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By now the L9-spectra of self-similar measures satisfying the so-called Open Set Condition is well understood. However,
if the Open Set Condition is not satisfied, then almost nothing is known. In this paper we provide non-trivial bounds for
the L9-spectra of an arbitrary self-similar measure, see Theorem 1.1 and its corollaries, and non-trivial bounds for the mixed
L9-spectra of finite families of arbitrary self-similar measures, see Theorem 2.1. We emphasize that we are considering
arbitrary self-similar measures and sets which are not assumed to satisfy any separation conditions; in particular, we are
not assuming that the Open Set Condition is satisfied. As an application of our results we obtain bounds for the L7-spectra
of the (2, 3)-Bernoulli convolution, see Section 3.

1. Bounds for L9-spectra
1.1. Self-similar measures
Let S;:RY — RY for i=1,..., N be contracting similarities and let (p1, ..., py) be a probability vector. For each i, we

denote the Lipschitz constant of S; by r; € (0, 1). Let K and w be the self-similar set and the self-similar measure associated
with the list (S1,..., Sy, P1, ..., Pn), i.e. K is the unique non-empty compact subset of R? such that

K =Jsix, (11)

and p is the unique Borel probability measure on RY such that
p= pinoS;, (12)
i

cf. [6]. It is well known that the support of u equals K. We will say that the list (Sq,...,Sy) satisfies the Open Set
Condition (OSC) if there exists a non-empty, bounded and open set U such that S;(U) CU for all i and S;(U)NS;(U) =9
for all i # j.
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1.2. Li-spectra of self-similar measures

During the past 15 years the multifractal structure of  has received much attention. Multifractal analysis refers (among
other things) to the study of the L9-spectra of . For q € R, we define the lower L?-spectrum z,(q) and the upper L9-
spectrum T, (q) of  as follows. For r > 0 write

Iu(r;q) =/M(B(x, M) . (13)
K

The lower and upper L7-spectra of w are now defined by

.. logly(rig)
7@ IRIOH —logr ’
logl,(r; q)

T, (q) =limsup (1.4)
™0

—logr
The main significance of the L9-spectra is their relationship with multifractal analysis, cf. [3] and references therein. Indeed,
during the 1990’s there has been an enormous interest in computing the L9-spectra in the mathematical literature, and
within the last 15 years the L9-spectra of various classes of measures in Euclidean space R? exhibiting some degree of
self-similarity have been computed rigorously, cf. [3].

In particular, in the 1990’s Arbeiter and Patzschke [1] succeeded in computing the LI-spectra of self-similar measures
satisfying the OSC; their results are summarized in Theorem A below. However, before we can state Theorem A we introduce
the following definition. Namely, define the function 8 : R — R by

N
> pirf @ =1. (15)
i=1

We can now state Theorem A from [1].
Theorem A. (See [1].) Assume that the OSC is satisfied. Then the L9-spectra T, (q) and T, (q) are given by

(@) =Tu(@) =@
forallg e R.

The reader is referred to the textbook [3] for a more detailed discussion of multifractal analysis.
1.3. Main results - Part 1: Bounds for the L1-spectra

Unfortunately, except for a few special classes of measures, almost nothing is known about the L9-spectra of w if the
OSC is not satisfied. For example, Feng et al. [4,5] have recently proved that all self-similar measures (and, in particular,
self-similar measures not satisfying the OSC) satisfies some version of the multifractal formalism, and Lau et al. [10-12] and
Testud [18] have investigated multifractal properties of various special classes of self-similar measures not satisfying the
0sC.

