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1. Introduction

Vortices are important objects in planar physics [1,8,5,7,9,3,6,10,17]. In this paper we aim to establish the existence of a
multiple vortex solution of the BPS equations derived in [15] arising from the theory of D-branes.
Following [8], the BPS equations derived in [15] can be reduced as

M

AU =26" +¢' —3+4m > 8,,(x). (1.1)
s=1
N

AV = +2e" —3+41 ) 8,(), (1.2)

s=1
where U, V are the unknown functions, and §, denotes the Dirac measure centered at p. We will consider the equations in
two cases. In the first case the equations will be studied over a doubly periodic domain §2, governing multiple vortices hosted
in £2 such that the field configurations are subject to the ‘t Hooft boundary condition [16,18,19] under which periodicity is
achieved modulo gauge transformations. In the second case the equations will be studied over the full plane R? and the
solutions satisfy the boundary condition

U,V—>0 as|x|] > oo. (1.3)
Our main result reads as follows.
Theorem 1.1. (i) Consider Egs. (1.1)-(1.2) over a doubly periodic domain 2. For any given points p1, ..., pu € 2, a solution
exists if and only if
3/82]
max{M, N} < —. (1.4)
4

Furthermore, if there exists a solution, it must be unique.
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(ii) Consider Eqs. (1.1)-(1.2) over the full plane R? subjected to the boundary condition (1.3). For any given pointspy, ..., pu €
R?, there exists a unique solution such that the boundary condition (1.3) is realized exponentially fast.
(iii) In both cases, there holds the quantized integrals

/ (2¢” + " —3)dx = —4nM, (1.5)

/ (eV +2¢" —3)dx = —4nN. (1.6)

The rest of our paper is organized as follows. In Section 2 we prove the explicitly necessary and sufficient condition for
the existence result in the doubly periodic domain case. In Section 3 we prove the existence result for the planar case.

2. Proof of existence for doubly periodic case

We consider the problem (1.1)-(1.2) over a doubly periodic domain 2.
Let ug and vg be the solution to (see [2])

Aug = 47 Zaps |Q| (2.1)

Avg = 47 g, (2.2)
Z q | Q|
Set U = u + up and V = v + vy, and the equations are transformed into
4 M

Au = 2¢e0tU eVt 34— (2.3)
[$2]
47N

Av = el | g0ty _ 3 4 ;2—' (2.4)

If (u, v) is a solution to the above equations, then, integrating the equations over £2, we obtain the necessary condition
for existence
3182| 3182|

M< —, N<—— (2.5)
4r 4r

which is equivalent to (1.4).
Next we show that the above condition (1.4) is also sufficient.
Using the following transformation

f=u+v, g=u-—v, (2.6)
or equivalently
=f+g’ U=f—g’ (2.7)
2 2
we change Eqs. (2.3)-(2.4) into
Af —3 ( uo+ + evo+f 2) + H(M +N) (2.8)
Ag = et _ gt | ﬁ(M N), (2.9)
which are the Euler-Lagrange equations of the functional
1 2, 2 up+12E v+ 158 il
If,g) = —|VFI* + |Vg| +2e"0t 2" 4 et +2 —(M+N)—1 f—l——(M N)g (2.10)
o |6 3[82] 1£2]
Integrating Egs. (2.8)-(2.9) over 2, we obtain the conditions
/ wo+55% dx—|(2|——(2M N)=1n; >0, (2.11)
2
/ vo+HE gy — |2] — —(21\1 M) =n, > 0, (2.12)
2

which is equivalent to (2.5). Then (1.5)-(1.6) follows from (2.11)-(2.12).
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We will deal with the doubly periodic domain case by two methods, namely, the first is the direct minimization method
developed in [11,19], and the second method is a constrained minimization method, which was recently used in [14,13,12]
to tackle the existence of non-Abelian vortices and dyons.

2.1. Direct minimization
Let W1-2(£2) be the usual Sobolev space of £2-periodic L? functions with their derivatives also in L?(£2). For W12(£2) in
the scalar case, we have the decomposition
W' (2) =R+ W"(2)

such that any w € W'2(£2) can be expressed as

w=w+w, weR, w e W2(R), /wmzo (2.13)
2

For the function w € W]*Z(Q), there holds the Trudinger-Moser inequality [2,4]

1
/ewdstexp —/ [Vw|?dx |, (2.14)
Q 167 Q

which is important for our estimate.

