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LIPSCHITZ CONSTANTS AND
LOGARITHMIC SOBOLEV INEQUALITY

YASUHIRO FUJITA

ABSTRACT. We revisit two results of [8]; they are a logarithmic Sobolev in-
equality on R™ with Lipschitz constants and an expression of Lipschitz con-
stants as the limit of a functional by the entropy. We have two goals in this
paper. The first goal is to clarify when the strict inequality holds in this in-
equality. The second goal is to investigate the asymptotic behavior of this
functional by the Abelian and Tauberian theorems of Laplace transforms.

1. INTRODUCTION

Let n € N. For a smooth enough function f > 0 on R", we define
the entropy of f by

Ent(f) = . f(z)log f(z)dx — - f(z)dz log - f(z)dz.

We interpret that 0log0 = 0. We denote by || - || the L>®(R")-norm
with respect to the Lebesgue measure on R™. Hence, if f is Lipschitz
continuous on R", [|Df||o (the L>®(R™)-norm of the Euclidean length
|Df| of the gradient D f) is the Lipschitz constant of f.

In [8], the author showed the following logarithmic Sobolev inequality
with Lipschitz constants: if f is Lipschitz continuous on R™ and e/ €
L*(R™) for some a > 0, then e/ € L#(R") for any 3 > «, and

n (&

Here, the constant k,, is given by

(12) = (ﬁ)/

and 0, ; = 272/I'(n/2) is the surface area of the unit ball of R™.
Furthermore, when f(z) = C' — 6|z — a| for some C' € R, § > 0 and
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a € R", equality holds in (1.1) for all 5 > 0. Note that inequality (1.1)
is equivalent to

e ( 1 Ent(e?)

1. — — | <||Df|so.
(13) 5 e (5 ) < 1071

As an application of inequality (1.1), the author also showed that the
Lipschitz constant || D f||« can be expressed by using the entropy of f.
Indeed, if f is Lipschitz continuous on R™ with the Lipschitz constant
0 :=||Df]l > 0 and fulfills the condition

(14)  —flog(l+ [z —al) > f(&) - f(a) > ~bla—a|, zER"
for some a € R", then

_ e 1 Ent(e?)
(1.5) IDflloc = 6113;0 ko exp (E W .

This is a link between the Lipschitz constant and the limit of the func-
tional given by the entropy.

In this paper, we revisit inequality (1.1) and representation formula
(1.5) by using the distribution function of a given function f. Let f
be a continuous function on R™ such that f attains its maximum over
R™ at some point a € R™. Without a loss of generality in (1.1) and
(1.5), we may assume that f(a) = 0. Indeed, if necessary, we consider
f(-) — f(a) instead of f, since Ent(e?f()=f(9)) = ¢=Af(@) Ent(e57). We
do not require that f is Lipschitz continuous on R" in general. We
define the distribution function F' of f by

(1.6) F(t)={z e R" | = f(z) <t}|, =0,
where |A| denotes the Lebesgue measure of a set A of R". We assume
that
(1.7) there exist constants 5y > 0 and Cy > 0 such that
F(t) < Coe™t for all t > 0.
Let us define () by

Bf
(1.8) 1(8) = —keﬂ exp (% 7fEn§;f($)zlx) . B> .
n R"

As shown in Lemma 2.1 below, it is well-defined under (1.7).

We have two goals in this paper. The first goal is to clarify when
the strict inequality holds in (1.1). It is stated as follows: Let w be the
Laplace transform of F' defined by

(1.9) w(B) = /0 T, B> .
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We define the function ¢ by
(1.10) o(B) =logw(B), B> fo.

Note that ¢ is well-defined, since w > 0 on (fy,00). As shown in
Theorem 3.1 below, we have

(1.11) L=~ 1(5) (cb _ntd

dﬁ n (ﬁ) 52 ) ) ﬁ > ﬁO-
This equality provides an answer to the comment of [8, Remark 3.2]
about monotone property of I((3). That is, the monotone property of
I(-) is determined by the sign of the function ¢ (8) — (n + 1)/8% We
provide examples to illustrate this result.