The main purpose of this paper is to provide non-trivial bounds for the L9-spectra of an arbitrary self-similar measure.
We emphasize that we are not imposing any condition on the size of the overlaps S;K N S;K. Theorem 1.1 below is our first
main result. However, before we can state Theorem 1.1 we need to introduce the following notation. Let

Th—{1,...,N}\",

sN=q1,. N, (1.6)
ie. X" is the family of all finite strings i =i ...i, of length n with entries ij € {1,..., N} and >N denotes the family of all
infinite strings i =1iqi... with entries i; € {1,...,N}. Fori=ijiy... € >N and a positive integer n, let i |[n=ij...i, denote

the truncation of i to the nth place. Furthermore, for i=1i;...i, € X", we write S; =S, 0---0S;, and
Kij = SiK.
Also, write

Di = Diy * " Piy» i =TT,

for i=1iy...i, € X". We can now state our first main result providing non-trivial bounds for the L9-spectra of an arbitrary
self-similar measure.
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Theorem 1.1. For a positive integer n, let

ﬂxﬁé@}

iel

Inz{lgz”

(observe that Z,, is non-empty since {i} € Z, for alli € X"). There exists a unique s, € R such that

p— . 75”
1_maxE pir; .
1eZy £
iel

Let s = sup,, sp. For all g € R with q > 1, we have
B@) <T@ <Tu(@) <s(1—q).

Theorem 1.1 follows from a more general result in Section 2, namely Theorem 2.1, providing non-trivial bounds for the
mixed LI-spectra of a finite family of arbitrary self-similar measures. If K is not a singleton, then the next result shows that
s> 0. In particular, this implies that s(1—q) <0 for all g > 1, and since it is not difficult to see that T,(q) <0 for all ¢ > 1,
we therefore conclude that the upper bound for T, (q) provided by Theorem 1.1 is non-trivial.

Proposition 1.2. Let s be as in Theorem 1.1. If K is not a singleton, then s > 0. In particular, if K is not a singleton, then

Tu@<s(1—-q) <0

forallg > 1.

Proposition 1.2 also follows from a more general result in Section 2, namely Proposition 2.2, providing bounds for the
mixed L9-spectra of a finite family of self-similar measures.

If all the contraction ratios rq,...,ry coincide, then the results in Theorem 1.1 can be simplified. Indeed, if r; =--- =
ry =1 for some r € (0, 1), then s, = ﬁgr log(maxjez, D ic; pf), and we therefore obtain the following corollary from Theo-
rem 1.1.

Corollary 1.3. Assume thatr{ =--- =ry =r. Put

1
=s log( m 7).
S 1,:pnlogr og(le%i(Zpl)

iel

For all g > 1, we have
B@ <T@ <Tu(@ <s(1—q).
2. Bounds for the mixed L9-spectra

Recently mixed (or simultaneous) multifractal L9-spectra have generated an enormous interest in the mathematical
literature, cf. [2,7,14-16] and references therein. Previously, only the scaling behaviour of a single measure p has been
investigated, see [3]. However, mixed multifractal analysis investigates the simultaneous scaling behaviour of finitely many
measures (1, ..., Mg. Mixed multifractal analysis thus combines local characteristics which depend simultaneously on vari-
ous different aspects of the underlying dynamical system, and provides the basis for a significantly better understanding of
the underlying dynamics.

We will now generalize Theorem 1.1 to the mixed multifractal setting. We therefore fix a positive integer k, and let
P;j = (Pj,i)i=1,.. N be probability vectors for j=1,...,k with p;; >0 for all j,i. Next, let u; denote the self-similar measure
associated with the list (S1,..., SN, Pj1,---, PjN), i.e. ij is the unique Borel probability measure such that

pj= pjitjoS; .

1

As in the previous section, K denotes the common support of the measures w1, ..., ik, i.e. K is the unique compact set
satisfying (1.1). Finally, we define g:RK — R by
chllji B pﬁffff(q) =1 (1)
i

for q=(q1, ..., qx) € R¥, and observe that this definition reduces to (1.5) for k=1.
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2.1. Mixed L9-spectra of finite families of self-similar measures
Mixed LI-spectra of the list gt = (i1, ..., (i) are defined as follows. Let I, denote the diagonal ray in R¥, i.e.
D ={(x....,%) e RK | xeR}.

