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For a sequence (f,), of continuous real valued functions defined on a space X one can consider the set C((f;)) = {x €
X : lim, f, (%) exists}. Hahn and Sierpiriski proved that the family of such sets on a metric space X coincides with the family
Hg(X ) (Fy5(X)). Further investigation involved also infinities; the full description of these sets was given by M. A. Lunina in
the following theorem (see [1]).

For a sequence of continuous real functions (f,,) we consider seven types of sets of convergence and divergence.

E1((fn)) = {x: (fu(x)) converges},

E*((fn)) = {x:lim fy(x) = —o0},

E*((fy)) = {x: lim fy,(x) = +o0},

E*((fy)) = {x: —o0 < lim f,(x) < lim f,(x) < 00},
E>((f) = {x: —o0 = lim f,(x) < lim f,;(x) < +o00},
E*((fn)) = {x: —o0 < lim f(x) < lim f,(x) = 400},
E'((f2)) = {x: —o0 = lim f,(x) and lim f, (x) = +o0}.

We call (E', ..., E7) a Lunina’s 7-tuple if there exists a sequence of real-valued continuous functions (f,) such that E! =
E'((fy) fori=1,2,...,7.

Theorem 1 (Lunina [1]). Suppose that a metric space X is a union of 7 disjoint sets E', E?, ..., E’. Then (E',... E") is a
Lunina’s 7-tuple iff E', E?, E* are F,s in X and E> UE®> UE?, E> UE® UE7 are Gs in X.

In this paper we will investigate analogous relationships for the filter convergence. ¥ C P(w) is a filter if ¥ is closed
under taking supersets and finite intersections, ® € F and # ¢ F.We shall use the notation D* = {w \Z : Z € D},
FIN = {A C w : Ais finite} and FIN x FIN = {Z C w x w : V°{k : (n, k) € Z} is finite}. The filter FIN* is called the Fréchet
filter. Throughout this paper we only consider filters containing the Fréchet filter.

C(X), B(X), By (X) will denote the class of continuous functions, Borel functions and functions of Borel class « mapping
the space X into R.
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For a given filter £, x € R and (x;) € R we denote

1. F —limx, =xifforeache >0{new:|x—x,| <€} € F,
2. F —limx, = cifforeachM eR{new:x, > M} € F,
3. F —limx, = —ooifforeachM e R{ne€ w:x, < M} € F.

Next we denote four types of sets of convergence and divergence.
1. Cx = {(x,) € R® : F — limx, exists},

2. ¢z = {(x,) € R® : F — limx, = 0},

3. ¢ ={(x) €eR®: F —limx, = oo},

4. c;% ={(xy) € R® : F — limx, = —00}.

For a topological space X and (f;) € C(X)® we define

L Ce((f) ={xeX: (kx) € Cs},
2. cr((f) =xeX: (fi®) € cs),
3. c2((f) =xeX: (hlx) € ¢},
4. ¢z ((f) = fx e X : (fl(®) € ¢z},

and

1L G (X) = {Cx((f) : (f) € CX)“},
2. cr (X) = {cx ((fa)) : (f) € CX)“},
3. ¢FX) = {cx((fa)) : (f) € CX)°},
4. ¢z (X) = {cz™((f) : (f) € CX)*}.

The standard convergence coincides with the convergence with respect to the Fréchet filter FIN*. One can expect that
for every filter  the sets in Cx (X), c5 (X), ¢ (X) and c¢*°(X) are Borel. Unfortunately, this is not true. There is a canonical
example of a sequence of continuous functions which shows that the sets of convergence do not need to be nice. We identify
P(w) with the Cantor space and define the continuous functions f, : P(w) — R by

0 ifneZz
f(@) = {n otherwise.

Observe that C# ((fy)) = F and c*((f,)) = F*, so in the case when F is an ultrafilter, i.e. a maximal filter, these sets are not
Borel. In [2] the authors consider F, -filters (in fact, ideals but those notions are dual to each other) and proved a Lunina-like
theorem. In this paper we will consider general Borel filters.

