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1. Introduction

In this paper, we consider the following nonlocal doubly degenerate parabolic system,

Ut — Am,plt = a/ u® (x, v (x, t)dx, (x,t) € 27,
Q2

Ve — Apqv = b/u‘)‘2 x, OvP2(x, tdx, (xt) e 27,
2
ux,t)=v(x,t)=0, (x,t)edf2 x (0,T],

u(x,0) =up(x), v(x,0) =vo(x), xe€§2, (1.1)

where for k>0, ¥y >2and N > 1,
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Ay@=V-([VOr"2.ver),  VOK=ko" (O, ...,0),

2 c RN (N >1) is a bounded domain with appropriately smooth boundary 4£2; m,n>1, p,q>2, o, 5 >0,i=1,2,
21 =82 x (0, T] and a, b are positive constants and ug, vo satisfy compatibility and the following conditions:

(H) uleC@NWiP@), vieC@)NWi%e) and vul-v <0,
Vvg-v <0 onds2, where v is unit outer normal vector on 9£2.

Parabolic systems like (1.1) arise in many applications in the fields of mechanics, physics and biology like, for instance, the
description of turbulent filtration in porous media, the theory of non-Newtonian fluids perturbed by nonlinear terms and
forced by rather irregular period in time excitations, the flow of a gas through a porous medium in a turbulent regime or the
spread of biological (see [1-4] and the references given therein); in general, doubly nonlinear parabolic equations are used
to model processes obeying a nonlinear Darcy law (see [5,6] and the references given therein). In the non-Newtonian fluids
theory, the pair (p, q) is a characteristic quantity of medium. Media with (p, q) > (2, 2) are called dilatant fluids and those
with (p,q) < (2,2) are called pseudo-plastics. If (p,q) = (2, 2), they are called Newtonian fluids. When (p,q) = (2,2) and
(m,n) > (1,1) the connection with the flow in porous media is by now classical. When (m,n) > (1,1) and (p,q) > (2, 2),
the system models the non-stationary, polytropic flow of a fluid in a porous medium whose tangential stress has a power
dependence on the velocity of the displacement under polytropic conditions (non-Newtonian elastic filtration); it has been
intensively studied (see [7-9] and references therein). We refer to [10] for further information on these phenomena. Recently
a connection has been revealed with soil science; specifically with flows in reservoirs exhibiting fractured media (see [11]).

The problems with nonlinear reaction term and nonlinear diffusion include blow-up and global existence conditions of
solutions, blow-up rates and blow-up sets, etc. (see the surveys [12,13]). Here, we say solution blows up in finite time if
the solution becomes unbounded (in the sense of maximum norm) at that time. System (1.1) has been studied by many
authors. For p=q =2, m=n=1, it is a classical reaction-diffusion system of Fujita type (see [14,15] for nonlinear boundary
conditions, see [16] for local nonlinear reaction terms, see [9,17] for nonlocal nonlinear reaction terms).

In the last three decades, many authors have studied the following degenerate parabolic problem:

ue — div(|VulP~?Vu) = f(u), (x,t) €2 x(0,T],
ux,t)=0, (x,t)cd x (0,T],
ux,0) =ugx), xe (1.2)

under different conditions. In [1,17-23], the existence, uniqueness, extinction phenomenon and regularity of solutions were
obtained. If f(u) =uf, q > 1, the results in [14,24-27] read: (1) the solution u exists globally if g < p —1; (2) u blows up in
finite time if ¢ > p—1 and uq(x) is sufficiently large. Li and Xie [17] studied the following Eq. (1.2) with f(u) = [, u9(x, t) dx
under null Dirichlet conditions and obtained that the solution either exists globally or blows up in finite time. Under
appropriate hypotheses, they had local theory of the solution and obtained that the solution either exists globally or blows
up in finite time.

Li et al. in [28] deal with the following reaction-diffusion system:

ut—Au:/f(v(y,t))dy, xXe, t>0,
2

vt—Av:/g(u(y,t))dy, xeR,t>0
2

with initial and boundary conditions. They proved that there exists a unique classical solution and the solution either exists
globally or blows up in finite time. Furthermore, they obtained the blow-up set and asymptotic behavior provided that the
solution blows up in finite time.

For p-Laplacian systems, Cui and Yang [29] and Li [30] studied the following equations:

ue — div(|Vu|P~?Vu) :/v"‘ dx, (x,t)e £ x(0,T],

2
ve — div(|Vv|72Vv) :/uﬁ dx, (x,t)e £ x(0,T],
2
ux,t)=v(x,t)=0, (x,t)edf2 x (0,T],
u(x,0) =up(x), v(x,0) =vo(x), x€82, (1.3)

which derive some estimates near the blow-up point for positive solutions and non-existence of positive solutions of the
relate elliptic systems, with global existence and blow-up of solutions for (1.3).
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Very recently, Zhang and Yang [31] further studied the solutions for system (1.1) with m =n = 1. They first got the
non-existence result for a related elliptic systems of non-increasing positive solutions and by using this result, blow-up
estimates for above p-Laplacian systems with the homogeneous Dirichlet boundary value conditions were obtained. Then
under appropriate hypotheses, they established local theory of the solutions and obtained that the solutions either exist
globally or blow up in finite time. Zhou and Mu [32] and Yang and Lu [33] dealt with the global existence and blow-up
properties of the system (1.1) coupled with nonlocal source with ooy = 8, =0.

This paper extends their results of the references cited above essentially to non-Newton polytropic filtration system (1.1).
Therefore, this paper is also an extension of the above results. Due to the nonlinear diffusion terms and doubly degeneration
foru=0, |[Vu|=0o0r v=0, |[Vv| =0, we have some new difficulties to be overcome. Noticing that the system (1.1) includes
the Newtonian filtration system (p =2) and the non-Newtonian filtration system (m = 1) formally, so the method for it
should be synthetic. In fact, we can use the methods for the above two systems to deal with it. Since we know that the
blow-up rate is the key element in studying the blow-up properties, such as blow-up set, asymptotic behaviors, and similar
solution, see Refs. [34,35]. To understand the blow-up behavior, the first step usually consists in deriving a bound for blow-
up rate. To our knowledge there are no results on the blow-up rate estimates for system (1.1). Motivated by the results of the
above cited papers, we use the non-existence result of the related elliptic system to establish the blow-up estimates for the
doubly degenerate parabolic system (1.1) when a = b = 1. Then under appropriate hypotheses, we established local theory of
the solutions. The method we used is the so-called ‘test function method’ and some modifications and adaptations of ideas
from [31] and [9]. Our proof is based on argument by the different method of regularization, which involves considering the
regularized problem firstly and making a priori estimates for the non-negative approximate solutions by carefully choosing
special test functions and a scaling argument, then obtaining the results based on the estimates by a standard limiting
process.

At last, we investigate the influence of nonlinear power exponents on the existence and non-existence of global solutions
of the system (1.1). By supposing the initial data (ug(x), vo(x)) satisfies the conditions (H) and using upper- and lower-
solution methods, when we allow the nonlinear diffusion terms, we obtain the solution of problem (1.1) blows up in finite
time if one of the following conditions holds:

(i) Broz > [m(p —1) —aq][n(qg — 1) — B2] and the initial data is sufficiently large;
(ii) proz =[m(p —1) —aq][n(@ — 1) — B2] and £2 contains a sufficiently large ball.