If E is a subset of R¥ and r > 0, we will write B(E,r) for the r neighbourhood of E, i.e. B(E,r) = {x € R? | dist(x, E) <r}.

For q=(q1,...,qx) € R¥ and r > 0, we define the mixed integral moment scaling function of the list gt = (i1, ..., ig) by
-1 —1
Iu(r; @) = / i (B, D)™ b (B, )™ (G x X i) (s XD (22)
KkNB(Dy,r)
The lower and upper mixed L7-spectra, denoted T, (q) and T, (q), of = (i1, ..., i) are now defined by
.. logly(r;q)
=1 f——
(@ l?{}on —logr
log I, (r;
Tu(q) =limsup M (2.3)
no  —logr

For k =1, the above definitions coincide with (1.3) and (1.4). Assuming the OSC Moran [14] and Olsen [16] computed the
mixed L9-spectra T,(q) and T, (q); this result is summarized in Theorem B.

Theorem B. (See [14,16].) Assume that the OSC is satisfied. Then the mixed LI-spectra T, (q) and T, (q) are given by

@ =Tu(@ =B
for all q € RX,

2.2. Main results — Part 2: Bounds for the mixed L9-spectra

Unfortunately, nothing is known about the mixed L9-spectra 7,(q) and T, (q) if the OSC is not satisfied, and the second
main purpose of this the paper is to provide non-trivial bounds for the mixed L9-spectra of a list of arbitrary self-similar
measures. We emphasize that we are not imposing any condition on the size of the overlaps S;K N S;K. Theorem 2.1 below

is the main result. In Theorem 2.1 and Proposition 2.2 we write X >y for X = (x1, ..., %), Y= (J1, ..., yk) € R¥ if x; > y; for
all i and we write X >y for X= (X1, ..., %), Y= (J1, ..., ¥x) € RK if x; > y; for all i. We also write

Dii = Di,i; - Pi,ip

fori=ij...ip € X" and put 0=(0,...,0) e R¥ and 1=(1,...,1) € R¥. Finally, we let (- | -) denote the usual inner product
in R¥. We can now state Theorem 2.1.

Theorem 2.1. For a positive integer n, let

mki;ﬁ@}

iel

Inz{IgZ‘”

(observe that Z,, is non-empty since {i} € Z, for alli € X"). There exists a unique s, € R such that

1 = max Zp,-,irifs",

1 .
IeZ, iel

Lets =sup, s; ands = (s, ..., s) € R, For all q € R¥ with q > 1, we have
B <Tp(@ <Tp(@ <(s|1-q).

It is clear that Theorem 1.1 follows from Theorem 2.1 by setting k = 1. Also, in order to prove Theorem 2.1 we must
show that if q > 1, then

Tu@ <(s|1—q) (24)
and

B < Tu(q). (2.5)

The proof of (2.4) is given in Section 4 and the proof of (2.5) is given in Section 5.
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Analogous to Section 1, if K is not a singleton, then we prove below that s > 0. In particular, this implies that
(s|1—q) <0 for all q > 1, and since it is not difficult to see that T,(q) <O for all q > 1, we therefore conclude the
upper bound for T, (q) provided by Theorem 2.1 is non-trivial.

Proposition 2.2. Let s be as in Theorem 2.1. If K is not a singleton, then s > 0. In particular, if K is not a singleton, then

Tp(@<(s|1—q)<0
forallq>1.