Theorem 2 (Dobrowolski et al. [3,4], Solecki [5], Debs and Saint Raymond [6]). If ¥ € Ty \ U, _, T}, then Cy, ¢y € TJ \ 3.

Proof. For the case c5 the statement follows from [3, Lemma 4.2]. The result Cz € T was proved in [6, Remark 2.11].
From [4, Proposition 3.9] it follows that {(x,) € Cs : (x,) is bounded} ¢ zg. Since the set of bounded sequences is an
F,-set, it follows that C¢ is notin £0. O

Corollary 3. If ¥ € I \ Uy, M§ then ¢, ¢z € MY \ X7.

Proof. Observe that the functions H, G : R” — R®; H((x;,)) = (1/(|x,| + 1/n)) and G((x,;)) = (e~*") are continuous. Since
G lcs] = c¥ and H! [c2°] = c, we may use Theorem 2. Similar proof works for c;*. O

Theorem 4. Let X be a metric space. If ¥ € M2 \ Up <a H%, then

1 C(X) UcP(X) Ucyz®(X) C Mo(X).
2. If X is a separable, zero-dimensional metric space, then Cz (X) = cX(X) = ¢z (X) = Hg(X).
3. If @ = 3 then Cx (X) = ¢ (X) = ¢z>(X) = M2(X).

Proof. 1. The function H : X — R® given by H(x) = (f,(x)) is continuous, and thus C«((f,)) = H™'[C#], cP((f) =
H™c®], ¢z ((f) = H ' [cz>].

2. LetE € l'lg (X) be arbitrary. By Hg—completeness of C# (see [7]), there is a continuous function H : X — R® with
E = H '[C#]. Then E = C#[(H,)], where H, = 7, o H. The other cases can be handled by the same argument.

3. ForA € H‘;(X) we apply [2, Corollary 4] and Lunina’s Theorem for the 7-tuple (A, @, @, X \ A, @, @, ) in the case of C#;
@, A, 9,9, X\ A, 0,9)in the case of ¢, and (4, ¥, A, 4, 9, X \ A, ¥) in the case of c;*°. O

Theorem 5. If ¥ € I, \ U, I}, then Cy (R) = T, (R).
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Proof. It is enough to prove that for each A € 1'[2 (R) there is a sequence of continuous functions f = (f;), € (R¥)® such
that C« ((f,)) = A, because the converse inclusion follows from Theorem 2.

The set A has the Baire property so there are Gs-sets Gg, G; and a meager F,-set F such that {Gg, G, F} is a partition of
R, Gp C Aand G;NA = @. Since F is meager on the real line, there are compact pairwise disjoint sets F, with |_J, F, = F. We
know that C+ N[0, 1]* € Hg ([0, 11)\ Zg ([0, 1]%), so by Louveau and Saint-Raymond [8, Theorem 3] there are continuous
functions H, : F, — [0, 1]¢ such that H;‘[C;] = F, N A. The functions h; = 7y o H, are continuous on F,. Let us extend
U<k h}'{ from (_J,_, F; to a continuous function g, : R — [0, 1]. Observe that gy|F, = hj for k > n,so C#((gk)) NF, = ANF,.
Thus C#((g)) NF =ANF.

Claim. There is a sequence of continuous functions b, : R — (0, oo) such that

1. limy bg(x) = O, for x € Go;
2. limy by (x) exists and is greater than O, for x € F;
3. limy b (x) = oo, for x € G;.

Proof of the claim. Applying Lunina’s Theorem (Theorem 1) for the 7-tuple (F, Gy, Go, 9, @, @, ) we get a sequence (sj) of
continuous real functions such that s;(x) is convergent (in the standard sense) on F, convergent to co on G; and convergent
to —oo on Gy. Then by(x) = e%® has the required properties. O

Now let fi = by - (g + 1).

. Forx € Gy, # — lim fi(x) exists because limy fi(x) = 0 and g, (x) is bounded.

