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Abstract

In this paper, the optimal control problem is governed by weak coupled parabolic PDEs and involves pointwise state and control
constraints. We use measure theory method for solving this problem. In order to use the weak solution of problem, first problem
has been transformed into measure form. This problem is reduced to a linear programming problem. Then we obtain an optimal
measure which is approximated by a finite combination of atomic measures. We find piecewise-constant optimal control functions
which are an approximate control for the original optimal control problem.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we use the notation of [11] and [3]. Let £2 C R? denote the domain of reservoir which is bounded
with smooth boundary 2. Given 0 < T < oo, we set Q = 2 x (0,7T), ¥ = 982 x (0, T); and suppose that there
exist N, producing wells and N,, water injection wells in the oilfield. Let u(x, ¢), v(x, ) denote the fluid pressures
of system one and system two, respectively, in a point x € §£2 and a time ¢t € (0, T), then u(x, ), v(x, t) satisfy the
following PDEs:

Ny No

V - (1 Vi) —,312—? +yw—u)=( —A)(Zmi(t)a(x — PY) _an(t)a(x - Pf)), x,eQ, (@

i—1 j=1

N, N,
a w o
V- (@ V) —,328—1; +yu—v) =k(2mi(t)8(x — PP =Y n0)8(x — P;')), (x,0 €0, )

i=1 j=1
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0 0

Z_o, Z-0, wnesx 3)

on on

u(x,O):a(x) v(x,0)=1t(x), xe€812, 4
where oy = o5 (x) = =1L, B = Cigph (I =1, 2); K1, K> are mean permeability of system one and system two, respec-

u ’
tively, K1 > Kp > 0; Cy, C2 are the synthetical compressibility and ¢, ¢ are porosities of system one and system

two, respectively, n is the unit outward normal on 92, A is thickness of the reservoir bed; u is the viscosity of the mix-
ture of oil and water in the global control time interval, y is the penetration coefficient, C;, ¢, h, y, u, A (I =1,2) are
positive constants here and 0 < A < 1; §(x — p}*),8(x — ”) are the Dirac Functions at points p” € §2, p% e
which are the locations of the injection water entrance and the extraction oil exit of wells, respectively; m;(¢)
(i =1,2,..., Ny) is the discharge of the ith water injection well at ¢ € [0, T] and p?, n;(t) (j =1,2,..., N,)
is the output of the jth producing well at ¢ € [0, T'] and p;?, and finally the functions o (x) and 7 (x) are bounded and
measurable in £2.

According to the practical requirement of oil exploitation, we suppose that the pressures of the reservoir must
satisfy the following condition:

G(u,v)=/g(x,t,u(x,t),v(x,t))dxgv, tel0,T], 5)
2

where v > 0 is a constant; g(x, 1, -, ) : 2 x [0, T] — R is a Caratheodory function, that is, measurable with respect
to x in £2 for every (x,t) in £2 x [0, T'], and continuous with respect to ¢ in [0, T'] for almost every x in §2 and
g(, - u,v)eCl.

We denote

= (my,mi, ..., My, N1, 01, ...,ny,) € RN,
2
m=(ox),7(x)) €R".

Let f; be the cost function of the ith water injection well and g; be the cost function of producing well, both of them
are the functions of m; () (i =1,2,...,Ny) andn;() (j =1,2,..., N,), respectively. In the meantime, we assume
fi.gjeC 210, o0) are convex functions. Therefore, the global cost of oil extraction in a time interval [0, T'] is given
by

J(n,m) = / fo(m@)dt, (6)
where

fo(m@®)) Zf,m(t)+2g, j ().

Suppose that m;(t),i =1,2,..., Ny, and n;(t), j =1,2,..., N,, are bounded and measurable functions in [0, T].
Let

O<n;<nj@)
m; (1)
O<o<okx)<o
O<z<t(x)<T
i=1,2,..., Ny

Jj=12,....N,

<nj
<

NN

0<m; m;
NU!+N()

Uaa = { (1, ) € (L0, T)) x (L®(2))?