As (f,g) € WI2(£), using the above inequality (2.14) we see that the functional defined by (2.10) is a C! functional
which is strictly convex and lower semi-continuous with respect to the weak topology of W12(£2).

For (f, g) € W'2(£2), applying the decomposition formula (2.13) and (2.6)-(2.7), we have

1 _. 1 . .
If,g) — / {6IVf|2 + 2IVg'IZ} dx = 2/ (U0 4 0TV dx — 2 (g1t + 7). (2.15)
2 2
It follows from Jensen'’s inequality that
1 1
/ eIt > | Q) exp / (ug + 0+ u)dx | = |2 exp / ugdx | e = o6, (2.16)
2 12| 12|
Analogously,
. 1
/ et > |0 exp (— / vodx> e’ = gyel. (2.17)
2 121 Ja

Combining (2.15)-(2.17), we have

1 . 1
I(f,g) —/ {6|Vf|2 + 5|Vg|2}dx > 2[(o1€" — niw) + (02% — r0) |
2

01 03
m 12
From (2.18) we can see that the functional I(f, g) is bounded from below and the following minimization problem
no = inf{I(f, ©If, g € W'*(2)} (2.19)

is well-defined.

Let (fi, &) be a minimizing sequence of (2.19). It is easy to see that the function F(t) = oe' — nt, where o, 1 are positive
constants, satisfies the property that F(t) — +o0o0 as t — =£oo. Then, we infer from (2.18) that {u,} and {v,} are bounded,
as a result, {f k} and {g,} are bounded. Then, the sequences {f } and {gk} admit convergent subsequences, still denoted by
{f } and {g } for convenience. That is to say, there exist two real numbers f 8, ER such that ]i - f o andg , > 8.,
k —> 0.

In addition, using Poincaré inequality and (2.18), we conclude that the sequences {fk} and {g,} are bounded in Wb2(2).
Therefore, the sequences {fk} and {g,} admit weakly convergent subsequences, still denoted by {fk} and {g,} for convenience.
In other words, there exist two functlonsfoo, Soo € W2(£2) such that fy — foo and g — £ weaklyin W'2(£2) ask — oo.
Of course, fxo, 8o € Wl 2(82).

Set foo = [oo 4 foos 8oo = g .+ &s0, Which are all in W'-2(£2) naturally. Then, the above convergence implies f; —

foos 8k — 800 Weakly in W12(£2) as k — oo. Since the functional I(f, g) is weakly lower semi-continuous in W12(£2), we
conclude that (f, go0) is a solution of the minimization problem (2.19) and is a critical point of I(f, g). As a critical point of
I(f, g), it satisfies Egs. (2.8)-(2.9). Noting that I(f, g) is strictly convex, we know that it has at most one critical point, which
implies the uniqueness of the solutions to Egs. (2.8)-(2.9).
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2.2. Constrained minimization
The constraints (2.11)-(2.12) can be written as
oo = [ et e = [ o= (2:20)
2 2
We consider the constrained minimization problem

no = inf{I(f, &)I(f,g) € W"*(£2) and satisfies (2.20)}. (2.21)

Assume that (f, g) is a solution of (2.21). Then there exist two real numbers, say A1, A, such that

DU + )i + 1)) (F.8)(F,8) =0, Y(f,g) e W(Q). (222)
Noting (f, g) and taking (f, g) = (1, 0), (0, 1) in (2.22), we obtain
A1+ Aama =0, A1 — Aana = 0. (2.23)

Therefore, A1 = A, = 0.That s to say, the constraints do not lead to a Lagrange problem so that a solution of the constrained
minimization problem is a critical point of the functional I(f, g) itself.
From (2.20) we obtain

u=Inn; —In (f e”°+“dx> , v=Inn,—1In (/ e”°+“dx> ) (2.24)
2 2

Then, we have

i 1 . .
I(f,g) —/ <€|Vf| + 5|vg|2> dx = 2/ e”°+“dx+2[ e"0dx — 2nu — 2150
12 I?) I7)

[oa] (o))
2 (7}] In— + n2 In 7) s (225)
m n2
where we have used (2.18) and Jensen’s inequality. Hence, the functional I(f, g) is bounded from below and the minimiza-

tion problem (2.19) is well-defined.

