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1. Introduction

This paper deals with the so-called curvature equations of the form

Hi[u] = S(k1, .., kn) = f(w)g(|Dul) in £, (1.1)
with the following boundary condition

u(x) - oo asdist(x, 02) — 0. (1.2)
Here £2 is a bounded domain in R" and for a function u € C?(2),x = (ky, ..., k) denotes the principal curvatures of the

graph of the function u, namely, the eigenvalues of the matrix

e —p Du 1 (1 Du(X)Du)D2 (13)
= = - u, .
1+ |Dul? 1+ |Dul? 1+ |Duf?
and Sy, k = 1, ..., n, denotes the k-th elementary symmetric function, i.e.,
Sk(k) =Y kiy ki (1.4)
where the sum is taken over increasing k-tuples, 1 < i; < i, < --- < i, < n. The mean, scalar and Gauss curvatures

correspond respectively to the special cases k = 1, 2, nin (1.4). In this paper we call Eq. (1.1) the “k-curvature equation”.

In [1] we have studied the existence and non-existence result of a solution to (1.1)-(1.2). In addition, we have obtained
a result for the asymptotic behavior near 952 of such a solution. In this paper, we deal with the uniqueness of solutions to
(1.1)-(1.2).

We remark that (1.1) is a quasilinear equation for k = 1 while it is a fully nonlinear equation for k > 2. In the particular
case that k = n, it is an equation of the Monge-Ampére type. It is much harder to analyze fully nonlinear equations, but the
study of the classical Dirichlet problem for k-curvature equations in the case that 2 < k < n — 1 has been developed in the
last two decades, see for instance [2-4].
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The condition (1.2) is called the “boundary blowup condition”, and a solution which satisfies (1.2) is called a “boundary
blowup solution”, a “large solution”, or an “explosive solution”. The boundary blowup problems arise from physics, geometry
and many branches of mathematics, see for instance [5-7]. The existence and the asymptotic behavior of solutions for such
problems starts from the pioneering works of Bieberbach [8] and Rademacher [7] who considered Au = e" in the two-
and three-dimensional domain respectively. For the case of semilinear equations, they have extensively been studied (see,
for example, [6,9-18]). The case of quasilinear equations of divergence type to which the mean curvature equation (k = 1

n (1.1)) belongs has been treated in [19-21]. However, there are only a few results concerning such problems for fully
nonlinear PDEs, such as [22-24] for the Monge-Ampére equation, [25] for k-Hessian equations, and [1] by the author for
k-curvature equations.

In some works among them, the uniqueness of boundary blowup solutions has been also discussed, see [6,16,18,19,25]
for example. But there were no results for the uniqueness of boundary blowup solutions for k-curvature equations, even for
the mean curvature equation which corresponds to the case of k = 1 for (1.1). In this paper, we shall obtain the uniqueness
result for (1.1)-(1.2), which is stated in Sections 3 and 4.

Throughout the paper, we assume the following conditions on f and g:

e Letty € [—00, 00).f € C™®(ty, 00) is a positive function and satisfies f'(t) > 0 for all t € (to, 00).
o Iftg > —o0o,thenf(t) — O0ast — ty + O; otherwise (i.e., if tg = —00),

t
f f(s)ds < oo forallt € R. (1.5)

e g € C*[0, 00) is a positive function.
The first condition assures us that the comparison principle for solutions to (1.1) holds. The typical examples of f are
f(t)=tP (p > 0),tp =0andf(t) = e, tg = —o0.

This paper is divided as follows. In the next section, we state our results for the existence and the estimate of
the asymptotic behavior of a solution near the boundary to the boundary blowup problem (1.1)-(1.2), for the sake of
completeness. This includes the improved results for the asymptotic behavior of boundary blowup solutions. In Section 3,
we state our uniqueness result and prove it. However, the case k = n is excluded from these theorems. We consider the
particular case in Section 4.

2. Results for existence and asymptotic behavior of a solution

In this section we review the results for the existence and the asymptotic behavior of a solution to (1.1)-(1.2). The
following existence result has been proved in [1].

Theorem 2.1. Let 2 < k < n — 1. We assume that £2, f and g satisfy the following conditions.

(A1) £2 is a bounded and uniformly k-convex domain with boundary 952 € C*.
(A2) There exists a constant T > 0 such that g is non-increasing in [T, 00), and lim;_, », g(t) = 0.
(A3) Set g(t) = g(t)/t and F(t) = f[;f(s) ds. Then

/00 L < 0. (2.1)
& ()
(A4) Set
t sk
H(t) = /0 o) (1 +Sz)(k+2)/2 ds
Then lim;_, o, H(t) = o0.