And the solution of problem (1.1) exists globally if one of the following conditions holds:

(i) praz <m(p —1) —arlln(@—1) — Bal;
(ii) praa =[m(p — 1) —a1][n(q@ — 1) — B2] and the measure of the domain (||£2]|) is small;
(iii) Bro2 > [m(p — 1) — a1][n(q — 1) — B2] and the initial values are small.

Because equations in (1.1) are doubly degenerate, we will use the method of generalized regularization to establish the
existence of weak solutions to the initial boundary value problem. In order to apply monotonicity, we establish the com-
parison principle for system (1.1) by choosing suitable test function and Gronwall’s inequality. Then by the first eigenvalue
and its corresponding eigenfunction to the nonlinear operator on some domain, we construct a positive supersolution. By
the first eigenvalue and its corresponding eigenfunctions to the eigenvalue problem for the non-Newtonian filtration system,
we construct a positive subsolution. By choosing suitable domains and positive constants for supersolution and subsolution,
we can obtain a pair of well-ordered positive supersolution and subsolution. Using comparison principle, we achieve our
purpose and obtain the global existence and blow-up of solutions to the problem (1.1).

The main results of the present paper is to extend the results of [31-33] to more generalized cases and this paper
is organized as follows. In Section 2, we investigate the global non-existence for the related elliptic system. Section 3 is
devoted to blow-up estimate for system (1.1). In Section 4, we give the local existence and uniqueness of system (1.1). In
Sections 5 and 6, we give the global existence and blow-up property of solutions to (1.1). Finally, in Section 7, we consider
a special case of problem (1.1) and also give a criterion for the solution to exist globally or blow up in finite time, which
depends on a, b and ¢(x), ¥ (x) as defined in our main results.

2. Non-existence for positive radial solutions of the elliptic system

In order to establish the blow-up estimates for the doubly degenerate parabolic system (1.1) when a =b =1, we first
consider radially symmetric solutions of the related elliptic system

—Am,pu:a/u"‘1 x, tHvPr(x,t)dx, xeRV,
2

—Apgv= b/.u"‘2 (x,t)vP2(x, t)dx, xeRN, (24)
2



J. Wang /J. Math. Anal. Appl. 374 (2011) 290-310 293

where N > 3. In this section, we derive some sufficient conditions under which the system (2.4) has no positive radially
symmetric solution. Suppose that u(x) = u(|x|) = u(r), v(x) = v(|x|) = v(r), and a =b = 1. We have the following theorems.
And the proof of the theorems is based upon a little modification of methods of Zhang and Yang [31] used to prove
Theorems 2.1 and 2.2 (for brevity, we will omit the details of the proof).

Theorem 2.1. Assume that

(i) a1 >m(p—1) (or B >n(q—1))withp,q>1,mn>1, a2, 51 >0;
(ii) max{p, q} < N < max{A, B}, where

Ao mn(p+D(p—1D(@—1) +npler —p+1D(@—1) +qmpi1(p—1)
mpr(p—1+nlar—p+1)(@g-1

B— mn(@+D(p-D@—1)+mq(B2—q+1)(@q@—1)+pnaza(g—1)
no(@—1D+mBa—q+1)(p—-1)

)

Then system (2.4) has no positive radially symmetric solution.

Theorem 2.2. Suppose that

(i) a1, 00,81, 220mn>1,p>1,q>1;
(ii) a2B1 >0, mnaz 1 > (m(p — 1) —a)(n(qg —1) — Ba).

If one of the following conditions is satisfied:

(g1) vy <m(p—1)and B <n(q— 1), max{p, q} < N < max{E, F},
(82) a1 <m(p — 1) and B <n(q— 1), max{p, q} < N < max{E, F},

where

_m(p+DI(p-Dn@—=1) =)+ pi1(g+ D]
 wpr—lmp -1 —a)@@—1) —B)]
_n(@+Dig—-1)(m(p—1) —a1) +a2(p+ D]
 wpri—mp—1) —a)n@—1) - B)]

then system (2.4) has no radially symmetric positive solution.

+0D,

+4q

3. Blow-up estimate of doubly degenerate system (1.1)

Since we know that the blow-up rate is the key element in studying the blow-up properties, such as blow-up set,
asymptotic behavior, and similar solution, to understand the blow-up behavior, the first step usually consists in deriving a
bound for blow-up rate. The blow-up rate for positive solutions of the variational system (1.1) with m =n =1 was obtained
by Yang in [31]. To our knowledge there are no results on the blow-up rate estimates for system (1.1). Motivated by the
results of the above cited papers, we use the non-existence result of the elliptic system (2.4) obtained in Section 2 to
establish the blow-up estimates for the doubly degenerate parabolic system (1.1) when a = b = 1. The main result of the
present section is to generalize the results in Ref. [31].

Theorem 3.1. Let (u, v) be a solution of (1.1). Assume that

)

)
(iil) ue(x,8) 20, ve(x,t) 20 for (x,t) € Qr = Bg x (0, T);
(iv) u, v have a blow-up time T < +o00;
)
)

2)} < min{mng, mnp(q — 1)};
(vii) there are positive constants ky, ky and n < T such that fort € (n, T),

8y (m+méq ,51) 52(m+m51 —51)

ka(u(0, 1) TR < v (0, 1) < ki (u(0, 1)) AR (35)

where
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5 = mpiq+ (n(q — 1) — B2)mp ,
B1(paz +mq(p —2)) + p(ay —m)(n(g — 1) — B2)

5y = nap + (m(p — 1) —a1)ng .
a2(qB1 +np(q —2)) +q(B2 —m)(m(p — 1) — 1)

If one of the following conditions is satisfied:

(gl) N=2,m,n>1,p,q>1,¢i,8=20,i=1,2;

(g2) vy >m(p—1)or By >n(q—1),2 <max{p,q} < N < max{A, B};

(g3) g <m(p—1)and B <n(q— 1), with 2 < max{p, q} < N < max{E, F};
(g4) vy <m(p — 1) and By <n(qg— 1), with2 < max{p, q} < N < max{E, F},

where A, B, E, F are defined in Theorems 2.1 and 2.2, then there are positive constants c1, ¢z and t1 € (0, T) such that

S ___ %
u(x, t) <u(0,t) <cy(T —t) m™mi-i, v(x,t) <v(0,t) <co(T —t) mha=dz

for (x,t) € Q1 \ Qpy-
Remark 3.1. From the definitions of §; and &, we see that the conditions «; + 8; > max{m(p — 1),n(q — 1)} with «;, 8; >0,

i=1,2 and min{m(pp2 —qp1) —mnp(q — 2), n(qo1 — paz)} > max{mnq(p — 1), mnp} or max{m(pp —qp1),n(qo1 — parz) —
mnq(p — 2)} < min{mnq, mnp(q — 1)} are natural for the discussion of the blow-up rate estimate.