Proof. For i =iqi...€ XN and a positive integer n, we write i |n=1j...i,. Also, define 7 : &N — R? by {7 (i)} = Ma Kijn-
It is well known that K = (ZN). If K is not a singleton, then we can find x, y € K with x # y. Let x=m (i) and y = 7 (j)
where i,j € . Since lim, diam Kjjp = lim, diam Kj, = 0 and (), Kijp = {7 (i)} = {x} and ("), Kjj» = {7 ()} = {y}, we conclude
from the fact that x # y, that there exists a positive integer n such that Kjj, N Kj;, = 9. This implies that, if I € 7y, then I

cannot contain both i | n and j | n, whence I is a proper subset of X". We infer from this that ", ; pi,krlzs” <D kesn p,‘,kr;S"
for all i and all I € Z,,. Hence

n
1—mapr,krk”<maprlkrk —max(Zp,]r )

Iel'n kel kexn

It follows from this that 0 <s,. O

It is clear that Theorem 1.2 follows from Theorem 2.2 by setting k = 1.
3. An example: The (2, 3)-Bernoulli convolution

In this section we illustrate Theorem 1.1 and Theorem 2.1 by analyzing the L9 spectra of the so-called (2, 3)-Bernoulli
convolution. We note that Feng and Olivier [5] have very recently proved that the (2, 3)-Bernoulli convolution satisfies the
multifractal formalism (see Section 1.1 for the definition of the multifractal formalism). Unfortunately, Feng and Olivier’s
result does not easily provide explicit values for the LY multifractal spectra. We will now use the results in this paper
to obtain explicit and non-trivial bounds for the LY multifractal spectra of the (2 3) Bernoulh convolution. The (2, 3)-
Bernoulli convolution is defined as follows. Deﬁne 51,852,853 : R— R by Sij(x) = 2x + =1 and let (p1, p2, p3) denote the

uniform probability vector, i.e. py =py =p3 = 3. The (2, 3)-Bernoulli convolution is by deﬁnition the self-similar measure
J associated with the list (S1, S2, S3, p1, P2, P3), i.e. w is the unique probability measure such that

1 11 41 1
M= _poS + oS, + oS3 .

3 3 3
As in Example 1, the main difficulty in analyzing the multifractal spectrum of w is due to the fact that the OSC is not
satisfied. It is clear that in this case N =3 and r{ =r; =r3 = 5, whence

log3 1
f logmaxlll
logZ logZ nn

1
=S = 1 <rr1 I 3*"> =
S 1,:p5” Sl,:pnlog nlog2 °8 IeaI)n(l |

log| max i) =su
2 g(IeIn%:pl) np

Since clearly B(q) = iggg (1 — q), we conclude from Theorem 1.1 that if g > 1, then
log3 _ log3 1
— (1 - < <|\l— - —= f | 11)(1—q). 3.1
log I - DSTu@<Tu@ <log2 log2 g oggrel%xl I)( () (3.1)

It is not difficult to see that, for example, max;cz, |I| =5, and it therefore follows from (3.1) that if g > 1, then

log3 log3 log5h
0821 q)<zu(q><mq>=(£—£)(l—q>.

32
log 2 log2 log4 (3:2)

4. Proof of inequality (2.4) in Theorem 2.1

The purpose of this section is to prove inequality (2.4). For a positive integer n, we define p, : K — R by

Pn(x) = sup min dist(x, Kj),
tek itegéi-

and write

8p = inf .
n ;ngn(x)
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Lemma 4.1. Fix a positive integer n. We have §, > 0.

Proof. It is not difficult to see that p,(x) > 0 for all x € K. Also, it not difficult to see that p, is continuous (in fact, one can
easily prove that |pn(x) — on(¥)| < |x — y| for all x, y € K), and the compactness of K therefore implies the existence of a
point xp € K such that infycx pn(X) = pn(x0). Hence 8, = infyek on(x) = pn(X%0) > 0. O

Define M : (0, c0) — R by

M(r) = sup i (B(x,1)).