(A5) Set o(t) = g(t)(1 + t2)%/2, Then ¢(t) is a convex function in [0, co).
(A6) limsup,_, ., |g'(1)[t? < oo.

Then there exists a viscosity solution to (1.1)-(1.2).

(2.2)

We note that for k = 1 the existence has been already studied in [21], so that we focus here on the case k > 2. For the
definition and the general theory of viscosity solutions to PDEs, we refer to, for example, [26-29]. For the viscosity theory
for curvature equations in particular, see [4].

Example 2.1. Let 2 < k < n — 1 and p, q be positive constants. Suppose §2 is a bounded and uniformly k-convex domain
with boundary 02 € C*. We consider these two equations:
(i) Hlul = v/ (1 + [Duf?)”? in 2.
From Theorem 2.1, it follows that there exists a boundary blowup solution providedp > gand 1 <q <k — 1.
(ii) Hi[u] = e/ (1 + [Duf?)”? in 2.
There exists a boundary blowup solution provided 1 < q <k — 1.
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Remark 2.1. In the preceding paper [1], we have also obtained a necessary condition for boundary blowup solutions to exist,
so that we have given an example of f and g for which there does not exist any boundary blowup solution.

Next we establish the asymptotic behavior of a solution to (1.1)-(1.2) near d£2. We shall prove the following, which is
slightly improved over the corresponding one in [1], so that we give its proof here.

Theorem 2.2. Let 1 < k < n — 1. We assume that (A1)-(A3) in Theorem 2.1 and the conditions given below are satisfied.

(B1) ty = —o0, or ty > —oo and f /% is Lipschitz continuous at t,.

(B2) There exists a constant T’ > tq such that f is a convex function in [T, 00).

(B3) Set h(t) = ——L—~——. Then there exists a constant & > 0 such that h(t)/t* is non-decreasing in (0, 00).
(B4)

gk 1412

lim —&9__ —,

B4) im o em =

Then there exist positive constants Cy, C, such that every solution u to (1.1)—(1.2) satisfies

Y H(Cydist(x, 882)) — 0(1) < u(x) < ¥~ (Godist(x, 52)) + 0(1) (2.3)
near 052, where  is defined by
* ds

Proof. Let u be a solution to (1.1)-(1.2). From now on, we use the following notation: d(x) = dist(x, d§2) and £2, = {x €
2 ]dx) <r}forr > 0.
It follows from (A1) that there eXists a positive constant R such that the following conditions are satisfied:
(a) d = d(x) is a C* function in £2g;
(b) For each point x € £2g, there exists a unique point z(x) € 352 such thatd(x) = |x — z(x)|;
(c) There exist positive constants m, M such that for every point x € £2, it holds that

/ /
R= Ry n) = (1 —Zl(x)/c{ g _';'E;)IKT/I_) € LR (2.5)
and that
m < Sg(k) <M, (2.6)
where k], ..., k;_; denote the principal curvatures of 352 at z(x).

First, we prove the first inequality in (2.3). Let v; = v1(r) be a solution to the following problem

k—1 k
(”_ ]> - - + (n_ ]) v fg(u')), in (0, diam £2)
s = , , di1 ,
k=1) 5y \isa? k )\ ita? o
u(0) =ug > ty, u'(0)=0,
uir) = o0 asr — diam £2 — 0.

The existence of the solution v, is guaranteed by the hypotheses (A2), (A3), (B1) and (B3); see [1, Theorem 3.6] for the proof.
We set v;(x) = v1(|x|), so that v is a classical radially symmetric solution to (1.1) with the boundary blowup condition

v1(x) — 0o asdist(x, Bgiame (0)) — 0. (2.8)
For y € 2 which satisfies d(y) = 3R/4, it follows from the comparison principle that

u(x) > vi(x —y) in {x e

R 29
|x—y|<2}. 29)

Therefore, setting C := v1(0), we obtain that for any solution u to (1.1) and any point y € §2 which satisfies d(y) = 3R/4,

u(y) > C. (2.10)
Next, we see that there exists a constant w; > ty such that a non-increasing, convex solution w on (0, R] to the following
problem
k
/ |w'| ,
fwg(uh === | -m @R,
Vi4+w (2.11)

w(r) > oo asr — +0,
w(R) = wy
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exists. Indeed, by the same argument as in [1, Section 3], one can prove the existence of such a solution. We omit its proof.
For ¢ € (0, R/4), we define