Remark 3.2. Conditions (i)—(iii) in Theorem 3.1 are reasonable if we impose appropriate assumptions on the initial data
up(x) and vo(x), e.g., positivity, radial symmetry, and a suitable decreasing property with

Ampu+a / u® (x, t)yvP1i(x, ) dx > 0, Angv+b / u®(x, tyvP2 (x, t)dx > 0.
Q Q
Remark 3.3. Clearly, condition (vii) seems too strong. If p=q=2, m=n=1, a1 + 1 = a2 + B2, from Lemma 3.2 in
Ref. [36], we know that kau(x, £)%2/% < v(x,t) <kqu(x, £)%/% for (x,t) € Q1 \ Q¢, with some to e (0,T). If p#2, q#2 or

m#1,n#1 or oy + B1 # a2 + B2, we do not know whether or not condition (vii) holds. We hope this condition can be
substantially improved in the future. This is an open problem.

From [33], we give the following Lemma 3.1.

Lemma 3.1. Assume that conditions (v) and (vi) in Theorem 3.1 hold. Then we have

min(81 ,62) > 0.

Proof of Theorem 3.1. Define g(t) = [u™(0, t)]}/™, h(t) = [v"(0, t)]}/™ for t € (0, T), where
o= mp1q + (n(qg — 1) — B2)mp
afr—m(p—1) —a)m@—1) — )
= nayp + (m(p — 1) —o1)ng
ofr—mp—1)—a)n@—1—p2)

By putting w;(t) = W™ (r/y (£),£)/y (O, w2(t) = (V*(r/y (£),))/y ()72, ¥ (t) = g(t) + h(t), r = |x|, using the symmetry and
assumptions (ii)-(iii) in Theorem 3.1, it follows that

r

N-1 g A us(0,t) ve(0,t)
ANY / m m t\Y, t(Y,
0<(p(@r)) + r Pp(@}) —l—/a)] @y S y(OPHe-DT Ty (pyat@-Dr’ (38)
0
N-—1 @ hA us(0,t) ve(0,t)
7\ / m m t\Y, t\Y,
0= (Pg(w2)) + == Pq() +/a)1 @y < Y OPr T Ty ita (3.9)
0
for any t € (0, T) and r € [0, Ry (t)).
Since u(x,t), v(x, t) achieve their maxima at x = 0, we easily see that w; and w, are bounded. Indeed,
u™(0,t) v1(0, t)
O0<w(rt) < ——— <1, 0< wr(r,b) < <1. (3.10)
y()n 140K
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Multiplying (3.8) by wi, (where wq , express partial derivation of w; for r), and then integrating with respect to r on
(0, 1), we have

p—1 AT 7 v om
le”ﬂ’ + w1 /a){” (Hwy" (s)ds —/w1,ra)]'" (H)wy" (s)ds <0. (311)
0 0
From (3.11) and w1 r <0, it follows that

1/p
lw1,r| < (&) (3.12)
' (p— D(x1 +m)

for t € (0, T) and r € [0, Ry, (t)). Similarly, we get

1/q
o, r| < (M72q> (3.13)
q@—1D(B2+n)

for t € (0,T) and r € [0, Ry, (1)), where K1, K2 are positive constants.
Now we proceed by contradiction to claim that
ut (0, t) v(0,t)

htan nf y (H)p+=Du + y (H)4+@-Dz =C=>0. (3.14)

Otherwise, suppose that there exists a sequence {t,} C (0, T) with t, — T such that

0,t 0,t
liminf ue (0, t) n ve(0,0) —0
Sy orreba Ty pea s

By using Ascoli-Arzela theorem, there exists a sequence (still denote by {t,}) such that

w1(-, tn) = 01(), w2(-, tn) = wW2(-), asn— oo, (3.15)
hold uniformly on a compact subset of [0, co). Now in the sense of distributions

r

_, N-1 A
0< (@5(@)) + (@) + / @i af =0,

:\_.

N— o
0< (0p(@))) + —% @) / ’”]67) = (3.16)
0

The absolute continuity of wq, w, implies @, @, are C!(0, c0). By the local existence and uniqueness of initial value
problem for (3.16) and using the argument in [37], we conclude that @1, @; > 0 on (0, co) with @} (0) = @}(0) =
If N=2, p> 2, we proceed as follow. From (3.16), we infer that r®, (@), r®q(@,) are decreasing and that there exist
M > 0 and rg > 0 such that
rd,(@)) <M, forr e (ro, 00).
The last inequality implies that

t

N

p—

67)1(5)267)1(5)—6_01(f)=(—M)P1jfr T dr=(— M)Ll(tp = —spT) (3.17)
S

for ro <s <t. Letting t — +o0 in (3.17), we obtain a contraction.
If N =2, p=2, proceeding similarly as above implies that

w1(8) > w1(s) — w1(t) > (—M)[Int — Ins]

for ro <s <t. Letting t — +o0 in the equality, we obtain a contraction.
Finally, if N > max{p, q} > 2 holds, we know from Theorems 2.1 and 2.2 that system (3.16) has no positive solutions. We
conclude that (3.14) is true. It follows from (3.14) that there exists t1 € (0, T) such that for any t € (t;, T) we have

ut(O, t) Vf(o, t) ut(O, t) Vt(O, t)

= p+(p—111 qg+@q—Dt m(1+87) n(1+dy) *
V(t) J/(t) U(O, t) 5 V(O, t) 3

(3.18)




296 J. Wang /J. Math. Anal. Appl. 374 (2011) 290-310

Integrating (3.18) on (t,s) C (t1, T) and then letting s — T, we obtain

81 0 t)_m+m§51 =81 52 0. _n+n§2—§2 (3 19)
——u(0, 1 — v(O, 2. .
m-+méy — & ( +n+n62—82 ©.0

c(T—-1t) <

By using condition (vi) and (3.19), we have
__h
u, t) <u(0,t) <c(T —t) ™™=, forany (x,t) € Qr \ Q-

In the same way we have the blow-up estimate for v. The proof is complete. 0O

4. Local existence and uniqueness of system (1.1)

In order to study the globally existing and blowing-up solutions to problem (1.1), we need to firstly study the existence
of local-in-time weak solutions of (1.1) under appropriate hypotheses in this section. For the Newtonian filtration system
(p = 2) and the evolution p-Laplacian equation (m = 1), the analog problem was studied in [28,31]. Noticing that the
system (1.1) includes the Newtonian filtration system (p =2) and the non-Newtonian filtration system (m = 1) formally, so
the method for it should be synthetic. Whereas the equations in (1.1) are degenerate for u =0, |Vu|=0or v=0, |Vv| =0,
there exist some new difficulties to be overcome. Our proof is based on argument by the different method of regularization,
which involves considering the regularized problem firstly and making a priori estimates for the non-negative approximate
solutions by carefully choosing special test functions and a scaling argument, then obtaining the results based on the
estimates by a standard limiting process. From a physical point of view, we need only to consider the non-negative solutions.
Moreover, if we assume that ug(x), vo(x) > 0 in £2, by Lemma 4.1 (see it below), we can obtain that (u(x,t), v(x,t)) > (0, 0)
a.e.in (2 x (0,T)) x (£2 x (0, T)). Thus we only consider the non-negative solutions in later sections.

As it is well known that doubly degenerate equations need not have classical solutions, we give a precise definition of a
weak solution for problem (1.1). Let 21 = £ x (0,T], St =08 x [0, T], T > 0.