. Forx € Gy, # — lim fy(x) = oo (so the F-limit does not exist) because limy by (x) = oo and (g, + 1)(x) > 1.

. Forx e ANF, ¥ — lim f(x) exists because limy by (x) and £ — lim g (x) exist.

. Forx € F\ A, ¥ — lim f(x) does not exist because lim b (x) exists and is greater than zero and & — lim(gy + 1)(x) does
notexist. O

B W N =

The above proof does not work in general even for the plane because we use the fact that each meager set of the reals is
zero-dimensional and that any meager F, -set is the countable union of pairwise disjoint compact sets.

For the standard convergence it is not enough to assume that the sets Cgn+ ((f3)), cgﬁf((fn)), Can+ () are pairwise
disjoint F,s-sets to get the right example of continuous functions. (See Theorem 1.) We have some additional separation
results, i.e. Cen+ ((f) ) U CF_HfI’i’ ((fa)) can be separated by an F, -set from ¢y (f)). In fact this set is equal to {x : lim sup f;; (x) <
oo}. In general the set of points of finite filter upper limit is not of small Borel class. However, in some cases we can give an
upper bound for this Borel class.

For a given class I" C P(X) and pairwise disjoint sets A, B C X we say that A can be I"-separated from B if there exists
E € ' withA C E and E N B = (. In [6] the authors defined the rank of a filter:

rk(F) = min{§ < wy: Fis )3(1’+E—separated from F*}.
Analytic filters have countable rank. The authors prove that if ¥ € l'[g then 14 rk(¥) < a.

0
14+1k(F)

0

Theorem 6. Assume that ¥ is an analytic filter. Then Cz U cz>° (Cz U ¢ )is X 1Hrk(F)

from ¢ (cz%°).

Proof. Let us consider the sets By = {(x;,) € [0,1]° : F — limx, = 0}, By = {(x,) € [0,1]” : F — limx, = 1},
B, = {(x,) € [0,1]” : 0 < ¥ — limx, < 1}. First we show that B, U B; can be X1 )-separated from By. Suppose this
is not true, and fix B € Iqmk#)(2°) \ Zi4mkr) (2?). Then there is a continuous function s : 2 — (B; U B1) U By with
s7'[B, UB;] = B(see [8, Theorem 3]). Let h = # — lims,, where s, = m, o s. By Debs and Saint Raymond [6, Theorem 2.6],
we have h € By which is impossible because h='[(0,1)] = B ¢ TiimkF)(2°). Let h : R — (0, 1) be a decreasing
homeomorphism. Then the preimage by (h*) of a set separating B, U By from By will separate Cs U cz>° from c3°.

Let By = By N (0, 1)®, B} = By N (0, 1)®, B, = B, N (0, 1)“. It is enough to show that Bj is not E?Hk(?)—separated
from B, UB).LetA € 2, ;- (2°) \ Y, , - (2”). We have A = |, A, for some A, € I} with g, < 1+ rk(¥). Since
Cy U ¢z is not Egn—separated from c2®, it follows that B, U B] is not Z%n—separated from Bj. So there are continuous
functions ¥, : 2 — By U (B, UB)) such that w[(B,UB,)] = Ap. Let ¢ = oW, where my is the projection onto the k-th
coordinate. Then for each x, x € A iff # — limy ¢} (x) # 0,and x & A, iff # — limy ¢} (x) = 0. Let us define h; = Z?ﬁoﬁqﬁ,’;.
Then F — limy, hy(x) exists,0 < F — limy hy(x) < 1,and F — limy hy(x) # 0iffx € A.Let & = (hy). Then ¥ ~![B] UBjl =A.

Now, because A is not 1§, , . -separated from 2 \ A, B, U B; cannot be 9, , . -separated from Bj. O

-separated but not I1 -separated

As a consequence we get the following result.