Let {(fk, &)} be a minimizing sequence of (2.19). Then it follows from (2.25) that {(fe, 810} is bounded in W-2(£2). Without
loss of generality, we may assume that {(fk, £1)} weakly converges to (f 8) in W12(£2). Then from the Trudinger-Moser
inequality (2.14) and (2.24) we obtain that {([k gk)} converges to (f, g), where f, g € R. Hence, {(fi, g&)} weakly converges
to (f +f, g+ £) in W12(£2). Then by the Trudinger-Moser inequality (2.14) and the embedding theorem, we see that the

weak limit (f, g) = ([—f—f, g +§) satisfies the constraints in (2.20). Since J; and J, are weakly continuous and the functional
I is weakly lower semi-continuous, we can conclude that the weak limit of {(fi, g¢)} is a solution of (2.19). The uniqueness
of the solutions follows from the strict convexity of the functional.

3. Proof of existence for the planar case

To deal with the existence of the planar case, we follow the approach of [8] and introduce the background functions

M N
=2 I+ =pl), vo=—) In(l+ulx gl ). (3.1)
s=1 s=1
Straight calculation leads to
M 4/1« M M
Aupg=—Y ————— +47 Y 8§, =—hx) +47 Y &, (3.2)
’ ;<1+mx—ps|2>2 ; g ! ; g
N N
Avg = — ——— +47 Sg. = —hy(x) + 4 Sg.. 33
’ Z‘<1+mx—q|2)2 Z o = ~ha+am ) )

s=1 s=1
Writing U = ug + u, V = vg + v, we have
Au = 2e"0tV et _ 34 . (3.4)
Av = "0t 290t _ 3 4 . (3.5)
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Letf =u+v,g =u— v,whichisu = f%, v = f_Tg. Obviously, we have the relation

fPHg? =2 +v>),  |VFI>+|Vg)* =2(|Vul* + [Vu]).

Then we have
Af =3 (e““f% et 2) + hy + hy,

Ag = plo+HE o+t
over the full plane R?. The boundary condition for f, g reads
f—0, g— 0 as|x|] = oo.

To solve the problem (3.7)-(3.9), we look for the critical point of the functional

1 1 I+ f= hy+h
I(f,g) = / {6|w|2 + 5 Ivel? 42602 ettt (132 - 2>f + (hy — hz)g} dx.
R:

It is easy to see that the functional is C! and strictly convex over W12 (R?).
By direct computation, we see that the Fréchet derivative of I satisfies

1 1
(DI(f, 2N (f.8) — / <6|Vf|2 + 5|Vg|2> dx

R2

1 1
=f {6|Vf|2+2|Vg|2+z<e”0+“—1+11)u+2(e“°+"—1+lz>v}dx
R2

1
> f {§(|Vu|2 + [Vu2) +2(eM — 14+ IDu 420t — 1+ lz)v} dx,
]RZ
where we have used the notation
l—l(Zh hy) l—l(Zh hy)
1=3m 2), 2= 5o 1

and the relation (3.6).
Now we estimate the last two terms in (3.11). Let

M@) = (™ —1+1pu, M) = (™" — 1+ b)v,

u, = max{u, 0}, and u_ = max{—u, 0}. Then it follows from the elementary inequality e’ — 1 > t that

et — 14+ 1 > upg 4+ uy + 1y,

which implies

/ M(uy)dx > / (up + us + lu,dx
R2 R2
:/ uidx-‘,—/ (u0+l1)u+dx
R2 R2

1 2 1 2
> - dx — = l1)*dx.
_Z/H‘QZUJrX Z/RZ(UO-Fl) X

Next, using the inequality 1 — e > #t vVt > 0, we have
M(—u_) = (1 =13 —e"* ™" Ju_
=(1-hL+[1—e"Je" —e)u_

u_
> (1 - L+ elo — e”°> u_
14+u_
2

u N u_
(14+u)?  14u_

= [1-1]

(1—e" —1Iy).