where nj,nj,m;,m;,0,0,7,T are positive constants. For given (n1,72) € Uy, we denote w(x,t;n1,n2) =
(u(x,t;n1,n2), v(x,t; n1, n2)) which is the solution of the system (1)—(4) corresponding to (11, n72) € U,g, and denote
itas w(ni, n2) = (u(n1, n2), v(n1, n2)) for simplicity. Now we define the following optimal control problem.
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Problem P: The problem is

inf  J(n1,m2),
(11,m2)€Vad

where w(n1, n2) = (u(n1, n2), v(n1, n2)) satisfies the system (1)—(4) and the condition (5).
If there exists (1}, 173) € Uag, such that

J(nT,ny) = inf J(n1, 7
(771 772) (n1m)eUag n1,1m2) @)

and the solution w(n7y, n3) = (u(n}, n3), v(n}, n3)) of the system (1)—(4) corresponding to (17, 13) € Us,q satisfies the
constraint condition (5), then (1}, n3) € Uag, is called the solution of problem P, w(n}, n3) = (uw(n}, n3), v(n}, n3)) is
called the optimal state and (w(n7, n3), 1}, ;) the optimal triples.

We consider the following assumptions on ¢; (I = 1,2) and 92 which have been introduced in [3].

(A1) £2 C R? is bounded domain with sufficiently smooth boundary 9£2.
(Az) ai(x) € L2(.Q), 0<a; <oy(x) <o forall x € 2, where oy, o (I =1,2) are constants.

Base on these assumptions the weak solution of the problem (1)—(4) can be defined as follows (for details see [3]).
Definition 1.1. For arbitrary pair (11,72) € Uaa, w(n1,n2) = (i, n2), v(n1,m2)) € [L'((0, T); Wh1(2)1* is

called the weak solution of (1)—(4) if for arbitrary function 6(x,t) = (61,62) € [C ®(Q)]? with 6(x, T) = 0, the
following identical equation will be valid:

00 00
f(v (1 VO)) — By a—; +y 6 — 91)>u<x, 0+ (v (@2V8) — ﬂza—f +yO — ez))v(x, 1) dxdt

T /N,

N,
=X / (Zmi(l‘)ez(Piw’ 1) — an(t)ez(Pf, t)) dt
o ‘=l j=1

r Ny N,
+ (1 =2 /(Zmi(t)Ql(P,-w, 1) — an(t)el(Pj‘-’, t)) dt
o ‘i=l j=1
- /(ﬂla(x)el (x,0) 4+ B2t (x)02(x, 0)) dx. ®)

2

Definition 1.2. A triple (w, 11, n2) of the trajectory function w and two vector control functions 7; and 7, is said to
be admissible if:

1. The trajectory function w(ny, 72) € [L'((0, T); Wh1(2)1> N[L3((0, T); L?(£2))]? satisfies the problem (1)—(4)
and the constraint condition (5).
2. The vector control functions n; and 7, are in (L°°(0, T))NutNo and (L®(£2))2, respectively.

Let F be the nonempty set of admissible triples. We intend to find a triple in F, so that minimize the functional (6).
2. Change of the space

In the given classical control problem, it is not possible to find a triple in / so that minimize the functional (6) in
general. So we may extend the problem to measure space which is larger space than the classical space of controls,
then we obtain a solution in the new space for the problem and finally we obtain an approximate solution for the
original problem in the classical space.

First consider the following theorem of [3].
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Theorem 2.1. Assume (A1), (Az) are valid. Then for given (n1, n2) € Uag, problem (1)—(4) has a unique weak solution
w(ni, m) € [L'(0, T); WHH(@) 1P N[L2((0, T); L*(£2))1* which satisfies

a6 a0
/(V (1 Vo) —ﬂla—; +y (2 — 91)>u(x,l) + (V (2V) — ,328—: +y O — 92)>U(X, 1 dxdt

TN, N,
= A/(iji(t)@z(l"iw, 1) — an(t)ez(PJ?, t)) dt
o \i=l j=1
r Ny N,
+(1=2) /(Zmi(ﬂﬁ (P", 1) — an(t)el (P/O t)) dt
o i=l j=1
—/ﬁla(x)el(x,O) + B2t (x)62(x,0) dx, 9)
22
where 0(x,t) = (01(x,1),62(x,1)) € [COO(Q)]Z. Moreover, there exist nonnegative constants Ny, k =1,2,...,6,

such that the following inequalities hold:

N N,
lwllizio,7),wri@pr < N (ZHmi(f) | oy + 2175 ||Loc<o,r)>
i=1 j=1

+B1N2]| 0 ()| ooy F B2N3 [ T | oo ) (10)

No N,
lwlliz2o, 1), L1 @2ne < N4(Z||mi(f) | oy + 275 ||Loc<o,r)>
j=1

i=1

+ B1Ns [0 ()| oo o) + B2N6 | T (D) oo - (11)

From (10) and (11) and with respect to bounded control functions m; and n; we can find the compact set A C R?
such that
w(x,t) €A, VY(x,t)eQ. (12)

The following lemma is useful to use constraint (5) by measure theory method.

Lemma 2.2. If T; is an arbitrary countable discrete subset of points in [0, T] which is dense in [0, T], then the
constraint condition (5) at t € [0, T] is equivalent to the following constraints:

/g(x,tn,u(x,tn), v(x,t))dx <v, n=1,2,..., (13)
2

where t,, is a sequence from point in T; and convergent to t as n — oQ.

Proof. Suppose (13) is valid and let g, (x) := g(x, t,, u(x, t), v(x, t,)). From property of g, lim,_, o g (x) = g(x),
so by Fatou’s lemma
/g(x,t, u(x,t), vix, t)) dx =/ lim infg,dx < lim inf/gn dx <v.
n—0o0 n— oo

2 2 2

The converse of lemma is trivial. O

By the continuity of the cost function, let My and o; be the compact sets, then 11 (¢t) € My and 1n2(x) € o, for all
tel0,T]and x € 2. If D1 =A x Q, D, =M; x [0,T] and D3 =0, x £2, then for F € C(D1), G € C(D3) and
H € C(D3), define A : C(D1)— C, Ay : C(Dy) — C, A3 : C(D1) — C by
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AL(F) = / F(w, x,1)dxdt,

0
T

Az(G):/G(m(t),t)dt
0

and

A3(H) = / H(nz(x), x) dx.
Q

One can see that A1, A2 and A3 are positive bounded linear functionals on C (D), C(D3) and C(D3), respectively.
By the Riesz representation theorem [9], there exist positive Radon measures (1, 1o and @3 such that

Al(F)=/F(w,x,t)dxdt=/Fd,u1,

o Dy
46 = [ Gn@.ryar= [ Gaus
[0,T] Ds

and

A3(H)=/H(n2(x),x)dx=/Hdu3.
2 D3

Now (9) changes to the following form:

/Fg dus :fGQ d,uz—i—/Hedug, (14)

Dy Dy D3

where

a6 a0
Fo(w, x,1) = <V (o1VOr) — /313—t1 +y (62— 91)>u(x, 1)+ (V (2V2) — ﬂza—tz +y (6 - 92)>v(x, 1),

N N,
Go(m (@), 1) =1 - 1) ( > om0 (PP 1) = > )61 (PY z))
j=1

i=1

NIU N{)
1 k(Zmi(t)Gz(Piw, t) =Y nj62(Py. t)),
j=1

i=1

Hy(n2(x),x) = —B10 (x)01(x, 0) + B2t (x)b2(x, 0) (15)
and (13) changes to
%m (g(x, th,u(x, ty), v(x, tn))) <v, n=12,..., (16)

where Fy, Gg and Hy are belong to C(D1), C(D3) and C(D3), respectively. Using these concepts we can put our
nonclassical problem (14) with functional (6) in its definitive form. Thus, we seek measures w1, 4 and p3 which
minimize the functional

1, o 13) = 2 (o) =/fodm (17)
Dy

subject to (by (14))
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11(Fg) — n2(Gg) — na(Hg) =0, ¥ € (C¥(D))7,

1
?m (g(x, t,u(x,ty), vix, tn))) <v, n=1,2,.... (18)

So the problem of minimizing (6) on F will be converted to the problem of minimizing (17) by the triples (w1, 12, #3)
so that these triples are satisfied in (18). We call the set of all positive Radon measures on D1, D> and D3 by
M™* (D), MT(D;), and M (D3), respectively. We choose (i1, 42, 43) from M (D) x M+ (D3) x M™(D3). Now
consider the functions ¢ : D1 — Rand § : Dy — R and ¢ : D3 — R so that these functions depend only on (x, ¢t) € O
and ¢ € [0, T] and x € £2, respectively. We have

