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In this paper, we give the existence theory and the optimal time convergence rates
of the solutions to the Boltzmann equation with frictional force near a global
Maxwellian. We generalize our previous results on the same problem for hard sphere
model into both hard potential and soft potential case. The main method used in
this paper is the classic energy method combined with some new time–velocity
weight functions to control the large velocity growth in the nonlinear term for the
case of interactions with hard potentials and to deal with the singularity of the
cross-section at zero relative velocity for the soft potential case.
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1. Introduction

Consider the Boltzmann equation with frictional force

ft + ξ · ∇xf − αu · ∇ξf = Q(f, f), (1.1)

with the initial data

f(0, x, ξ) = f0(x, ξ). (1.2)

Here, f = f(t, x, ξ) ∈ R represents the probability (mass, number) density of gas particles around position
x ∈ R3 with velocity ξ = (ξ1, ξ2, ξ3) ∈ R3 at time t ∈ R+. The frictional force −αu (α > 0) is proportional
to the macroscopic velocity u = u(x, t) =

∫
R3 ξf dξ∫
R3 f dξ

. Without loss of generality, we take α = 1 throughout
this paper. Q is the nonlinear collision operator which is defined by
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Q(f, g) = 1
2

∫
R3×S2

(
f
(
ξ′
)
g
(
ξ′∗
)

+ f
(
ξ′∗
)
g
(
ξ′
)
− f(ξ)g(ξ∗) − f(ξ∗)g(ξ)

)
B
(
|ξ − ξ∗|, ϑ

)
dξ∗ dΩ.

S2 denotes the unit sphere and Ω ∈ S2. The conservation of momentum and energy gives the following
relations:

ξ′ = ξ −
[
(ξ − ξ∗) ·Ω

]
Ω,

ξ′∗ = ξ∗ +
[
(ξ − ξ∗) ·Ω

]
Ω,

in which ξ, ξ∗ are the velocities before collision while ξ′, ξ′∗ are the velocities after collision. Under the
angular cut-off assumption the cross-section B(|ξ − ξ∗|, ϑ) takes the form

B
(
|ξ − ξ∗|, ϑ

)
= B(ϑ)|ξ − ξ∗|γ , cosϑ = (ξ − ξ∗) ·Ω

|ξ − ξ∗|
, −3 < γ � 1,

where 0 < B(ϑ) � const.|cosϑ|. The exponent γ is determined by the interaction potential between two
colliding particles which is called the soft potential when −3 < γ < 0 and the hard potential when 0 � γ � 1,
including the Maxwell model when γ = 0 and the hard-sphere model when γ = 1. In our previous work [15],
we studied the hard-sphere model. Inspired by recent results in [5] and [6], in this paper we deal with the
more general case when −2 � γ � 1.

Clearly, the following global Maxwellian

M = 1
(2π)3/2

exp
(
−|ξ|2/2

)
(1.3)

is a stationary solution to (1.1). We set g as a perturbation of our solution f around M :

f = M +
√
Mg. (1.4)

Then the Boltzmann equation (1.1) can be reformulated into

∂tg + ξ · ∇xg − u · ∇ξg + u · ξ
√
M + 1

2u · ξg = Lg + Γ (g, g), (1.5)

where L is the linearized collision operator and Γ is the corresponding nonlinear collision operator, given
by

Lg = 1√
M

(
Q(M,

√
Mg) + Q(

√
Mg,M)

)
,

Γ (g, g) = 1√
M

Q(
√
Mg,

√
Mg). (1.6)

Now we consider the Cauchy problem of (1.5) with the corresponding initial data

g(0, x, ξ) = g0(x, ξ) = 1√
M

(
f0(x, ξ) −M

)
, (x, ξ) ∈ R3 × R3. (1.7)

Now we list some notation that will be used in this paper. We use HN
x,ξ, HN

x , HN
ξ to denote the Hilbert

spaces HN (R3
x × R3

ξ), HN (R3
x), HN (R3

ξ), respectively, and L2, L2
x, L2

ξ are used for the case when N = 0.
When there is no confusion, we use HN to denote HN

x or HN
x,ξ and use L2 to denote L2

x, L2
x,ξ. 〈·, ·〉 denotes

the inner product in the Hilbert space L2
x,ξ. We use ‖ · ‖ to denote L2 norm. When the norms need to
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be distinguished from each other, we write ‖ · ‖L2
ξ
, ‖ · ‖L2

x
and ‖ · ‖L2

x,ξ
respectively. For the multi-index

α = (α1, α2, α3), we denote

∂α
x = ∂α1

x1
∂α2
x2

∂α3
x3

, and |α| =
3∑

i=1
αi.

For simplicity, we use ∂i to denote ∂xi
for each i = 1, 2, 3. For multi-indices α = (α1, α2, α3) and β =

(β1, β2, β3), we denote ∂α
β = ∂α

x ∂
β
ξ , that is ∂α

β = ∂α1
x1

∂α2
x2

∂α3
x3

∂β1
ξ1
∂β2
ξ2
∂β3
ξ3

. A ∼ B means ιA � B � B
ι , for

generic constant 0 < ι < 1. For q � 1, we also define the mixed velocity–space Lebesgue space Zq =
L2
ξ(Lq

x) = L2(R3
ξ ;Lq(R3

x)) with the norm

‖g‖Zq
=

(∫
R3

(∫
R3

∣∣g(x, ξ)∣∣q dx)2/q

dξ

)1/2

, g = g(x, ξ) ∈ Zq.

We use ĝ to denote the Fourier transform of g. (a|b) = a · b denotes the complex inner product of com-
plex vectors a and b. Throughout this paper, C denotes a generic positive (generally large) constant and
κ, η denote generic positive (generally small) constants. They may be different from line to line.

The Boltzmann equation with frictional force was first studied in [14], where the authors proved that
there exists a unique global-in-time classical solution which approaches to the global Maxwellian time
asymptotically when the initial perturbation is smooth and close to this given Maxwellian. The analysis in
that paper was based on the macro–micro decomposition introduced in [11,12] through energy estimates.
Recently in [15], we give the existence result of the same model by using a different kind of energy method
which was first developed in [8], we also obtain the optimal time convergence rate of the solutions towards
the equilibrium. For the time-decay part, we are inspired by [3,4], where the time-decay rate can be obtained
by a combination of Fourier analysis and the energy estimates. However, the above results only hold for the
hard-sphere model, the general case when −3 < γ � 1 remains open. One of the main difficulties lies in the
fact that the nonlinear velocity growth effect of the term 1

2u · ξg cannot be controlled by the dissipation
of the linearized collision operator L when γ < 1. For this, we introduce some mixed time–velocity weight
functions as in [5,6] to capture the dissipation for controlling the nonlinear velocity growth. Besides, a
time–frequency/time weighted method is also needed to overcome the large velocity degeneracy in the
energy dissipation for the soft potential case when γ < 0. Note that for the soft potentials, as in [6], our
method in this paper only deals with the situation when −2 � γ < 0, the very soft potential case when
−3 < γ < −2 is left for future discussion.

The rest of the paper is organized as follows. In the next section, we review some basic properties of
the linearized operator L, and give the macro–micro decomposition to build up the working system. In
Section 3, we give a detailed proof of our results for the soft potential case, Theorem 3.1. The results for the
hard potentials, Theorem 4.1, can be proved in a similar way yet much simpler, thus we only give a sketch
of its proof in the last section.

2. Preliminaries

2.1. Basic properties of L

The properties of L are very crucial in energy estimation for the Boltzmann equation. We list them here
for later use.
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(I) L = −ν(ξ) +K, where ν(ξ) is a nonnegative measurable function called the collision frequency, while
K is a self-adjoint compact operator on L2(R3) with a real symmetric integral kernel K(ξ, ξ∗). The
explicit representations of ν and K are as follows:

ν(ξ) =
∫

R3×S2

B(ϑ)|ξ − ξ∗|γM(ξ∗) dΩ dξ∗ ∼
(
1 + |ξ|

)γ
,

and

Ku(ξ) =
∫

R3×S2

B(ϑ)|ξ − ξ∗|γM1/2(ξ∗)M1/2(ξ′∗)u(ξ′) dΩ dξ∗

+
∫

R3×S2

B(ϑ)|ξ − ξ∗|γM1/2(ξ∗)M1/2(ξ′)u(ξ′∗) dΩ dξ∗

−
∫

R3×S2

B(ϑ)|ξ − ξ∗|γM1/2(ξ∗)M1/2(ξ)u(ξ∗) dΩ dξ∗

=
∫
R3

K(ξ, ξ∗)u(ξ∗) dξ∗.