As an application of this result, we clarify when the strict inequality
holds in (1.1). Our main result says the following: let f be Lipschitz
continuous on R™. Then, the strict inequality holds in (1.1) for all
0 € D, where D is the set defined by

(112) p={se oo @2 "5 |

Note that ¢ () is expressed as (w'(3)/w(3)). The problem is when
D # (. When D # (), the strict inequality holds for some 8 € (5, 00).
We show that D = () if and only if F(t) = v,(t/0)", t > 0, for some
constant # > 0. Here, v,, is the volume of the unit ball of R™ and v, =
on—1/n. Note that the distribution function F'(t) = v,(t/0)", t > 0, for
some constant 6 > 0 is that of the function —0|z — a| for some constant
a € R™. Hence, D = () if and only if the distribution function of f is
same as that of the function —6|z — a| for some constants # > 0 and
a € R". Therefore, when this is not the case, D # (). Furthermore,
we show that if D # (), then the set D is very large in the sense that
(Bo,00) \ D is at most countable.

The second goal is to investigate the asymptotic behavior of I(f3)
as # — oo. The key is the Abelian and Tauberian theorems about
the Laplace transform of the distribution function F'. We show that if
there exist constants o > 0 and C' > 0 such that

cte

"

(1.13) F(t) ~ ot 1) ast — 0T,
then
(1.14) I(B) ~ (B/e) = as 3 — oo.

ke, C'
Here, we used the symbol A(s) ~ B(s) as s — sg to indicate that B is
positive in a neighborhood of sq and A(s)/B(s) — 1 as s — sg. Note
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that the asymptotic behavior of I(3) as § — oo is determined by a
local property of F(t) as t — 0. As the special case for « = n, we
conclude that if there exists a constant # > 0 such that

(1.15) F(t) ~ v, (g)” ast — 0T,
then
(1.16) I(B) ~60 asf — oc.

If f(z)/|x —a| — —0 as |x — a| — 0, then (1.15) is fulfilled, so that
we have (1.16). Note that this corresponds to (1.5) under (1.4), since
log(1+ |z —al)/|xr—a|] — 1 as |z —a| — 0. The implication from (1.13)
to (1.14) is an Abelian theorem.

As a Tauberian theorem, we show that if the condition

_9(0)
(1.17) ﬁh};o 5
is fulfilled, then (1.14) with constants a > 0 and C' > 0 implies (1.13).
Condition (1.17) is considered as a Tauberian condition. We provide a
sufficient condition on F'in order that (1.17) is fulfilled. As a particular
case, if (1.17) is fulfilled, then (1.16) with a constant # > 0 implies
(1.15).

The contents of this paper are as follows: in Section 2, we provide
preliminaries. In Section 3, we clarify when the strict inequality holds
in (1.1). In Section 4, we investigate the asymptotic behavior of I([3)
as 3 — oo.

=)

2. PRELIMINARIES

Throughout this paper, we assume (1.7) for the function F' defined
by (1.6). Recall that f is a continuous function on R™ such that f
attains its maximum 0 over R"™ at some point a € R". We do not
require that it is Lipschitz continuous on R".

Lemma 2.1. w € C®((fy,o0)) and we have, for 3 > [,

o on(E 155

e

knl3

1)  I1(8)=

Proof. By (1.7) and (1.9), we see that w € C*((fp, 00)) and

(2.2) wm(B) = (=1)" /OOO e PN E(t)dt, B> fo.
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Next, let x4 be the indicator function of a set A. When 8 > 3, we
have

Bw(B) = 5/0 e {/Rn X{~f(x)<t} dm} dt

=5 { / X<t dt] dz
R7 0

= 0 {/ e P dt} da::/ P @) g,
R —f(@) ¥

Similarly, we have

w(9)+ 0 (9) = [ (1= B0 F(0) di
= / {/w (1—pt)e dt} dr = Rnf(x)eﬂf(x) dz.

