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1. Introduction and statement of results

Let S;:RY - R? (i=1,2,...,N) be contracting similarities with contraction ratios r; € (0,1) and let (p1,..., pn) be
a probability vector (i.e. 0 < p; <1 for all i and Zf\’:] pi = 1). It follows from [7] that there is a unique non-empty and
compact subset K of R and a unique Borel probability measure x on RY such that

K=[JsiK). (1.1)
i
and
/L:Zpi/LOS;l. (12)
i
The set K is called the self-similar set associated with the list (S1,...,Sy) and the measure p is called the self-similar
measure associated with the list (S1,..., SN, p1,..., pn). It is well known that the support of © equals K. We say the list

(81, ..., SN) satisfies the open set condition (OSC) if there exists a non-empty, bounded and open set U such that S;(U) Cc U
forall i and S;(U)NS;(U) =4 for all i # j.
For r > 0 and a real number g, write

Iu(r;q) = / (B, )" dp (. (1.3)
K

The lower and upper L7-spectra of w are now defined by
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L@ l?{}é] —logr
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T,.(q) =limsup
~o —logr

The main significance of the LI-spectra is their relationship with multifractal analysis, cf. [2-4,6,5,10-15] and the references
therein. Arbeiter and Patzschke [1] proved a beautiful result providing a formula for the L?-spectra of self-similar measures
satisfying the OSC. Before stating their result we introduce the following definition. Define the function 8(q) : R — R by

N
3 pirf @ =1, (14)
i=1
We can now state Arbeiter and Patzschke’s result.

Theorem A. (See [1].) Assume that the OSC is satisfied. Then the LI-spectra T (@ and T,,(q) are given by T 2@ =Tu(@=p@) for
allg e R.

Unfortunately, it is very difficult to determine the L9-spectra of self-similar measures not satisfying the OSC and, as a
result of this, previous work analyzing the multifractal structure of self-similar (or self-conformal) measures not satisfying
the OSC has almost entirely concentrated on the following two different aspects. Namely, firstly, analyzing general self-
similar measures assumed to satisfy separation conditions more general than the OSC. For examples, in [6,8,10] measures
satisfying the “weak separation condition” (WSC) (which is weaker than the OSC) are investigated. Secondly, analyzing the
multifractal structure of specific self-similar measures or families of self-similar measures not satisfying the OSC, see, for
example, [4,5] and the references therein.

However, the scope of this paper is different. Indeed, instead of computing the L%-spectra of specific families of self-
similar measures, we are interested in obtaining non-trivial bounds of the L9-spectra of arbitrary self-similar measures
without any separation conditions. In fact, this line of investigation was initiated in [12] where Olsen obtained non-trivial
bounds for the LY-spectra of arbitrary self-similar measures without any separation conditions for g > 1, and the main
purpose of this paper is to extend the analysis from [12] to g < 1. However, before we do this, it is instructive to recall the
main result from [12].

We start by introducing some notation. Let

=N =z 2V=q NN
n

i.e. X" is the family of all finite strings i =iy ...i, of length n with i; € {1,..., N}, ¥* and >N denote the family of all finite
strings i =iy ...ip and the family of all infinite strings i =iqi>... with ij € {1,..., N}, respectively. For i =i;...i, € £", we
will write [i| =n for the length of i. For i =ijiy... € XN and a positive integer n, let ijn =i; ...i, denote the truncation of i
to the nth place. Furthermore, for i=ijy...i, € X", we write S; =S, o---0S;, and K; = S;K. Also, write p; = p;, ... pj, and
ri=ri, ...ri, fori=iy...i; € X". We can now state the main result from Olsen [12].

Theorem B. (See [12].) For a positive integer n, let

mKi;éQ)}

iel

In:{lgzn

(observe that T, is non-empty since {i} € Z,, for all i € X™). There exists a unique s, € R such that

Let s = sup,, sp. For all g € R with q > 1, we have
B@)<z7,@ <Tu@ <s(1—q).