(II) The null space of the operator L is the 5-dimensional space of collision invariants:

N = Ker(L) = span
{√

M ; ξi
√
M, i = 1, 2, 3; |ξ|2

√
M

}
.

(III) Following from the Boltzmann H-theorem, L is self-adjoint and non-positive in L2(R3). Furthermore,
there exists a constant λ0 > 0 such that:

−
∫
R3

gLg dξ � λ0

∫
R3

ν(ξ)
(
{I − P}g

)2
dξ, ∀g ∈ D(L), (2.1)

where P denotes the projection operator from L2
ξ to N and D(L) is the domain of L given by D(L) =

{g ∈ L2
ξ | ν(ξ)g ∈ L2

ξ}, cf. [1,7].

2.2. Macro–micro decomposition

Now we give the macro–micro decomposition to prepare for the later energy estimates.

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

g(t, x, ξ) = g1 + g2,

g1 = Pg ∈ N ,

g1 =
{
a(t, x) +

3∑
i=1

bi(t, x)ξi + c(t, x)|ξ|2
}
√
M,

g2 = g − g1 = (I − P)g ∈ N⊥.

(2.2)

Then Eq. (1.5) can be rewritten as

∂tg1 + ξ · ∇xg1 − u · ∇ξg1 + u · ξ
√
M + 1

u · ξg1 = r + l + h, (2.3)
2
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with

r = −∂tg2,

l = −ξ · ∇xg2 + u · ∇ξg2 −
1
2u · ξg2 + Lg2,

h = Γ (g, g).

Next we derive the evolution equations for (a, b, c). In fact, by putting (2.2)3 into (2.3) and collecting the
coefficients w.r.t. the basis {ek, k = 13} consisting of

√
M, (ξi

√
M)1�i�3,

(
|ξi|2

√
M

)
1�i�3, (ξiξj

√
M)1�i<j�3,

(
|ξ|2ξi

√
M

)
1�i�3, (2.4)

we have the following macroscopic equations on the coefficients (a, b, c) of g1:

∂ta− u · b = γ(0),

∂tbi + ∂ia + uia− 2uic + ui = γ
(1)
i ,

∂tc + ∂ibi + uibi = γ
(2)
i ,

∂ibj + ∂jbi + uibj + ujbi = γ
(2)
ij ,

∂ic + cui = γ
(3)
i ,

where i 
= j, with u = b

1 + a + 3c . (2.5)

All terms on the right hand side are the coefficients of r + l + h with respect to the corresponding elements
in the basis {e13} and are given by:

γ(0) = −∂tr
(0) + l(0) + h(0),

γ
(1)
i = −∂tr

(1)
i + l

(1)
i + h

(1)
i ,

γ
(2)
i = −∂tr

(2)
i + l

(2)
i + h

(2)
i ,

γ
(2)
ij = −∂tr

(2)
ij + l

(2)
ij + h

(2)
ij ,

γ
(3)
i = −∂tr

(3)
i + l

(3)
i + h

(3)
i ,

where i 
= j, with r = −∂tr. (2.6)

Based on (2.5)3 and (2.5)4, the macroscopic component b = (b1, b2, b3) satisfies an elliptic-type equation

−Δxbj − ∂j∂jbj = −
∑
i�=j

∂i
(
γ

(2)
ij − (uibj + ujbi)

)
+

∑
i�=j

∂j
(
γ

(2)
i − uibi

)
− 2∂j

(
γ

(2)
j − ujbj

)
. (2.7)

Also, (a, b, c) satisfies the local macroscopic balance laws. In fact, multiplying Eq. (1.1) by the collision
invariants 1, ξ, 1

2 |ξ|2, integrating the products on ξ, then, using the perturbation (1.4) and the decomposi-
tion (2.2), direct calculation one has the macroscopic balance laws on the coefficients (a, b, c) of g1:

∂ta−∇x ·
∫
R3

1
2 |ξ|

2ξ
√
Mg2 dξ = u · b,

∂tbi + ∂i(a + 5c) + ∇x ·
∫
R3

ξξi
√
Mg2 dξ = −bi,

∂tc + 1
3∇x · b + 1

3∇x ·
∫ 1

2 |ξ|
2ξ
√
Mg2 dξ = −1

3u · b.

R3
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3. The soft potential case

In this section we give a detailed proof of our results for the soft potential case, i.e. −2 � γ < 0. First,
let us introduce the following mixed time–velocity weight function

wτ (t, ξ) = 〈ξ〉γτe〈ξ〉
2[ λ

(1+t)θ
]
, (3.1)

where τ ∈ R, 0 < λ � 1, θ > 0, and 〈ξ〉 := (1 + |ξ|2)1/2. We need to define the following energy functionals:

[[
g(t)

]]
N,l

:=
∑

|α|+|β|�N

∥∥ω|β|−l(t, ξ)∂α
β g(t)

∥∥, (3.2)

where N � 8 is an integer, and l � N is a constant.

EN,l ∼
[[
g(t)

]]2
N,l

. (3.3)

DN,l =
∑

|α|+|β|�N

∥∥ν 1
2 (ξ)ω|β|−l(t, ξ)∂α

β g2
∥∥2 + 1

(1 + t)θ
∑

|α|+|β|�N

∥∥〈ξ〉ω|β|−l(t, ξ)∂α
β g2

∥∥2

+ ‖b‖2 +
∑

|α|�N−1

∥∥∇x∂
α(a, b, c)

∥∥2
, (3.4)

and the time-weighted temporal sup-energy

XN,l = sup
0�s�t

EN,l + sup
0�s�t

(1 + t) 3
2 EN,l−1. (3.5)

Now the main result for the soft potential case when −2 � γ < 0 is stated as follows:

Theorem 3.1. Let −2 � γ < 0, N � 8, l0 > 3
2 and l � 1 + max{N, l0

2 − 1
γ } with 0 � λ � 1 and 0 < θ � 1

4 .
Assume that f0 = M + M

1
2 g0. There exist constants ε0 > 0, C0 > 0 such that if

∑
|α|+|β|�N

∥∥ω|β|−l(0, ξ)∂α
β g0

∥∥ +
∥∥〈ξ〉− γl0

2 g0
∥∥
Z1

� ε0, (3.6)

then the Cauchy problem (1.5), (1.7) admits a unique global solution g(t, x, ξ) satisfying f(t, x, ξ) = M +
M

1
2 g(t, x, ξ) and

sup
t�0

{[[
g(t)

]]
N,l

+ (1 + t) 3
4
[[
g(t)

]]
N,l−1

}
� Cε0. (3.7)

3.1. Some basic properties

Lemma 3.1. (See [13].) Let −3 < γ < 0, τ ∈ R, 0 � q̃ � 1, and ωτ,q̃(ξ) = 〈ξ〉γτeq̃〈ξ〉2 be the velocity weight
function. If |β| > 0, then for any η > 0, there is Cη > 0 such that

∫
R3

ω2
τ,q̃(ξ)∂β(νg)∂βg dξ �

∫
R3

ν(ξ)ω2
τ,q̃(ξ)|∂βg|2 dξ

− η
∑

|β |�|β|

∫
ν(ξ)ω2

τ,q̃(ξ)|∂β1g|2 dξ − Cη

∫
χ|ξ|�2Cη

〈ξ〉2γτ |g|2 dξ. (3.8)

1 R3 R3
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If |β| � 0, then for any η > 0, there is Cη > 0 such that

∣∣∣∣
∫
R3

ω2
τ,q̃(ξ)∂β(Kg)h dξ

∣∣∣∣ �
{
η

∑
|β1|�|β|

(∫
R3

ν(ξ)ω2
τ,q̃(ξ)|∂β1g|2 dξ

) 1
2

+ Cη

(∫
R3

χ|ξ|�2Cη
〈ξ〉2γτ |g|2 dξ

) 1
2
}
×

(∫
R3

ν(ξ)ω2
τ,q̃(ξ)|h|2 dξ

) 1
2

. (3.9)

Lemma 3.2. (See [6].) Let l � 0, 0 < λ � 1. It holds that

〈
Γ (g, g), g

〉
� C

∥∥(a, b, c)
∥∥
H1

∥∥∇x(a, b, c)
∥∥∥∥ν 1

2 g2
∥∥

+ C

{∥∥∇x(a, b, c)
∥∥
H1 +

∑
|α|+|β|�N

∥∥∂α
β g2

∥∥}∥∥ν 1
2 g2

∥∥2
, (3.10)

and

〈
Γ (g, g), ω2

−l(t, ξ)g2
〉

� C
∥∥(a, b, c)