—f(@)
By the definition of Ent(e®’), we have

—1/n Bf(=) g
(2.3) I(ﬂ) _ keﬁ (/R e,@f(a:)dx) exp <§ fR}f(:ﬁ);(x)dm CL’) .
n n R™

Putting these results together, we conclude that the lemma holds. [

Next, we provide a sufficient condition on F' in order that (1.17) is
fulfilled.

Lemma 2.2.  Assume that there are constants ¢ > 0, p > 0 and
0 > 0 such that

F(t) > tt" in (0,0).
Then, (1.17) is fulfilled.

Proof. By (1.7), we have

(2.4) w(B) < 50, B>

On the other hand, by our assumption, we have, for g > 1,

5 M i 35
Bty gt — —5gp
w(ﬁ)Z/O e Pt dt_/@p-‘rl /0 e °sf ds

5
/ e*s? ds =: C, 5~ PHY.
0

ﬂerl
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Thus, for 8 > max{(y, 1}, we obtain
Co
B— o

From this result, we conclude that the lemma holds. O

C1 B~ < w(B) <

3. STRICT INEQUALITY IN (1.1)

In this section, we clarify when the strict inequality holds in (1.1).

Theorem 3.1.  Equality (1.11) holds.

Proof.  Let 8> [y. By (1.10) and (2.1), we have
31 10) = & e {2 (1+56(8) - 6) 0+ 11og) |

Then, we obtain

1) =

i 19) 55 (1+58(8) — 6(5) — (n+ 1) log 9)

(-5

We provide two examples.

3|Q S|

Example 3.2.  For § >0, v > 0and a € R, let f(z) = —0|x — a|”
in R". Then we have

— {z €R"| |z —a| < (t/6)"}] = v, (3> £>0.
Hence, we have
w(B) =5 5T (% +1) . B>0.
Therefore, (1.17) is fulfilled, and

"

;11
This implies that I(-) is strictly increasing (resp. strictly decreasing)
on (0,00) if and only if 0 < v < 1 (resp. 1 < ). When v = 1, it is
easy to check that I(3) = 6 for any 5 > 0.

(3.2)
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Example 3.3. Let n = 1. For § > 0 and a € R", let f(z) =
—0log(1l + |z — a|) in R. Then, we have

F(t):‘{xG]IM ]at—a\ge%—l}‘:2<65—1>, t > 0.

Hence, we have

2 1
w(p) = B30 —1) B>
Therefore, (1.17) is fulfilled, and
14 b1 6 2 1
() ¢(6)—@+m>@; 6>§

This implies that [(-) is strictly increasing on (1/6,00).

Recall that D is the set defined by (1.12).

Theorem 3.4.  The following conditions are equivalent:

(3.4) there exists an open interval E of (8y,00) such that
I(-) is a constant function on E.

(3.5) D =.

(3.6) F(t) =v,(t/0)", t >0, for some constant 6 > 0.

Proof.  (3.4)=(3.5). By (2.1), I(-)™ is holomorphic in the domain
{z € C|Rez > [y}. Hence, by (3.4) and the theorem of identity of

holomorphic functions, I(-)* = C in this domain for some constant
C' > 0. Therefore, by (3.1) and (1.10), we obtain

wlog () +14 686/ (5) = 6(0) ~ (n-+ V1o s =logC, 5> i

n
Differentiating this equality, we have

¢%m:”;3 8> B

This implies (3.5).
(3.5)=(3.6). By (3.5), we have
¢(B) =K —LE—(n+1)logf, B>

for some constants K, L € R, and

w(B) = 5> .
Since (2.4) is fulfilled under (1.7), we see that L > 0. Let

BK

G(t) = 5 Xipeo ()t = L)", ¢ 20.
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Since ~
/ e P'G(t)dt = w(B), B> Po,
0

we have F(t) = G(t) a.e. in [0,00) by the uniqueness of Laplace
transforms. Since F' and G are right-continuous on [0, 00), we have
F(t) =G(t),t > 0.