Unfortunately, when g < 1, almost nothing is known about the LI-spectra of self-similar measures without any separation
conditions. It is clear that if ¢ < 1, then the L9-spectra are extremely sensitive to small variations in the distribution of L.
This makes the problem of analyzing the L9-spectra for ¢ < 1 much more difficult than for g > 1. In particular, we note that
the approach from [12] cannot be applied in this case. The purpose of this paper is to provide non-trivial bounds for the
L9-spectra of self-similar measures without any separation conditions for q¢ < 1. More precisely, we have the following result.
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Fig. 1. The graph of the function ¢ — B(q) is shown as a solid curve, and the graph of the function ¢ — s(1 — q) is shown as a dashed line. It follows from
Theorem B and Theorem 1.1 that the L9-spectra 7,.(q) and T, (q) lie in the shaded region bounded by s(1 —q) and B(q).

Theorem 1.1. Let s € R be defined as in Theorem B. For all ¢ € R with q < 1, we have
$S(1—q) <7,@ <Tu@ <p@.
Fig. 1 above illustrates the statements in Theorem B and Theorem 1.1.

It follows from Theorem 1.1 that if K is not a singleton, then T,@>0 for g < 1. More precisely, we have Proposition 1.2
below.

Proposition 1.2. Let s be as in Theorem B. If K is not a singleton, then s > 0. In particular, if K is not a singleton, then

0<s(I-q<z,Q

forallqg < 1.

The proof of Proposition 1.2 is similar to Proposition 2.2 in [12] and is therefore omitted. From Proposition 1.2, we can
see that the lower bound for T 2@ provided by Theorem 1.1 is non-trivial.

If all the contraction ratios rq,...,ry coincide and equal r € (0, 1), then Theorem 1.1 can be simplified. Indeed, in this
case, it is clear that

1
n= nlogr Og(llgazfzp'>

and we obtain the following corollary from Theorem 1.1.

Corollary 1.3. Assume thatri = --- =ry =r. Write

1
1 il
nlogr Og(%%fiezlpo

For all ¢ < 1, we have

s =sup
n

51— ) < 7,@) < Tu(@ < B©.

The paper is organized as follows. In Section 2 we illustrate Theorem 1.1 by two examples, namely, we discuss the
L9-spectra of the (2, 3)-Bernoulli convolution and the A-Cantor measure. In Section 3, as an application of our results, we
obtain a non-trivial upper bound for the multifractal spectra of an arbitrary self-similar measure. In Section 4 we prove
Theorem 1.1. Finally, in Section 5 we discuss how our results can be extended to the mixed multifractal setting.
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2. Examples
In this section we illustrate Theorem 1.1 by two examples.

Example 2.1 (The (2, 3)-Bernoulli convolution). The (2, 3)-Bernoulli convolution is defined as follows. Define S1, S, S3: R — R
by Si(x) = %x—i— % and let (p1, p2, p3) = (%, %, %). The (2, 3)-Bernoulli convolution is defined as the self-similar measure w
associated with the probabilistic iterated function system (S1, S2, S3; p1, P2, p3), cf. [5,12]. By Corollary 1.3, we see that

_ _ Slo
s =supsy sglp og g(l};gXZp.)

_ - —n

=sup zlog(rll;%x(#m )
log3 1

_log3 1 .1 - log max(#1),
log2 log2 n IeIy

where #A denotes the cardinality of A. A simple calculation shows that 8(q) = :gg; (1 —¢q), and we therefore conclude from
Theorem 1.1 that if g <1, then

log3 1

oe2  loa2 —q < <7
<10g2 log2 ﬂfnl"g?e‘%ff(#’)>“ D<@ <T@ < (1),

lg2

In particular, for example, we see that max;c7, (#I) = 5. Hence, if ¢ < 1, then

log3 log5

<<@—@>(1—Q)<£M(Q)<fu(0) @( —q).

Example 2.2 (The A-Cantor measure). For A € [0, 1], the A-Cantor measure is defined as follows. Define S1,S2,S3: R — R
by S1(x) = 1x,S2(x) = Ix + %, S3(x) = 1x+ % and let (p1, p2.p3) = (3. 3. 3). The A-Cantor measure is defined as the
self-similar measure w; associated with the probabilistic iterated function system (S, S2, S3; p1, P2, P3). Let us denote the
corresponding self-similar set by E;.

