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1. Introduction

Let £2 be a bounded domain in RY with sufficiently smooth boundary 92. We consider a partial differential equation
with the fractional derivative in time t:

fu(x, t) = (Lu)(x,t) + F(x,t), x€2,te(0,T), 0 <o <2. (1.1)
Here 3 denotes the Caputo fractional derivative with respect to t and is defined by

g (t) = ﬁfé(t—r)”‘“‘l%g(r)dt, n—1l<a<n, neN,
‘ (‘%g(t), a=neN,

I is the Gamma function and the operator L is a symmetric uniformly elliptic operator and F is a given function in
2 x(0,T) and T > 0 is a fixed value. Note that if « =1 and o =2, then Eq. (1.1) represents a parabolic equation and a
hyperbolic equation respectively. Since we are interested mainly in the fractional cases, we restrict the order « to the two
casesO<a<land 1 <o <?2.

We will solve Eq. (1.1) satisfying the following initial/boundary value conditions:

ux,t)y=0, x€df2, te(0,T), (12)
ux,0) =akx), xe$2, (1.3)
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and
ou(x,0)=b(x), xe£2,ifl<a<?2. (1.4)

In the case of 0 <« < 1, Eq. (1.1) is called a fractional diffusion equation, while the equation is called a fractional
diffusion-wave equation or a fractional wave equation in the case 1 < o < 2. The fractional diffusion equation has been
introduced in physics by Nigmatullin [34] to describe diffusions in media with fractal geometry. Adams and Gelhar [1]
pointed out that field data show anomalous diffusion in a highly heterogeneous aquifer. Hatano and Hatano [15] applied the
continuous-time random walk for better simulations for the anomalous diffusion in an underground environmental problem.
One can regard (1.1) as a macroscopic model derived from the continuous-time random walk. Metzler and Klafter [30]
demonstrated that a fractional diffusion equation describes a non-Markovian diffusion process with a memory. Roman and
Alemany [41] investigated continuous-time random walks on fractals and showed that the average probability density of
random walks on fractals obeys a diffusion equation with a fractional time derivative asymptotically. Ginoa, Cerbelli and
Roman [13] presented a fractional diffusion equation describing relaxation phenomena in complex viscoelastic materials.
Mainardi [27] pointed out that the fractional wave equation governs the propagation of mechanical diffusive waves in
viscoelastic media.

Here we refer to several works on the mathematical treatments for Eq. (1.1). Kochubei [19,20] applied the semigroup
theory in Banach spaces, and Eidelman and Kochubei [9] constructed the fundamental solution in R? and proved the max-
imum principle for the Cauchy problem. Schneider and Wyss [46] used the Mellin transform and Fox H-functions for
an integrodifferential equation which is equivalent to the fractional diffusion equation (1.1). However, these mathematical
treatments are made in unbounded domain. Mainardi [26,28] solved a fractional diffusion-wave equation using the Laplace
transform in a one-dimensional bounded domain. See also Mainardi [25]. Gejji and Jafari [11] solved a nonhomogeneous
fractional diffusion-wave equation in a one-dimensional bounded domain. Fujita [10] discussed an integrodifferential equa-
tion which interpolates the heat equation and the wave equation in an unbounded domain. Agarwal [3] solved a fractional
diffusion equation using a finite sine transform technique and presented numerical results in a one-dimensional bounded
domain. As for an inverse problem of determining a coefficient and the order « in the case where the spatial dimension is
one, see Cheng, Nakagawa, Yamamoto and Yamazaki [6].

As source books related with fractional derivatives, see Samko, Kilbas and Marichev [44] which is an encyclopedic treat-
ment of the fractional calculus and also Gorenflo and Mainardi [14], Kilbas, Srivastava and Trujillo [18], Mainardi [29], Miller
and Ross [31], Oldham and Spanier [35], Podlubny [37].

In spite of the importance, to the authors’ best knowledge, there are not many works published concerning the unique
existence of the solution to (1.1)-(1.4) and the properties which are remarkably different from the standard diffusion and
wave equations. In Priiss [40] (especially in Chapter 1.3), one can refer to the methods for (1.1). In particular, Theorem 2.4
(p. 62) in [40] gives the regularity of solution for Holder continuous F in t and see also Theorem 3.3 (pp. 77-78) in [40].
Also see [7].

In Luchko [22], the maximum principle for an initial value/boundary value problem is established. In Luchko [23] and
[24], the author constructed solutions by the eigenfunction expansion in the case of F =0 and 0 < o < 1 and discussed the
unique existence of the generalized solution to (1.1)-(1.3).

For discussions on inverse problems and qualitative properties of solutions to (1.1)-(1.4), representation formulae of
solutions by the eigenfunctions, are very convenient, and we need the regularity property of solutions given by the eigen-
functions. See [6] for example as a paper where the eigenfunction expansions of solutions to (1.1)-(1.3) are used for the
study of an inverse problem. To the authors’ best knowledge, except for [23] and [24], there are no works published con-
cerning the regularity properties of the eigenfunction expansions of the solutions and the regularity should correspond to
the results in Chapter 3 of Lions and Magenes [21] and Pazy [36] for example. The first purpose of this paper is to prove
the well-posedness and the regularity of the solution given by the eigenfunction expansions. Second we establish several
uniqueness results for related inverse problems.

The remainder of this paper is composed of three sections. In Section 2, we state the main results on the eigenfunction
expansions of solutions to (1.1)-(1.4) and properties such as a priori estimates, asymptotic behavior, which mean the well-
posedness of (1.1)-(1.4). In Section 3, we prove them by means of the eigenfunction expansion, and in Section 4, we apply
the results in Section 2 to inverse problems.

2. Well-posedness of the initial value/boundary value problems

Let L%(£2) be a usual L2-space with the scalar product (-,-), and H!(£2), Hg‘(Q) denote Sobolev spaces (e.g., Adams [2],
Gilbarg and Trudinger [12]). In what follows, let L be given by

d d
9 ad
Lu(x) = E a_x,-<j§] Aij(x)ﬁju(x)> +Cxux), xe€s2,

i=1
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where Ajj = Aj;, 1 <1, j <d. Moreover, we assume that the operator £ is uniformly elliptic on 2 and that its coefficients
are smooth: there exists a constant v > 0 such that

d d
VY E <Y Aj&E, xe2, EeR,
i=1 i,j=1

and the coefficients satisfy
AijeCl(2), CeC(), Cx <0, xef.
We define an operator L in L2(£2) by
(Lu)(x) = (Lu)(x), x€ 2, D(—L)=H*(2)N HY(£2).

Then the fractional power (—L)? is defined for y € R (e.g., [36]) and D((—L)%) = H(l)(_Q) for example. Henceforth we set
lullp-ryry = ||(7L)Vu|\Lz(Q). We note that the norm [[u|lp-ry») is stronger than |lu|l;2q, for y > 0.