∥∥
H1

∥∥∇x(a, b, c)
∥∥∥∥ν 1

2 g2
∥∥ + CE

1
2
N,l

∥∥ν 1
2ω−l(t, ξ)g2

∥∥2
. (3.11)

Lemma 3.3. (See [6].) Let l � |β|, 1 � |α| + |β| � N and 0 < λ � 1. For given g = g(t, x, ξ), define gαβ as
gαβ = ∂αg if |β| = 0 and gαβ = ∂α

β g2 if |β| � 1, then, it holds that

〈
∂α
βΓ (g, g), ω2

−l(t, ξ)gαβ
〉

� C
∥∥(a, b, c)

∥∥
HN

∥∥∇x(a, b, c)
∥∥
HN−1

∥∥ν 1
2 gαβ

∥∥ + CE
1
2
N,l(t)DN,l(t). (3.12)

Lemma 3.4. (See [2].) For the nonlinear part h represented as h(0), h
(1)
i , h

(2)
i , h

(2)
ij , h

(3)
i given in (2.6) we have

the following estimate for the soft potential case:
∑

|α|�N

∑
ij

∥∥∂α
x

[
h(0), h

(1)
i , h

(2)
i , h

(2)
ij , h

(3)
i

]∥∥2 � CEN,lD2
N,l. (3.13)

For the coefficients of the separated part r and the linear part l, it holds that
∑

|α|�N−1

∑
ij

∥∥∂α
x

[
r(0), r

(1)
i , r

(2)
i , r

(2)
ij , r

(3)
i

]∥∥2 � C
∑

|α|�N−1

∥∥ν 1
2 ∂α

x g2
∥∥2

,

∑
|α|�N−1

∑
ij

∥∥∂α
x

[
l(0), l

(1)
i , l

(2)
i , l

(2)
ij , l

(3)
i

]∥∥2 � C
∑

|α|�N

∥∥ν 1
2 ∂α

x g2
∥∥2

.

Those terms containing the microscopic part g2 can be bounded by the microscopic dissipation rate:
∑

|α|�N−1

∥∥∂α
x∇x ·

[〈
|ξ|2ξ

√
M, g2

〉
, 〈ξ ⊗ ξ

√
M, g2〉

]∥∥2 � C
∑

0<|α|�N

∥∥ν 1
2 ∂α

x g2
∥∥2

.

3.2. Time decay for the evolution equation

Consider the linearized homogeneous equation

∂tg + ξ · ∇xg + b · ξ
√
M = Lg, (3.14)

with initial data g0(x, ξ). We define etB as the solution operator to (3.14).



488 Z. Jiang, Y. Wang / J. Math. Anal. Appl. 417 (2014) 481–503
Lemma 3.5. Set μ = μ(ξ) := 〈ξ〉− γ
2 . Let −3 < γ < 0, l � 0, l0 � 3

2 , α � 0, m = |α|, and suppose

∥∥μl+l0g0
∥∥
Z1

+
∥∥μl+l0∂αg0

∥∥ < ∞. (3.15)

Then, the evolution operator etB satisfies
∥∥μl∂αetBg0

∥∥ � C(1 + t)−σ[1,m](∥∥μl+l0g0
∥∥
Z1

+
∥∥μl+l0∂αg0

∥∥), (3.16)

with σ[q,m] = 3
2 (1

q − 1
2) + m

2 .

Proof. We prove this lemma in two steps.
Step 1. The Fourier transform of (3.14) gives

∂tĝ + iξ · kĝ + b̂ · ξ
√
M = Lĝ. (3.17)

Taking the complex inner product with ĝ, integrating it over R3
ξ and taking the real part, we obtain

1
2∂t‖ĝ‖

2
L2

ξ
+ Re

∫
R3

(b̂ · ξ
√
M |ĝ) dξ = Re

∫
R3

(Lĝ|ĝ) dξ. (3.18)

Then, we can deduce

∂t‖ĝ‖2
L2

ξ
+ κ

∥∥ν 1
2 {I − Pĝ}

∥∥2
L2

ξ
+ |b̂|2 � 0. (3.19)

Similar to the procedure in Section 2, one can derive a hydrodynamic system of linear equations

∂t(a + 3c) + ∇x · b = 0, (3.20)

∂tbj + ∂j(a + 3c) + 2∂jc +
∑
m

∂mAjm

(
{I − P}g

)
+ bj = 0, (3.21)

∂tc + 1
3∇x · b + 1

6
∑
j

∂jBj

(
{I − P}g

)
= 0, (3.22)

and

∂t
[
Ajj

(
{I − P}g

)
+ 2c

]
+ 2∂jbj = Ajj(R), (3.23)

∂t
[
Ajm

(
{I − P}g

)]
+ ∂jbm + ∂mbj = Ajm(R), j 
= m, (3.24)

∂t
[
Bj

(
{I − P}g

)]
+ 10∂jc = Bj(R), 1 � j,m � 3, (3.25)

Ajm(g) :=
〈
(ξjξm − 1)

√
M, g

〉
,

Bj(g) :=
〈(
|ξ|2 − 5

)
ξj
√
M, g

〉
,

R = −ξ · ∇x{I − P}g + L{I − P}g,

and with direct calculation we can obtain

−∂t

[∑
j

∂jAjm

(
{I − P}g

)
+ 1

2∂mAmm

(
{I − P}g

)]
− Δxbm − ∂m∂mbm

= 1
2
∑

∂mAjj(R) −
∑

∂jAjm(R), (3.26)

j �=m j
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for some fixed m. Similar as in Lemma 4.1 in [15], using (3.20) to (3.26) we have for any t � 0, k ∈ R3 that

∂t Re E int(ĝ) + κ
|k|2

1 + |k|2
(
|b̂|2 + |ĉ|2 + |â + 3ĉ|2

)
� C

∥∥ν 1
2 {I − P}ĝ

∥∥2
L2

ξ
+ C|b̂|2 (3.27)

for some κ1 > 0. Where E int(ĝ) takes the form

E int(ĝ) = κ1
∑
m

(∑
j

ikj
1 + |k|2Ajm

(
{I − P}ĝ

)
+ 1

2
ikm

1 + |k|2Amm

(
{I − P}ĝ

)∣∣∣∣− b̂m

)

+ κ1
∑
j

(
Bj

(
{I − P}ĝ

)∣∣∣∣ ikj
1 + |k|2 ĉ

)
+
∑
m

(
b̂m

∣∣∣∣ ikm
1 + |k|2 (â + 3ĉ)

)
. (3.28)

Therefore, for 0 < κ2 � 1, a suitable linear combination of (3.19) and (3.27) gives

∂t
[
‖ĝ‖2

L2
ξ
+ κ2 Re E int(ĝ)

]
+ κ

{∥∥ν 1
2 {I − P}ĝ

∥∥2
L2

ξ
+ |k|2

1 + |k|2
(
|b̂|2 + |ĉ|2 + |â + 3ĉ|2

)
+ |b̂|2

}
� 0. (3.29)

Step 2. Taking the complex inner product of (3.17) with μ2lĝ and integrating it over R3
ξ , one has

1
2∂t

∥∥μlĝ
∥∥2
L2

ξ
+
∥∥ν 1

2μl{I − P}ĝ
∥∥2
L2

ξ
= −Re

∫
R3

(
ν(ξ){I − P}ĝ

∣∣μ2lPĝ
)

+ Re
∫
R3

(
K{I − P}ĝ

∣∣μ2l{I − P}ĝ
)
dξ

− Re
∫
R3

(
b̂ · ξ

√
M

∣∣μ2lĝ
)
dξ. (3.30)

Here, the estimation for the right-hand terms comes from Cauchy–Schwarz’s inequality and (3.9) cf. [6]. By
using the fact 2|k|2

1+|k|2χ|k|2�1 � 1, we can deduce

∂t
∥∥μlĝ

∥∥2
L2

ξ
χ|k|2�1 + κ

∥∥ν 1
2μl{I − P}ĝ

∥∥2
L2

ξ
χ|k|2�1 � C

(∥∥ν 1
2 {I − P}ĝ

∥∥2
L2

ξ
+ |k|2

1 + |k|2
∣∣ ̂(a, b, c)∣∣2). (3.31)