When =0, the set E; equals the classical Cantor middle-third set. Define S/, S, : R — R by S(x) = 1x, S5(x) = Ix+ 2.
Let (p},py)) = (%, %), and let v denote the self-similar measure corresponding to the probabilistic iterated function system
(S, S5: py. py). Then p; coincides with v. Obviously, (S, S5) satisfies the OSC and the L9-spectrum of ; = v can therefore
be found using Theorem A.

When A =1, the set E, equals [0,1] and w, coincides with Lebesgue measure on [0, 1]. Hence, for A =1 it is not
interesting to study the L9-spectrum of ju; since it is trivial.

Now we will focus our attention on the case A € (0, 1). Obviously, in this case, the OSC is not satisfied, and we will now
use Theorem 1.1 to obtain non-trivial bounds for the L9-spectra of the A-Cantor measure. By Corollary 1.3, we see that

-1
S =sups, =su log| max i
[P =sUP nlog3 g(lez,, ;;».)

=sup ! log(max(#1)3™")
n nlog3 €T,

1 .1
=1— —— inf— logmax(#1I).
log3 n n I€Z,

A simple calculation shows that 8(q) = (1 — q), and we therefore conclude from Theorem 1.1 that if ¢ < 1, then

1.1 _
(1 g3 inf logrlrel%f(#l))(l —O<T,, @<TL@<A—9).

In particular, for example, we see that max;cz, (#I) = 4. Hence, if ¢ < 1, then

0<(1 log2 _a< . 4
( _E>( 9 <2, @ <T@ <A -0
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3. An application: non-trivial upper bounds for the multifractal spectra of arbitrary self-similar measures

As an application of Theorem 1.1, we will now obtain a non-trivial upper bound for the multifractal spectra of an arbitrary
self-similar measure. Recall that the main significance of the L9-spectra is their relationship with the multifractal spectra,
which we will define below. For a probability measure 1 on RY, we define the Hausdorff multifractal spectrum function,
fH,u. of by

fH_M(Ol) =dimy {X e K

fim 108 (B D) _ }
™0 logr

for a > 0, where dimp denotes the Hausdorff dimension. We define the packing multifractal spectrum function, fp ,, of u
similarly, namely, we let

frula)= dimp{x ek

i log 4 (B(x, 1)) }
m——=uy,
.0 logr

for ¢ > 0, where dimp denotes the packing dimension. In the 1980s it was conjectured in the physics literature that
for “good” measures the following result, known as the Multifractal Formalism, holds: the multifractal spectra equal the
Legendre transform of the L9-spectra. During the 1990s there has been an enormous interest in the mathematical literature
in verifying the Multifractal Formalism and computing the multifractal spectra of measures, and within the last 15 years
the multifractal spectra of various classes of measures in Euclidean space RY exhibiting some degree of self-similarity have
been computed rigorously, cf. [3] and the references therein.

For example, the following result due to Arbeiter and Patzschke [1] provides a formula for the multifractal spectra of a
self-similar measure satisfying the OSC. To state this result, we recall that the Legendre transform ¢* of a function ¢ : R — R
is defined by

P*(x) = irylf(xy +0®)).

Also, write

We can now state Arbeiter and Patzschke’s result.
Theorem C. (See [1].) Let 1 be the self-similar measure satisfying (1.2) and assume that the OSC is satisfied.
(1) We have

fru(@) = fpul@) =1;,(0) =T) (a) = B* (@)

forall & € [omin, ¥max]-
(2) We have

{xeK =0

1 B
lim 08 H(BX. 1) a}
™0 logr

forall & ¢ [0tmin, Xmax].
As an application of Theorem 1.1, we now obtain an upper bound for the multifractal spectra of an arbitrary self-similar

measure not satisfying any separation condition. In particular, we emphasize that the upper bound in Corollary 3.1 does not
require the OSC is satisfied.