Since —L is a symmetric uniformly elliptic operator, the spectrum of —L is entirely composed of eigenvalues and count-
ing according to the multiplicities, we can set: 0 < A < Ay < ---. By @5 € H2(£2) N H&(Q) we denote the orthonormal

eigenfunction corresponding to —A,: Lgp = —A,@n. Then the sequence {¢;}nen is orthonormal basis in L2(£2). Then we see
that

D((-D)") = :w e 12(2): Y |Whgm| < oo}

n=1

and that D((—L)Y) is a Hilbert space with the norm:

1
00 2
1 DLy = : > o <pn>|2] .

n=1

We have D((—L)Y) Cc H*Y(2) for y > 0. In particular, D((~L)7) = H{(£2). Since D((—L)¥) C L?(£2), identifying the dual
(L%(£2)) with itself, we have D((—L)¥) c L%(§2) C (D((—L)?))’. Henceforth we set D((—L)~") = (D((—L)?))’, which con-
sists of bounded linear functionals on D((—L)¥). For f € D((—L)~") and ¢ € D((—-L)¥), by _, (f, ¥),, we denote the value
which is obtained by operating f to 1. We note that D((—L)~7) is a Hilbert space with the norm:

¥ I p(—1y7) = { S a |y ¢n>y|2} :

n=1

We further note that

—(fo)y =(f,¥) if fel?(2)and ¢ € D((-L)7)

(e.g., Chapter V in Brezis [4]).
Henceforth C; denote positive constants which are independent of F in (1.1), a, b in (1.3) and (1.4), but may depend on «
and the coefficients of the operator L. The numbering in C; can be independent in the succeeding different sections.
Moreover we define the Mittag-Leffler function by

et k

Eqp(2)i=) rar g <G

k=0

where o > 0 and B € R are arbitrary constants. By the power series, we can directly verify that E4 g(2) is an entire function
of zeC.

Definition 2.1. We call u a weak solution to (1.1)=(1.3) if (1.1) holds in L%(£2) and u(-,t) € Hé(Q) for almost all t € (0, T)
and u € C([0, T]; D((=L)7Y)),

t]i—rf(l)“”('v 0 =l pgyry =0

with some y > 0. Moreover we call u a weak solution to (1.1)-(1.4) if (1.1) holds in L?(£2) and u(-,t) € Hé(Q) for almost
all t € (0, T) and u, d;u € C([0, T]; D((=L)"7)),

}E‘})”“(" - GHD((—L)*V) = th_% |9euc, o) — bHD((—L)*V) =0

with some y > 0. Here y > 0 may depend on a, b.
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We are ready to state our main theorems on the unique existence of solution to (1.1)-(1.4).

Theorem 2.1. Let 0 <« < 1 and let F =0.

(i) Let a € L?(£2). Then there exists a unique weak solution u € C([0, T]; L?(£2)) N C((0, T]; H?(£2) N H}(£2)) to (1.1)-(1.3) such
that 8%u € C((0, T]; L%(£2)). Moreover there exists a constant C; > 0 such that

lulleqo. 22y < Callalliz(g)s

21
[0 gy + 1D gy < a2y e
and we have
o
ux,t) = Z(a’ ¢¥n)Eq 1 (_)\nta)(Pn(X) (2.2)

n=1

in C([0, T1; L(£2)) N C((0, T1; H?(£2) N H}(82)). Moreover u : (0, T] —> L?(£2) is analytically extended to a sector {z € C;
z#0, |argz| < 3m).

(ii) We assume thata € H} (£2). Then the unique weak solution u further belongs to L?(0, T; H?(£2) NH} (£2)), 3%u € L?(£2 x (0, T))
and there exists a constant Co > 0 satisfying the following inequality:

lullz 0. m:m22)) + 195Ul 22w 0.1y < C2llalln () (2.3)

and we have (2.2) in the corresponding space on the right-hand side of (2.3).
(iii) We assume that a € H*(22) N H}(82). Then the unique weak solution u belongs to C([0, T1; H*(£2) N H{(2)), 3%u €

C([0, T1; L?(£2)) N C((0, T1; H}(£2)) and the following inequality holds:
lulleqo,rim22y + 108 cgory 2y < C3llallze) (24)
and we have (2.2) in the corresponding space on the right-hand side of (2.4).
Theorem 2.2.

(i) Let 0 <o < 1 and let a =0. Let F € L>°(0, T; L%(2)). Then there exists a unique weak solution u € L*(0, T; H2(2) N H}(£2))
to (1.1)-(1.3) such that 8%u € L?(£2 x (0, T)). In particular, for any y satisfying y > % —1,wehaveu € C([0, T]; D((—=L)~7)),

t“_%”"‘(" - a”’D((—L)*V) =0,
and ifd =1, 2, 3, then
t“i%”“("t) _a||L2(Q) =0.

Moreover there exists a constant C4 > 0 such that

||u||L2(0,T;H2(Q)) + ” aéqu [2(2x(0,T)) < C4||F||L2(Q><(O,T)) (2.5)
and we have
00 t
u(x,t) = Z(/(F(’ 7), (Pn)(t - T)a_lEa,a (_)\n(t - T)a) df)("n(x)v (2.6)
n=11\g

in the corresponding space on the right-hand side of (2.5).
(ii) Let1 <o <2andleta=b=0.Let F € L?(0, T; D((—L)é)) NL®(0, T; L2(£2)). Let y > % + 1. Then there exists a unique weak
solution u € C([0, T]; H2(£2) N H(£2)) to (1.1)-(1.4) such that 3%u € C([0, T1; L2(£2)). In particular,

th_%Hu(" £ ” H2(2) = th_%”afu(" £) H’D((—L)—V) =0.
Moreover there exists a constant C4 > 0 such that

o
”u”C([O’T];HZ(Q)) + || at u”C([O,T];LZ(.Q)) < C4||F||L2(O,T;’D((7L)%))QLOO(O,T;LZ(Q))’

and the series (2.6) holds in the corresponding space.
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Remark. As shown in Lemma 3.3 below, for 0 < o < 1, the function E4,1(—t%) in t > 0 is completely monotonic (e.g.,
Gorenflo and Mainardi [14]), while for 1 < o < 2, the function Ey 1(—t%) in ¢t > 0 is not completely monotonic. As a
consequence, the regularity requirements for F in Theorem 2.2(i) and (ii) are different.

We do not exploit the maximal regularity of u for F € L(0, T; L2(£2)) or F € L2(0, T; D((~L)&)) N L®(0, T; L2(£2)). As
for other maximal regularity, see Theorem 2.4 and Corollary 2.5.

Theorem 2.3. Let 1 <o <2 and F =0.

(i) Leta € L2(£2) and b € D((—L)~ & ). Then there exists a unique weak solution u € C([0, T]; L%(£2)) N C((0, T]: H2(£2) N H)(£2))
to (1.1)-(1.4) with 97 u € C((0, T1; L%(£2)). Moreover there exist constants Cs > 0 and Cg > 0 satisfying

lulleqo, 22y + ||3tu||c([ < C5(||a||L2(:2) + IIbll

0.T1ED((~1)~ @) D((—L)*%)’

tll_l:%”u(’ t) - a”Lz(.Q) = th_I;%Hatu(’ t) - bH'D((—L)ié) =0
and
||8[u('7 t) ”LZ(Q) g Ce(t_] ”a”Lz(_Q) + ||b||L2(Q))7

(2.8)
|0FuC, 0] 12y < Colt™ Nallzay + ' Ibll2(a))-

Moreover u : (0, T] —> L?(£2) is analytically extended to {z € C; z#0, |argz| < %T[}.
(i) Let a € H?(2) N H{(22) and b € H)($2). Then there exists a unique weak solution u e C([0, T]; H2(£2) N H(£2)) N
C1([0, T1; L2(£2)) to (1.1)~(1.4) and 3%u € C([0, T1; L?(52)). Moreover there exists a constant C7 > 0 satisfying
lullerqo.riz) + 1lcqo.rm2c2y + 195U e o 22y < C7(Ialm2i@) + Ibll1(2))- (2.9)

Then we have

ux, t) = Z{(as Yn)Ea 1 (_)\nta) + (b, §0n)tEo¢,2(_)hnta)}(/)n *),
n=1
deu(x, ) = {=Ant" (@ @) Eq.o (—2nt®) + (b, @n) Eq.1 (—Ant®) }on (x) (210)
n=1

in the corresponding spaces in (i) and (ii).
In Theorem 2.2, if F is smoother, then the regularity of 8 u is improved. We set

F(-.t) — F(-
(10, T1; 1(2)) = (F € ([0, T1; 1%(2));  sup IFC.0 (’;)”Lz(m < oo}
0<t<s<T [t —s|

and

IFC.t) = FC.9) g
I Fllce o, 11:02(2)) = IFllcqo, 1 12¢2y) + Sup
(0.TEL2(2)) (oTri2@y T SUp_ T

For F € C?([0, T]; L?(£2)), we can state the same maximal regularity for the solution to (1.1)-(1.4) for any « € (0, 2).