Theorem 7. Let X be a metric space and let ¥ € Hg \ Uﬁ<a H% be a filter. Assume thereis (f;) € C(X)® suchthat Cx((f))) = A,

c®((fa)) = Band cz*°((f)) = C.Then A,B,C € Hg, AU B can be X1 s)-separated from C and A U C can be X1 (x)-
separated from B.
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This is the best possible result of this type because taking 7, : R® — R, m,((xx)) = x,, we have C¢((r;)) = Cg,
€2 ((mry)) = ¢ and cz>°((7rn)) = ¢z, and Theorems 2 and 6 show that we cannot get better upper bound in general.
For o = 3, the X1 x#)-separation simply means F,-separation, and the previous result can be reversed.

Theorem 8. Let X be a metric space and let ¥ € Hg be a filter. Let A, B, C be pairwise disjoint Hg subsets of X. Assume that
A U B can be F,-separated from C and A U C can be F,-separated from B. Then there is (f,) € C(X)® such that C¢#((fy)) = A,
¢ ((f)) = Band ¢z ((f)) = C.

Proof. We follow the idea of the proof of [2, Corollary 4]. Let E, F be F,-sets with A UBUC) NE = AU B and
(AUBUC)NF = AU C. Then the 7-tuple (A,B,C,ENF\A X\F\B)NE,X\E\C)NEF,X\ (EUF)) gives a
partition with the following properties: A, B, C € l'[g(X), and the unions of the second, fifth and seventh sets and of third,
sixth and seventh sets are Gs-sets. By Lunina’s Theorem there is a sequence of continuous functions g, : X — R such that
Crn+((8n)) = A, cgn+((8n)) = Band c;lﬁf((gn)) = (. By Talagrand’s Theorem ([9, Corollary 3.10.2]) there is a function
h:w — owith h™![M] € F iff M € FIN* for each M C w. Let the sequence of functions (f,) be defined by f, = gy if
h(n) = k. This sequence has all the required properties. For details see [2]. O

The previous results give in particular a characterization of sets Cs ((f;)) ¢ ((fy)) and cz>((fp)) for F = {Z C w :

lim,, 0001l 1} the filter of sets of density 1, i.e. for the statistical convergence.
The following proposition provides some generalization but only for two sets and zero-dimensional spaces.

Proposition 9. Let X be a separable, zero-dimensional metric space and let ¥ € Hg \U < Hg be a filter. Assume that A, B

are disjoint subsets of X such that A,B € Hg and A can be X1 #)-separated from B. Then there is (f,) € C(X)® with f, > 0
such that C¢ ((f,)) = Aand ¢ ((f,)) = B.

Proof. Let D € MY, .. (2°) be such that DN (AUB) = B.LetZ = {(x,) € (1,2)” : ¥ — limx, = 2}. Since ¢* ¢ X and
Cr Ucz™ € MY, it follows that ¢ cannot be X2-separated from R \ (Cy U c® U cz™). So Z cannot be X0-separated from
(1,2)” \ C¢ in (1, 2)©. Thus there is a continuous functiona : X — Z U ((1,2)® \ C¢) such thata~'[Z] = AUB.

There is also a continuous function b : X — Cgz N (1,2)* such that b~'[Z] = D because D € MY, and Z is not
20, o -separated from (Cr \ Z) N (1, 2)”.

Then {x : ¥ — lim(a, - b,)(x) exists} = AUB, 1 < (a, - by)(x) < 4and {x : ¥ — lim(a, - b,)(x) = 4} = B. Taking an
increasing bijection ¢ : (1, 4) — (0, co) we can see that the sequence f, = ¢ o (a, - b,) has the required properties. O

Finally we will present some results for sets of ¥ -convergence and ¥ -divergence to infinities for filters which are not
necessarily Borel (for example, for ultrafilters).

Lemma 10. Assume that ¥ —limf, = f, where f,,, f are Borel real functions defined on a Polish space X. Then there is an analytic
filter ¥’ C ¥ such that ' — limf,, = f.