Corollary 3.1. Let u be the self-similar measure satisfying (1.2). Write t = %. Then we have

frpu(@) < fpu(a) < f(a),
where f :[s, 0max] — R is defined by

min(c, d) foro € [s,t];
min(f*(«),d) foro € [t, dmax].

f(a)={



82 J. Liet al. /J. Math. Anal. Appl. 387 (2012) 77-89

Q |rmmmmmee

‘max

Fig. 2. The graph of the function &« — B*(«) is shown as a solid curve and the geometrical significance of the numbers s, t, ¢min and omax are illustrated.
The graph of the function f defined in Corollary 3.1 is shown as a bold solid curve. It follows from Corollary 3.1 that f(«) is an upper bound for the
multifractal spectrum fp (o).

Proof. Define b: R — R by b(q) = max(s(1 — q), B(q)), i.e., b(q) = B(q) for ¢ <1 and b(q) =s(1 —q) for q > 1. Since
frpu() < fpu(a) < fﬁ(a) for all « (see [3]) and T,(q) < b(q) (by Theorem B and Theorem 1.1), we conclude that
fr (@) < fp (o) < b*(e). Finally, since —B’(1) =t, it is not difficult to see that b*(a) = « for & € [s, t] and b* (@) = B* ()
for o € [t, amax]. This together with the fact that fp , () <d, gives the desired result. O

Fig. 2 above illustrates the statement in Corollary 3.1.

We note that the upper bound in Corollary 3.1 can be strictly bigger than fp ,(«). Indeed, as an example of this we
recall the following result due to Hu and Lau [10]. Namely, for i =1,2,3,4 define S;:R— R by S; = %x—e— %(i —1) and
pi=273 (,.’_"1), and let i be the corresponding self-similar measure satisfying (1.2). In this case the OSC is not satisfied, and
it follows from [10] that

Hmwza}zg

[x eK
™\.0 logr

for all @ € (g, ¥max) C (S, ¥max), Where g = 311;’7%2 — %. In particular, this shows that fy , (o) = fp , () =0 for

o € (ap, ®max), Whereas the upper bound in Corollary 3.1 is strictly positive for o € (g, ®max)-
4. Proof of Theorem 1.1
The purpose of this section is to prove Theorem 1.1. In order to prove Theorem 1.1 we must show that if g <1, then

Tu(@ < B@) (4.1)

and
s(1—q) <z,@. (4.2)

Proof of inequality (4.1). Firstly, we introduce two quantities that are related to the upper L?-spectrum, namely, the upper
covering Rényi dimension, ffl(q), and upper packing Rényi dimension, fﬁ(q). The main reason for introducing the Rényi
dimensions is that they are easier to work with.

For a probability measure  on R? with support equal to K, the upper covering Rényi dimension and the upper packing
Rényi dimension of w are defined as follows. Recall that a finite or countable family (B(x;,r)); of balls is called a centered
cover of K if K C | J; B(x;,r) and x; € K for all i, and that a finite or countable family (B(x;,r)); of balls is called a centered
packing of K if B(x;,r) N B(xj,r) =¥ for all i # j and x; € K for all i. For r > 0 and q € R, write

M, (r; q) = inf{ Z w(B(xi, r))q ‘ (B(xi, 1)), is a centered cover of K}, (4.3)
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and

M (r;q) = sup[z w(B(xi, r))q ‘ (B(xi,1)), is a centered packing of K } (4.4)
i

Then, the upper covering Rényi dimension, f; (¢), and upper packing Rényi dimension, fﬁ(q) are defined by

log My, (r; @)

7€ (q) = limsup , (4.5)
o no  —logr
and
log MP (r;
7),(q) = limsup M (4.6)

0 —logr
respectively. The numbers of fft @, fﬂ(q) and T, (q) do not necessarily coincide. However, certain inequalities are always
satisfied; this is the content of Lemma 4.1 and Lemma 4.2. These inequalities allow us to work with the more manageable
upper packing Rényi dimensions when proving (4.1).

Lemma 4.1. (See [14, Proposition 2.19 and Proposition 2.20].) Let 1 be a Borel probability measure on R%. Then ffl (@) < fﬁ (q) for all
geR

Lemma 4.2. Let (. be a Borel probability measure on RY. Then Tu(@) < ffL (q) forallq < 1.