Theorem 2.4.Let 0 < or <2 and leta € HX(2)NH}(22),b=0if 1 <& <2, F € C?([0, T]; L?(£2)). Then for the solution u given by

[e e}

t
u(x,t)=> 1@ @n)Ea,1(—Ant") + f(F(~, ), @n)(t — )% ' Eq.o (—hn(t — r)"‘)dr}rpn(X), (211)
0

n=1

we have:

(1) Forevery é >0,

Cs
ILutllco s, rizcn + 1881 cogs. 7112009y < ?(”F”c@([&nﬁ(m) +llallp2(e))-

(2) ILulleqo,riizcn + 190t o,y 12c)) < Collalnzie) + I1Flcoqo,i.12(2)-
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(3) Ifa=0and F(-,0) =0, then

“Lu”CG([O,T];LZ(Q)) + ”8?11”(«9([0,7'];1‘2(9)) < C]OHFHC@([O,T];LZ(Q))'

Corollary 2.5.Let 1 <o <2,a=b=0and F € L2(£2 x (0, T)). Then for u given by (2.6), we have

ueC([0, T D((—1)!~w)) (212)
and

||U||C([0’T]:D((_L)1,é)) < CiiliFlliz(exo,1y)- (213)

Corollary 2.6. Let 0 < o < 1, a € L%(2) and F = 0. Then for the unique weak solution u € C([0, 00); L2(§2)) N C((0, 00); H2(£2) N
Hg)(Q)) to (1.1)-(1.3), there exists a constant C1 > 0 such that

Ci2
Juc. 0 HLz(Q) < mﬂa”mg)v t=0. (2.14)
Moreover there exists a constant C1 > 0 such that
Ci3
u e C®((0,00); L2(£2)), [a™u-, t) Hmm < t—m||a||]_2(_Q), t>0, meN. (2.15)

Corollary2.7.Let 1 < <2,a € H2(2)NH}(£2), b € H(2) and F = 0. Then for the unique weak solution u € C([0, 00); H2(£22) N
H}(£2)) N C1([0, 00) : L2(£2)) to (1.1)-(1.4), there exists a constant C14 > O satisfying

Cis
HU(', t) HLz(Q) < W{HUHLZ(Q) +t||b||L2(.Q)}v t=0 (2.16)
and
lozuc, o) < L(r‘)‘—1||a|| + Ib]| ), t=0 (217)
@) S T e H2(2) @) =% :
Moreover, for some C15 > 0, we have
[0 uC, 0120y < Cis(E™lall 2oy + ™ Ibll2g), >0, meN. (218)

The eigenfunction expansions (2.2), (2.6) and (2.11) of the solutions to (1.1)-(1.4) can be derived by the Fourier method.
That is, we multiply both sides of (1.1) by ¢, (x) and integrate the equation with respect to x. Using the Green formula and
¢nlae =0, we obtain

A Uun(t) = —Anuun(t) + Fa(t), t>0, (219)

and
up(0) =(a,¢,) inthecase0<a <1,
duy, .
un(0) = (a, ¢n), E(O) =(b,¢n) inthecasel <o <2,

where u,(t) = (u(-,t), n) and Fy(t) = (F(-,t), ¢n). The formulae of solutions to the initial value problem for (2.19) are given
in [14,18,37] for example, and we can formally obtain the expansions.

2.1. Comparison of our results with standard results for the case of ¢ =1, 2

(1) In the case of 0 < @ < 1, we have no smoothing property like the classical diffusion equation (i.e., « =1). For F =0,
there is the smoothing property in space with order 2 which means that u(-,t) € H2(£2) for any t > 0 and any u(-, 0) €
L2(£2), while (2.15) means that the regularity in time immediately becomes stronger in ¢, and is of infinity order (i.e.,
u is of C* for t > 0). In Section 4, we show that the smoothing in H2(£2) is the best possible and the solution cannot
be smoother than H%(£2) at t > 0 if u(-, 0) € L2(£2).

(2) In Theorem 2.3(i), estimate (2.7) generalizes the result in the case of o =2 which is proved e.g., in [21].

(3) In the case of 0 <@ <1 and a = 0, estimate (2.5) in Theorem 2.2 is the corresponding regularity of solution to the case
of @ =1 (e.g., Theorem 1.1 (p. 5) of Chapter 4 in [21]).

(4) Theorem 2.4 means that for 0 < o < 2, the same regularity properties hold for the nonhomogeneous equation in the
case of o« =1 (i.e., Theorem 3.5 (p. 114) in [36]). Theorem 2.4(3) is proved in Theorem 2.4 (p. 62) and Theorem 3.3
(pp. 77-78) in [40] by a different method.

(5) Corollary 2.5 gives a well-known result for « =2 (e.g., [21]).

(6) Corollaries 2.6 and 2.7 show the decay of solution with order t™ as t — oo, which is slower than the exponential
decay in the case of @ = 1. In Section 4, we state other property on the decay.
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3. Proof of Theorems 2.1-2.4 and Corollaries 2.5-2.6
We first state two lemmata.

Lemma 3.1. Let 0 < o < 2 and B € R be arbitrary. We suppose that ( is such that mo/2 < o < min{sw, wa}. Then there exists a
constant C1 = Cq(«, B, ) > 0 such that

—— .  w<|ag@| <. (31)

The proof can be found on p. 35 in Podlubny [37].

Lemma 3.2. For A > 0, « > 0 and positive integer m € N, we have

m

dtmE“( M) = =M TEq g—ms1(—AtY), t>0 (32)
and

OBz (1)) = Ea (32), t30. (3.3)

Proof. Since Ey g(2) is an entire function of z, the function Ey g(x) is real analytic and the series Z/?C:o Wkﬂs) =Eq (2
is termwise differentiable in R. Since t* is also real analytic in t > 0, so is Eq g(—At®) in t > 0. Therefore the equations
above obtained by termwise differentiation are valid. O

We proceed to the proof of the theorems and the corollaries stated in Section 2.

Proof of Theorem 2.1. (i). We will show that (2.2) certainly gives the weak solution to (1.1)-(1.3). We first have

JuC.0] 20 = Z|<a On)Ea1 (—2nt®)? Zc 2@, ) < Collallfy - (34)

n=1

Moreover by Lemma 3.1, we have
2 _
||Lu(vt)||l_2(g) g C3||a”%2(9)t 201, t>0. (35)

In (3.4), since Y 2, (a, ¢n)Eq,1(—2nt*)@n is convergent in L2(£2) uniformly in ¢t € [0, T], we see that u € C([0, T]; L2(£2)).
Moreover in (3.5), since Z;’il An(@, @n)Eq 1(—Ant%)en is convergent in L%(£2) uniformly in t € [8, T] with any given § > 0,
we see that Lu € C((0, T]; L?(£2)), that is, u € C((0, T]; H2(2) N H}(£2)). Therefore we obtain that u € C([0, T1; L?(£2)) N
C((0, T]; H2(£2) N H)(£2)).

By (1.1) we see that 3 u € C((0, T]; L%(£2)) and estimate (2.1).