10 =/;<x,r)dxdr —a. (19)
D,
12 (E) = / E()di = b 20)
Dy
and
13(6) :/gmdx e @1
D3

Note that a;, bg and c are the Lebesgue integrals of the functions ¢, & and ¢ on Dy, D, and D3, respectively. Thus
if 1p,, 1p, and 1p, are characteristic functions of D1, D, and D3 and L is the Lebesgue measure of 2, respectively,
then

ui(lp)=TL,
ua(lpy) =T,
pua(lp,) =L. (22)

3. The existence of approximate optimal measure

Let P be the subset of measures in M1 (D) x M+ (D,) x MT(D3) which satisfies (18)—(22). We intend to show
there exists an optimal triple measure (w1, (2, #3) in P such that minimizes the functional (17).

To find an optimal triple measure we have to use a convenient topology for M (D1) x M+ (D>) x MT(D3) so
that P be a compact subset of this space. If we topologize the space M+ (D) x M+ (D) x MT(Dj3) by the product
topology of the weak* topology, we can say P is compact and so by Theorem II.1 in [7] any continuous function gets
its minimum on a compact subset of a Hausdorff space.

Proposition 3.1. The set P of all triple measures in M (D1) x M+ (D,) x M (D3) that satisfy
—\2
w1 (Fa) — 12(Go) — u3(Hg) =0, VO € (C*(Q))",

1
—m(g(x, th,u(x, t,), v(x,tn))) <v, n=12,...,

T

n1(¢) =ae,

n2(&) =be,

u3(g) =cc (23)

forall £’s, &’s and ¢’s, is compact in respect to weak* topology on M (D1) x M*(D;) x M (D3).
Proof. The proof is similar to the proof of Proposition 4.4 in [2]. O

The functional (w1, w2, #3) = n2(fo) is continuous (see [2]) and thus we have the following proposition.
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Proposition 3.2. There exists an optimal triple measure (;ﬁf, ,u;, y,g‘) in ‘P so that for any triple, (1, 2, u3) in P,

I(}, s, 13) = mh(fo) < ma(fo) = 11, u2, pw3)

thus the functional I = || D, foduy achieves a minimum on P.

The problem (17)-(18) is an infinite dimensional linear programming, the underlying space M+ (D) x MT (D) x
M™(D3) is not finite dimensional and the number of equations in (18) are not finite. In following we intend to find a
way for converting this problem to a finite dimensional linear programming problem.

Proposition 3.3. Let P° C P be the set of triple measures (jL1, 42, u3) in P corresponding to triples (w, ny, n2) of
piecewise constant functions on Q, [0, T] and $2 that satisfy (23), then P° is weak™ dense in P.

Proof. The proof is like the proposition in Appendix of [4]. O

Definition 3.4. We call the functions (61,, 6»,) € [Coo(é)]z,i =1,2,..., total if for each (01, 0;) € [COO(Q)]2 and

for given € > 0, there exist a positive integer N and real numbers as p;, i = 1,2, ..., N such that
N

max|60; — Zp,-@li <e€, max|6r — Zp,ﬂzi <€,
0 i i=1

max —91 Zp, 1; max Zpl —0h| <€,
0

N

max | Vo — Zpiveli <€, max | V6, — Z piVoy || <e. (*)

0 ' i=1 E
Now by (15) we define
F; .= Fy,, G, =Gy, Hi:=Hp, i=1,273,...,

furthermore we consider a different form of total functions in C(Q), C ([0, T]) and C($2), respectively, corresponding
to the functions in (19)—(21) as follows:

{Gi,i=12,...}, {6, i=12,...} {si,i=12,...},

respectively, such that Lebesgue integral of them on D1, D> and D3 are a;, by and ¢; for ac;, bg, and c,.
Now we consider the following proposition that its proof is similar to Theorem 3 of [8].