Proof. Let (B(x;,r)); be a centered cover of supp i (here and below we write supp u for the support of w). Since for any
X € B(x;, 1), the ball B(x, 2r) contains the ball B(x;,r), we have for g <1,

1,Q2r;q) = / w(Be.2n)" due <Y / w(Bex.21)" " du
supp i i B(xi,r)

<X [ wEen) duw

L B0

=> " u(B@i.n)" n(Bwi. )

=Y u(Bxi.n)".

Sicnce this is true for all centered covers of suppu, we obtain I,(2r;q) < M;(r; q). This clearly implies that T,(q) <
T¢(q). O
123

Next, recall the definitions of £", ¥* and XN from Section 1, namely,

s=(1,...N =2, 2N=q NN
n

It is well known that w(S;K) = p; for all i € X* if the OSC is satisfied, cf. [9]. However, we always have the inequality in
Lemma 4.3.

Lemma 4.3. Fori € X*, we have i (S;(K)) > pj.

Proof. Iterating the equality

N
=Yy pipoSi,
i=1
we have
=7 pjnos;’
ji=n

for all n. Hence, for i € ¥* with |i| =n,



84 J. Liet al. /J. Math. Anal. Appl. 387 (2012) 77-89
1 (Si(K)) Z pino S (SiK) + Y pipo sj—l (Si(K))

J#iljl=n

=pi+ Y DpjnoS; (Si(K))
J#ilil=n
= Di.

This completes the proof of Lemma 4.3. O
The next lemma is a standard result.

Lemma44.Fixq€[0,1]. LetemeNanday,...,am >0.Then (3_;a)? < Y a?.
Now we state our main technical lemma.

Lemma 4.5. Let i be the self-similar measure satisfying (1.2) and let B(q) be as in (1.4). Then

Th(@) < Q)
forg<1

Proof. Let rpjy, = min; r; and rpax = max;ri. The proof of Lemma 4.5 is divided into the following two cases.

Case 1: g < 0. Let € > 0. We will now show that there is a constant ¢ > 0 such that

MY, (1 q) < ™ P@+e) (4.7)

for all r with 0 <1 < rpjn.

We therefore fix r with 0 <r < i, and let (B(x;,7))ic; be a centered packing of K. Next, we observe that it is well
known that K = (_;c s [, Kijn. It follows from this that for each x € K there is an infinite string i € >N such that x € Kijn
for all n. In particular, we conclude that for each i € I there is a (not necessary unique) finite string i; € X* such that

Xj € I<ii7
and
diam(K;,) <r < diam(Kij;(ji;|—-1))-

Fix i € I. Since x; € Kj; and diam(Kj;) <r, we deduce that Kj; C B(x;, 1), and so, using the fact g <0, we have

M(B(Xi,r)) < (ki) (4.8)
Also, since r < diam(Kj,|(i;—1)) and B(q) +& > B(q) > 0 (because g < 0), we deduce that

rB@+e < diam(Ki,»\(|i,~\—1))ﬂ(q)+8

1
B@+e
S Bate Ba@re diam(K;;) (4.9)
min

Combining (4.8), (4.9) and Lemma 4.3 gives

Yo (B n) <Y i)

iel icl
1
—(B@+e) SPT B@+e
S rﬂ(q)+sr ZM(Kli) diam(Kj,)
min iel
dlam(K) (B
9)+8) q ﬁ(q)+s
S Fave > ol
lT]ll'l iel
=cor (ﬂ(Q)+s)Z Z pq ﬂ(q)+a o)
k=1iel,|ij|=k

diam(K)

Paote
mm

where cp =
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Next, we prove that if i1, iy € I, then the following holds:

i1#i = i #ij,.