We have to prove

tli_r)l(l)”u(-,t) —a| 50 =0 (3.6)

In fact,

Ju.0) =l 2y = >l @ g0 (Eaa(—2nt*) = 1)’

n=1

and lim;—,o(Ey,q (—Ant%) — 1) =0 for each n € N and

[} 2
> o g Eea(et) <1 <2 3| (5 )+ il <o

n=1

for 0 <t < T. The Lebesgue theorem yields (3.6).

Next we prove the uniqueness of the weak solution to (1.1)-(1.3) within the class given in Definition 2.1. Under the con-
ditions a =0 and F = 0, we have to prove that system (1.1)-(1.3) has only a trivial solution. Since ¢, (x) is the eigenfunctions
to the following eigenvalue problem:

L) (X) =—Angn(X), x€£2,  @a(x)=0, x€df,
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in terms of the regularity of u, taking the duality pairing (-}, of (1.1) with ¢, and setting u,(t) = —y (u(-,t), @n),, we
obtain
3 un(t) = —Aqun(t), almostallt e (0, T).

Since u(-,t) € L2(§2) for almost all t € (0, T) and u,(t) = —y{uC, ), @n)y = (u(-,t), gn) where _,(,-),, denotes the duality
pairing between D((—L)~7) and D((—L)?), it follows from lim; o [[u(-, t) | p(—r)-») = 0 that u,(0) = 0. Due to the existence
and uniqueness of the ordinary fractional differential equation (e.g., Chapter 3 in [18], [37]), we obtain that u,(t) =0,
n=1,2,3,.... Since {¢;}ney is a complete orthonormal system in L2(£2), we have u =0 in £2 x (0, T).

Finally we prove the analyticity of u(-,t) in S={zeC; z#0, |argz| < %n}. It follows that Ey 1 (—Ant®) is analytic in S

because E, 1(—Anz) is an entire function (e.g., Section 1.8 in [18], [37]). Therefore un(-,t) = foﬂ @, on)Eq,1(—Ant*) ey is
analytic in S. Furthermore by (3.1)

o0 o0
lun¢.2) —uC. D [foy = D |@@0Ea1(—mz?) | <C Y |@en)|’. zeS.
n=N+1 n=N+1

Hence limp— oo [UN — Ul oo (s, [2(2)) = O, SO that also u is analytic in S. Thus the proof of Theorem 2.1(i) is complete.

(ii). By (3.1), we have

o0
Juc.t) ”iﬁ(g) < CyfLuc. o) “il(.o) <G Z)»ﬂ(a, On)Ea1 (_)‘nta)|2

n=1

X1 1
= C Y A2 @ pn) (Ant) ? Ear 1 (—2nt®) [Pt

n=1

[’
<Gy
n=1

By 0 <o <1, we see [[ull;2.7.12(2)) < Callally1(g). Therefore we have u € L2(0, T; H(£2) N H}(£2)).
We have

1.2
C1(Ant®)2 " _ _
— It * < Cqllaligr oyt

((=)%a, gn)
1+ Apt®

T T oo
[ loeut. 0l g de = [ -l P32 B (-at®) e
0 o =1

arie &

< S 2@’
n=1
< Csllalys -
By (1.1) we have 8%u = Lu, which yields 87u € L%(£2 x (0, T)) and the proof of Theorem 2.1(ii) is complete.
(iii). Let a € H2(22) N H}(£2). Then we have

Juc.t) Hiﬂ(m < Cg Luc.p) ||f2(rz)

o0
2
<Y @ @) Ea (—4nt®) 27 < Collallfa gy €20

n=1

By (1.1) we have

lo¢uC. 0% g, < CrllalZzg,. 0.

Similarly to the proof of Theorem 2.1 (i), we can prove (2.4), and the proof of Theorem 2.1 (iii) is complete. O
Proof of Theorem 2.2. (i). First we show

Lemma 3.3. For 0 < o < 1, we have

Eqa(=m) =0, n=0.
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As for the proof, see Miller and Samko [32], Schneider [47], and also see Pollard [38]. Lemma 3.3 is also seen
from (3.2) and the fact that Eq 1(—t%*) with 0 <« < 1 is completely monotonic (e.g., Gorenflo and Mainardi [14]), that
is, (—1)”%Ea_1(—t‘”) >0forallt>0and n=0,1,2,.... We can refer to Section 4 of Chapter 1 in Priiss [40] for com-
pletely monotonic functions.

By Lemmata 3.2 and 3.3, we have

n n
/|t°‘ YEg o (—Ant®)|dt = /"‘ YEg o (—Ant®) dt
0 0
n
1 (d " 1 o
== thm( Ant )dt:a(l—sa,l(—)\nn )). n=>0. (3.7)
0

In [14], pp. 140-141 in [18], p. 140 in [37], by means of the Laplace transform, we can see that

t
i /(F(-, 7), (pn)(t - T)a_]Ea,a(_)Ln(t - T)a)df
0

t
=—hn /(F(., ), n)(t = D 'Eg (=t — T)*)dT + (FC, 1), @n). (3.8)
0
By (3.7), (3.8) and the Young inequality for the convolution, we have

2

12(0,T)

T T T 2
< Cg/|(F(.,t),gon)|2dt+Cg</](F(.,t),<pn)]2dt> (/]Ant“—lEa,a(—/\nt“)}dt>
0 0 0

T
<69/|(F(-,t),<pn)|2dt.
0

t
i f(Fc, ), 0n)(t — ¥ 'Eg o (—An(t — T)¥)dT
0

Hence

o0
2
I af‘””LZ(rzx(o,T)) = Z

n=1

2
dt

O\-ﬂ

t
(/ F(, 7). @n)(t—1T)*" 1EO,O,( kn(t—r)“)dr>
0

n=1

T
oo
< CQZ/‘(F(vt)7 (pn)|2dt:C9||F||§2(_QX(O7T))
0

By (1.1), we see also [[Lu|l;2(o 0,1y < CollFll2(x(0.1y), Which implies (2.5).
Finally we have to prove

JimJu. 0 o1y, =0
In fact, by (3.7) we have

o0

2 1
Juc.t) HD((—L)—V) = Z 2

n=1 "*n

t
/(F(‘s 7), (Pn)(t - 'C)a_]Ea,a (—An(t - T)a)df
0

t

/(t — D) ' Eq o (=t — T)%)dT

0

© 4 5
:ZT)/ sup ’(F(,T), (pn)’
22

0<T<T

1
C8||F||L0°(0 T;12(2)) Z )\2V+2 1 Eq1 (—knta)).

n=1
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Since

aln

dn>Cgnd, neN

(e.g., Courant and Hilbert [8]), we have

1 Cg
242 S 4p+D
)‘ner n-d

By y > 9 —1, we have %D > 1, and Y0 Az;—H(l — Eq.1(—Ant)) < oo. Since lim;_o(1 — Eq.1(—Ant%)) = 0 for each

n € N, the Lebesgue theorem implies lim;_, ¢ ||u(-,ri“)||D((,L)fy) =0. The uniqueness of weak solution is already proved in the
proof of Theorem 2.1. Thus the proof of Theorem 2.2(i) is complete.

(ii). First by F € L2(0, T; D((~L)&) we have

2

00 t
|LuC.0)fg = Y22 f (FC D), ¢n) (¢ = 0% Eaa (—2n(t = 1)) dT
n=1 0

n=1

0 t t
<Dﬁ/ |(FC. 7). ¢n)|* dr / (=0 [Eqa(—hn(t = 0)%)[*dr
0 0

2

t t a—1
o 2 1 2 ()\. TQ)T

ey [lnireo.g)Par [[$ 2
n=1 0 0 "

< Cot||F|I?

