy to see that the second term in the last equality tends to zero
as n — oo. Additionally,

VK (L) + et VK_(, z)>

(H o @ VKi( )+ 0"V K_(-,2))
=(F*"K(.,2)

L%(pN)

H2(2,pN)

+ / [Fre)ot N ©oZ" Ve K_E 0+ F 6o " M) o" N KL(E, 2) Jon©)ldE|
r
= F*(2) + / [FrEeret N o " VO K_E 2+ F o " V@) N KLE 2) |on©)ldE].
r

In the last equality, the second term tends to zero since it is the Fourier coefficient of an integrable function. Therefore,
we also have (10) when I" is an arc and we conclude. 0O

In proving Theorem 3, we use the following auxiliary result.

Lemma 6. Under the assumptions of Theorem 3, we have fork =0,...,i —landi=1,..., N,
(k)

. n _ .
HE)IT;OW(Z)—O in 2.

Proof. Let pr(&)|d&|, k=0,..., N, be the absolutely continuous component of du(&). We have

N-1 (k) 2 (N) 2
__ I _ Y
nZNC(F)Z(n—N) = nNC(F)”_N « nNC(F)”_N N
N-1 (k) 2 (N) 2
> _xn _xn
= — — .
g nN O M2y - AN CA) ™V L2y
Since (see (44))
K
. =v"(pN),

nllpgo 22N C (20—
and, according to (53) and (57),
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(N)
n

2
nll>nc}o nNC(]—')”*N

Low) = nliigo” H —N ”Lz(pN) ” ”HZ(_Q on) =V (ION)

it follows that

(k) 2

. =0, k=0,...,N—1.

L2(px)

Since ux € S(I"), k=0, ..., N, using Lemma 1, we obtain for k =0, ..., N — 1,

(k)

A1 | NI (e

. n _ .
nlggo W(Z) =0 in$2. (70)
Therefore, the lemma is true when i = N.
By the Weierstrass theorem, for k =0,..., N — 1,
(k) /
. n _ .
ngw[W] (z)=0 1in£2. 71)
It is easy to verify that
(n—b)P'(2) A P A P
n®(z) aN-lHC)e]* C(MP(z) nN[C(I)@]—Kk+D nN[C()®]—*
Therefore, using (70) and (71),

k
i 21 (2)
im
n=oo pNTC(D @Y ()
fork =0, ..., N — 2. Repeating the arguments, we conclude the proof. O

=0 in$

Proof of Theorem 3. For a given k € Z, (12) and (13) are equivalent due to (28). On the other hand, using the
Weierstrass theorem it is easy to prove that if (12) is true for a certain k then it holds for all i > k. For k = N, (12)
coincides with (10). Therefore, (12) takes place for all k > N. To conclude, we will assume that (12) is satisfied for
some k, 1 <k < N, and prove that it also holds for k — 1.

We have
(n+1-0e'@) w D 1 2 w7
woG  ACer Y Ehem e _[nk[ar)qb]”(“] ©

From Lemma 6 and the Weierstrass theorem, the second term on the right-hand side of this equality tends to zero
uniformly on compact subsets of £2. By assumption,
(k
] ) I F*(2)
n=00 C(M @ (2) i [C(I@1—*(z) — C(I@ () (CI)PY ()N F
Taking limit on both sides of the equality above, (12) immediately follows for k — 1 and we are done. O

in £2.

Remark. The following questions arise naturally. First of all, can the assumption that ux is absolutely continuous be
suppressed? Moreover, consider a Sobolev inner product of the form

(p.q)3 Z f p®E)q® €) du () + p(2)Aq(Z)*,

k=01
where
P(Z)=(p@aD), .., PV @), pz2), o PP (@2), s plam) sy P @),
zi€82,i=1,....,m, and A is a hermitian semi positive definite matrix of order M = m + sz=1 d;. Under what

assumptions can we obtain theorems similar to those above for the corresponding sequence of Sobolev orthogonal
polynomials? How does the appearance of derivatives of order < N in the discrete part affect the results?



G. Lopez Lagomasino et al. / J. Math. Anal. Appl. 340 (2008) 521-535 535

References

[1] A. Branquinho, A. Foulquié, F. Marcelldn, Asymptotic behavior of Sobolev-type orthogonal polynomials on a rectifiable Jordan curve or arc,
Constr. Approx. 18 (2002) 161-182.

[2] V.A. Kaliaguine, R. Benzine, Sur la formule asymptotique des polyndmes orthogonaux associés a une mesure concentrée sur un contour plus
une partie discréte finie, Bull. Soc. Math. Belg. Ser. B 41 (1989) 29-46.

[3] V.A. Kaliaguine, A note on the orthogonal polynomials on a complex arc: The case of a measure with a discrete part, J. Approx. Theory 80
(1995) 138-145.

[4] G. Lépez Lagomasino, F. Marcelldn, W. Van Assche, Relative asymptotics for polynomials orthogonal with respect to a discrete Sobolev inner
product, Constr. Approx. 11 (1995) 107-137.

[5] A. Martinez-Finkelshtein, Bernstein—Szegd’s theorem for Sobolev orthogonal polynomials, Constr. Approx. 16 (2000) 73-84.

[6] A. Martinez-Finkelshtein, H. Pijeira, Strong asymptotics for Sobolev orthogonal polynomials, J. Anal. Math. 78 (1999) 143-156.

[7] C. Pommerenke, Boundary Behaviour of Conformal Maps, Springer, Berlin, 1992.

[8] H. Widom, Extremal polynomials associated with a system of curves in the complex plane, Adv. Math. 3 (1969) 127-232.