Applying {I − P} to (3.17) we have

∂t{I − P}ĝ + iξ · k{I − P}ĝ = L{I − P}ĝ + Piξ · kĝ − iξ · kPĝ. (3.32)

By further taking the complex inner product of the above equation with μ2l{I−P}ĝ and integrating it over
R3

ξ , one has

1
2∂t

∥∥μl{I − P}ĝ
∥∥2
L2

ξ
+ κ

∥∥μl−1{I − P}ĝ
∥∥2

� Re
∫
R3

(
K{I − P}ĝ

∣∣μ2l{I − P}ĝ
)
dξ + Re

∫
R3

(
Piξ · kĝ − iξ · kPĝ

∣∣μ2l{I − P}ĝ
)
dξ. (3.33)

Similar as in [6] we have

∂t
∥∥μl{I − P}ĝ

∥∥2
L2

ξ
χ|k|2�1 + κ

∥∥μl−1{I − P}ĝ
∥∥2

χ|k|2�1

� C

(∥∥ν 1
2 {I − P}ĝ

∥∥2
L2 + |k|2

2

∣∣ ̂(a, b, c)∣∣2). (3.34)

ξ 1 + |k|
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For properly chosen constants 0 < κ3, κ4 � 1, set

El(ĝ) = ‖ĝ‖2
L2

ξ
+ κ2 Re E int(ĝ) + κ3

∥∥μlĝ
∥∥2
L2

ξ
χ|k|2�1 + κ4

∥∥μl{I − P}ĝ
∥∥2
L2

ξ
χ|k|2�1,

Dl(ĝ) =
∥∥μl−1{I − P}ĝ

∥∥2
L2

ξ
+ |k|2

1 + |k|2
(
|b̂|2 + |ĉ|2 + |â + 3ĉ|2

)
+ |b̂|2.

We have

∂tEl(ĝ) + κDl(ĝ) � 0. (3.35)

As ‖ĝ‖2
L2

ξ
+ κ2 Re E int(ĝ) ∼ ‖ĝ‖2

L2
ξ
, it is straightforward to check that

El(ĝ) ∼
∥∥μlĝ

∥∥2
L2

ξ
, Dl(ĝ) � κρ(k)El−1(ĝ), ρ(k) = |k|2

1 + |k|2 . (3.36)

Therefore, we arrive at

∂tEl(ĝ) + κρ(k)El−1(ĝ) � 0, (3.37)

for any t � 0, k ∈ R3 and for any l � 0. The same as in Theorem 3.1 in [6], we can deduce for given l0 > 3/2,
we fixing J > 3/2, p > 1 such that l0 = J + p− 1, and hence

El(ĝ) � C
[
1 + ρ(k)t

]−J
El+l0(ĝ0).

Since J > 3/2, in the completely same way as in [5] and [3] by considering the frequency integration over
R3

k = {|k| � 1} ∪ {|k| � 1} with a little modification of the proof in [9,10], one can derive the desired
time-decay property. This completes the proof of our lemma. �
3.3. Energy estimates

Proposition 3.1. Assume −2 � γ < 0, let N � 8, l � N , 0 � λ � 1 and 0 < θ � 1
4 . Suppose that the

a priori assumption

sup
0�t�T

XN,l(t) � δ (3.38)

holds for δ > 0 small enough. Then, there is EN,l(t) such that

d

dt
EN,l(t) + κDN,l(t) � 0 (3.39)

holds for any 0 � t � T .

Proof. Step 1. Energy estimates without any weight:
In the proof we use the a priori assumption (3.38) and the equivalent relationship between u and b:

u = b

1 + a + 3c . (3.40)

Also, the following Sobolev inequality is frequently used in performing our energy estimates:

‖g‖L∞ � C‖∇g‖ 1
2
∥∥∇2g

∥∥ 1
2 � C‖∇g‖H1 .
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1). First, we multiply (1.5) by g and take the integration over R3 × R3:

1
2
d

dt

∫
R3×R3

g2 dξ dx + 1
2

∫
R3×R3

ξ · ∇xg
2 dξ dx− 1

2

∫
R3×R3

u · ∇ξg
2 dξ dx

+
∫

R3×R3

u · ξ
√
Mg dξ dx + 1

2

∫
R3×R3

u · ξg2 dξ dx

=
∫

R3×R3

gLg dξ dx +
∫

R3×R3

gΓ (g, g) dξ dx. (3.41)

First we notice
∫
R3×R3 ξ · ∇xg

2 dξ dx =
∫
R3×R3 u · ∇ξg

2 dξ dx = 0. Then we use (2.1) and Lemma 3.2
to obtain the estimates involving Lg and Γ (g, g). Terms involving the frictional force u are estimated as
follows:

∫
R3×R3

u · ξ
√
Mg dξ dx =

∫
R3

|b|2 dx−
∫
R3

(a + 3c)|b|2
1 + a + 3c dx � (1 − Cδ)‖b‖2,

1
2

∫
R3×R3

u · ξg2 dξ dx = 1
2

∫
R3×R3

u · ξg2
1 dξ dx +

∫
R3×R3

u · ξg1g2 dξ dx + 1
2

∫
R3×R3

u · ξg2
2 dξ dx.

Using (3.38) and (3.40), direct calculation gives

1
2

∫
R3×R3

u · ξg2
1 dξ dx = 1

2

∫
R3

(a + 5c)u · b dx = 1
2

∫
R3

a + 5c
1 + a + 3c |b|

2 dx � Cδ‖b‖2.

Using the Cauchy inequality and again the a priori assumption (3.38) together with (3.40) we have

∫
R3×R3

u · ξg1g2 dξ dx � Cδ
∥∥ν 1

2 g2
∥∥2 + Cδ‖b‖2.

At last use (3.40) to obtain

1
2

∫
R3×R3

u · ξg2
2 dξ dx � C sup

x
|u|

∫
R3×R3

|ξ|g2
2 dx dξ � Cδ

(1 + t)θ

∫
R3×R3

|ξ|g2
2 dx dξ.

Combining estimates of all terms we obtain the estimates on the zero-th order:

1
2
d

dt

∥∥g(t)∥∥2 + κ‖b‖2 + κ
∥∥ν 1

2 g2
∥∥2 � Cδ

(1 + t)θ

∫
R3×R3

|ξ|g2
2 dx dξ + Cδ

∥∥∇x(a, b, c)
∥∥2

.

2). We rewrite (1.5) as

∂tg + b · ξ
√
M = −ξ · ∇xg −

1
2u · ξg + u · ∇ξg + a + 3c

1 + a + 3cb · ξ
√
M + Lg + Γ (g, g). (3.42)

We take derivatives ∂α (1 � |α| � N) of (3.42) and multiply the resulting equation by ∂αg, then integrating
over R3 × R3, we have
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1
2
d

dt

∥∥∂αg
∥∥2 + κ0

∥∥ν 1
2 ∂αg2

∥∥2 +
∥∥∂αb

∥∥2

= −
∫

R3×R3

∂αgξ · ∇x

(
∂αg

)
dx dξ +

∫
R3×R3

∂αg∂α(u · ∇ξg) dx dξ

+
∫

R3×R3

∂αg∂α

(
a + 3c

1 + a + 3cb
)
· ξ
√
M dxdξ − 1

2

∫
R3×R3

∂αg∂α(u · ξg) dx dξ

+
∫

R3×R3

∂αg∂αΓ (g, g) dx dξ. (3.43)

The first term on the right hand side equals to 0. Using Lemma 3.3 we can obtain the estimate of the last
term on the right hand. For the fourth term on the right hand of (3.43) we have

Lemma 3.6. Let N � 4, 1 � |α| � N and l � 0, then it holds that

−1
2

∫
R3×R3

ω2
−l(t, ξ)∂αg∂α(u · ξg) dx dξ

� C
∥∥∇x(a, b, c)

∥∥
HN−1

∑
1�|α|�N

{∥∥〈ξ〉 1
2ω−l(t, ξ)∂αg2

∥∥2 +
∥∥∂α(a, b, c)

∥∥2}
.

Proof.

−1
2

∫
R3×R3

ω2
−l(t, ξ)∂αg∂α(u · ξg) dx dξ

= −
〈
∂α

(
1
2u · ξg1

)
, ω2

−l(t, ξ)∂αg

〉
−

〈
∂α

(
1
2u · ξg2

)
, ω2

−l(t, ξ)∂αg1

〉
−

〈
∂α

(
1
2u · ξg2

)
, ω2

−l(t, ξ)∂αg2

〉

:=
3∑

i=1
J1i.