L (3.9)
L2(0,T; D((-L)@))

By (3.9) we can estimate also ||8f‘u||c([0,T];Lz(Q)) and we have lim;—o [lu(-, t)[l 2y = 0. Next applying %(t"‘*lEa,a(—At‘)‘)) =

t*2Ey o_1(—=At%) (e.g. formula (1.83) on p. 22 of [37]) and Aﬁy_z > Cgn”t with y1 > 1 by y > f—{ +1and Ay > Céng, we

have

00 t 2
2 1 _
locuC Ol ppyry =D 2 / (FC D) @n)an(t = D ?Eaa—1(=2n(t — 1)) dT
n=1 )\n 0
) t 2
2 _ _
g Z Sup ‘(F(7 T)a §0n)‘ /.Ta 250{,0[71 (_)"nfa) dT m < C9||F||§oc(0 T.LZ(_Q))tza 2'

n=1 0sT<T 0 )\n o

Therefore lim¢_,¢ ||o¢u(-, t)||%)((7”_y) = 0. Thus the proof of Theorem 2.2(ii) is complete. O

Proof of Theorem 2.3. (i). The uniqueness of weak solution is verified similarly to Theorems 2.1 and 2.2. As for the initial
condition, we first consider

Juc.6) - a”iZ(m = 1@ @n)(Ea.1(—2nt*) = 1) + (b, @n)Ea.2(—1nt®) °

n=1

> 2 « 2 - _1 2, o2 Cq 2
<22 J@ o) Eaa (2at) =117+ 2 (D70 )| Gt )(m>

=S51(t) + S2(t)

where we have used Lemma 3.1. Therefore similarly to Theorem 2.1, we can see that lim;_.o S1(t) = 0. Since

- &(a—n%, (3.10)

we see that Sy (t) < 2|(~L ‘%bnfz(m. Therefore

lullco,m1:12(2)) < C5(||a||1_2(9) + ||b||D((_L),é))-
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1
. . LAY
Since lim;_, o Y2t

T = 0, by (3.10), the Lebesgue theorem yields lim;—.¢ S2(t) = 0, that is, lim;— [[u(-, t) —all 2(p) = 0. Next
we have

o _1 _1
| deu(,t) — bH;H)—%) = [~ Ant* @ @) hn @ Eaar(—nt) + o  (Earct (—2nt®) — 1) (b, o) [

n=1

> Comt) T \2 &
§22|(a,§0n)}2(11(_:—k)t:) + 23 (-1~ @b, @n) [*[Eat (~2nt*) — 1],
n=1 n n=1

By the Lebesgue theorem, we see that lim;_,¢ ||d:u(-,t) — b||D(( bty = 0 and

1368l g gy < C5(lallizgey + 101

By Lemma 3.1, we have

D((—L)*%)'

oo
”u('5 t) H i2(9) = Z|(a9 ﬁDn)Ea,l (—)\nta) + (ba Qﬂn)tEa,Z(—)\nta)‘z
n=1
2

2
1 2 2
ZZ(U ¥n) <m> +22(b ®n) (m) §C11(||a||L2(Q)+ ”b||L2(Q))'

By Lemma 3.2, we have

o0
|-, t) ||f2(m = [(@ @n) (~An)t* Eavio (—2nt®) + (b, @) Ear1 (—3nt®)

n=1

. 2,—2( CiAnt 2
<2n§{<a,<pn)t <1+x ta) Z(b on) <1H ta) } 5

Since 37 (Eq,1(—Ant®)) = —AnEq 1(—Ant*) and af‘(tanz(—)unt"‘)) = —AntEg 2(—2nt%) (e.g., [14,18]), we have
o

dux,t) = Z{_)\n(av ¢¥n)Eq 1 (_knta) — An(b, (Pn)tEoz.2(_)¥nta)} (312)

n=1

and similarly we can prove
[ uC, O] 20y < Cro(tlall2 gy + ¢~ Ibll2(q))-
The analyticity of u(-,t) is proved similarly to Theorem 2.1. Thus the proof of Theorem 2.3(i) is complete.

(ii). By Lemma 3.1, we have

o0
(Lu( t), Lu(., t) Z‘)Ln(a ¢¥n)Ea, 1( Anta)"l‘}tn(b,(ﬂn)tEal(_)\nta)!z
n=1
> Ant®
2 2 2 2 n 2
chré{)‘n(aﬂpn) + An(b, @n) Wt a}

< Cullalfa g, + T 1bI%1 g )-
Similarly to (3.11) and (3.12), we can argue to complete the proof. O

Proof of Theorem 2.4. It is sufficient to prove the theorem in the case of 0 < @ < 1, because the case of @ =1 is similar to
Section 3 of Chapter 4 in [36] for example. We first prove

Lemma 3.4. Let F € C? ([0, T1; L2(£2)). We set
t

v = (/(F(~, T) = F(.0), @n)(t = 1) " Eq o (—An(t — f)“)df><0n(X).
= 0
Then v € C?([0, T1; L2(2)) and

IVilce qo.11:12(2)) < Cr2llFllce qo,11:12(2))-
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Proof. We take 0 <t <t-+h < T. Then

o t+h
vx,t+h) —v(x,t) = an{ /(F(', T) = F(,t+h), gn)(t+h— r)“an,a(—An(t +h—1)%)dr

n=1 0

t
- / (F(oT) = FC, 0, 0n) (€ = D Egr o (= (6 — 1)) dr}son(x)
0

00 t

= an{ /(F(-, T) = FC,0),0n) (€ +h =) ' Eq o (—dn(t +h — 1))
n=1 0
= (t =) " Eq.a(—n(t — T)%))dT {@n(X)

00 t
+ an[ /(F(-, ) = F(,t+h), @n)(t+h—1)* "Eq o (—An(t+h— r)“)dr}q)n(x)
0

n=1
s t+h

+ Z’\"[ / (FC,T) = FCot4+h), @n) (¢ +h—1T)* "Eq o (—An(t +h — r)“)dr]gon(x)
n=1 t

=11(x,t) + I(x,t) + I3(x, t).

We estimate each of the three terms separately.
ForO<t—t <t—1t+h<T,byLemma 3.1 we have

n{C+h =D Eqa(~2nt+h—1)%) =t = T)* 'Eg.a(~An(t = T)Y)}]

t—t+h

=1 S ?Eq q—1(—Ans¥) ds| < A f Sha
n a,o—1 n X An 1 +)Lnsa
t—1 -7
t—t+h Cih
<y s2ds= —
t—t+h(t—1)
t—7

At first equality, we have used formula (1.83) on p. 22 in [37]: %(t“”Ea,a(—M"‘)) =t 2Ey o1(=Ant?).
We set C13 = [|Fllco 0, 1:12(s2))- Then by the Cauchy-Schwarz inequality, we have

00 t
e t)Hfz(m = ZA%{ /(F(-, T) = FC.0,0n) (¢ +h =0 "Eqo(—An(t+h —1T)%)
0

n=1
2
—(t =D Eg.a(—2n(t — T)¥))dT

t 2
/{|(F(~, ) = FC0, @) |t +h—1) 2t —1)"F Yt +h—1) 2 (t—1)7 }dr

oo
<CI? Y 2
n=1 0

t

00 t
< C3h? Z/(F(., T) = F(,0), ¢) (t+h—0) Nt — 1) ldr /(t +h—1) Y(t—1)0ldr
n=1 0

0
t 2
< c%3c%h2</(t +h—-t) N t—-1)7 1 dt) :
0
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On the other hand, by 0 <6 < 1, we have

/O-One—l o Thf-1
n+h = sin(0)
0

(e.g., Prudnikov, Brychkov and Marichev [39, vol. I, formula 2.2.4-25 in Chapter 2]). Hence

t

1 146 ’ \ n’! ’ [ ’ 20-2
t+h—7) '(t—1)""d < d < d < C4h*7 72,
/(+ ) (t-1) T /?H-hn /77+hn 14
0 0

0

Hence
H () HLZ(.Q) < C15C%3h26.