1
xeK
Theorem 4.2. Fix a positive integer n. We have
r
M(r) < max iiM| —
(r) < m: }:pu (ﬁ)
IeZ, iel

forall0 <r < &y

Proof. Fix 0 <r <4, and x € K.
Observe that

57 (B ) < B(s;lx, 1) for all i € ™. (41)
i

Next, we prove that there exists t € K such that

liez"|s;'(Bx,n)NK #0} C{ie 2" |teKi). (4.2)
Indeed, since r < & < Pn(X) = SUP;cx MiNje xn r¢; dist(x, Kj), there exists t € K such that
r < min dist(x, Kj). (4.3)

iexn
teK;

We now claim that {ie X" | Si_1 (B(x,m))NK #@}C {ie X" |t € K;}. We will now prove this. Let i € X" with Si_1 (B(x, )N

K # (. We can thus choose u € Si’l(B(x, r)) N K. Hence dist(x, Kj) = dist(x, S;K) < |x — Sju| <r, and we therefore conclude
from (4.3) that t € Kj. This proves (4.2).
Finally, observe that iteration of the self-similar identity (1.3) shows that

wi(E) ="y piii(S;'E) (44)
iexn

foralli=1,...,k and all E CRY.
Combining (4.1), (4.2) and (4.4) we now obtain

mi(Bn) =Y piwi(S;'Bx.0) = Y piwi(S;'Bx.D) < Y pi, 1M1< (S X, L))

iexn iex" iexn
ST B(XM)NK A tek;
<) b lM( ) (4.5)
iex"
tek;

However, since clearly {i € X" |t € K;} € Z,, this implies that

wi(B(x. 1) mapr,, <1>

Since i =1,...,k and x € K were arbitrary, this completes the proof. O

Proposition 4.3. Fix a positive integer n. There exists a constant ¢ > 0 such that

M) <cr’

forallr > 0.
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Proof. Define W : (0, c0) — [0, 00) by W (r) =r—"M(r). It follows from Theorem 4.2 that
NN
W(r) < an =) M Sy 4.6
® miax mel’l (ﬁ) <rl) maX Zpl i (n) (40
IeZ, i€l IeI iel

for all 0 < r < &,. Next, write A = (min; ;)" and A = (max; r;)". Observe that if a is a positive real number with 0 <a <
£ < 8, then (4.6) and the definition of s, imply that

sup W(r) < mapr,,r Sn sup W( ) mapr,,r sup W)= sup W(r),
asr<éy IeI icl asr<éy IeI icl a<r<r¥7n %<r<‘57"

and so

supW(r) = max( sup W(r), sup W(r)) max( sup W(r), sup W(r)) = sup W (r).

a<r a<r<éy Sn<r $<r<577 Sn<r %gr

Next, let k, be the unique integer with Ak < 8, < A*—1, Repeated application of the previous inequality now yields

Sn

supW(r)=sup sup W) <sup sup W) <---<sup sup W)= sup W)= sup r ""M(@) < sup r—
O<r k>kn Ak k>kn AK=1Lr k>kn Akn <r Akn r Akn r Aknr

—Sn

However, since max; rez, Y jej Pii < MaX; ) jexn Piji = 1 = MaX; [e7, D i el p, ;i " we conclude that s, > 0. It therefore

follows from the above mequallty that

supW () < sup rn < A ks = ¢,
O<r Akn r

We conclude from this that r—S"M(r) = W (r) < ¢ for all 0 < r. This completes the proof. O

Proof of inequality (2.4) in Theorem 2.1. Let q = (q1, ..., qx) € R¥ with q > 1. Fix a positive integer n and let ¢ be the
constant in Proposition 4.3. For r > 0, we have

-1 —1
Iu(riq) = / (B m) " e (B )™ d (g X - x i) (X1 - X
KKNB(Dy.,r)

/ M@ d (g X X ) (* s X
KKNB(Dy,r)
M(r)‘“ —14+4qr—1

<
< ( s")01—1+"'+4k—1
< .

This clearly implies that T, (q) < s,(1 —q1 +--- + 1 — qi). Since this is true for all n, we now conclude that T,(q) <
s(1—q1+---+1—qx) =(s|1—q). This completes the proof. O

5. Proof of inequality (2.5) in Theorem 2.1

The purpose of this section is to prove inequality (2.5).
Theorem 5.1. Let q € R¥ with q > 1. Then
Iu(ri@) = pll- ~-pi,-1,¢(%; q)
i
forallr > 0.