Proposition 3.5. Let M1, M, M3, M4 and M5 be positive integers. We consider the problem of minimizing the func-
tional as

(1, w2, w3) = pua(fo) (24)
on the set P(My, M>, M3, My, Ms) C P of measures in M+ (D1) x MT(D>) x MT(D3) that satisfy

w1(F;) — pu2(Gi) —u3(Hy) =0, i=1,2,..., My,

%M(g(x, fn u(X, 1), 0(x, 1)) <v, n=1,2,..., My,

wij)=aj, j=12,..., Ms,

wrE)=by, k=1,2,..., My,

ui(sn) =c, 1=1,2,...,Ms, (25)

then as My, My, M3, My, M5 — 00,

inf — inf .
P(My,M»,M3,M4,M5) #2(fo) P H2(fo)
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One can show that (see [7])
inf/ <infJ.
P r

Now we can proceed the construction of suboptimal triples of trajectory and controls for functional (6). In the
first step we obtain the optimal triples (i}, 3, u3) in P corresponding to triples (w, 11, n2) of piecewise constant
functions on Q, [0, 7] and £2 that satisfy (23) which we called the set of all these triples P°. By Proposition 3.3,
P is dense in P, thus we apply proposition (3.5) for member of P° N P(M;, My, M3, M4, Ms). Now by optimal
measure obtained from (24)—(25), we find a triple (w, 11, n2) of piecewise constant functions. The vector function 7,
belongs to [L2(£2)]%, because £2 is bounded and 7, is piecewise constant. By a similar reason the piecewise constant
vector function 7, belongs [L2((0, T))]V»+Ne. We call function w corresponding to 11 and 7, in any triple by wa
Now by the weak solution of (1)—(4) and definition (1.1), the function w,';]z which is belong to [L'((0, T); W“(.Q))]2
is a weak solution of (1)—(4) as well. The existence of this weak solution is shown in Theorem 2.1. One can see a
framework in [5,6,8] and [1], by borrowing a term from [10], we call the triple (wa, n1, n2) of trajectory and control
functions asymptotically admissible if:

(i) The vector control functions n; € [L2((0, TH)]?, ni(t) e My and np € [L2(2)]3, N € oy.
(i1) Trajectory function (w:],f, N1, 12) is the weak solution of (1)-(4) corresponding to the control functions 7(-)
and > (-) and satisfy (9) and (5).

Finally we will show if the numbers M, M, M3, M4, and M5, that are introduced in proposition (3.5), are sufficiently
large and the approximate optimal triple measure, that is obtained by above manner, be sufficiently good, then the value
of J(w;?, n1,m2), the value of functional in (6) by (wy?, 11, n2), is close to infp 1.

Note that we do not need to obtain the trajectory function which is made by the control functions 71 (-) and 72 (-).

Theorem 3.6. Let (w,';f, N1, n2) be the triple of controls and trajectory that is obtained by the mentioned discussion,
then

(1) The triple is asymptotically admissible.
(i) As My, M>, M3, My, Ms — o0, then

J(w:’“Z, n, r)z) — i%fl.

Proof. We assumed that {0;};cn is a total sequence of functions, so for given € and 6 = (61, 6,) € [COO(Q)]Q, there
is My and p;, i = 1,2,..., My, such that (x) holds, for M| instead of N. Fix the values of M, M3, M4 and Ms5.
Let (u}, 13, n3) be the minimizer for the functional (24) over the set of P(My, M, M3, My, Ms). Because of density
of P° in P, Proposition 3.3, we can find a triple of piecewise constant trajectory-control functions (w2, 11, 72) on P°
so that

|13 (fo) — w3 (fo)| <e.
|ul (F) — nd'(Gj) — n2(Hp)| <€, i=1,2,....M,

1
?/‘Lllu(gn(x’tﬂ’w(x’tn)))gv, n=1,2,...,M2. (26)

In the above inequalities, we have used the triple (1}, 123", u3°) to denote measures in M+ (D) x M*(D3) x MT(D3)
generated by the triple trajectory-control (wa, N1, 102).

Now we prove that the triple (w,';lz, 11, n2) obtained as described above is asymptotically admissible.