Now, we derive a contradiction to suppose that L > 0. If L > 0,
then F(t) = 0 on [0,L). Let a € R"™ be a point where f attains its
maximum over R”. Since f is continuous on R", we can choose § > 0
so that

@) - fla) < 2

, —al <.
5 lz—d

Since f(a) =0, we have

Glle-a st e {ol @) < 5},

so that v,0" < F(L/2). This is a contradiction to the hypothesis
that F'(t) = 0 on [0,L). Therefore, we have proved that L = 0, and
F(t) = et /n!, t > 0. By letting 6 = (nlv,e )Y we conclude (3.6).

(3.6)=(3.4). If (3.6) is fulfilled, we have I(3) = 6 on (5, c0) by
Example 3.2. Thus, (3.4) holds for E = (5, 00). O

Now, we state the main results of this section. By the proof of
Lemma 2.1, we note that, under (1.7), ¢/ € L?(R") and Ent(e?/) < oo

for any 3 > (.

Theorem 3.5.  Let f be Lipschitz continuous on R™. Then, the strict
inequality holds in (1.1) for any 5 € D.

Proof. ~ We derive a contradiction to suppose that equality holds in
(1.1) for some 3 € D, i.e., I(() = | Df]|oo-

First, we consider the case such that ¢”(3) > (n+1)/(2. Then, there
exists an open interval (f;,32) such that §; < B < 35 and ¢ (B) >
(n+1)/8* for all 3 € (B1,52). By Theorem 3.1 and (1.3), we see
that I(3) = ||Df|le on [3,3). By Theorem 3.4, D = (. This is a
contradiction to the hypothesis that B eD.

Next, we consider the case such that ¢"(3) < (n+1)/ [32. Then, there
exists an open interval (f;,32) such that 3; < 3 < B and ¢ (B) <
(n+1)/p* for all 3 € (B1,32). By Theorem 3.1 and (1.3), we see
that I(3) = |Df|lw on (41, 3]. By Theorem 3.4, D = (. This is a
contradiction to the hypothesis that ﬁ eD.
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We conclude that, for any § € D, equality never holds in (1.1). O

Remark 3.6. When f is not Lipschitz continuous on R", we interpret
that || D f||s = 0o and the right-hand side of (1.1) is equal to co. Then,
we see that the strict inequality holds in (1.1) for all 8 € (5, 00).

Next, we show that when D # (), it is very large in the sense that
the set (fp, 00) \ D is at most countable.

Theorem 3.7. If D # 0, then the set (5y,00) \ D is at most count-
able. In particular, for a function f which does not satisfy (3.6), the
strict inequality holds in (1.1) for uncountably many 3 € (S, ).

Proof.  Assume that D # (). Since ¢ is holomorphic in the domain
{z € C|Rez > [y}, we see that every point of (8y,00) \ D is an
isolated point of this set; otherwise D = () by the theorem of identity.
This implies that the set (Gy,00) \ D is at most countable.

Next, let f be a function which does not satisfy (3.6). When || D f||o =
00, the strict inequality holds in (1.1) for all 8 € (3, o) by Remark 3.6.
When ||Df||o < 00, the strict inequality holds in (1.1) for uncountably
many [ € (fy, 00) by Theorem 3.5. O

Example 3.8. We consider the function f from Example 3.2. When
0 < v < 1and 1 < 7, the strict inequality holds in (1.1) for all
B € (0,00) by (3.2), Theorem 3.5 and Remark 3.6. When v = 1,
equality holds in (1.1) for all 5 € (0, c0).

Example 3.9. We consider the function f from Example 3.3. Then,
the strict inequality holds in (1.1) for all g € (1/6,00) by (3.3) and
Theorem 3.5.