Proof. For a set X, we let 1x denote the indicator function on X. We now have

-1
In(r;q) = / 11(km3(]]]>k,r)(xla o ,Xk)l_[l/«l(B(Xl, r))ql d(pg X -+ X ) (X1, .oy X))

:/.-./1,<knB(Dk,,)(x1,...,xk)l_[/u(B(xur))q'_ldMl(X1)~-~de(Xk)
I
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/ /Z Zm i1 Phoi Tkapy,n K15 -5 Xk l_[ltl(l-?(xl»r))wl d(p1 0 Sip)(X1) - - - d(pek o Siy) (k)
!

ik

-1
/ /Z Y P Pl ks Si X1 Six) [ [ (B(Sipa, )™ dpa ) -+ dpuex) - (5.1)

lk l

for all r > 0.
Next, notice that if xe K and [ =1, ..., k, then we have

q—1 qi—1
wi(B(Six, T))QH = (Z Pz.jMI(SJTlB(Si,X, f))) = <ZP1,;‘,U«I<B (517151,& ;)))
j i J

- r q-1 a1 r q—1
> (Pl,i,ﬂl(B(Sil Six, —))) =D Ml( (X —)) (5.2)
ri, ri,
for all r > 0.

Combining (5.1) and (5.2) gives

r q—1
In(r;q) > / f Z > Py Pl Tkknpmg.n (SinX1s - slkxm]_[p,,, (( r)) dpan (x1) - dpk (%)
I

i

q—1
r
/ /Z Y opf 'PZfi,<1KkmB<D,<,r)(Si1X1,-..,Sikxk)l_[m<3(x,7)) dper(x1) - - dpge ()
I i

i

q-1
r
2/"'/ZP?L’"'Pijlk’an(Dk,r)(sixh-~-75ixk)1_[:ul(3<x’ F)) dpg (1) - - - dpeg (X). (53)
i ! !

We now observe that if (x1,...,x) € K¢ and i=1,...,k then we have
1gnpmy,r (SiX1, .., SiXe) 2 11('((\3(]]),{”_“_)(?‘1 s eees Xk) (5.4)
for all r > 0.

Finally, combining (5.3) and (5.4) gives

r q—1
Ly (r; Q)2/“'/ZP%"'pZ’,‘ilKkmB(Dk’%)(xL...,xk)l_[m(B<x,r—f)) dpg(xp) - - - d g (Xg)
i !
r q—1
2/ZP?}I‘"'pZ{(ilKkﬁB(]Dk,#)(le-~'st)l_[Hl<B(Xv r_l>> d(per X -+ X ) (X1, - -+, Xk)
i I
q q< r .
=Zpl? pk,l (F’q)
i 1

for all r > 0. This completes the proof. O

Proposition 5.2. Let q € R¥ with q > 1. There exists a constant ¢ > 0 such that

Iu(r; @) = cr P@

forallr > 0.
Proof. Define V : (0, 00) — [0, 00) by V() =rf@[,(r; q). It follows from Theorem 5.1 that
B@) @ r /3( )
V(T)}Zptlh ' szz T a <r> IIL(F;q):ZpT : pkkl i a V( ) (55)
i 1 1 i l

for all r > 0. Next, write A = max;r;. Observe that if a is a positive real number, then (5.5) and the definition of (q) imply
that

fv > ar . Qk ﬂ(q) fVv . Qk ﬂ(q) fV fv .
infv > Zp, infv( - Zp i inf V) = 'Zr ()

Repeated application of the previous inequality now yields
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me(r)_ inf inf V() > inf inf V(r) mf inf V(r)= mf V(r)=inf V(r) = inf P @1, (r; q)
k=0 ak<r k=0 jk=1g k=0 70<r 20K 1<r 1<r

> infrf@1,(1; q).
1% w(1;q)