U1S(X) = w(d(x) + 8) +L, xe .Q3R/4, (2.]2)

where L = min{C — w(3R/4), 0}. Then it follows that u(x) — oo as d(x) — 0 while vy, (x) takes a finite value on the set
{d(x) = 0} = 0£2. Moreover, for any x which satisfies d(x) = 3R/4 we have

v (x) = w (ZR—I— s) +L<w (iR) +L<C<u®) (2.13)

due to (2.10). Finally, it holds that for x € $23z/4

k k—1
Hlvie](0) = [w'(d(x) + ¢)| Su(@) + w"(d(x) + ¢) - [w'(d(x) + ¢)| Ses ()
V14w (dRx) +¢)? (1+w'@dx +¢)?2)"" \V1+wdx +e)?

- [w'(d(x) +¢)|
= -m
V1+wdx) +¢)?

= f(w(d() + &) g(|w'(dx) +&)])

= f(v1:(x) — 1) g(IDv1:(X)]) = f(v1:(x)) g(IDv1 (X)]). (2.14)
Here we note that L < 0. Therefore we can deduce by the comparison principle that
V1 (X) = w(dx) +¢) + L < u) (2.15)

for x € §23g/4. Taking the limit ¢ — 40, we get that
w(dX)) +L <u(x) (2.16)

forx e Q3R/4.
Using (2.11) and the condition (B3), we obtain that

|w/| = —w = h—l (m—l/kf(w)l/k)
< max {1, m™ "} R (F (w)/b). (2.17)
Integrating from O to r yields that
Y(w(r)) = /OO 4 <max{1,m "} r (2.18)
win HEEVE T ’ '

forr € (0, R). Combining (2.16) and (2.18), we conclude that the first inequality in (2.3) holds.
Next we prove the second inequality in (2.3). As we have argued before, we see that there exists a constant w, > tq such
that a non-increasing, convex solution w on (0, R] to the following problem

k
- - [w’| ,
fg(w'|) = ( -M in(0,R)
V14 WV) (2.19)
w(r) — 0o asr — +0,

ﬁ)(R) = Wy

exists. We choose a constant R’ € (0, R) such that w(R") > T’, where T’ is a constant which appears in the condition (B2).
For ¢ € (0, R'/4), we define

Ve (X) = W(d(x) —e) + L, x€ )\ 82, (2.20)

where L’ is a positive constant to be determined later.
Hereafter, we use the abbreviation: vy, = v,.(x) and w = w(d(x) — ¢). Then it follows from (B2) that

f@) = f(vae = L') < f(ve) = L'f'(@) in 2. (2.21)
By differentiating the ODE in (2.19), we have

1N ~71\2 ~72)3/2 4 ~(=D
- F@yw'g(l')® (1+ (@)?) ( |w’] ) ’ (2.22)

~ M| (1+ (@)?) g (i']) — Mkg (@) \ /1 1 ()2
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which implies that

k k—1
|| s w” || "
Hlvy]l = | ————) S + Sk—
e ( 1+<a/>2) 0 (1+(a)/>2)3/2< 1+<aﬂ>2> o

fr@w'g(u')?

< f)g(a') + —— - - ——Si-1(K

T+ @) g (o) — mkg(arn < *
o

< g(IDve)) | f(wze) —f'(w) [ L' + (H(ﬁ),)’;);,(('fﬁ)),l) " (2.23)
g(lw']) +W

Here we used (2.21). By the boundedness of S;_1 () in £2 and the condition (B4), one sees that there exists R’ € (0, R')
(which depends on L, but does not depend on &) such that

Hy[vze] < f(v2e) g(IDv2e]) i £2p7 \ £2;. (2.24)

Now we choose L sufficiently large so that L' > ¥,(0) — w, where v, = ¥,(r) is a solution to

("‘l> i v kl+<"_l) A D

k—1 (1+ u/2)3/2 rv1+u? k v 1+ u? 7 (2.25)
u(0) = 9,(0) > 5, u'(0) =0,

u(r) = oo asr — R"/2 —0.

It is possible because as L’ is larger and larger, we can choose R” larger and larger so that v, (0) becomes smaller and smaller.
We set vp(x) = v2(|x]).