(a) We use n = (n1,1n2) for obtaining w(n) as above. Now, we must prove that w(n) for the above given
0 € [C®(Q)]? satisfies

00 00
/—,318—; +a1V01'Vu+y(u—v)01dxdt—l—/—,328—t2 4+ oyVOy - Vo4 y (v —u)drdx dt
0 0
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T /N, Ny
~a-n [ (Zm(rwl(P;’»t) - me(’”l(P"w’t)) “
0 j=1 i=1

T

N, Ny
—Af(an(t)Qz(Pj”,t) =Y min)6a(P", I)) dt — /(ﬂla(x)é’l(x,O) — Bat(x)62(x, 0)) dx
o V=l i=1 5

< E.

We know that fori =1,2,..., M,

00 00,
/( ,31—1+a1V91 Vu+y(u—v)91i>dxdt+/(—ﬂ28—t2’ + Vo, 'Vv—i-)/(v—u)@zi)dxdt
0 (0]

T /N, Ny
—(1- )\)/(an(r)el (Pj”, 1) — ij(t)el(piw, t)) dt
o Vi=l i=1

T /N, Ny
—Af<zn,~(t)92,. (P?.1) - ij(t)ezi(Piw,t)) dt — /(ﬁla(x)él(x,O) — Bat(x)0y, (x, 0)) dx| <.
= i=1

2

Let K —dexdt, Ku= [, Vuldxdt, K, = [,|Voldxdt, Ky = [, lu—v|dxdt, K3 = [T [N, n,(0)]dt, Ky =
fo |Zl "mj()]dt, Ks = [ ]o(x)|dx, K¢ = [ |(x)|dx, therefore

a0 00
‘ /<_ﬁ18—t1 +a; VO -Vu+yu — v)91> dx dt +/<_ﬂ28_t2 +ayVO - Vo+y(v— u)@z) dxdt

/N, Nu
_(1—k)/(an(t)Gl(Pf,t)—ij(t)el(])iw’t))dt
o \i=l i=1

/N, Ny
k/(Zn/(t)Gz )—ij(t)GZ(Piw,t)> dt—/(ﬂla(x)el(x,O) — Bt (x)62(x, 0)) dx
i=1

2

90 90 M M

1 1;

—Bi |:—8t - Elpl 5 } + o <V91 E pi Vb, ) -Vu+y(u —v)<91 - .Elpi(?l,-))dxdt
= 1=

i=1

M,
00.
(Zpi (-/31 8—;'> + sz(mV@] -Vu) + Zp, Y — )by, )) dxdt

i=1 i=1

M,

96, 36,, il il
—52[5—21,01 o1 :|+a2<V61 Zp,V@)'Vv—i-)/(u—v)(éb—z,o,-@zi)>dxdt

i=1 i=1

ks

00,
i<—,3 Y )+ZP:(“2V92 Vv)—l—z,o, y (v —u)bs, )) dxdt

i=1 i=1

n,(r)(& Zplel) Zm]a)(el Zp,el) ,>d
i=1

|

~

[

|

>

N’
S —
e
~
&MZ
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T /N, Ny
—x/(Zn,a)(ez—Zp,ez) Zm,(r)(ez Zp,ez>Pw )d
o \i=l i=1

M, M,
- f (ﬂlo(x) (91 - Zpieli)oc, 0) - ﬂzT(X)<92 - Zpiezi)(x, 0)) dx
0 i=1 i

i=1

TMl

—(1—x>/2p,(2n,(r>el 0.0 Zm,(r)el ,)>
J

T 1 N Nu)
—k/Zpi<an(t)92 )—ij(t)ézi(Piw,t))dt
0 i=l1

i=1

M,
—/Zpi(ﬂlﬁ(xwli(x,o)—ﬂzT(X)Qz,-(x,O))dx
o =1
< ((/31 + B K1 +a1Ky +2y Ky + 02Ky + (K3 + Ka) + 1 Ks + B2 Ke)e

+Z|pl /

/ /32 +a2V92 -Vu+y@—u)b, dxdt

-Vu+yu—v)6,dxdt

T N,

Ny
—(1—x)/<zn,(z)91 )= mjn)6 (P
i=1

4 Nw
—~ A/an(t)ezi(Pjo,t) - ij(t)ezi(Piw,t)> dt — /(,Blo(x)Gl(x,O) — ot (x)8, (x, 0)) dx
0 j=1 i=1 Q
M,

<€C+Z|,0i|6 <€,
i=1

where C is the constant appeared in the inequality. By Theorem 2.1, we have

0 O
/(v (@1V0) — By % +y (6 — 91>>u<x, £ daxd + (v (V) — ﬂz% +y 6 - ez))v(x, £ dx di
2

No
/(Zm )02 (P, 1 an(t)Qz(Pj”,t)> dt
j=1

T /N, N,
+ —x)/(Zm,(t)el Z n;j (06 (P )dz

—/ﬂm(x)&l (x,0) 4+ Bat(x)02(x,0)dx. 27

Therefore w(n, n) is asymptotically admissible.
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(b) Since