Definition 4.1. A pair of functions (u, v) is called a solution of the problem (1.1) on 27 x 27 if and only if
u(x,t) € C(0, T; L®(£2)) N LP(0, T; WP (£2)),
VI(x,£) € C(0, T; L¥(2)) N LI(0, T; Wy (£2)),
(™), eL*(0,T; L*(2)),  (v"), € L*(0,T; L*(£2)),
u(x,0) =up(x), v(x,0) = vo(x)

and the equalities

/u(x, )1 (x, tz)dX—/u(x,h)xlfl(x,t])dx

2 2
ty ty to
=//U1//1fdxdt—//|Vu’"|p72Vum~ledxdt+a//1ﬁ1(x, t)(/u"”vﬂ1 dx) dxdt, (4.20)
t1 2 1 2 T 2 2

/V(x, t2) V2 (x, tz)dX—/v(x, t1)va(x, t1) dx
2 2
ty t

t
://vatdxdt—//|Vv”|q_2Vv”~Vw2dxdt+b/fw2(x, t)(/u"‘zvﬂ2 dx) dxdt (4.21)
t1 2 t1 2 t1 2 2

hold for all 0 <t; <ty < T, where 1 (x,t), ¥2(x,t) € Cb1(Q 1) such that ¥ (x, T) = ¥2(x, T) =0 and ¥ (x,t) = ¥2(x,t) =0

on St.

Similarly, to define a subsolution (u(x,t),v(x,t)) we need only to require that ¥ (x,t) > 0, ya(x,t) > 0, (u(x,0),
v(x,0)) < (ug(x), vo(x)) on £2 x £2, (u(x,t),v(x,t)) < (0,0) on St x St and the equalities in (4.20) and (4.21) are replaced
by <. A supersolution can be defined similarly.

Definition 4.2. We say the solution (u, v) of the problem (1.1) blows up in finite time if there exists a positive constant
T* < oo, such that

tlilﬂf(‘“(" D) T [VE D] ) =00
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We say the solution (u, v) exists globally if

su UG ) oo+ VE D] +o0.
te(oyfw)ﬂ ( )|L (2) v( )|L (:2))<

By a modification of the method given in [7,31], we obtain the following results.
Theorem 4.1. Suppose that (up, vo) > (0, 0) and satisfies the conditions (H), then there exists a constant Ty > 0 such that the
problem (1.1) admits a unique solution (u, v) € Qr, x Qr,, u™ € C(0, T; L*°(£2)) N LP (0, T; W(}P(sz)), vl € C(0, T; L*(2)) N
L9(0, T; Wy 9 (£2)).

We first give a comparison lemma for the non-degenerate parabolic system, which plays a crucial role in the proof of
our results.

Lemma 4.1 (Comparison principle). Suppose that (u(x, t), v(x, t)) and (u(x,t), v(x, t)) are the lower and upper solution of problem
(1.1)on 21 x 271, respectively. Then (u(x, t), v(x, t)) < (U(x,t), v(x,t)) ae.on 21 x 27.

Proof of this lemma is similar to that given in [38,1,7], we omit it here.

Proof of Theorem 4.1. Consider the following approximate problems for the problem (1.1):

Uit — div((|Vu,’-”|2 + si)%;zVu;-") = a/ uf! vfl dx, (x,t) € 27,
2
vie — div((|Vv?[? +0,-)¥Vv']) = b/u?wfz dx, (x,t) € Qr,
2
uj(x, t) =¢;, vi(x,t) =0i, (x,t)eST,
u;j(x, 0) = ugg; (x) + &;, Vi(x,0) =vo5;(X) + 0, x€8£2. (4.22)

Here ¢, o are strictly decreasing sequences, 0 < &;,0; < 1, and & — 07,07 — 0% as i — +oo. Uog;, Voo; € C°(£2) are ap-
proximation functions for the initial data ug(x) and vo(x), respectively. |uge; + €ilix(2) < o + 1|rx(2), |Vllgl£i|l_oo(g) <

. 1, .
[Vug L), for all &, and (uge; + &)™ — uf' strongly in W P2); [Voo; + Tilies@y < Vo + 1oy, |vaai|pc(m <

[VVv(li= (@), for all o;, and (vog; 4 07)" — v{ strongly in Wg’q(.Q).

(4.22) is a non-degenerate problem for each fixed &; and oj; it is easy to prove that it admits a unique classic solution
(uj, vi) by using the Schauder’s fixed point theorem and (uj, vi) > (&, 0i) > (0,0) by the classical theory for parabolic
equations (see [39]).

To find limit functions (u(x,t), v(x, t)) of the sequence (u;, v;), we divide our proof into four steps:

Step 1: There exist a small constant Tg > 0 and a positive constant M1, independent of i, such that

uilro(er,)s Vilte(@2ry) < M. (4.23)
To this end, we consider the following Cauchy problem:

dvq

5 SAlRIUTTVEL s =bIRIUT VY

U1(0) = |up + 11 (), V1(0) = |vo + 1= (0), (4.24)
du,; dv,

7=—a|52|U‘2*1v§1, T=—b|9|ug‘2v§‘2,

U2(0) = —Juo + 1|1=(2), V2(0) = —|vo + 1|1 (). (4.25)

It is easy to verify that there exists a constant tg € (0, T) such that (4.24) and (4.25) admit a solution (U1(t), V1(t)) and
(Ua(t), V2(t)) on [0, to], respectively, moreover, the to depends only on [ug + 1|1~ (), [Vo + 1|1>(2). By a comparison prin-
ciple for the approximate problem (see [21,39]), we get

|ui(x, t)

vi(x, )] <max{Uq(t), V1(t), —=Ua(t), —V2()}.

’

Setting To =to/2 and M1 = max{U1(t), V1(t), —Ua(t), —V2(t)} we draw our conclusion.
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Step 2: There exists a constant My > 0, independent of i, such that

m n
|V |L1’(.QTO)’ Vvi ’Lq(QTO) <M. (4.26)

In fact, multiplying the first equation in (4.22) by uf", the second equation in (4.22) by v} and integrating the results over

271, we have

1
m—-i-l ul™(x, To)dx—i—// |Vu”’| + &) B |Vu’"| dxdt

p_z
/f |Vum| + &) ? Vulr-”~Tl>u?1dxdt+—/(uog,.(x)—ks,-)m+1 dx
m+1
2

T

+a/<[u§"(x,t)dx)(/u"“vﬁ1 dx)
0 2

2

n+1

/ VI (x, TO)dX+ff |Vl | +a,) 7 \4% | dxdt

q

/ (|91 + o TVV?~ﬁv?d><df+m/(VOUi(X)+Ui)n+1 dx
2

0
+b/</v?(x, t)dx)(/u"‘zvﬁ2 dx) dt.
0 2 2

By |uge; + &ilre (@) < o + 1li=(@), [Voo; + Oilieo(2) < [vo + 1]1=(2), and (4.23) we get

2
//|Vu§"|"dxdt < ml—i-ll lug + 1[[ g, +aTol2PMY TP 2 My,

To

2
//|Vv?|qudt < n|+|1 vo+1[{o, +bTol 21 M2+ 2 My,
0 2

Setting

M3 = max{May, M2y},
we draw our conclusion.