4. ASYMPTOTIC BEHAVIOR OF I(f3) AS [ — o0

In this section, we study asymptotic behavior of I() as § — oo.
The key proposition is the following Abelian and Tauberian theorem
(cf. [1, Theorem 1.7.1’], [7, Theorem 3 of Chapter XIII-5]).
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Proposition 4.1.  Let U be a non-decreasing function on [0, 00) sat-
isfying U(0) = 0 and U(t) < K%, t > 0, for some constants 3, > 0
and Ky > 0. Let c,p > 0. Then, the following are equivalent:

Ut) ct’ t— ot
~N — — .
rpr1 *

/ e PU)dt ~ ¢~ as f — 0.
0

Remark 4.2. Proposition 4.1 is stated more generally by using regularly
varying functions (see the books above).

Now, we provide our first result of this section. Recall that, through-
out this paper, we assume (1.7) for the function F' defined by (1.6).
Recall also that we use the symbol A(s) ~ B(s) as s — sg to indi-
cate that B is positive in a neighborhood of sy and A(s)/B(s) — 1 as
S — Sp.

Theorem 4.3.  If there exist constants o > 0 and C' > 0 such that
(1.13) is fulfilled, then we have (1.14).

Proof. By (1.9) and (2.2), we have

w(B) ~CB~etD  as 3 — oo,

W(B) ~=Cla+1)37D  as 8 — co.
Hence, by (2.1), it is not difficult to see that

16) ~ 15 (0o ew (- )

(B/e)"+

= —~— as(— oo

k,Cn

g

Corollary 4.4.  If there exists a constant 8 > 0 such that (1.15) is
fulfilled, then we have (1.16). In particular, if there exist a constant
0 > 0 and a point a € R™ such that f(z)/|x —a| — —0 as |x —a|] — 0,
then we have (1.16).

Proof.  The first part is a consequence of Theorem 4.3. Next, note
that if f(x)/|x —a| — —0 as |x —a| — 0, then (1.15) holds. Thus, the
second part follows. O
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Example 4.5. Consider the function f satisfying (1.7) and
f(z) =—=0lx —a|”, =z €D,

where # > 0, v > 0 and a € R" are constant, and D is a bounded
domain of R™ such that a € D. Then, we have

Ft)=[{z €eR"| |z —a| < (t/0)'"}] = v, <§)7 ast — 07,

Since kyvn/™ = (1/n))'/", we have

16)~ 2Bl T s 5
[F(% +1)/nl]»
Therefore,
0, 0<vy<1,
(4.1) lim 7(8) =< 0, 1 <7,
free 0, v =1.
Next, let

f(z) =—0lz —al]”, xe€R™
By Examples 3.2, 3.8 and Theorem 4.3, we see that when 0 < v < 1,

I(B) increases strictly and diverges to oo as f — o0o. When 1 < 7,
I(() decreases strictly and converges to 0 as § — oo. When v = 1,
1

p)
(8) =6 on (0,00).

Example 4.6. Consider the function f satisfying (1.7) and

f(z) = =0log(1+log(l+ [z —al)), z€D,
where 6 > 0 and a € R™ are constant, and D is a bounded domain
of R™ such that a € D. In this case, f(z) does not satisfy (1.4), but

f(x)/|xr —a| — =0 as |x — a| — 0. Hence, we have limg_, [(8) = 0
by Corollary 4.4.

Example 4.7. We consider the function f of Example 3.3. By Exam-
ples 3.3, 3.9 and Theorem 4.3, I(f3) strictly increases and converges to
0 as B — o0

Next, we show that the converse of Theorem 4.3 holds provided that
condition (1.17) is fulfilled. This condition is considered as a Tauberian
condition.