Indeed, otherwise there is i1, i € I with iy # iy such that i;, =i;,. This implies that x;, € Kii1

B(xi,,r) N B(x;,, ) # ¥, contradicting the fact that (B(x;,r))ies is a packing. This proves (4.11).
It follows immediately from (4.11) that

Z pq ﬂ(q)+s< Z pq ﬁ(q)+s

iel,|ij|=k ieX* li|l=k

write u = YN, p?r@*¢ and observe that

u _qu ﬂ(q)+s < qu ﬂ(q)

Combining (4.10), (4.12) and using the fact that u < 1, we now conclude that

> (B, n)" <cor “3(‘”*8)2 > P

iel k=1iel,lij|=k

<cor™ (ﬂ(Q)+8)Z Z p ﬂ(tJ)+€
k=

lieX* i|l=k

k
< cor~P@+e) Z(Z pq ﬁ(q)+s>

1 \i=1
= cor @+ Z uk
k=1
r—(B@+e)

=
Ol —u
= - (B@+e),

where ¢ = co1Hy.
Finally, taking supremum in (4.13) over all packings (B(x;,1))ic; gives

MIZ (r:q) < cr—B@+e)

for all r with O < r < rpjp. This proves (4.7).
log MY, (r:q)

It follows immediately from (4.7) that T, (q) = limsup, o —ogr

This completes the proof of Case 1.

Case 2: 0 < q < 1. Define V : (0, 00) - R by

V(r) =M rf@.

Let (B(x;,1))ic; be a centered packing of K. It follows from (1.2) and Lemma 4.4 that

1 (B(xi, 1)) (iju B(Xz,r)))>q
(orllen)
o)

and so

85

(411)

= Kii2 C B(xi,,r), and so

(412)

(4.13)

< B(Q) + €. Letting € N\ 0 gives the desired result.
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N q
Zu(3<xi,r))qrﬂ<q><22p,u( (s i, )) i@
T

i i j=1
:qurﬁ(q)zﬂ Bl s—1x: T q T B@) (414)
j:l ] ] i J ) rj rj . '

Next we prove that:

r
<B (S;lx,', —)) is a packing. (4.15)
T'j iel

Indeed, otherwise there are iy, i € I with iy # i, and x € B(Sx;,, rLj) N B(Sxi,, rLj). This implies that |51f1)<,-1 - SJ?lXiZI <
|Sj_1x,‘1 —X|+ |x—Sj_1x,-2| < f—}r whence [xj, —xj,| < 2r, contradicting the fact that (B(x;, 1))ics is a packing. This proves (4.15).
It follows immediately from (4.15) that

-1, I ! p
Zi:u(3<sj X”rj>> <M (r] q). (4.16)

Combining (4.14) and (4.16) gives

50 AN/ 0\ A@
ot S ) )
i j j

aB@yp (T r\/@
L@ pp (2 —
i u(r,.»Q)(rj)

/AN
Mz

j=1
N r

:Zp‘}rj‘(‘”v(—) (417)
=1 "

Finally, taking supremum in (4.17) over all packings (B(x;,7))ic;, We now obtain

=

V() =ME i rf@ <3 plrf @y (r ) (4.18)
j=1 ]

Next, we note if a and b are real numbers with a <b, then it follows from (4.18) that

sup V(r) < sup qu ﬁ(q)V< )
a<r<b a<r<b

.
gZp‘}rf(‘D sup V(F)
j

=1 a<r<b
N
q.8@)
:E pir; sup V(r)
b
j=1 %<r<i

(4.19)

Il
w
=
o
<
—~
=
~

Write ko for the unique positive integer such that rﬁ‘l’ax < T'min < rﬁ?&l. Fix A > 0 and a positive integer | with [ > kg. Using
(4.19) and the fact that rl_ A <rl=1 1 <% 3 <rmind < A, we now conclude that
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sup V(r)=max< sup V(r), sup V(r))
A <r<a T A< <rmink IminA I

< max( sup V@), sup V (r))
M T <A Fmin A <F<A
= sup V(). (4.20)

T AT <A

Repeated application of (4.20) shows that if k > ko, then

sup V()< sup V()
rhax << A <r<A

< sup V()
rEaaA<r<A

< sup V()
rl:r?ax)tgrg)h

and so
sup V(r)=sup sup V()
0<rsa k>ko rk . a<r<a

<sup sup V()
kko 10, 0<r <o

= sup V(). (4.21)
rl;-?ax)‘grg)\
Writing Ao = % and putting A = Ag in (4.21) now yields
T'max

sup V(r) < sup V(r)