Proof. Let us first observe that if H C P(w) is analytic then the filter generated by H is analytic. This is a consequence of
two simple facts. First, the set H' = {A C w : (3B € H)A D B} is analytic. Second, the filter generated by H is equal to the
set Un>] F,[H'"], where F, : (P(w))* = P(w) and F,(Aq, A, ..., A;) = A1 NA, N ---N A, are continuous.

Now, letH = {A: (3x € X)(3n)A = {k : |fy(x) — f(x)| < 1/n}}. Observe that H is analyticand H C ¥. Then the filter '
generated by H is analytic, ¥/ C F and ¥’ — limf, =f. O

The following result is a generalization of [6, Corollary 7.7]. Denote ¢+ (X) = {f € R* : A(f) € CX)*)(¥Vx €
X)F —limf(x) = f(x)}.

Proposition 11. Let X be an uncountable Polish space and let ¥ be a filter. Then €+ (X) N B(X) = B1(X) iff # does not contain
an isomorphic copy of (FIN x FIN)*.

Proof. If £ contains a copy of (FIN x FIN)* then B,(X) C €z (X) which is strictly larger than B;(X) on an uncountable
Polish space. Assume that f € €#(X) N B(X) \ B{(X). There is a sequence (f;) € C(X)® such that # — limf,;, = f. By the
previous lemma there is an analytic filter £’ C F with ' — limf, = f. By Debs and Saint Raymond [6, Theorem 7.5] and
[6, Theorem 2.6], £’ does contain an isomorphic copy of (FIN x FIN)*. O

Fact 12 (Folklore). If ¥ is an ultrafilter then for any sequence (f;,) € (R¥)®, C+((f)) U c2((f)) U ez ((fn) = X.
Proposition 13. Let X be a Polish space. For each triple of pairwise disjoint sets A, B, C there is a sequence (f,) € C(X)® and a

filter F such that C# ((f,)) = A, ¢ ((fo)) = Band cz>°((f,)) = C. Moreover, if AUBUC = X then we can assume additionally
that ¥ is an ultrdfilter.
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Proof. Define the functions j, j, : X — R by the following formulas:

1/3 ifx €A,
. 1 ifx € B,
hO=10 ifxec,
1/2 otherwise;
1/3 ifx €A,
. 1 ifx € B,
PO =10 ifxec,
2/3 otherwise.

By Katétov’s Theorem (see [10]), there are filters 7, % and sequences of continuous function (g,), (h,) € C(X)® such that
F1 —limg, = j; and % — lim h, = j,. We can assume that 0 < g,;, h, < 1 for each n. Then we define a filter by

F=ACc{1,2}xw:{n:(1,n) €A} € F1&{n: (2,n) € A} € F}.

We put f;,, = gn fori = 1,and f;; ,, = hy fori = 2. Then f; , (x) is #-convergent to 1/3 for x € A, ¥ -convergent to 1 for
X € B, #-convergent to 0 for x € C and ¥ -divergent for x ¢ AU B U C. Finally, the functions f; . = k Of(,i.n)' where k is
an increasing bijection from (0, 1) onto R, have all the required properties. Moreover, if AU BU C = X, then any extension
of the filter F to a ultrafilter together with the same functions have the properties required. This is because convergent
sequences remain convergent when we extend a filter. O

Proposition 14. Let X be a Polish space.

1. There is a coanalytic filter ¥ such that for each triple of pairwise disjoint Borel sets A, B, C there is (f;) € C(X)® with
Cr((f)) = A c((fa)) = Band ¢z ((fy)) = C.

2. There is an ultrafilter ¥ such that for each triple of pairwise disjoint Borel sets A, B, C with AUBUC = X thereis (f,) € C(X)®
such that Cx ((fp)) = A ¢ ((f)) = Band ¢z ((f,)) = C.

Proof. By Louveau [11, Theorem 2] there is a coanalytic filter # such that each Borel function is the #-limit of a sequence
of continuous functions. Then we can follow the proof of the previous proposition, since the functions j, j, are Borel. If we
take 1 = % = #, then ¥ will be coanalytic.