Now write q = (q1,...,qx) and note that g; > 1 for all i. Since Zipl ; pz"l <SYiPticPei < Qb)) Qi) =
1=3 pﬁ’jl~ pzk, f @ we conclude that B(q) < 0. It therefore follows from the above inequality that info_,. V(r) >

infi<, TP @1,(1;q) > I,(1;q) = c. We conclude from this that r#@[,(r;q) = V(r) > ¢ for all 0 <r. This completes the
proof. O

Proof of inequality (2.5) in Theorem 2.1. Inequality (2.5) follows immediately from Proposition 5.2. O
6. Further remarks
6.1. Connections with renewal theory

It is clear that the two key results used for proving (2.4) and (2.5), namely Theorems 4.2 and 5.1, have a renewal theo-
retical flavour. Indeed, the inequalities in Theorems 4.2 and 5.1 are very closely related to the so-called renewal equation,
cf. [3, Chapter 7] or [9]. Renewal theoretical techniques have recently been used very successfully in fractal geometry, see,
for example [3,8,9,13,17]. In particular, we note that Lau and Wang [13] and Olsen [17] have used renewal theory to study
the L9-spectra of self-similar measures satisfying the OSC. This suggests that a more careful analysis based on ideas from
renewal theory might give estimates for the L7-spectra that are more precise than those presented in this paper.

6.2. Modifying the function M(r)

Fix q = (q1,...,qx) € RK. It is tempting to derive a version of the inequality in Theorem 4.2 for the function
M1: (0, 00) — R defined by

Ma@r) =max/u,~(3(x, N du.

Such an inequality could subsequently be used for relating the asymptotic behaviour of M9(r) (as r — 0) to the number s,
defined by

1= max Zp, il
IeIn iel

This makes s, (and hence s) a function of q, and could possibly lead to finer upper bounds of the L7-spectra. Unfortunately,
we have not been able to do this. We will now explain this in more detail and discuss the problems that we encountered
while attempting to do so. Recall, that we are seeking an inequality of the form

q LIBYL
M (r)<max Zp .M ("i) (6.1)

leI iel
Following the structure of the proof of Theorem 4.2, a proof of (6.1) might proceed as follows. Fix 0 <r < 8, (recall that §,
is defined in Section 4) and x € K. As in the proof of Theorem 4.2 we see that there is a point tx € K such that
lieZ"|S;'(Bx,n)NK #0) Clie 2" |ter €Ki} = In(x,1); (6.2)

observe that the point tx, depends on x and r. Assuming that g; > 2 for all i, and combining (4.1), (4.4) and (6.2), we now
obtain

qi—1
M(r) = max / ( > piii(S; B, r))) dp (o

iexn

max/ Z pi, 1M S 1B(x, r)) dpc(x) [by Jensen’s inequality since q; > 2]

iexn
gi—1
—max/ Z P;JM( (S X, )) du(x). (6.3)
il (x,r)

Ideally we would now like to interchange the integral sign and the summation sign in (6.3) in order to introduce the term
Mq(rii). Unfortunately, we cannot do this since I,(x, r) depends on x.
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Even if it was possible to interchange the integral and the summation in (6.3) it is not clear how to proceed. Indeed,
assuming that it is possible to interchange sign the integral sign and the summation in (6.3), then we need to show that

r\\ 4! r
/Mi B( s 'x, — dM(X)<Pqi~_1Mq -1,
1 Tj t T

or (at the very least) obtain estimates for the difference

qi—1
‘ / i (B(Si_lx, 5)) dpo — p?fi‘lmq(1>‘. (6.4)
T ’ i

Unfortunately, this does not appear to be easy. For example, assuming the OSC and using very intricate and delicate argu-
ments, Lalley [8,9], Lau and Wang [13] and Olsen [17] managed to provide estimates for the difference in (6.4). However,
because of the complicated nature of these arguments together with the fact that they rely very heavily on the OSC, it is
not clear if similar results can be obtained without assuming the OSC.
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