0<r<ho rfr?ax)»o<f<)~o

= sup V()
diam(K)<r<io

= sup  Mhrgrf@. (4.22)
diam(K)<r<ig

Since M, (r;q) =1 for r > diam(K) and rf@ < )\g(q) for r < Ao (because B(q) > 0), we deduce from (4.22) that

sup V(r)<c
0<r<ig

where ¢ = kg(q), and so My (r; rP@ =V (r) <c for all 0 <r < A, ie, M (r;q) < crP@ for all 0 <1 < Ag. We conclude

log MY, (r;9)

—Togr < B(q). This completes the proof of Case 2. O

immediately from this that fﬁ (@) =limsup\ o
We can now prove inequality (4.1).
Proof of (4.1). This follows by combining Lemma 4.1, Lemma 4.2 and Lemma 4.5. O

Proof of inequality (4.2). To prove inequality (4.2), we need the following result from [12]. Define M : (0,00) — R by
M(r) = supyeg (B, 1)).

Lemma 4.6. (See [12, Proposition 4.3].) Fix a positive integer n. There exists a constant ¢ > 0 such that

M(r) <cr’n

forallr > 0.
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We can now prove inequality (4.2).

Proof of (4.2). Fix r > 0. Using Lemma 4.6 and the fact that g <1, we have

Lu(riq) = / w(BG)" o > f (cr*) ™ duu(x)
K K
— (Cr)S"(q_l).

This clearly implies that s,(1 —q) < 7,.(q). Since this is true for all n, we can conclude that s(1 —q) < 7,@@. This completes
the proof of (4.2). O

5. Mixed multifractal setting

In [12], Olsen generalized Theorem B to the mixed multifractal setting. Let us recall the definition of mixed L7-spectra.

Fix a positive integer k, and let p; = (pj,,')f’ﬂ be a probability vector for j=1,...,k. Let i; denote the self-similar measure
associated with the probabilistic iterated function system (S1, ..., Sn; Pj), i.e. u; satisfies
N

Mj:ZPj.il/«josi_1~

i=1

Let K denote the common support of the measures i1, ..., tk. Finally, we define g : Rk — R by
N
q1 i B@ _
Zpl’i Pl = 1
i=1

for q = (q1,...,qx) € RX. Obviously, this definition reduces to (1.4) for k = 1. Now the mixed L%-spectra of the list u =
(U1, ..., ) are defined as follows. Let D, denote the diagonal ray in R¥, i.e.

Dy ={(.....%) e Rk | x e R}.
If E is a subset of R¥ and r > 0, we write B(E,r) for the r neighborhood of E, i.e. B(E,r) = {x € R¥ | dist(x, E) <r}. The

lower and upper mixed LY-spectra, denoted T, (@ and T, (q), of it = (u1, ..., k) are now defined by
.. logl,(r;q)
T =liminf ————
L@ ™o  —logr
log 1, (r;
fu(q) = ]imsup M’
™0 —logr

where
-1 —1
Iu(riq) = / pr (B, D) k(B )™ d (e X - x i) (X1 L X).
KkNB(Dy,r)

We write X >y for X = (x1,...,%), Y= (J1, ..., i) € R¥ if x; > y; for all i. We also write Pii = Pi,i, ---Di,i, for all i=
i1...i7e X", and put 0=(0,...,0) e R¥ and 1= (1, ..., 1) e R¥. Let (-|-) denote the usual inner product in R¥. With minor
modifications of the proof of Theorem 1.1, we obtain the following theorem, which generalizes Theorem 1.1 to the mixed
multifractal setting.

Theorem 5.1. For a positive integer n, let

ﬂl(i;é@}

iel

Inz{ng‘”

(observe that T, is non-empty since {i} € Z,, for all i € X™). There exists a unique s, € R such that

Let s =sup, sy, ands = (s, ..., s) € R¥. For all q € R¥ with q < 1, we have

SI1—q) <z,(q < Tl < B(Q).
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