Step 3: There exists a constant M3 > 0, independent of i, such that

VDl 2gpy) < M- (4.27)

|(”§n)t‘L2(QTO )

To do so, multiplying the first equation in (4.22) by (u]"), the second equation in (4.22) by (v{); and integrating the results
over 21, we get

0 To
)
//mu,m_](u,-t)z(x, t)dxdt:—//(]Vuﬂz+8i)pTVu'i“-V(u?’)tdxdt
02 02

To
+a//(u}")t(x, t)</u"‘1v’31 dx) dxdt,
0 2 2
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//nv” Lwip)?(x, t) dxdt = — // |Vl ‘ +0i) % Vvl -V (v]), dxdt
—i—b// [, t)(fv“zvﬂz dx> dxdt.

By Hélder's inequality, |uge; + &ilreo(2) < [ug + 1]100(2), Voo, + Tilie(2) < [Vo + 1|1 (), inequality (4.23) and the equalities

To
//(|Vu}“|2+ei)p772Vu’i"-V(uT)tdxdt=%/(|Vu '(x, To)|* +8)%dx—5/(|Vu0£,| + &) %d X,
2 2

u 1 q 1 q
// |Vv| +0i) 2 v?-V(v?)tdxdt:a/ (|vve, (x, T0)| +0i)% dx —a/(|Vv'(}U} +0i)? dx,
2 2
we obtain
To
//mu’,."_l(u,-t)z(x, t)dxdt
02
< - 1f(|Vu'"(x To)| +8)%d +l/(|Vuglei|2+sl % //mu’" Tui)®(x, t) dxdt
p pQ
2
+2d? //mum ]</u“‘ ﬁ‘dx) dxdt,
To
//nv?_l(v,-t)z(x, t) dxdt
0@
1 a 1 2 q 1
< - q/ (|vve. (x, T0)| +0i)% dx +E/(}Vv3m| +0i)%d //nv” (vie)%(x, t) dxdt
2 2

To 5
+2b2//nv?_1</u?‘2vfz dx) dxdt.
02 2

To

//mu'in_](uit)z(x, tydxdt < C
0 2

To

//nv?‘l(vit)z(x, tdxdt <C
0 2

Using (4.23) and Young’s inequality, we get

So

0
W) 20y = / / ! [ ) . 0] e < M,

To
1)l = //"V?q[ﬂv?”(wt)z(x,t)]dxdt<M
0

for some M3 > 0.
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Therefore, by virtue of (4.23), (4.26) and (4.27) and the Ascoli-Arzela theorem, we can choose a subsequence, still
denoted by {(uj, v;)} for convenience, such that

u—u, vi— v ae.for(x,t) € 21, (4.28)
Vui' - vu™ weakly in LP (0, To; LP (£2)), (4.29)
Vvl — Vv weakly in L(0, To; L9(£2)), (4.30)
™), —>uf",  (v}),— v{ weaklyinL*(0, To; L*(£2)), (4.31)
|Vu',71|p_2(u'l7’)xi > w; weaklyin LPT (0, To; L7 (£2)), (4.32)
|Vv?|q72(v?)xi — z; weakly in LaT (0,To; L LI(Q)). (4.33)

Step 4: We show that w; = |[Vu™|P~2(u™),, and z; = |[VV"[472(v")y,.
Multiplying the first equation in (4.22) by ¥ (uf® — u™), the second equation in (4.22) by y2(v{ — v") and integrating
the results over Qr,, we have

2
//1//1 u,tdxdt—i-//l//] |Vul" ] + &) pTVuT-V(uT—um)dxdt

To
p-2
+// |Vum| +&) 2 Vul' - Vydxdt
0 &2
To
:a/‘ft/q(u;“—um)(/ u® ﬂldx)dxdt,
0 2 2
To To
g=2
//1//2(\/?—Vn)Vithdt-i-//I//z(’VV?’z+6i) Z Vvl V(v — v") dxdt
02 0 2
To
=2
—1—/‘/(v?—v”)(|Vv’i1 2 401) 7 YV Vi dxdt
0 &2
To
:bffwz(v?—v")(fu?zvﬂzdx)dxdt
0 2 2
Using (4.23), (4.28) and (4.31) we get

lim //wlwu P~ 2Vu u™)dxdt =0,

Lim //w2]Vv ]q Vvl V(v —v")dxdt =0

where 1,12 € C1'1(827,), Y1, ¥2 > 0.

The left arguments are as same as those of Theorem 1 in [9], so we omit them.

We complete the existence part by a standard limiting process.

The uniqueness of the solution is obvious. In fact, assume that (uq, v1), (uz, v2) are two non-negative solutions of (1.1);
using Lemma 4.1 repeatedly, we can get u; =up, vi =v; a.e. in 2 x [0, To]l. O

5. Global existence of a solution

In this section, we investigate the global existence property of the solutions to problem (1.1) and prove Theorem 5.1. The
main method is constructing a globally upper solution and using comparison principle to achieve our purpose.
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Theorem 5.1. Suppose that the initial data (ug(x), vo (X)) satisfies the conditions (H), then the solution of problem (1.1) exists globally
if one of the following conditions holds:

(i) praz <m(p —1) —enlln(@—1) — B2l
(ii) Brox =[m(p — 1) — a11[n(q — 1) — B2] and the measure of the domain (||£2||) is small;
(iii) prag > [m(p — 1) — a1][n(q — 1) — B2] and the initial values are small.

In order to study the globally existing solutions to problem (1.1), we need to study the following elliptic system

—Ar,® =1, x€4,
O=1, xedQ, (5.34)

where Ay, @ is defined in (1.1), and we obtain the following lemma.

Lemma 5.1. Problem (5.34) has a unique solution ® (x), and satisfies the following relations,

OKx) >1 ins2, VO -v<0 onos2, sup® =M < 400,
xes2

where M is a positive constant.
Proof of this lemma is similar to that given in [32], we omit it here.

Proof of Theorem 5.1. Let ¢ (x) and v (x) be the unique solutions of the following elliptic problem

—Ampp =1, xe£2, —Apq¥ =1, x€82,
=1, Xe€ 082, Y=1, xeds2.

Then from Lemma 5.1, we obtain the following relations

&), ¥y(x)>1 ins2, Vo-v,V{y-v<0 onas2, (5.35)
M = max:sup @, sup 1//} < 400, (5.36)
XeN xef2

where M > 0 is a positive constant.
Let u(x,t) = A19(x), V(x,t) = A2 (x), where A1, Ay > 0 will be determined later. Then with a direct computation we
obtain

_ _ 1 - . -1
U — Ampi= ATPV G — Ay v = A3

’

and
a/ a4 7P dx < a|| 21| A% AP M+ b/aazvﬁz dx < b[| Q]| A% AL Me2 P2,
2 2

So, (u(x,t), v(x,t)) is an upper solution of problem (1.1), if

AT]"(P_D > a”Q”A?l Agl Mﬂl1+ﬂ1’ Ag(q—U > b”Q”A?ZAébMOlz-&-ﬁZ,
ux,tlpe 20, Vi, bHlae 20,
ukx,0)=ug(x),  V(x,0)=vo(). (5.37)

Next we prove (5.37) in three cases.
(i) When Biay <[m(p — 1) — aq][n(q — 1) — Bz, if we choose A1, A, large enough such that