Now, we do calculation as follows:

J11 = −
〈
∂α

(
1
2u · ξg1

)
, ω2

−l(t, ξ)∂αg

〉

= −
∑

|α1|�|α|
Cα1

α

〈
1
2ξ · ∂

α−α1u∂α1g1, ω
2
−l(t, ξ)∂αg

〉

� C
∑

|α1|�|α|

∫
R3

∣∣∂α−α1u
∣∣∣∣∂α1(a, b, c)

∣∣∥∥∂αg
∥∥
L2

ξ
dx

�
{
C supx |∂α1(a, b, c)|‖∂α−α1u‖‖∂αg‖, if |α1| � |α|

2 ,

C supx |∂α−α1u|‖∂α1(a, b, c)‖‖∂αg‖, if |α1| > |α|
2 ,

J12 = −
〈
∂α

(
1
2u · ξg2

)
, ω2

−l(t, ξ)∂αg1

〉

= −
∑

Cα1
α

〈
1
2ξ · ∂

α−α1u∂α1g2, ω
2
−l(t, ξ)∂αg1

〉

|α1|�|α|
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� C
∑

|α1|�|α|

∫
R3

∣∣∂α−α1u
∣∣∣∣∂α(a, b, c)

∣∣∥∥∂α1g2
∥∥
L2

ξ
dx

�
{
C supx ‖∂α1g2‖L2

ξ
‖∂α(a, b, c)‖‖∂α−α1u‖, if |α1| � |α|

2 ,

C supx |∂α−α1u|‖∂α(a, b, c)‖‖∂α1g‖, if |α1| > |α|
2 ,

J13 = −
〈
∂α

(
1
2u · ξg2

)
,−ω2

−l(t, ξ)∂αg2

〉

=
∑

|α1|�|α|
Cα1

α

〈
1
2ξ · ∂

α−α1u∂α1g2, ω
2
−l(t, ξ)∂αg2

〉

� C
∑

|α1|�|α|

∫
R3

∣∣∂α−α1u
∣∣∥∥|ξ| 12ω−l(t, ξ)∂α1g2

∥∥
L2

ξ

∥∥|ξ| 12ω−l(t, ξ)∂αg2
∥∥
L2

ξ
dx

�
{
C supx ‖|ξ|

1
2ω−l(t, ξ)∂α1g2‖L2

ξ
‖|ξ| 12ω−l(t, ξ)∂αg2‖‖∂α−α1u‖ if |α1| � |α|

2 ,

C supx |∂α−α1u|‖|ξ| 12ω−l(t, ξ)∂α1g2‖‖|ξ|
1
2ω−l(t, ξ)∂αg2‖, if |α1| > |α|

2 .

Therefore, Lemma 3.6 follows by collecting all above estimates. �
For the second term on the right hand of (3.43) we have

Lemma 3.7. Assume −2 � γ < 0. Let N � 4, 1 � |α| � N and l � 0, then it holds that

〈
∂α(u · ∇ξg), ω2

−l(t, ξ)∂αg
〉

� C
∥∥∇x(a, b, c)

∥∥
HN−1

∑
1�|α|+|β|�N,|β|�1

{∥∥〈ξ〉ω|β|−l(t, ξ)∂αg2
∥∥2 +

∥∥∂α(a, b, c)
∥∥2}

.

Proof. We write it as

〈
∂α(u · ∇ξg), ω2

−l(t, ξ)∂αg
〉

=
〈
u · ∇ξ∂

αg, ω2
−l(t, ξ)∂αg

〉
+

∑
1�|α1|�|α|

Cα1
α

[〈
∂α1u · ∇ξ∂

α−α1g1, ω
2
−l(t, ξ)∂αg

〉

+
〈
∂α1u · ∇ξ∂

α−α1g2, ω
2
−l(t, ξ)∂αg

〉]
:=

3∑
i=1

J2i. (3.44)

Here

J21 =
〈
u · ∇ξ∂

αg, ω2
−l(t, ξ)∂αg

〉
= −1

2

∫
R3×R3

u · ∇ξω
2
−l(t, ξ)

∣∣∂αg
∣∣2 dx dξ.

To estimate J21, notice

∇ξω
2
−l(t, ξ) = (−2γl)〈ξ〉−2γl−1∇ξ〈ξ〉e

2λ〈ξ〉2
(1+t)θ + 4λ/(1 + t)θ〈ξ〉−2γl+1∇ξ〈ξ〉e

2λ〈ξ〉2
(1+t)θ

� C〈ξ〉−2γl+1e
2λ〈ξ〉2
(1+t)θ � C〈ξ〉ω2

−l(t, ξ), (3.45)
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where 〈ξ〉 � 1 and the fact that both λ/(1 + t)θ and ∇ξ〈ξ〉 are bounded by a constant independent of t
and ξ was used. Then we have

J21 � C sup
x

|u|
(∥∥〈ξ〉 1

2ω−l(t, ξ)∂αg2
∥∥2 +

∥∥∇x(a, b, c)
∥∥
HN−1

)
� C sup

x
|b|
(∥∥〈ξ〉 1

2ω−l(t, ξ)∂αg2
∥∥2 +

∥∥∇x(a, b, c)
∥∥
HN−1

)
.

For J22α1 , it is straightforward to estimate it by

J22α1 = Cα1
α

〈
∂α1u · ∇ξ∂

α−α1g1, ω
2
−l(t, ξ)∂αg

〉
� C

∫
R3

∣∣∂α1u
∣∣∣∣∂α−α1(a, b, c)

∣∣(∥∥ω−l(t, ξ)∂αg2
∥∥
L2

ξ
+
∣∣∂α(a, b, c)

∣∣) dx

�
{
C supx |∂α1u|‖∂α−α1(a, b, c)‖(‖ω−l(t, ξ)∂αg2‖ + ‖∂α(a, b, c)‖), if |α1| � |α|

2 ,

C supx |∂α−α1(a, b, c)|‖∂α1u‖(‖ω−l(t, ξ)∂αg2‖ + ‖∂α(a, b, c)‖), if |α1| > |α|
2 .

Now we have

J22α1 � C
∥∥∇x(a, b, c)

∥∥
HN−1

(∥∥∇x(a, b, c)
∥∥2
HN−1 +

∥∥ω−l(t, ξ)∂αg2
∥∥2)

. (3.46)

Note that 〈ξ〉γ+2 � 1 due to −2 � γ < 0 so that

ω2
−l(t, ξ) � 〈ξ〉ω1−l〈ξ〉ω−l. (3.47)

Thus

J23α1 =
〈
∂α1u · ∇ξ∂

α−α1g2, ω
2
−l(t, ξ)∂αg

〉
� C

∫
R3

∣∣∂α1u
∣∣∣∣〈ξ〉ω1−l∇ξ∂

α−α1g2
∣∣
L2

ξ

∥∥〈ξ〉ω−l∂
αg

∥∥
L2

ξ
dx

� C
∥∥∇x(a, b, c)

∥∥
HN−1

( ∑
|α|+|β|�N,|β|�1

∥∥〈ξ〉ω|β|−l∂
α
β g2

∥∥2 +
∥∥〈ξ〉ω−l∂

αg
∥∥2

)
.

Here and in the following proof we have used the facts

sup
x

∣∣∂α1u
∣∣ � C

∥∥∇x(a, b, c)
∥∥
HN−1 ,

∥∥∂α2u
∥∥ � C

∥∥∇x(a, b, c)
∥∥
HN−1 ,

for |α1| � N
2 , |α2| > N

2 .
By collecting all the above estimates, it then completes the proof of the lemma. �
For the third term on the right hand of (3.43), we have

∫
R3×R3

∂αg∂α

(
a + 3c

1 + a + 3cb
)
· ξ
√
M dxdξ

�
∫

∂αb · ∂α

(
a + 3c

1 + a + 3cb
)

� C
∥∥∇x(a, b, c)

∥∥
HN−1

∥∥∇x(a, b, c)
∥∥2
HN−1 . (3.48)
R3
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Now we conclude

1
2
d

dt

∥∥∂αg
∥∥2 + κ

[∥∥ν 1
2 ∂αg2

∥∥2 +
∥∥∂αb

∥∥2] � CδDN,l(t).