By Lemma 3.2, we have

00 t

2
y|12(.,t)||f2(m Z(F(.,t) - F(.,t+h),¢n)2</kn(t+h — O Eqa(~n(t+h— r)“)dr)

n=1 0

=Y (FC.) = FC.t 1), gn) (Eat (~2nh®) — Eq1 (—hn(t +0)¥))°

n=1
2 2 126
< Ci6Cish™,
and
2

00 t+h
113G, 0) Hfz(m = Zxﬁ( / (FC.T) = F( t+h), @n)(t+h = 0% 'Eqa(~An(t+h — r)"‘)dr)
n=1 t

s tth

gX:‘/A(F(','L')—F(~,l’—i—h),qpn)z([—_i_h_.L.)—@—] dr

t+h

2
x /(t +h— r)2eto-1 Cin dr
1+ At +h—1)

t

t+h e Cion(t+h—1)% \?
2 _ 20 _ 01 — 1)1 1o —!
z:(/cw(f-i-h Ot +h—1) dt)(/“*” g <1+xn<r+h—r>°’> dt)
t

t4-h 2
< C%C%( / (t+h—1)°1 dr) = C17C3h%.
t
Thus the proof of Lemma 3.4 is complete. O

Now we complete the proof of Theorem 2.4(i). By (3.8) and Lemma 3.2, we have

Uty == n { @, @n)Eq,1(—Ant™)

=
—_

+

—-

(F(-, ), (pn)(t — )%t Ea,oz(—)‘n (t— T)a) dt }(pn(x) + Z(F(': 0, ¢n)§0n(x)

n=1

!
M8 °

2@, @n)Ea1(— Ant“)¢n<x>+z F(.0), ¢n)n(®)

n=1

3
Il
—_

Nk

t
An (/(F(-, T) — F(,0), @n)(t — T)* 'Eq.o (—2n(t — T)%) dT)wn(X)
1 0

n
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0 t
- Z)Ln (/(F(! t), (pn)(t - T)a_]Ea,a (_)Ln(t - T)a)df)(Pn(X)
n=1

0

=- ZAH @, ¢n)Ea 1 (_)\nta)(/)n %) + Z(F(w £, §0n)§0n (*)
n=1 n=1
t

—an(/ F(.T) = F(,0), @n)(t — T)* "Eq,o (—2n(t — T) )dr)wn(x)
n=1

0

= > (FC.0).@n) (1 = Ea1(—2nt®)) @n (%)

n=1

[ > (@ @n)Ea1 (—Ant®) %(x)} [Z F(,t), ¢n)Ea1(— xnt“)gon(x)]
n=1

+ {— Z)vn (/(F(s T)—F(,0), (/)n)(t - T)ailEoz,ot (—)\n(t - T)a) dT)@n(X)]
n=1 0

=vi1(x, 1) + va(x,t) — V(X, ). (3.13)
From Lemma 3. 4 lt fOllOWS that ||V3||C9([0 TI; LZ(Q)) C13||F||Ce([0 T); LZ(Q)) We have

oo

Vo t+h) —vax ) =Y (FC.t+h) = F(.0),¢n)Eq1(=2n(t + 1)) @n(0)
n=1

=Y (FC 0, @) {Eat (—2nt®) = Ea1 (—=An(t + D)%) on () = La(x. £) + I5(x, 1),

n=1
and by Lemma 3.1 we obtain

[o¢)

ne t)||f2(m = (FC.t+h) = FC. ). @n) Eat (—n(t + )%)?

n=1
< C3c3,n%.
In order to estimate Is, by Lemmata 3.1 and 3.2, we have
t

/ AT Ego(—2nT%)drT

|Ea,1 (_)Lnta) —Ean (—)&n(t + h)a)| =

t+h
t+h c t+h
g/knr“‘171dr<C1/r‘ldr. (3.14)
14+ ApT®
t t

Then for § <t < T, we have

oo

1156002y = S (FC. 0 0) Bt (~20t%) — B (2 + 1))

n=1
2 P2
7! d‘L’) :C%Cf3(log(l+?>)

t+h

2 2
< Cl ”F”C([O,T];LZ(.Q))< /.
t

C2C13h2 C19C%3h29
82 S 82

Here we use also log(1+n) <n for n > 0.

\
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Finally we will estimate v (x,t). By Lemmata 3.1 and 3.2, we have

JviCt+h) =i D)oo = Y A2 @) (Ea,1 (—4nt%) — Eq 1 (—kn(t +)%))?
(£2)

n=1
00 t+h 2
<Zxﬁ<a,<pn)2( / Anr“—lEa,a(—Anr“)dr>
n=1 t
00 t+h 5 gt 2
T
<C2 A2, on)? / N dr
1 Z 7@, @n) T4 1®
n=1 t
00 t+h 1 2
2 _
<C2 —L)a, AgTe ] dt
12(( ) (/)n) (/ n o )
n=1 t
2
C ”a”HZ(_Q)

Thus the proof of (i) is complete. The proof of Theorem 2.4(ii) follows from (3.13) and Lemma 3.4.
Finally we will complete the proof of Theorem 2.4(iii). From (3.13) and Lemma 3.4, it is sufficient to prove that Is €
C?([0, T]; L%(£2)). Since F(-,0) =0 implies || F||;2.o) < Cq3t?, by (3.14) we have

(o8}

1156002y = 2 (FC. 0 0) Bt () — (2 + 1))

n=1

t+h 2 t+h 2
gC%C%t”(/ T dr) gC%C%(/tgv,'] dr)

t t

t+h 2
C2C2 C2C2 h29
< cicy ferr e e e St e iy
62 62

t
Thus the proof of (iii) is complete. O
Proof of Corollary 2.5. We first have

-1 > ‘ -1
(~DTu.t) = Z( / (FC. 1), 0n) (= 1) Eg.ar(—an(t — r)"‘)dr) (-1 ¢
n=1 0

t

= Z(/(F(’ 7), @n)()hn(t - T)a)aTan,a (_)Ln(t - T)a)df)(/)w

n=11\p

On the other hand, by 1 < o < 2, we see from Lemma 3.1 that

el a1
|Gt = D)%) Eqar(—hnt — )%)| < Crsup L ¢ &= D

n>0 1+ n o
Therefore, in terms of the Cauchy-Schwarz inequality, we obtain
oo ¢ » 2
[0 uC 05 = /(F( ), @) (ot = 1) 7 Egoe(—An(t — 1)) dt
n=1ly
2
c2 CT(x
Z / F(.T),¢n)dT <(—/Z (FC. 7). n)|* dz.

Therefore estimate (2.13) is seen, and the proof of Corollary 2.5 is complete. O
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Proof of Corollary 2.6. By Lemma 3.1, we have

oo
Hu(-, t) HiZ(Q) = Z(av (/)n)zEa,l (_)\Tlta)z

n=1

00 C] 2 Cl 2
< a, gn)? < a , t=0.
,;( ¥n) (HM&) <1+ma [ ||Lz(g>)

By Lemma 3.2, we have

o
o' uC,t) == At ™@ ¢n)Ea.qmmt1(—Ant*)@n

n=1

for m e N, so that
m 2 Ca1 1o
[ uC, 0] 2 ) < amltlizg. O

Proof of Corollary 2.7. By Lemma 3.2, for m > 2, we have

o

au(,t) = Z{_)\n(av Ot* " Eq 0 —m+1 (_)\nta) — (b, (Pn)ta_(m_l)Ea,a—(m—l)-&-l (_)&nta)}(pn-

n=1

Henceforth, in terms of Lemma 3.1, we can argue to complete the proof. O

4. Applications of the eigenfunction expansion

We apply the eigenfunction expansion of the solution only in the case of 0 <« < 1. The arguments in the case of
1 <o <2 are similar. Let L be the same elliptic operator defined in Section 2.