1

A1 i} (@ +52)Bq D — %281
Al > max{ma_xuo(x), (ab™ 7 Rl RN AR )"‘(p D=~ ag-1)-5; ]
xe2
(a1+pB1) %ﬂ
o L) a1 +hag g, 2P
Ay > max{mzal( Vo(X), (am(p—l)fal b”Q”lem(pr)fal M2 TPt mp=n=a; )”(q D=F2~ mp-1—a; }’
xef?

then (5.37) holds.
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(ii) When Biaz =[m(p — 1) — aq][n(q — 1) — B2], we can choose A1, A, large enough such that

A1 > maxuog(x), Az > maxvo(x),
Xxes xe2

and ||£2| small enough such that

A1 (ap+B82)B1 A1 a (a1 +B1)ay ap
. a1 +P1+ -1/(1+ ar+pBr+ =1/ 4+ —F—-
121 < min{ (ab P71 g (e g )0 )

then (5.37) holds.
(iii) When Biay > [m(p — 1) — aq][n(q — 1) — B2], we can take A1, Az small enough such that
-1

Bl Bl (ap+B2)B1 B N
Ay < (abTT DR el RN A > ) @D ~memhml

)
T Y e ——

) L] a1 thpay DR ina—1)—
Ay < (am(P*”*‘Yl b||.Q||1+m(p’1)’“1 Ma2+/52+m(p,1)7a1 ) i LG ﬂz].

Furthermore, if the initial data is sufficiently small such that ug(x) < A1 and vo(x) < Ay, then (5.37) holds. The proof of
Theorem 5.1 is complete. O

6. Blow-up of a solution

In this section, we investigate the blow-up property of the solutions to problem (1.1) and prove Theorem 6.1. The main
method is constructing a blowing-up lower solution and using the comparison principle to achieve our purpose.

Theorem 6.1. Suppose the initial data (ug(x), vo(x)) satisfies the conditions (H), then the solution of problem (1.1) blows up in finite
time if one of the following conditions holds:

(i) Broy > [m(p — 1) — aq][n(q — 1) — B2] and the initial data is sufficiently large;
(ii) Brozy =[m(p — 1) —aq][n(q — 1) — B2] and £2 contains a sufficiently large ball.

Proof. (i) When By > [m(p — 1) — «q][n(qg — 1) — B2], and the initial data is large enough, set

x0)=( -0V -0 A_ g\
ux,t)y=(t =0""Vi), E=kl(T -0, V1(’§)=<1+5—ﬂ)+ ,

_ B 72\ /"
v, =( -0V, n=xI(T -7, Vz(n)=<1+5—ﬂ>+ ,

where y;,0; >0 (i=1,2), A>1and 0 <7 <1 are parameters to be determined. It is easy to see that u(x,t), v(x,t) blow
up at time 7, so it is enough to prove that (u(x,t), v(x,t)) is a lower solution of problem (1.1). If we choose T small enough
such that

Supp!(" t) = B(O, R(T — t)Ul) C B(O’ R-L-O']) C Q,

suppv(-,t) = B(0, R(t —1)°?) C B(0,Rt®) C £,

where R = (AQ2 + A)V/2, then u(x, )32 =0, v(x, t)|s = 0. Next if we choose the initial data large enough such that

> ! Vv Xl > 1 Vv x|
UO(X)/W 1 o1 )’ VO(X)/E 2 702 )’

then (u(x,t), v(x,t)) is a lower solution of problem (1.1) if

Ut — Ampl < a/ u® (x, VP (x, 0 dx,  (x,0) € 2 x (0, T], (6.38)
2
Ve—Apgv <b f u®2(x, v (x,0)dx, (x,t) € 2 x (0, T1. (6.39)

2
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After a direct computation, we obtain

Vi) + Vi) y2V2(m) +0anVy ()
Ur= ) Ve= )
- (Tt —tyn+l (T —t)r2+l

N
V=% , A" =
= AT — t)my1+201 = A(t — t)my1+2a1
N
V!nzé’ —A!n:—7
AT — t)my2+202 A(T — t)m}/z+20‘2

and

—Am,plu = |Vum|p_2Aum +(p— 2)|Vum]p_4 Vum)r - (Hx(u™)) - vu™

p— -2 p— —4 Bzum Bum
|Vu ’ Au"+(p— 2)|Vu ’ 1212 0x; 0X;0X;j 8x1

—Apqv= |Vv”|q72Av” +(q— 2)|Vv”|q*4(Vv”)r (Hx(¥™)) - V"

n|q— n|q—4 8‘/ 82 : (')Vn
=|vy"| AV 4 (q - 2)|vy"| ZZ 3x; 0x;0X; 0X;’

j=1i=1

where Hy(u™), Hy(v") denote the Hessian matrix of u™(x,t), v"(x, t), respectively.

Use the notation d(£2) = diam(£2), then from (6.41) and (6.42), we obtain

p—2
[Am,pu| < N < d(42) )

A(T —t)mn +201 (t — t)my1+2(71

d(2) p—4 d($2) 2 N
e 2)<(T — Hymni+2o > ((T — tymn+2o ) A(T — t)mn+201

_ N -1@E)r?
T A(T — o)myit2oD (-1

Similarly, from (6.41) and (6.42) we obtain

q—2
[AngqV| < N <( d(s2) >

A(‘L’ _ t)ny2+2z72 T — t)ny2+2<72

d( -4 d(2 2 N
+(q—2)< (&2) ) ( (52) )

(T — t)nyz+202 (t — t)ny2+202

_ N(g-1)d(£))7?
T A(T — t)2t+202) (@1

Next, we compute the nonlocal term of (6.38) and (6.39)

a / u® (x, )vA1 (x, t) dx
2
a

At — t)nyz+202

B(0,R(T—t)°1)NB(0,R(T—1)2)
S GM1
= (1t — tynarty2p1—N(o1+02) ’

b / u®(x, t)vP2 (x, t) dx

- VO[] |X| V'B] |X|
T (T — tHynatrp T\ (-t ) 2 \(t -t

= ; VOlz |X| vﬂz |X|
(T — t)yroa+y2p2 T\ (=0t ) 2 \(r -t

B(0,R(t—t)°1)NB(0,R(T—t)72)
- bM;
“ (1 — tynat+rafr—N(o1+02)°

e

e

303

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)
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where
= [ vivBQende M= [ vievE(m)an
B(0,R) B(O,R)

fO<E <A then 1< V1(E) <A +A/2)V™ 1< Vam) < (14 A/2)V™ and V{(§) <0, V5 (1) < 0. Combining the above
inequalities and the definition of M; and M, we obtain

)

Mi = f ViTvE(Ig1) de > / vavh(jg)) de > || B, A)

B(0,R) B(0,A)
Ma= [ vevEQdn= [ vivEn)dn >[50 A). (6.46)
B(O,R) B(0,A)

Then from (6.40)-(6.46) we obtain

Ur— Ampl —a / u® (x, VP (x, ) dx

2
@+ N -DE@)P? a|BO. A)l| (647)
(t —tyn+l A(t —t)mn+200(p-1D) (7 — )naitypfi-N©O1+02)’ '
Ve — An,qz—b/yo‘z(x, HvP2(x, t)dx
2
1+ H/m N —1)(d(£2))972 b||B(0, A
crd+3) (g — 1)(d(£2)) B0, A)|| (6.48)