Step 2. Energy estimates with the weight function ω|β|−l(t, ξ):
First we rewrite (1.5) as

∂tg2 + ξ · ∇xg2 − u · ∇ξg2 + ν(ξ)g2 = Kg2 + Γ (g, g) − 1
2u · ξg2 + [P, Γu]g, (3.49)

where Γu = ξ · ∇x − u · ∇ξ + 1
2u · ξ. By multiplying the above equation by ω2

−l(t, ξ)g2 and integrating over
R3 × R3 we have

1
2
d

dt

∥∥ω−l(t, ξ)g2
∥∥2 +

∥∥ν 1
2 (ξ)ω−l(t, ξ)g2

∥∥2 − 1
2

〈
d

dt
ω2
−l(t, ξ), |g2|2

〉

=
〈
Kg2, ω

2
−l(t, ξ)g2

〉
+
〈
Γ (g, g), ω2

−l(t, ξ)g2
〉
−

〈
1
2u · ξg2, ω

2
−l(t, ξ)g2

〉

+
〈
u · ∇ξg2, ω

2
−l(t, ξ)g2

〉
+
〈
[P, Γu]g, ω2

−l(t, ξ)g2
〉

:=
5∑

i=1
J3i. (3.50)

For the left-hand third term, notice

− d

dt
ω2
−l(t, ξ) = λθ

(1 + t)1+θ
〈ξ〉2ω2

−l(t, ξ), (3.51)

then we have −1
2 〈

d
dtω

2
−l(t, ξ), |g2|2〉 = λθ

2(1+t)1+θ ‖〈ξ〉ω−l(t, ξ)g2‖2. For the right-hand side terms, we have the
following estimates:

Using Lemma 3.1 we have

J31 =
〈
Kg2, ω

2
−l(t, ξ)g2

〉
� η

∥∥ν 1
2ω−l(t, ξ)g2

∥∥2 + Cη

∥∥χ|ξ|�Cη
〈ξ〉−γlg2

∥∥∥∥ν 1
2ω−l(t, ξ)g2

∥∥
� 2η

∥∥ν 1
2ω−l(t, ξ)g2

∥∥2 + Cη

∥∥ν 1
2 g2

∥∥2
.

Lemma 3.2 implies

J32 =
〈
Γ (g, g), ω2

−l(t, ξ)g2
〉

� C
[
EN,l(t)

] 1
2
∥∥ν 1

2ω−l(t, ξ)g2
∥∥2 + C

∥∥(a, b, c)
∥∥
H1

∥∥∇x(a, b, c)
∥∥∥∥ν 1

2 g2
∥∥.

By the Cauchy–Schwarz inequality we have

J33 = −
〈

1
2u · ξg2, ω

2
−l(t, ξ)g2

〉
� C sup

x
|u|

∥∥〈ξ〉 1
2ω−l(t, ξ)g2

∥∥2
,

J34 =
〈
u · ∇ξg2, ω

2
−l,q(t, ξ)g2

〉
= −1

2
〈
u · ∇ξω

2
−l(t, ξ), |g2|2

〉
� C sup

x
|u|

∥∥〈ξ〉 1
2ω−l(t, ξ)g2

∥∥2
,

J35 =
〈
[P, Γu]g, ω2

−l(t, ξ)g2
〉

� η
∥∥ν 1

2 g2
∥∥2 + Cη

{∥∥ν 1
2∇xg2

∥∥2 +
∥∥∇x(a, b, c)

∥∥2} + Cη‖u‖2
H2

{∥∥ν 1
2ω−l(t, ξ)g2

∥∥2 +
∥∥∇x(a, b, c)

∥∥2
1

}
.

H
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By collecting all above estimates we obtain

1
2
d

dt

∥∥ω−l(t, ξ)g2
∥∥2 + κ

∥∥ν 1
2 (ξ)ω−l(t, ξ)g2

∥∥2 + λθ

(1 + t)1+θ

∥∥〈ξ〉ω−l(t, ξ)g2
∥∥2

� CδDN,l(t) + C
{∥∥∇x(a, b, c)

∥∥2 +
∥∥ν 1

2∇xg2
∥∥2 +

∥∥ν 1
2 g2

∥∥2}
.

For the weighted estimate on the terms containing only x derivatives, we directly use (1.5). In fact, take
1 � |α| � N , and by applying ∂α

x to (1.5) and multiplying it by ω2
−l(t, ξ)∂α and integrating over R3 × R3,

one has

1
2
d

dt

∥∥ω−l(t, ξ)∂αg
∥∥2 +

〈
ν(ξ)∂αg2, ω

2
−l(t, ξ)∂αg

〉
+ λθ

(1 + t)1+θ

∥∥〈ξ〉ω−l(t, ξ)∂αg
∥∥2

=
〈
K∂αg2, ω

2
−l(t, ξ)∂αg

〉
−
〈
∂αu · ξ

√
M,ω2

−l(t, ξ)∂αg
〉

+
〈
∂αΓ (g, g) − ∂α

(
1
2u · ξg

)
+ ∂α(u · ∇ξg), ω2

−l(t, ξ)∂αg

〉
. (3.52)

For the left-hand terms, one has

〈
ν(ξ)∂αg2, ω

2
−l(t, ξ)∂αg

〉
=

∥∥ν(ξ)ω−l(t, ξ)∂αg2
∥∥2 +

〈
ν(ξ)∂αg2, ω

2
−l(t, ξ)∂αg1

〉
� 1

2
∥∥ν(ξ)ω−l(t, ξ)∂αg2

∥∥2 − C
∥∥∂α(a, b, c)

∥∥2
, (3.53)

and

λθ

(1 + t)1+θ

∥∥〈ξ〉ω−l(t, ξ)∂αg
∥∥2 � λθ

2(1 + t)1+θ

∥∥〈ξ〉ω−l(t, ξ)∂αg2
∥∥2 − C

∥∥∂α(a, b, c)
∥∥2

. (3.54)

For the right-hand side we only give the estimates of

−
〈
∂αu · ξ

√
M,ω2

−l(t, ξ)∂αg
〉

� η
∥∥ν 1

2ω−l(t, ξ)∂αg
∥∥2 + Cη

∥∥∂αu
∥∥2 � η

∥∥ν 1
2ω−l(t, ξ)∂αg2

∥∥2 + Cη

∥∥∇x(a, b, c)
∥∥2
HN−1 . (3.55)

The rest terms on the right hand side follow from Lemma 3.1, Lemma 3.3, Lemma 3.7 and Lemma 3.6.
Thus,

1
2
d

dt

∑
1�|α|�N

∥∥ω−l(t, ξ)∂αg
∥∥2 + κ

∑
1�|α|�N

∥∥ν 1
2 (ξ)ω−l(t, ξ)∂αg2

∥∥2 + κ

(1 + t)1+θ

∑
1�|α|�N

∥∥〈ξ〉ω−l(t, ξ)g2
∥∥2

� CδDN,l + C

{ ∑
1�|α|�N

∥∥ν 1
2 (ξ)∂αg2

∥∥2 +
∥∥∇x(a, b, c)

∥∥2
HN−1

}
.

For the weighted estimate on the mixed x − ξ derivatives, we use Eq. (3.49) of g2. Let 1 � m � N . By
applying ∂α

β with |β| = m and |α| + |β| � N to (3.49), multiplying it by ω2
|β|−l(t, ξ)∂α

β g2 and integrating
over R3 × R3, one has

1
2
d

dt

∥∥ω|β|−l(t, ξ)∂α
β g2

∥∥2 +
〈
∂β

{
ν∂αg2

}
, ω2

|β|−l(t, ξ)∂α
β g2

〉
+
〈
−1

2
d

dt
ω2
|β|−l(t, ξ),

∣∣∂α
β g2

∣∣2〉

=
〈
∂α
β

(
Γ (g, g) + u · ∇ξg2 −

1
u · ξg2

)
, ω2

|β|−l(t, ξ)∂α
β g2

〉

2



Z. Jiang, Y. Wang / J. Math. Anal. Appl. 417 (2014) 481–503 497
+
〈
∂βK∂αg2, ω

2
|β|−l(t, ξ)∂α

β g2
〉

+
〈
∂α
β [P, Γu]g, ω2

|β|−l(t, ξ)∂α
β g2

〉
+
〈
−∂α

β (ξ · ∇xg2), ω2
|β|−l(t, ξ)∂α

β g2
〉
. (3.56)