Then, it follows from the comparison principle that u(y) < v,(0) = v,(0) for any y € §2 which satisfies d(y) = R”. Thus
we have that

V2:(V) = WR — &) + L' > wy + L' > 5,(0) > u(y) (2.26)

for any y € £2 which satisfies d(y) = R”. Moreover, it holds that v,,(x) — 0o as d(x) — & + 0 while u(x) takes finite value
if d(x) = ¢. Therefore, we can deduce by the comparison principle that

Ve (X) = w(d(x) — &) + L' > u(x) (2.27)
for x € 2 \ £2.. Taking the limit ¢ — 40, we get that
w(d(x) + L' > u(x) (2.28)

forx € Q2g.
Using (2.19) and the condition (B3), we obtain that

_ lz)/ — hfl (Mfl/kf(a))l/k)
min {1, M~Y*}h71(f (@) %), (2.29)

IV

Integrating from O to r yields that

[o¢]

Y(w(r) = b i {1, M1/} (2.30)
B N TS U0 R b ' '

forr € (0, R”). Combining (2.28) and (2.30), we conclude that the second inequality in (2.3) holds. O
Example 2.2. Let 1 < k < n— 1and p,q > 0. Suppose §2 is a bounded and uniformly k-convex domain with boundary
052 € C*. We consider the same equations as in Example 2.1:
(i) Hlul = u/ (1 + Duf?)”? in 2.
Theorem 2.2 implies that a boundary blowup solution u (if it exists) satisfies
Cydist(x, 82) 79 < u(x) < Gdist(x, 32) 77 near 2 (2.31)
for some constants Cy, C; > 0, provided p > kand p > q.

(ii) H[u] = e/ (1 + |Duf2)? in 2.
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We can also see that a boundary blowup solution u (if it exists) satisfies
u(x) = —g log dist(x, 0§2) + O(1) near 952, (2.32)
provided g > 0.

Remark 2.2. The case k = n, which corresponds to the Gauss curvature equation, is excluded from Theorems 2.1 and 2.2.
Alternative results for the case k = n are given in Section 4.

3. Uniqueness results for the boundary blowup problem
In this section, we give the uniqueness result for the boundary blowup problem (1.1)-(1.2)for 1 <k <n — 1.

Theorem 3.1. Let 1 < k < n — 1. We assume that the conditions in Theorem 2.2 are satisfied. Also, we assume the following.

(C1) £2 is star-shaped (with respect to some point Xy € §2).
(C2) There exists constants B > 0 and T" > 0 such that f (t)/t? is non-decreasing in [T”, o).
(C3) lims_, 1o S¥ ~!(s) = 0, where v is defined in Theorem 2.2.

Then the problem (1.1)-(1.2) has at most one viscosity solution.

Proof. In this proof, we denote the notation d(x) = dist(x, 0§2) again. Without loss of generality, we may assume that
Xo = 0. Suppose that u; and u; be solutions to (1.1)-(1.2). In the following proof, we argue in the classical sense, but one
can justify it in the viscosity sense.

For A € (1, 2), we define a function i, ; in §2 by iy ; (x) = Aua(x/A) — ¢(A), where ¢(A) is a positive constant to be
determined later. It can be defined due to the condition (C1). Then it holds that

- 1 X
Hilitz ] = g Hilua] (X) . (3.1)

Later, we will determine ¢ () appropriately, in such a way as to satisfy that i, ; is a subsolution to (1.1) and that ¢(A) — 0
asA — 1+4+0.

Meanwhile, we suppose that one can choose ¢ (1) as above. Now u;(x) — oo as d(x) — 0, while i, ; has finite value on
d52. It follows from the comparison principle that

- X
U (%) > g <X> — $(). (3.2)

Letting A — 14 0, we getuq > u; in £2.
Now we prove that ¢(A) can be chosen as desired. Noticing Dii, ; (x) = Du,(x/)), we have by (3.1) that

~ 1 X ~

Hilitz ] = 55f (2 (5 )) (D2 0. (33)

Therefore, i, ; is a subsolution to (1.1) if and only if it holds that for any x € £2,
1 X - X

=f (12 (3)) 2 F @00 = £ (32 (5) =6 ) (3:4)
By Theorem 2.2, we obtain that there exist constants ¢ > ty and ¢y, ¢; > 0 such that forany x € £2,

C<u<x><1//_l Al) te (35)

stfy)= 5O 2, .

because d(x/1) > (1 — 1/X)c; for some ¢; > 0 which is independent of x € 2. Therefore it is enough to prove that there
exists ¢ (1) > 0 such that