’

00 =0 11, 2. 3)| = 113 (o) = 3 (o)
by using (26), we have

\J(n)—ilr;flwl,uz,m)\<e. O
2

4. The approximate optimal triple measure

Let (u}, 3, n3) be the optimal triple measure that is obtained by solving the linear programming (24)—(25). Now
by unitary atomic measure we can write u}, i3, and w3 as a finite linear combination of unitary atomic measure as
follows:

where a®, >0,m=1,2,... .M, B >0,n=1,2,....p.andy* >0,r =1,2,... R, 2, € Dy, 5" € Dy,and %, € D3
for any m, n, and r and 8(z,,), 8(Z,) and 8(%,) are unitary atomic measures, respectixe\ly, supported/b\y z,Z,and é

Now by using Proposition II1.3 of [7], by considering dense sets as D1 C Dy, Do C D», and D3 C D3, and by
choosing z, € a,m =1,2,....M,z} € @,n: 1,2,...,p, andéj c 5\3, r=1,2,..., R, the optimal triple mea-
sure (;[f , ,u; u§ ) that is obtained from problem of (24)—(25) can be approximated by triple measure (i1, (2, i©3),
where

M P R
=) wmd(an),  pa=) B, pa=) 18 (28)
m=1

n=1 r=1

andoy, 20,m=1,2,....M,8,>20,n=1,2,...,p,and y, 2> 0,r =1,2,3,..., R, will be obtained by solving a
linear programming problem as follows:

p
Minimize Z Bn fo(Zn)

n=1

subject to

M p R
D amFiGm) =Y BuGiGa) = Y v HiG) =0, i=12,...,M,
m=1 n=1 r=1
1 M
?Zamgs(zm)gva s=1,2,..., M>,
m=1
M
Zamé‘j(Zm):aj, j:1127"-7M3»
m=1

14
Zﬂngk(én)zbk, k=1,2,..., Ma,
n=1
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R
Zyrgz(ﬁr) =¢, 1=1,2,...,Ms,

r=1

M
Zamlels

m=1

p
Z:Bn = lDz,
n=1

R
Zyr = 1D3a
r=1

on=20, m=1,2,..., M,
6,20, n=1,2,...,p,
=0, r=12,...,R, (29)

where 1p, =TL, 1p, =T and 1p, = L (L is Lebesgue measure of £2). For obtaining z,,’s, Z,’s and %, ’s that are dense
in D1, Dy and D3 we divided the sets of B, My, o, A and [0, T], respectively, to r1, 2, r3, r4, and rs subrectangulars,
where ry =dx dyd;, ro =dm, dm, -+ diny, dn, dny -+ - duy, 13 = do dr and r4 = d,, d,, so that we have M = ryrarsryrs,
p =rs and R = ry subrectangulars of Dy, D;, and D3, respectively, as Dq", m=1,2,..., M, Dg, n=12,...,p,
Dy, r=1,2,..., R. We choose from each D", D5 and D a point as Z,; = (tw, Xims Ym» Zms Um»> Vm)s 2n = (tn, N1,,)

and zZ, = (x;, ¥r, 2r, Oy, Tr), Tespectively.
5. Numerical example

Example 1. In this example, we apply the mentioned method for finding control functions m1(-),n1(-), o (-) and t(-)
for an optimal control problem that is to minimize a certain given functional of m(-) and ny(-) at time interval [0, 1]
as

1 1

2 3
) = / (1)) dt + f (m ()’ dt (30)
0 0
on a system governed by following parabolic equations:

0.1)Vu — (0.1)2—? +0.01(v — u) = (0.99) (m (1)8(x — 0.2,y — 0.2,z — 0.2)
—n®)8(x —0.5,y—0.5,z—0.5)), (31)