For the left-hand second term of (3.56), from Lemma 3.1 one has

〈
∂β

{
ν∂αg2

}
, ω2

|β|−l(t, ξ)∂α
β g2

〉
�

∥∥ν 1
2ω|β|−l(t, ξ)∂α

β g2
∥∥2 − η

∑
|β1|�|β|

∥∥ν 1
2ω|β|−l(t, ξ)∂α

β1
g2
∥∥2 − Cη

∥∥χ|ξ|�2Cη
〈ξ〉γ(|β|−l)∂αg2

∥∥
�

∥∥ν 1
2ω|β|−l(t, ξ)∂α

β g2
∥∥2 − η

∑
|β1|�|β|

∥∥ν 1
2ω|β|−l(t, ξ)∂α

β1
g2
∥∥2 − C

∥∥ν 1
2 ∂αg2

∥∥. (3.57)

The right-hand first term is bounded by CδDN,l(t), it follows from Lemma 3.3 and similar method to the
proof of Lemma 3.7 and Lemma 3.6. The right-hand first term follows from Lemma 3.1. For the right-hand
third term, we have

〈
∂α
β [P, Γu]g, ω2

|β|−l(t, ξ)∂α
β g2

〉
� η

∥∥ν 1
2 ∂α

β g2
∥∥2 + C

(
1 +

∥∥(a, b, c)
∥∥
HN

)(∥∥∇x(a, b, c)
∥∥2
HN−1 +

∑
|α|�N

∥∥ν 1
2 ∂αg2

∥∥2
)
. (3.58)

The right-hand third term is estimated as

〈
−∂α

β (ξ · ∇xg2), ω2
|β|−l(t, ξ)∂α

β g2
〉

= −
∑
β1=1

Cβ1
β

〈
∂β1ξ · ∇x∂

α
β−β1

g2, ω
2
|β|−l(t, ξ)∂α

β g2
〉

� η
∥∥ν 1

2ω|β|−l(t, ξ)∂α
β g2

∥∥2 + CηΣ|α|+|β|�N,|β2|=|β|−1
∥∥ν 1

2ω|β2|−l(t, ξ)∂α
β2
g2
∥∥2

,

where we have used the fact that for β2 = β − β1, |β1| = 1

ω2
|β|−l(t, ξ) = ω|β|+ 1

2−l(t, ξ)ω|β2|+ 1
2−l(t, ξ) � Cν

1
2ω|β|−l(t, ξ)ν

1
2ω|β2|−l(t, ξ).

Therefore, summing over {|β| = m, |α|+ |β| � N} for each given 1 � m � N and then taking the proper
linear combination of those N − 1 estimates with properly chosen constants Cm > 0 (1 � m � N) and
η > 0 small enough, one has

1
2
d

dt
Cm

∑
|α|+|β|�N,|β|=m

∥∥ω|β|−l(t, ξ)∂α
β g2

∥∥2 + κ
∑

|α|+|β|�N,|β|�1

∥∥ν 1
2ω|β|−l(t, ξ)∂α

β g2
∥∥2

+ κ

(1 + t)1+θ

∑
|α|+|β|�N,|β|�1

∥∥〈ξ〉ω|β|−l(t, ξ)∂α
β g2

∥∥2

� CδDN,l + C

{ ∑
|α|�N

∥∥ν 1
2ω−l(t, ξ)∂αg2

∥∥2 +
∥∥∇x(a, b, c)

∥∥2
HN−1

}
.

Step 3. Now we turn to the estimation on the macroscopic dissipation rate. The main result of this part
is the following lemma:
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Lemma 3.8.

d

dt
G
(
g(t)

)
+

∑
|α|�N−1

∥∥∂α∇x(a, b, c)
∥∥2 � C

{ ∑
|α|�N

∥∥ν 1
2 ∂αg2

∥∥2 + EN,lDN,l +
∑

|α|�N−1

∥∥∂α
x b

∥∥2
}
. (3.59)

Here,

G
(
g(t)

)
:=

∑
|α|�N−1

3∑
i=1

[
Ga
α,i

(
g(t)

)
+ Gb

α,i

(
g(t)

)
+ Gc

α,i

(
g(t)

)
+ Gab

α,i

(
g(t)

)]
,

with

Ga
α,i

(
g(t)

)
=

〈
∂α
x r

(1)
i , ∂i∂

α
x a

〉
,

Gb
α,i

(
g(t)

)
= −

∑
j �=i

〈
∂α
x r

(2)
j , ∂i∂

α
x bi

〉
+
∑
j �=i

〈
∂α
x r

(2)
ji , ∂j∂

α
x bi

〉
+ 2

〈
∂α
x r

(2)
i , ∂i∂

α
x bi

〉
,

Gc
α,i

(
g(t)

)
=

〈
∂α
x r

(3)
i , ∂i∂

α
x c

〉
,

Gab
α,i

(
g(t)

)
=

〈
∂α
x bi, ∂i∂

α
x a

〉
.

Ga
α,i(g(t)), Gb

α,i(g(t)), and Gc
α,i(g(t)) stand for the interactive energy functionals between the microscopic

part g2 with the macroscopic part a, b and c separately, while Gab
α,i(g(t)) stands for the interactive energy

functional between a and b.

The proof of Lemma 3.8 is similar to the proof of Lemma 3.2 in [15], the only difference lies in Lemma 3.4.
Step 4. Now we define

EN,l = M3

[
M2

{
M1

2

[ ∑
|α|�N

∥∥∂αg
∥∥2

]
+ G

(
g(t)

)}
+ ‖ω−lg2‖2 +

∑
1�|α|�N

∥∥ω−l∂
αg2

∥∥2
]

+ Cm

∑
|α|+|β|�N,|β|=m

∥∥ω|β|−l(t, ξ)∂α
β g2

∥∥2
. (3.60)

Here Mi > 0, i = 1, 2, 3 are suitably large. Then, taking a proper linear combination of those estimates in
the previous three steps we can prove

d

dt
EN,l + κDN,l � 0. (3.61)

This completes the proof of Proposition 3.1. �
3.4. Global existence and optimal convergence rate

To close the energy estimates under the priori assumption (3.38), one has to obtain the time-decay
of EN,l−1. The following lemma is crucial in this direction.

Lemma 3.9. Assume −2 � γ < 0. Fix parameters N, l0, l, θ and λ as stated in Theorem 3.1. Suppose that
the priori assumption holds true for δ > 0 small enough. Then, one has

XN,l(t) � C
{
ε2N,l + X2

N,l(t)
}
, (3.62)
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for any t � 0, where εN,l is defined by

εN,l =
∑

|α|+|β|�N

∥∥ω|β|−l(0, ξ)∂α
β g0

∥∥ +
∥∥〈ξ〉− γl0

2 g0
∥∥
Z1
. (3.63)

As preparation, we need to prove the following lemma firstly.

Lemma 3.10. Under the assumptions of Lemma 3.9, one has

∥∥g(t)∥∥ � C(1 + t)− 3
4
{
εN,l + XN,l(t)

}
, (3.64)

and

∥∥∇xg(t)
∥∥
L2

ξ(H
N−2
x ) � C(1 + t)− 5

4
{
εN,l + XN,l(t)

}
, (3.65)

for any 0 � t � T .

Proof. By the Duhamel principle, the solution g to the Cauchy problem can be written as the mild form

g(t) = etBg0 +
t∫

0

e(t−s)BG(s) ds, (3.66)

where G(s) = Γ (g, g) + u · ∇ξg − 1
2u · ξg + (b− u) · ξ

√
M . Using Lemma 3.5, one has

∥∥g(t)∥∥ �
∥∥etBg0

∥∥ +

∥∥∥∥∥
t∫

0

e(t−s)BG(s) ds

∥∥∥∥∥
� C(1 + t)− 3

4
∥∥〈ξ〉− γl0

2 g0
∥∥
Z1

+
t∫

0

(1 + t− s)− 3
4
∥∥〈ξ〉− γl0

2 G(s)
∥∥
Z1

ds,

∥∥∇xg(t)
∥∥
L2

ξ(H
N−2
x ) � C(1 + t)− 5

4
(∥∥〈ξ〉− γl0

2 g0
∥∥
Z1

+
∥∥〈ξ〉− γl0

2 ∇xg0
∥∥
L2

ξ(H
N−2
x )

)

+
t∫

0

(1 + t− s)− 5
4
(∥∥〈ξ〉− γl0

2 G(s)
∥∥
Z1

+
∥∥〈ξ〉− γl0

2 ∇xG(s)
∥∥
L2

ξ(H
N−2
x )

)
ds.