461

(3.11)

(3.12)

(3.13)

(3.14)

We may take u sufficiently large such that max{l;, L} < % (say). Noting that 1 — e and Iy, I, are in L?(£2), we see that

u— U, 1 u27 U, 2
1—e" —Il)dx > —— ——dx — (1 —e" — [7)“dx.
g2 1+u_ 4 Jp2 (14+u_)? R2

(3.15)
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Then it follows from (3.14)-(3.15) that

1 u?
M(—u_)dx > — ——dx—C. 3.16
/Rz (-u-) T4 Jp (14u_)? (3.16)
Here and below, we use C and C with subscripts to denote positive constants. By using (3.13) and (3.16), we obtain
1 u?
M(u)dx > - 72dx —C. (3.17)
R2 4 Jp2 (1+ [ul)
Similarly, we can get
1 v?
M®@)dx > — ——dx—C. (3.18)
R2 4 Jp2 (1+|v])

Therefore, it follows from (3.11), (3.17) and (3.18) that

1 1
o000~ [, {15+ 51vsk ) o
R2

>1/(|v 2+ |VoP)d +1f { v, v }d c (3.19)
— u v X — X — (. .
T3 g 2 e LA+ 1up? A+ v))?

Now we carry out an estimate of L? norms. Using the following Sobolev inequality

/ widx < 2/ wzdxf [Vw|?dx, w e W!2(R?),
R2 Rr2 R2

we obtain

2 | | 2
2 _
(fRszX> _</Rzl+| |“+'“")'w'd">
RZW f(|w| + Jw|*)dx
4f ﬂdx/ wzdx<]+/ |Vw|2dx>
- R2 (1+|w|)2 R2 2
l(/ wzdx>2+C 1+</ ] ) (f V| dx) (3.20)
2 \Jg2 R2 (1+|w|)2 ' ’

Then, it follows from (3.20) that

([RZ u)2c1><>z <c [1 | aren +| / V| dx] (3.21)

Hence, from (3.19) and (3.21) we have

1 1
DI(f.8)(f.g) — /2 {GIVfI2 + 2IVgIZ} dx > Co(llullz@2) + IVll2@2) — Cr (3.22)
R

Then, by the relation (3.6) and (3.22) we get the following lower bound

DIf,2)(f.8) = GUIfllwi2w2) + lIgllwi2@e) — G- (3.23)

By using the estimate (3.23) the critical point of the functional I can be obtained. In fact, from (3.23) we may chooseR > 0
sufficiently large such that

inf{DIF, ), &)1 If lwr2e2) + llgllwizgez) = R} = 1 (3.24)
(say).
Now we consider the minimization problem
no = inf{I(F, )¢, ) If lwr2zz) + Iglwr2gez) < R} (3.25)

This problem obviously has a solution since the functional I is weakly lower semi-continuous. Let W = (f , &) be a solution
of (3.25). We prove that it must be a interior point. Otherwise, if

||f||W1~2(R2) + ”g”WLZ(RZ) =R,
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then,

A1 —tlw) —I(w)  dI([1 — t]w)
lim =

lim : o = —DI(W)(W) < —1. (3.26)

Hence, we can choose t > 0 sufficiently small such that, with w! = (f¢, g") = (1 — t)W,

I(f', g") = I(w") < I(W) = I(f, &) = no, (3.27)
I ez + Ntz = 1 = O lwrzz) + 18lwrz@z) = 1 — DR <R, (3.28)

which contradicts the definition of . Therefore, (f, &) must be an interior point for the problem (3.25). As a result, it is
a critical point of the functional I. The uniqueness of the critical point follows from the fact that the functional I is strictly
convex.

Using the Sobolev embedding inequality

p—2
p o
lwlpes < [7 (5= 1) 7 Twlwa, ¥p>2, wew @), (3:29)

we see that e — 1 € [?(R?) as w € W12(R?). Applying this fact in the equation and using an elliptic estimate, we obtain
f,g € W?2(R?), which implies f, g — 0 as |x| — oo. By the inequality (3.29) and the equations of f, g, we see that the
right hand side of the equations are in [?(R?) for any p > 2. Then the elliptic I estimate implies f, g € W?P(R?). Hence,
[VSfl, Vgl — 0as |x] — oo. Linearizing the equations of f, g, we see that f, g vanish exponentially fast and |Vf|, |Vg]|
vanish like O(]x|~3) as |x| — oco. Hence, we have

/ Afdx =0, / Agdx = 0.
R2 R2
Integrating Egs. (3.7)-(3.8) over R?, we have

3/ (e“0+f¥ 4t 2) dx = —/ (hy + hy)dx = —4m (M + N). (3.30)
R2 R2

/ (e“ﬁf? - e”ﬁf%g) dx = —/ (hy — hy)dx = —47 (M — N). (331)
R2 R2

Then, from (3.30)-(3.31), we obtain (1.5)-(1.6).
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