0.01)VZy — (0.01)3—1: +0.01(u —v) = (0.01)(m1 ®)6(x—=02,y—-0.2,z-0.2)

—n(H)3(x — 0.5,y — 0.5,z —0.5)), (32)
where initial and boundary conditions are as follows:
0 d
2o, =0, wyznnes, (33)
on on
ux,y,z,0) =0(x,y,2), v(x,y,z,0)=1(x,y,2), (x,y,2) €52, (34)

and according to the practical requirement of oil exploitation, we suppose that the pressures of the reservoir must
satisfy the following condition:

Gu,v) = /(x2 + Y2+ 2+ u () + v (x, 1)) dxedydz <2, tel0,1], (35)

Q
where 2 = (0, 1) x (0,1) x (0, 1) and Q = §2 x (0, 1). For our numerical example we consider 7 =1, A = (0, 1) x
©0,1), My =[0,1]x [0, 1] and o = [0, 1] x [0, 1]. We divide the sells (0, T) = (0, 1), A, 2 = (0,1) x (0, 1) x (0, 1),
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Mg and 0, t05,6 x 5,4 x4 x 4,4 x4 and 5 x 5, respectively, thus we have M = 9600, p = 80 and R = 1600. We
define the functions & which are defined in Section 2 as

0(x,y,z,1) = (T — )P (sin(p27rx) sin(p37y) sin(pamz), cos(pamx) cos(p3my) cos(panz)).

Note that 0(x, y, z, T) = 0. We consider six various forms of this functions for p; =1, pp =1, p3 =2 and ps =3,
thus in the problem (29) we have M| = 6, My = 20, M3 =320, M4 =5, also M5 = 64. Thus we have following linear
programming problem:

80
Minimize Z Bn (mﬁ + n,zl)

n=1

subject to
9600 80 1600 .
Y anFizn) = ) BuGiGa) = Y v HiG) =0, i=12,....6,
m=1 n=1 r=l1
9600

1
TZ“mgs(Zm)gv, s=1,2,...,20,
m=1

9600
Y awti@m) =aj.  j=1.2.....320,

m=1
80

Y BukkCG) =bi. k=1.2,....5,

n=1
1600

Zyrgl(ér) =c, [=1,2,...,64,

r=1

, m=1,2,...,9600,
, n=1,2,...,80,
0, r=1,2,...,1600. (36)

By solving this linear programming problem we construct the optimal controls m((-) and n(-) by the method that is
proposed in [7] and Section 6. The value of cost function is 0.1109 and optimal controls are shown in Figs. 1-4.

Example 2. This example is similar to Example 1 but here we have the following changes, M; = 6, M, = 20,
M3 =448, My =7, Ms = 64. So we have M = 15680, p = 1512, R = 3136. The related linear programming has
548 constraints and 20328 variables. The cost function at time interval [0, 1] is as

1 1 1
J(n)=/(m1(t))2dt+f(n1(t))3dt+/(n2(t))3dt.
0 0 0

The value of cost function is 0.0139 and optimal controls are shown in Figs. 5-9.
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Fig. 1. The piecewise-constant optimal control m{(-) ont € (0, 1].

1
0.8
0.6

©

0.4

0.2

Fig. 3. The piecewise-constant optimal control o (x, y, 0).
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Fig. 5. The piecewise-constant optimal control m(-) on ¢ € (0, 1].
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Fig. 2. The piecewise-constant optimal control n(-) on ¢ € (0, 1].
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Fig. 4. The piecewise-constant optimal control 7 (x, y, 0).
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Fig. 6. The piecewise-constant optimal control n1(-) on ¢ € (0, 1].
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Fig. 7. The piecewise-constant optimal control no(-) on ¢ € (0, 1].
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Fig. 8. The piecewise-constant optimal control o (x, y, 0). Fig. 9. The piecewise-constant optimal control 7 (x, y, 0).

6. Conclusions

In this paper we introduce a new technique for solving the optimal control problem of the parabolic PDEs in
exploitation of oil. Using the weak solution of the problem, the first problem is transformed into an optimization
problem in measure space. Then we change this one to a finite dimensional linear programming problem. Finally we
obtain piecewise-constant optimal control functions which are an approximate control for the original problem.
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