To get the second part it is enough to extend # to an ultrafilter. O

There is no filter such that the set of triples in 1. or 2. of the previous Proposition is exactly the set of all triples of pairwise
disjoint Borel sets. Indeed, observe that if # is Borel then all such sets are of limited class, by Theorem 2. If # is not Borel,
then C«((f,)) = F is not Borel either, where f;, : P(w) — R is the canonical example mentioned in the beginning of the
paper. The following result shows that there are ultrafilters (at least under some additional set theoretic assumptions), for
which we cannot get all triples of Borel sets. Recall that it is consistent that there are ultrafilters which do not contain an
isomorphic copy of (FIN x FIN)*. (All P-points have this property, see [12]).

Proposition 15. Assume that X is a Polish space and ¥ does not contain an isomorphic copy of (FIN x FIN)*. Then for any
sequence (f,) € C(X)® and sets c°((f,)) = Band ¢z ((f,)) = C, if B, C are Boreland BU C = X then B, C € HS(X).

Proof. Let (f,) € C(X)® be a sequence with c2°((f,)) = Band cz*°((f,)) = C. Assume that B, C are Borel and BU C = X. Fix
an increasing bijection h : R — (0, 1). Then the sequence h o f, #-converges to the characteristic function xp : X — [0, 1].
Since xg is Borel, it follows from Proposition 11 that it is of Baire class 1, and thus B, C € HS(X). O

Problems

1. Is Theorem 5 true for the plane, or in general for all Polish spaces?
2. Can Theorem 8 be reversed for Polish spaces or at least for zero-dimensional spaces?

Acknowledgments

Some partial results in this paper were obtained together with D. Borzestowski. The research was partially supported by
the grant BW 5100-5-0292-7.

References

[1] M.A. Lunina, Sets of convergence and divergence of sequences of real-valued continuous functions on a metric space, Mat. Zametki 17 (1975) 205-217.

[2] Dariusz Borzestowski, Ireneusz Rectaw, On Lunina’s 7-tuples for ideal convergence, Real Anal. Exchange 35 (2) (2010) 479-485.

[3] T. Dobrowolski, W. Marciszewski, ]. Mogilski, On topological classification of function spaces C,(X) of low Borel complexity, Trans. Amer. Math. Soc.
328(1)(1991) 307-324.



480 I. Rectaw /. Math. Anal. Appl. 394 (2012) 475-480

[4] Tadeusz Dobrowolski, Witold Marciszewski, Classification of function spaces with the pointwise topology determined by a countable dense set, Fund.
Math. 148 (1) (1995) 35-62.
[5] Stawomir Solecki, Filters and sequences, Fund. Math. 163 (3) (2000) 215-228.
[6] Gabriel Debs, Jean Saint Raymond, Filter descriptive classes of Borel functions, Fund. Math. 204 (3) (2009) 189-213.
[7] Alexander S. Kechris, Classical Descriptive Set Theory, in: Graduate Texts in Mathematics, vol. 156, Springer-Verlag, New York, 1995.
[8] A.Louveau,].Saint-Raymond, Borel classes and closed games: Wadge-type and Hurewicz-type results, Trans. Amer. Math. Soc. 304 (2)(1987) 431-467.
[9] Ilijas Farah, Analytic quotients: theory of liftings for quotients over analytic ideals on the integers, Mem. Amer. Math. Soc. 148 (702) (2000) xvi+177.
[10] M. Katétov, On descriptive classification of functions, General topology and its relations to modern analysis and algebra, III (Proc. Third Prague
Topological Sympos., 1971), Academia, Prague, 1972, pp. 235-242.
[11] Alain Louveau, Sur la génération des fonctions boréliennes fortement affines sur un convexe compact métrisable, Ann. Inst. Fourier (Grenoble) 36 (2)
(1986) 57-68.
[12] Saharon Shelah, Proper Forcing, in: Lecture Notes in Mathematics, vol. 940, Springer-Verlag, Berlin, 1982.



	Sets of filter convergence of sequences of continuous functions
	Acknowledgments
	References