(T —t)yr2+1 A(t — t)(r2+202)(@-1) - (T — t)yn@+y2p2—N(o1+oz)

If £,7 > A, since m,n > 1, we obtain V(¢§) <1, Vo(n) <1 and V{(§) < —1/m, V() < —1/n. Combining the above in-
equalities (6.40)-(6.46), and M7 >0, M, > 0, we obtain

Yi—to1A  N(p—1)(d(2))P2

_ _ ai B
ur — Am pl aft_t (*, )y (x, ) dx < @ _on T T A oG (6.49)
2
_1 q—2
_ _ o) B2 V2 nUZA N(q — l)(d(.Q))
Ve—Apqv—b / u“2(x, ) v (x, ) dx < ot T A I (6.50)

2

If 0 <& <A and n > A, we have that (6.47) and (6.50) hold. If £ > A and 0 < n < A, we have that (6.48) and (6.49) hold.
So, from the above discussions, (6.38) and (6.39) hold if the right-hand sides of (6.47)-(6.50) are non-positive.
Since p,q>2, m,n>1 and iy > [m(p — 1) — aq1][n(q — 1) — B2] > (@1 — 1)(B2 — 1), we can choose two constants
01,02 > 0 small enough such that
(81— B2+ 1)[N(o1 +02) +1] - 1-201(p—1)
prax — (1 —D(Ba—1) m(p—-1)—1
(a2 —a1+1[N(o1 +02) + 1] - 1-202(q—1)
Braz — (a1 = 1)(B 1) ng—1—1

Then we can choose two constants y1, ¥, such that

(B1— B2+ 1D[N(oy +02) +1] 1-201(p—-1)
prax — (1 —D(B2—1) mp-1)-1
(a2 —a1+ 1[N(o1 +02) + 1] = 1-202(q—1)
praz — (1 —D(B2—1) ng-1-1

)

)

’

that is

(my1+201)(p—1) <y1+1<y1a1 + 281 — N(o1 +02),
(my2 +202)(@—1) <y2+1<yi02 + 282 — N(o1 + 02).

Furthermore, if we choose A > max{1, my;/o1,ny2/02}, then for v > 0 sufficiently small, the right-hand sides of (6.47)-
(6.50) are non-positive, so (6.38) and (6.39) hold, and we obtain Theorem 6.1(i).
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(ii) When Bz = [m(p —1) —aq1][n(q@— 1) — B2] and £2 contains a sufficiently large ball, we assume that 0 € £2 and a ball
B(0, R) cC £2. Then we only need to show that the radial solution of problem (1.1) on (B(0, R) x [0, T]) x (B(0, R) x [0, T])
blows up in finite time.

Since p,q>2,m,n>1 and Biay =[m(p — 1) — a1][n(q — 1) — B2], we can choose two constants o1, o2 > 0 such that

A1 _o_n@g-1—-p
mp—-—1)—ar1 02 o '
that is
o101 + 0281 =m(p — 1o, 0102 + 028 =n(q — 1)o3.

Firstly, let us consider the following elliptic problem on (0, R),

A (e |de" PR e [ | @ TR e
dr dr dr )~ ’ dr dr dr ) ’
¢'(0)=0, @¢(R)=0, ¥'(0)=0. ¥(R)=0.

Then it is easy to show

1/m ;o\ 1/mp-1)
n=(P=1 1 (RP/P=D) _ p/p=1)1/m
¢ ; m :

1/n 1/n(g—1)
q-—1 1 ~ o
x/f(r)=<T) (ﬁ) (RY/@-D _ pa/t@=Dy!/n,

By assumption (H) on initial data, we can choose sg > 0 small enough that

uo(r) = sy @(r), vo(r) = sg* ¥ (r), Vrel[0,R).

Next, let us consider the following Cauchy problem with s(0) = sq,

1 bey—1
s/(t)zmin{acl e }sT(t),

0'11\/11 ’ GzMz
T =min{m(p — Vo1 — o1 + 1,n(qg — oy — o2 + 1},

where for R large enough and w(N) as the volume of the unit ball in N-dimensional space,

€= f 1y P (1x]) dx

B(O,R)
R
:/dr f P (rydo
0 dB(0,r)
R
= / No(N)g* )y ("~ dr
0
31 q iy B
(22 ()7 () ()
p N q N
R
~/(RP%1 —rﬂ%l)o%(Rq%1 —rq%)ﬁ?lr’v_1 dr > l
J a
o= [ gt ()
B(0,R)
R

:/dr / 2y P2 (rydo
0 9B
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R

= / Na(N)g® )y =" dr
0
)

10‘72 1 m(p—1) 1572 1 %
=~w<N>(—" )& ()
p N q N

R

L % g ) 1
/ )™ (RTT —ra )Nl g > -
0

b’

p—1\m/1\FeT g—1\"/1\T@D 4
M] = _— — Rm(P—l) s Mz = _ — R”(q—1> .
p N q N

Since 7" > 1, then there exists a constant 7* such that lim¢_, ;= s(t) = +o0.

Finally, we construct u(r,t) = s @(r) and v(r,t) = s°2y (r), then (u(r,t), v(r,t)) blows up in finite time. So it is enough
to prove that (u(r,t), v(r,t)) is a lower solution of problem (1.1) on (B(0, R) x [0, T]) x (B(0, R) x [0, T]). Let us make some
simple computations:

Ampu=V- <!(um)r]p_2(g’") 5)

-2 (07 i),
(@), 2w, + ),

= PN @), [P ), = Sw,

A”»qz = r]_N (rN_] | (Mn)r|q_2 (Zn)r)r = S(M)

Then problem (6.41) becomes the following equations,

S|=

ue — () — a/ u® (x, VP (x, ) dx
2
= 019571715/ (£) + sMPTDI (1) — geq s+
:gosm_l ((715 ®) +¢—1Sm(p—1)ﬂ1—al+1(t) ac1g0_1 010110281 01+1)
=577 (015'(0) — (ac1 — D~ 'sMPTDNNH (1))
< @s71 7 (015 (6) — (acy — M7 TsMP=DoI=a1H (1))
<0, V(r,t)eB(0,R) x (0,7),
—3(w)—b / u® (x, )vF (x, ) dx
2
=0 Ys® 718 (t) 4 s"A71V02 (1) — heysT102+022
_ ws"z’l (st/(t) + 1//71Sn(q71)02762+1 (t) — bczwflsalaﬁazﬂzfaﬁl)
=572 (025 (1) — (bey — 1)y~ 1s"@~ D202 (1)
< Ys?27 (098 (6) — (bey — 1M ' s"@- D202t (1))
<0, V(r,t)eB(0,R) x (0,71),
M@ PP, ] =0, PN )", ], =0, Veelo,Tl,
u(R,t)=s""@(R)=0,  Vv(R,t)=s2y(R)=0, Vtel0, 1],
u(r,0)=sg'@(r) <uo(r),  v(r,0) =sg’y(r) <vo(r), ¥rel0,R].

r=0

So, (u(r,t), v(r,t)) is a lower solution of problem (6.41) on (B(0, R) x [0, T]) x (B(0, R) x [0, T]), we obtain Theorem 6.1(ii).
The proof of Theorem 6.1 is complete. O



J. Wang /J. Math. Anal. Appl. 374 (2011) 290-310 307

7. The special case 1 =n(q—1) — B, 02 =m(p—1) — oy

In this section we consider problem (1.1) for a special case 81 =n(q — 1) — B2, ax =m(p — 1) — «1; similar to Sections 5
and 6, we prove Theorem 7.1 by constructing special upper and lower solutions.