1 A—1
1 (ﬁf(s)> >As— @A) foranyc<s<y~! ( c1> +ca, (3.6)
and that p(A) - O0asA — 1+0.
We set

1

Y(A,8) =As —f’1 (}\,j(s)) , A €[1,2], s € (s, 00), (3.7)
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and

n) = sup [¥@,s), Aell,2], (3.8)
c<s<2k/BT"

where 8 and T” are constants which appear in the condition (C2). We note that ¥ (1, s) = 0 which implies (1) = 0. Then
it is easily seen that lim; _, 140 n(A) = 0.
Now we define

p(A) = (h — 17HF) <vf“ <

We fix arbitrary s which satisfies c <s < ¥ ~1((A — 1)c;/A) + cy. First, if c < s < 2¥AT”  then we get that

A —

1c1> + c2> + (). (3.9)

1
1 (Ef(s)> =As— Y, 8) = As— k) = As — p(A). (3.10)
Next, if 2/T” < s < = 1((A — 1)c1/A) + c3, then it holds that
1 S
-1 _ —k/B
f <ﬁf(s)> > W_,\s—()\—x )s=As—p(h). (3.11)
Here we used the condition (C2). Furthermore, it holds that
() = (22 ) 16— e v (2 e) 46) | 4000 > 0 (3.12)
R Y Ao Te) T :

as A — 1+ 0, due to the condition (C3). This completes the proof.
By a similar argument, we see that u; < u, in 2 and henceu; = u; in 2. O

Example 3.1. Let 1 < k < n — 1and p, q > 0. Suppose £2 is a bounded, star-shaped and uniformly k-convex domain with
boundary 02 € C*. We consider again the same equations as in the last section:

(i) Helul = w/ (1 + [Du?)”* in 2.
Theorem 3.1 implies that there exists at most one boundary blowup solution, provided p > kand p > 2q.

(ii) Hlu] = e/ (1 + |Duf2)*? in 2.
It follows that there exists at most one boundary blowup solution for any p, g > 0.

4. The case of Gauss curvature equation

The case k = n, which corresponds to the Gauss curvature equation

det D?u

W = fWwg(|Dul) (4.1)

is excluded from all theorems in Sections 2 and 3. In this section, we shall obtain the alternative results for the case k = n.
First, we state results for the existence and for the asymptotic behavior of a boundary blowup solution, which we have
already proved in [1].

Theorem 4.1. Let k = n. We assume that $2 is a bounded and strictly convex domain with boundary 952 € C®. Furthermore,
we also assume that the condition (A3) is satisfied and that lim sup,_, ., g(t)t < oo. Then there exists a viscosity solution
to (1.1)-(1.2).

Theorem 4.2. Let k = n. We assume that $2 is a bounded and strictly convex domain with boundary 952 € C®. Furthermore,
we also assume that the conditions (A3), (B1), (B2) and

(B5) There exists a constant o > 0 such that H(t)/t* is non-decreasing for t > 0, where

Sn

t
H(O) = f
( 0 2) (1 +52)(n+2)/2

ds, (4.2)

are satisfied. Then there exist positive constants Cy, C; such that every solution u to (1.1)-(1.2) satisfies

Cidist(x, 32) < ¥ (u(x) < Gydist(x, 32), (4.3)
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where V¥ is defined by

w(t) = / Tk (4.4)
i HYFG) ’

Next, we establish the uniqueness result for the case k = n.

Theorem 4.3. Let k = n. We assume that the conditions in Theorem 4.2 are satisfied. Also, we assume that the conditions (C2) and
(C3)’ lim,_, 1o S¥ ~1(s) = 0, where ¥ is defined in Theorem 4.2,
are satisfied. Then the problem (1.1)-(1.2) has at most one viscosity solution.

The proof of this theorem is mostly the same as that of Theorem 3.1, so we omit it. Finally, we give some examples.
Example 4.1. Let k = n and p, ¢ > 0. Suppose £2 is a bounded and strictly convex domain with boundary 0§2 € C*. We
consider again the same equations given before:

(i) Holul = v/ (1+ [Dul?)"* in £2.
Theorem 4.1 implies that if p > q > 1, then there exists a boundary blowup solution, and it follows from Theorem 4.2
that any boundary blowup solution satisfies

—1 —1
Cydist(x, 02) 7072 < u(x) < Gydist(x, 92) 7472 near 92 (4.5)

for some constants Cy, C; > 0, provided p > nand p > q > 1. Moreover, Theorem 4.3 implies that there exists at most one
boundary blowup solution, providedp > n,p > 2q —3and q > 1.
(ii) Ho[ul = e/ (1 + [Duf?)"* in 2.

One can see that there exists a unique boundary blowup solution which satisfies

u(x):—q_l

log dist(x, 8£2) + O(1) near 352, (4.6)
provided g > 1.
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