4.1. Backward problem in time

Theorem 4.1. Let T > 0 be arbitrarily fixed. For any given a; € H*(2) N Hé(.Q), there exists a unique weak solution u €
C([0, T]; L?(£2)) N C((0, T]; H2(2) N H}(£2)) to (1.1) and (1.2) with F = 0 such that u(-, T) = ay. Moreover there exist constants
C1, C3 > 0 such that

C1]uc. 0 ||L2(.Q) < fuc. 1 ||H2(.Q) < Caluc.,0) ”LZ(Q)' (41)

Here Cq, C2 are independent of choices of aj.
The backward problem of the classical diffusion equation (e.g., o« = 1) is severely ill-posed (e.g., Isakov [17]), and any
estimate of Lipschitz type by Sobolev norm is impossible.

Proof of Theorem 4.1. By (2.2), we have

u(, T) =Y (@ ¢n)Ea,1 (=2 T*)@n (0.

n=1

Hence we note that u(-, T) € H%(£2) if and only if

o0
> (@ )3 2Ea1 (3 T%)? < o0,

n=1

Since Ey 1(—Ant%), t > 0, is completely monotonic (e.g., [14]),

d

g Fet (—Mt*) <0, t>0 (4.2)
and

Eq1(—Ant%) >0, t>0. (4.3)

Hence by (4.2) and (4.3), we obtain
Eg1(=Ant%) >0, t>0. (4.4)
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In fact, we assume that there exists to > 0 such that Eqy 1(—Antg) = 0. Then Eq 1(—Aqt*) =0 for all t > to by (4.2) and (4.3).
Therefore the analyticity in ¢ implies that Ey 1(—Ant®) =0 for all ¢t > 0, which contradicts E 1(0) # 0.
For a; € H?(£2) N H}(£2), we have

oo
2 § : 2 2 2
C“'a] ”HZ(Q) < )‘-n(al»(ﬂn) <C£”a] ”HZ(Q)

n=1
By (4.4) we can set
(a1, ¢n)

Eq1(=MnT%)’
In terms of (4.4), we obtain

(aq, (pn
Z Z Eg1(—=2qT%)?

n=1

2 [e%e)
1
=§ AMT2T (1 — w)’(aq, )2<7) <C3T2“§ A2(a1, on)?.
— n @n 1—|—O()L,T]t_“) n{a1, ¢n

n=1

n=

Setting a =Y o cagn and denoting the solution to (1.1)-(1.3) with this initial value a by u(x, t), we have a; = u(-, T) and
lall2cey < CalluC, Dligz o) The second inequality in (4.1) is already proved in Theorem 2.1. O

4.2. Uniqueness of solution to a boundary value problem

We note that —L defines the fractional power (—L)# with 8 € R and
”u “HZﬂ(Q) < C5 || (_L)ﬁu “ 12(£2)
(e.g., [36]).

Theorem 4.2. Let a € D((—L)?#) with g > %. Let u € C([0, T]; L2(£2)) N C((0, T]; H?(2) N H}(£2)) satisfy (1.1) and (1.2) with
F = 0. Let w C §2 be an arbitrarily chosen subdomain and let T > 0. Then u(x,t) =0,x€ w, 0 <t < T, impliesu =0in £ x (0, T).

This theorem corresponds to Corollary 2.3 in Schmidt and Weck [45] and see Nakagiri [33] for similar arguments for
other inverse problems. For &« = 1, we have that the uniqueness holds without (1.2), which is the unique continuation
(e.g., [17]). However for o # 1, we do not know whether the uniqueness holds without (1.2).

Proof of Theorem 4.2. By A, = O(n%) and a € D((—L)?#) and the Sobolev embedding theorem, we have

and

o0

oo o
> @ @) lgnlli) < Ce Y _|@ @n)|1aal =Ce Y _|(@ @n)| 12> |An] #

n=1 n=1 n=1

1 1
00 2 00 1 2
CG<Z|<a,<pn)|2|xn|4") (Zﬁ)

n=1 n=1

<C7<Zi4_ﬁ> <Z|(a,<pn>|2(|xn|2ﬂ)2) < o0, (4.5)

n=1M4d n=1

Then, by Lemma 3.1, Z,‘;‘; (@, ¥n)Eq.1 (—Ant*)@n(x) can be extended analytically in t to {ze C; z#0, |argz| < uo} with
some /Lo > 0. Therefore, since

[o.¢]
u(x’ t) = Z(as (pn)Ea,l(_)\nta)(pn(x) = 0, Xew, O <t< T,

n=1

we have

o0
> (@ @n)Ea1 (—2at)ga(®) =0, x€w, t>0. (4.6)

n=1
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We set o (—L) = {14k}keny and we denote by {¢yj}1<jgm, an orthonormal basis of Ker(u, + L). Note that we consider o (—L)
as set, not as sequence with multiplicities. Therefore we can rewrite (4.6) by

oo my
Z(Z(a, gokj)gokj(x)> Eq1(—mkt*) =0, xew, t>0. (4.7)

k=1

By (4.5) and Lemma 3.3, we have

oo Mg 0o My
DY 1@ 9 O] | Bt (— ™) | < Cs DY [ (@, i) [l oo ) < oo
k=1 j=1 k=1 j=1

Hence the Lebesgue convergence theorem yields that

¢ oo M
e~ X ( Z Z(a, Orj)Prj (X)) Eq 1 (_Mkfa)> dt

o

k=1 j=1
oo My 00
—ZZ(a Dkj (/ _ZtEO,J(—;th"‘)dt)(pkj(x), Xew, Rez>0. (4.8)
k=1 j=1

We take the Laplace transform to have

o0

/e‘”EaJ (—pxt®)dt =

0

Zotf]

— ., Rez>0. (4.9)
z% + [k

In fact, we can take the Laplace transforms termwise in the power series defining E, 1(z) to obtain

oo

/ eiZtEaJ (—Mkta) dt =

0

ZO{—] 1
———, Rez>puf
z% + g k

(cf. formula (1.80) on p. 21 in [37]). Since sup;>q ken |Ea,1(—t®)| < oo by Lemma 3.1, we see that fooo e Eg 1 (— i t®) dt
is analytic with respect to z in Rez > 0. Therefore the analytic continuation yields (4.9) for Rez > 0.
Hence (4.8) and (4.9) yield

oo my -1

ZZ( <ij (pk](x) 0, x€w, Rez>0,
k=1 j=1
that is,

oo My

ZZ(a <ka gak,(x) 0, xew, Ren>0. (4.10)
=1 j=1

By (4.5), we can analytically continue both sides of (4.10) in 7, so that (4.10) holds for n € C\ {—uk}ken. We can take a
suitable disk which includes —u, and does not include {—py}rz¢. Integrating (4.10) in a disk, we have

my
U =Y (@ @ep)pej(x) =0, Xx€w.
j=1
Since (L + u¢)uy =0 in £2, and u; =0 in w, the unique continuation (e.g., Isakov [17]) implies u; =0 in §2 for each ¢ € N.
Since {¢¢j}1<j<m, is linearly independent in £2, we see that (a, ¢¢j) =0 for 1 < j <my, £ € N. Therefore u =0 in £2 x (0, T).
Thus the proof of Theorem 4.2 is complete. O

4.3. Decay rate at t = oo

We state a different version of Corollary 2.6. In fact, the following theorem asserts that the solution cannot decay faster
than tim with any m € N if the solution does not vanish identically. It is a remarkable property of the fractional diffusion
equation because the classical diffusion equation with o =1 admits non-zero solutions decaying exponentially. This is one
description of the slower diffusion, compared to the classical one.