Theorem 7.1. Suppose the initial data (uo(x), vo(x)) satisfies the conditions (H) and that oy =m(p — 1) — a1, B =n(q—1) — Ba.

(i) If A < (ab)~1, then the solution of problem (1.1) exists globally;
(i) If A > (ab)~', o1 <1, B2 < 1, then the solution of problem (1.1) blows up in finite time, where

A= / P xdx, p= f ¢ (x)0 P2 (x) dx,
2 2

and ¢ (x), ¥ (x) are the unique solutions of the following elliptic equation (see [14,32]),

—Ampt =1, xe$, —Apg? =1, x€$2,
=0, Xx€082, ¥ =0, Xedf.

7.1. Global existence

In this section we prove the conclusion (i) of Theorem 7.1 Since A < (ab)~!, we can take two positive constants Aq, A
large enough such that
AM(p-D-0

1 -1
ap < W <Gy, A8 (%) > up(x), Az 2 vo(x).

Set u(x,t) = A1¢(X), V(x,t) = A2 (x), then we show that (u(x,t), V(x,t)) is an upper solution of problem (1.1), which exists

globally. After a simple computation, we obtain

Uy — Ampll —a / a1 (x, t)vP1 (x, t) dx
2
— AT(P—U _ aﬂAl;[] Ag(Q*l)*ﬁz — Aflxl [AT(P—U—‘XI _ aﬂAg(qil)iﬂz] > 07

Ve — AngV —b f u®2 (x, t)vP2 (x, t) dx
2
— @1 m(p-1-a1 gf2 _ pfa[ 4n@-1— m(p—1)-a
=A537"" —brA] TAS? = AP [ A > —brAj '1>o0.

Noting that u(x,t) = v(x,t) =0 on 952 x [0, co), we obtain that (u(x,t), v(x,t)) is an upper solution of problem (1.1). Then
conclusion (i) of Theorem 7.1 holds.

7.2. Blow-up

In this section we prove conclusion (ii) of Theorem 7.1. First, we introduce the following useful lemma.

Lemma 7.1. Suppose that the initial data (ug(x), vo(x)) satisfies the assumption (H) and A > (ab)~1, then there exist two positive
constants o1, o3 such that

u,t) = 01¢(x), VX t) =00 (x), Yt eQr.

Proof of Theorem 7.1(ii). Since Au > (ab)~!, we can take two appropriate o7, 03 positive constants such that

oMp—D—o1
ap > e > 007 o1t <o, 0ad () < Vo).
0y
Let u(x,t) =01 (x), v(x,t) = 029 (x), then we will show (u(x,t), v(x,t)) is a lower solution of problem (1.1). After a simple
computation, we obtain
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U — Appl — a/ u® (x, tyvP1(x, t) dx
2
=MD gt gh@-Dh g [gme-D-ar g, ona-D-f] ¢ o
Ve —Apqv—b / u®(x, v (x, ) dx
2
=1 gD _ B [pna-Dpr _p pmp=D-o] g

Noting that u(x, t) = v(x, t) = 0, we obtain that (u(x, t), v(x,t)) is a lower solution of problem (1.1). The proof of Lemma 7.1
is complete.
Now we can prove Theorem 7.1(ii). For £2; CC £2, let us consider the following elliptic equation,

—Ampt1=1, Xxel, —Apqth =1, xe 2y,
1 =0, X € 0821, % =0, Xe€o0821.

Then the comparison principle asserts that ¢(x)|e, = ¢1(x), ¥ (X)|2, = 1 (x). Take

M1 =/§{“z9f” ®dx, A =/§{"20{32(x)dx.
2 2

Since Ap > (ab)~! and z(X)|30 =0, ¥ (x)|s2 =0, we can choose some §2; such that Aqu1 > (ab)~!. From Lemma 7.1, we
can see uU(x,t)|o, = 0141(X), v(X, )| 2, = 021 (X).
Next let us take a domain §2; CC £21 and use the notation

e :min{ inf 01¢1(x), inf o2t (x)} > 0.
Xe2, X2,

Then,

ux, Hlg, Z20161®Wlg, 2 ¢, v(x,Dlg, Z 021 (Xg, = €.
So, the above discussion ensures that the solution (u(x,t), v(x,t)) of problem (1.1) is an upper solution of the following
problem in (£2; x [0, T]) x (£22 x [0, T]),
U — A pll = a/ % (x, v (x, t)dx, (x,t) € 22 x (0, T],
Q
Ve — AngV = bfﬁ“z x, OV (x, tydx, (x,t) € 22 x (0, T},

2
Ux,t)=v(x,t) =€, (x.t)€ds2 x (0TI,

ux,0) =e, v(x,0)=¢, xe2. (7.51)

Denote o = max{sup, g, {1(X), supy.gz, }1(®)}, and consider the following Cauchy problem,

P3O +s7'[s7PTV TN —ausy TV =0, 10 =¢/p,
Psh(©) + s[5 @TV 2 _pagsTPTT M 0, 5,(0) =¢/p. (7.52)

Multiplying the first equation of (7.52) by bA; + 1, the second equation of (7.52) by auq + 1 and combining them together,
we obtain

bxi+1, _ apur+1, 91— _1— _1—
L2 (517 (0 + p LT (s37P2) (6) = (abaq ey — 1)(smP D 4 N@-DFry
11— 1-p5
Since m(p]jzl"’“ >1, ”(q:gﬂz > 1 and abAqpq > 1, there exists a constant T’ < 400 such that

lim (s]7%"(¢) + 5, "2(6)) = +o0.
t—>T’
Noticing o1 < 1, B2 < 1, we obtain that

Jlim (51(6) +52(6)) = +o0.
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Set ti(x,t) = s1(t)1(X), V(x,t) = s2(t)¥1(x), then (i(x,t), V(x,t)) blows up in finite time. So, the solution of problem (7.52)
blows up in finite time if (ti(x,t), V(x,t)) is a lower solution of problem (7.52). After a simple computation, we obtain

iy — Am,pll — a/ 1% (x, ) 7P (x, t) dx
2
=0 (0s;(0) + 7PV —aps§ sy D

< sy + sy TPV —auysh V] =0, Vx 1) e 25 x (0. T],

Ve — Angv —b / 7% (x, ) vP2 (x, t) dx
2

=t (X)S/z(t) + SZ(Q—I) _ bklsqn(p_])_a]szﬂz

< psh(©) + [NV _py MOD-0) _ g vix ) € 2, x (0, T,
U(x,t) =s1(1(x) =0,  V(x,t) =s2(0)P2(x) =0, V(x,t) €32 x (0, T],
u(x,0)=s1(0)¢1(x) <e, 7(x,0) =52(0)02(x) <&, Vxe 2.

So, (ii(x,t), V(x,t)) is a lower solution of problem (7.52). Then the conclusion of Theorem 7.1(ii) holds. The proof of
Theorem 7.1 is complete. O
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