Theorem 4.8.  Assume that (1.17) is fulfilled. If (1.14) is satisfied
for some constants o > 0 and C' > 0, then we have (1.13).
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Proof.  Let 0 < e < 1 be arbitrary. By (1.14), we can find a constant
R > 0 so that

(B/e)= (B)e) =
(1-— E>W <I(p) < (1 +e)7kn0% ., B> R.

By (2.1), we have, for 8 > f,
I(B) = 1 exp <n:1 +% [52 <@> — (n+1)log6]) :

Ky, 5
These implies that if 5 > max{f,, R},
2 (903))
nlog(l—e) < a+1+logC+p 5 ) (a+1)log 5 < nlog(l+e).

Let v > > max{f, R}. Then, we have
Y
nlog(l —€) / t2dt
B

< (a+1+1ogC) /vt2dt+¢($/>—¢(ﬁﬁ)—(a+l)/7t210gtdt
B B

.
< nlog(l—l—e)/ t2dt,
B

s (141)

< (a+1+1logC) (—%+l)+M_M

so that

g gl g
1 1 1 1
—(a+1) <—;logfy— ;%—Blogﬂ—k B)

< nlog(1l+e¢) <—i+;>

Letting 7 — oo and using (1.17), we obtain, for § > max{f,, R},
—nlog(l —¢€) > —logC + ¢(B) + (v + 1) log B > —nlog(l + ¢),
which implies that

w(p)

(1+€)_n < W

<(l—¢€)™, [ >max{fy, R}.

Hence
w(B) ~ OBt as 3 — oo.
By Proposition 3.1, we conclude (1.13). O
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Corollary 4.9.  Assume that (1.17) is fulfilled. If (1.16) is fulfilled
for some constant 0 > 0, then we have (1.15).

REFERENCES

[1] N. H. BinGHAM, C. M. GoLDIE AND J. L. TEUGELS, Regular variation, Encyclopedia of
Mathematics and its Applications, 27. Cambridge University Press, Cambridge, 1987.

[2] A. BLANCHET, M. BONFORTE J. DOLBEAULT, G. GRILLO AND J. L. VAzZQUEZ, Asymptotics
of the fast diffusion equation via entropy estimates. Arch. Ration. Mech. Anal. 191 (2009),
pp-347-385.

[3] S. G. BoBKov, I. GENTIL AND M. LEDOUX, Hypercontractivity of Hamilton-Jacobi equations,
J. Math. Pures Appl. 80 (2001), pp. 669-696.

[4] M. DEL PINO AND J. DOLBEAULT, The optimal Fuclidean LP-Sobolev logarithmic inequality,
J. Funct. Anal. 197 (2003) pp.151-161.

[5] J. DOLBEAULT, B. NAZARET AND G. SAVARE, From Poincare to Logarithmic Sobolev Inequal-
ities: A Gradient Flow Approach, STAM J. Math. Anal. 44 (2012), pp.3186-3216.

[6] L. Evans, Partial differential equations, Graduate Studies in Mathematics, 19. American
Mathematical Society, Providence, RI, 1998.

[7] W. FELLER, An introduction to probability theory and its applications Vol. II, John Wiley
& Sons, Inc., New York-London-Sydney, 1966.

[8] Y. Fuurta, An optimal logarithmic Sobolev inequality with Lipschitz constants, Journal of
Functional Analysis 261 (2011) pp.1133-1144

[9] 1. GENTIL, Ultracontractive bounds on Hamilton—Jacobi equations, Bull. Sci. Math. 126
(2002), pp. 507-524.

[10] 1. GENTIL, The general optimal LP-Euclidean logarithmic Sobolev inequality by Hamilton-
Jacobi equations, J. Funct. Anal. 202 (2003) pp. 591-599.

[11] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975) 1061-1083.

[12] D. V. WIDDER, The Laplace transforms, Princeton Mathematical Series 6, Princeton Univer-
sity Press, Princeton, 1972.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TOYAMA, TOYAMA 930-8555, JAPAN
E-mail address: yfujita@sci.u-toyama.ac.jp