444 K. Sakamoto, M. Yamamoto /J. Math. Anal. Appl. 382 (2011) 426-447

Theorem4.3. Leta € D((~L)**) with B > 4 and let  C 2 be an arbitrary subdomain. Letu € C([0, T]; L?(£2)) NC((0, T]; H2(£2)N
Hg)(Q)) satisfy (1.1) and (1.2) with F = 0. We assume that for any m € N, there exists a constant C(m) > 0 such that

C
160 gy < 5T 00, (411)

Thenu =0in 2 x (0, 00).

Proof. By (4.5), the series

oo My

U, 0 =Y (@ @) Ea,1 (—pat™) i (%)

k=1 j=1

converges uniformly for x € £2 and § <t < T with any 8, T > 0. Hence, by Theorem 1.4 (pp. 33-34) in [37], for any p €N,
we have

oo my oo My

u(x.t) =— ZZZFG aﬁ),u raﬁ( ¢l<])(pk](x)+zz ( p+1ta(p+1)>(a,(ﬂkj)§0kj(x) ast — oo.

k=1 j=1¢=1 =1 j=1

We note that I'(1 —«) #20 by 1 —« > 0. Setting m=1 in (4.11) and p = 1, multiplying t¥ and letting t — oo, we have

oo Mg

1
(@, )P (X) =0, Xxecw.
,; J; Ca— o 9

By 0 < < 1, there exists {{j}jen C N such that lim;_, ., £j =00 and a{; ¢ N. In fact, let o ¢ Q. Then £ ¢ N for any £ € N.
Let @ € Q. Set @ = ”11 where my,n; € N have no common divisors except for 1. There exist infinitely many ¢ € N possessing
no common divisors with my, and £o € Q\N. Then I'(1 — a£;) #0.

Therefore, setting p =2, 3, ... and repeating the above argument, we obtain

o0 1 my
Z - (Z(a, <ij)(0l<j(x)> =0, xcw, {;eN.
k

k=1 Mk \ j=1
Hence
my 00 i £; my
> (@ j>sou(x)+2<—) > @ @) (0 =0, xew, fieN.
=1 k= \HK/ 3

By (4.5) and 0 < 1 < 2 <---, we have

oo My ;
ZZ( )(a,wkj)cokj

oo My

<X

|(a, @) |19kl 2

k=2 j=1 L®(R2) k=2 j=1
K, oo My @i
DY @ o |lenli @) <
M k=2 j=1

Letting ¢; — oo and |%| <1, we see that

my
Z(a, V1)P1j(x) =0, xecw.

j=1

Similarly we obtain

my
Z(ﬂ, OrPkj(x) =0, xew, keN.
j=1

Since a = Z,‘(’il(Z'}il(u, Ok Prj) in L2(£2), we can conclude that u =0 in £ x (0, 00). Thus the proof of Theorem 4.3 is
complete. O
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4.4. Inverse source problem

For
ux, ) =Luxt)+ fxpt), x€2,0<t<T,
u(x,t)=0, x€0d82,0<t<T, (412)
u(x,0)=0, xes2,
we discuss

Inverse source problem. Let f be given and xg € £2 be given. Determine p(t), 0 <t < T, by u(xp,t),0 <t <T.
In this inverse problem, given a spatial distribution of a source, we are required to determine a time varying factor p(t).
As for this kind of inverse problem for parabolic equation, see e.g., Cannon and Esteva [5], Saitoh, Tuan and Yamamoto

[42,43] for example. Here we prove a stability estimate in one simple case:

Theorem 4.4. Let f € D((—L)#) with g > 1+ i—d and let u satisfy (4.12) for p € C[0, T]. We assume that

fx0) #0.
Then there exist constants C1g, C11 > 0 such that
C1o 9 u(xo, ')HC[O,T] <IIplicro,r1 < Cia |8 ulxo, ')||C[01T]- (4.13)

In the theorem, the condition f(xp) # 0 yields the both-sided Lipschitz stability, and f(xp) # 0 means that the obser-
vation point is on the inside of the source, and the choice as observation point is not realistic because in practical inverse
source problems, it is assumed that one cannot have access to the source and has to determine by data away from the
source. In the case of f(xg) =0, the stability estimate is expected to be worse (e.g., [5,42,43] for the parabolic case) and for
the fractional diffusion equation, we can discuss the case of f(xg) =0, but here we discuss only the case f(xg)#0.

Proof of Theorem 4.4. By p € C[0, T] and f € D((—L)#), we apply Theorem 2.2 to obtain
t

M&ﬂ=§:</p@Xﬁ¢ma—IW”EMA—MG—rWﬁh>%M)
n=1 0
in L2(0, T; H2(£2)) and
00 t
E?M&D=pﬁﬁu%+§:—h</p@Xﬁ¢MU—rW”Emﬂ—MU—tWﬁh>%@) (4.14)
n=1 0

in L2(§2 x (0, T)). By f € D((—L)#) with g > 1+ % and the Sobolev embedding theorem, we have
” An(f, @n)n H,_oo(g) <Cr2 ”)\n(fy ©¥n)¢n ” H26-2-d(2)
14
< Cis|2n(f, o) (=D T2 0n o )
p-5 .y
= C13 ”)\n 2 (fv (pl’l)(pﬂ ” LZ(Q) < ClB}\n 2 |((_L)'Bfa (pn) |
Hence, by [8], we see that A, > C§3n§, for (x,t) € 2 x [0, T] we obtain

o)
n=1

t

/)an(f)(fa wn)(t — )% ! Ea,a(_)\n(t - T)a) dTen(x)
0

t

> 1
<Ci3 ) _lplcon |1 f. ¢n)] / t—1)* 'dt

n=1 0

1
2

1
00 1 2 00
< Cuallpliciom (Z nz) <Z|((—L)ﬂf, ¢n)|2> < Cislipliciom H(—L)ﬂfHLz(_Q)
n=1

n=1

< Cisllplicro.mr- (4.15)
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Therefore we see that 3%u € C(82 x [0, T]), the series (4.14) is convergent in C(£2 x [0, T]) and

|¢ulc@wio.ry < Crslplicio.-

Hence the first inequality in (4.13) is proved.
Since the series (4.14) is convergent in C(£2 x [0, T]), we have

00 t
dfu(xo, t) = p(t) f (x0) + pr(r){—kn(f, @n)Ea.a (—an(t — D) gn(x0) }(t — T)* ' dT
0

n=1

for 0 <t < T. Setting

o0

Q) =) —2a(f, ) Eq.c(—Ant")@n(x0),

n=1

similarly to (4.15) we can see that Q € C[0, T]. Therefore

t
dfu(xo. t) = p(t) f(x0) + /(t —-0* Q¢ —1)p(r)dr, 0<t<T,
0
that is,

tu(xo, t)

fxo0)

t
p(t) = f(LO)O/(t—t)“1Q(t—t)p(r)dr, O<t<T

by f(xo) # 0. Hence
t
[p®] < Ci6 |3 uXo, )| 0.7 + Cr6l1Q llcro. 1 /(t -0 ! p(m)|dr, 0<t<T.
0

Applying an inequality of Gronwall type with weakly singular kernel (t — 7)¢~! (e.g., Lemma 7.1.1 (pp. 188-189) in [16]),
we see

O] < Ci7|ofutxo, ) ¢oqyr 0<t<T,

that is, the second inequality in (4.13) is proved. Thus the proof of Theorem 4.4 is complete. 0O
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