We claim that

∥∥〈ξ〉− γl0
2 G(t)

∥∥
Z1

+
∑

|α|�N−1

∥∥〈ξ〉− γl0
2 ∂αG(t)

∥∥ � CEN,l−1(t), (3.67)

for any 0 � t < T , l � 1 + max{N, l0
2 − 1

γ }.
The term containing Γ (g, g) can be bounded by CEN,l−1(t), this can be found in [6]. We only give the

estimate on terms containing u. Direct calculations yield
∥∥∥∥〈ξ〉− γl0

2

(
u · ∇ξg −

1
2u · ξg + (b− u) · ξ

√
M

)∥∥∥∥
Z1

� C
(∥∥〈ξ〉− γl0

2 ‖u‖L2
{
‖∇ξg‖L2 + 〈ξ〉‖g‖L2

}∥∥
2 + ‖b‖‖a + 3c‖

)

x x x Lξ
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� C
(
‖u‖

{∥∥〈ξ〉− γl0
2 ∇ξg

∥∥ +
∥∥〈ξ〉− γl0

2 +1g
∥∥} + ‖b‖‖a + 3c‖

)
� C

(
‖b‖

{
‖ω− l0

2
∇ξg‖ + ‖ω− l0

2 + 1
γ
g‖

}
+ ‖b‖‖a + 3c‖

)
� CEN,l−1(t),

where we have used the assumption l − 1 > l0
2 − 1

γ . By applying L∞
x -norm to the lower-order derivative

term and using Sobolev’s inequality, one has

∑
|α|�N−1

∥∥∥∥〈ξ〉− γl0
2 ∂α

(
u · ∇ξg −

1
2u · ξg + (b− u) · ξ

√
M

)∥∥∥∥
� C

∥∥(a, b, c)
∥∥
HN

∑
|α|+|β|�N

∥∥ω|β|−(l−1)(t, ξ)∂α
β g

∥∥ + C‖b− u‖HN−1 � CEN,l−1(t). (3.68)

Now we can conclude
∥∥〈ξ〉− γl0

2 G(s)
∥∥
Z1

+
∑

|α|�N−1

∥∥〈ξ〉− γl0
2 ∂αG(s)

∥∥
� CEN,l−1(s) � C(1 + s)− 3

2 sup
0�s�t

(1 + s) 3
2 EN,l−1(s) � C(1 + s)− 3

2XN,l(t).

Hence we obtain
∥∥g(t)∥∥ � C(1 + t)− 3

4
{∥∥〈ξ〉− γl0

2 g0
∥∥
Z1

+ XN,l(t)
}
, (3.69)

and
∥∥∇xg(t)

∥∥
L2

ξ(H
N−2
x ) � C(1 + t)− 5

4
{∥∥〈ξ〉− γl0

2 g0
∥∥
Z1

+
∥∥〈ξ〉− γl0

2 ∇xg0
∥∥
L2

ξ(H
N−2
x ) + XN,l(t)

}
. (3.70)

This completes the proof of Lemma 3.10. �
Proof of Lemma 3.9. From Proposition 3.1, we know

sup
0�s�t

EN,l(s) � EN,l(0) � Cε2N,l. (3.71)

Take 0 < ε < 1
2 small enough. Notice that (3.39) also holds true when l is replaced by l − 1 since all the

conditions of Proposition 3.1 are still satisfied under the assumption that l � N+1 and sup0�s<T XN,l(s) � δ

with δ > 0 small enough. Thus, it holds that

d

dt
EN,l−1 + κDN,l−1 � 0. (3.72)

Multiplying the above inequality by (1 + t) 3
2+ε gives

d

dt

[
(1 + t) 3

2+εEN,l−1
]
+ κ(1 + t) 3

2+εDN,l−1 �
(

3
2 + ε

)
(1 + t) 1

2+εEN,l−1. (3.73)

Similarly, we have

d

dt

[
(1 + t) 1

2+εEN,l− 1
2

]
+ κ(1 + t) 1

2+εDN,l− 1
2

�
(

1
2 + ε

)
(1 + t)− 1

2+εEN,l− 1
2

� CEN,l− 1 . (3.74)

2



Z. Jiang, Y. Wang / J. Math. Anal. Appl. 417 (2014) 481–503 501
For any given l̃

DN,l̃(t) +
∥∥(a, c)

∥∥2 � κEN,l̃− 1
2
(t). (3.75)

Then, from taking the time integration over [0, t] of (3.74), (3.73) and (3.39) and further taking the appro-
priate linear combination one has

(1 + t) 3
2+εEN,l−1(t) � CEN,l(0) + C

t∫
0

(1 + s) 1
2+ε

∥∥(a, c)
∥∥2

ds

� CEN,l(0) + C(1 + t)ε
(
ε2N,l + X2

N,l(t)
)
, (3.76)

which implies

sup
1�s�t

(1 + s) 3
2 EN,l−1(s) � C

(
ε2N,l + X2

N,l(t)
)
. (3.77)

This completes the proof of this lemma. �
Proof of Theorem 3.1. In fact, by the continuity argument, Lemma 3.9 implies that under the priori as-
sumption (3.38) for δ > 0 small enough, one has

XN,
(t) � Cε2N,
, 0 � t < T, (3.78)

provided that εN,
 defined by (3.9) is sufficiently small. Recalling the condition (3.6) for initial data g0
which coincides with (3.9), the priori assumption (3.38) can be closed. Then, the global existence follows,
and XN,l � Cε0 holds true from (3.2), (3.3), (3.5) and (3.78). This completes the proof of Theorem 3.1. �
4. The hard potential case

In this section we give the main results for the hard potential case. Inspired by [5], we introduce a mixed
time–velocity weight function

w̃
(t, ξ) = 〈ξ〉 �
2 e

λ|ξ|
(1+t)θ , (4.1)

where 〈ξ〉 := (1 + |ξ|2)1/2 and � ∈ R, λ > 0, θ > 0 are suitably chosen constants.
Define the energy functionals as

EN,
(t) ∼ ‖|g‖|N,
(t) =
∑

|α|+|β|�N

∥∥ω̃
(t, ξ)∂α
β g(t)

∥∥,
DN,
(t) =

∑
|α|+|β|�N

∥∥ν 1
2 (ξ)ω̃
(t, ξ)∂α

β g2
∥∥2 + ‖b‖2 +

∑
|α|�N−1

∥∥∇x∂
α(a, b, c)

∥∥2
,

and

XN,
(t) = sup
0�s�t

(1 + t) 3
2 EN,
. (4.2)

We make the a priori assumption:
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sup
0�t�T

XN,
(t) � δ, (4.3)

where δ > 0 is a sufficiently small positive constant. Then, we have

Theorem 4.1. Let 0 � γ < 1, N � 4, � � 2 and 0 < θ � 1
4 . Assume that f0 = M + M

1
2 g0. There are

constants ε0 > 0, C0 > 0 such that if
∑

|α|+|β|�N

∥∥ω̃
(0, ξ)∂α
β g0

∥∥ + ‖g0‖Z1 � ε0, (4.4)

then the Cauchy problem (1.5), (1.7) admits a unique global solution g(t, x, ξ) satisfying f(t, x, ξ) = M +
M

1
2 g(t, x, ξ) and

sup
t�0

{
(1 + t) 3

4 ‖|g‖|N,
(t)
}

� Cε0. (4.5)

In order to prove Theorem 4.1, we only need to prove the following lemma which is similar to Lemma 3.9
in the last section:

Lemma 4.1. Assume 0 � γ < 1. Fix parameters N, � as stated in Theorem 4.1. Suppose that the priori
assumption (4.3) holds true for δ > 0 small enough. Then, one has

XN,
(t) � C
{
ε2N,
 + X 2

N,
(t)
}
, (4.6)

for any t � 0, where εN,
 is defined by

εN,
 =
∑

|α|+|β|�N

∥∥ω̃
(0, ξ)∂α
β g0

∥∥ + ‖g0‖Z1 . (4.7)

Remark 4.1. The proof of Lemma 4.1 and Theorem 4.1 is very similar to the soft potential case, only much
simpler. We need the time decay result, the non-weight energy estimates, the weighted energy estimates and
the macroscopic dissipation estimates to close the a priori estimates. For the hard potential case, we can
directly adopt some of the estimates in our previous work [15] on the hard sphere model, such as the time
decay result, the macroscopic estimation. While for the weighted part, the estimation relies on the weighted
estimates on the integral operator K and the nonlinear collision term Γ (f, g) with respect to the weight
function w̃
(t, ξ) defined in (4.1). In order to prevent the duplication, we do not give the details here.
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